Civil Engineering 2 Mathematics Autumn 2011

Solutions 6

L (up =y+1 = Upe =0 uy =2 = Uy =0 = Upp +uyy =0 =
u harmonic.

CR=v=u=y+1=>v=10"+y+h(@);v,=-u =-2=0v=
—32° +g(y)

o=ty -3’ o= f=utiv=ay+a+i(zy° +y— 527 + o)

(i) vy =224+2 = vy =0;0;, =2y = Upp =0 = Uy +7yy =0 =
v_harmonic.

CR=u, =vy,=20+2=>u=2>+4+20+g(y); uy = —v, = 2y = u =
—y* + h(z)

su=2—y’+2r+c= f=u+iv=2%—y?+ 2z +c+i(2zy + 2y)

(iii) vy = cosxzcoshy = vy, = coszsinhy;v, = —sinzsinhy = vy, =
—coszxsinhy

= Uz + Vyy = 0 = v harmonic. C-R: u, = vy, = coszcoshy = u =
sinz coshy + g(y);

Uy = —v; =sinxsinhy = u =sinzcoshy + h(z) = u =sinz coshy + ¢

= f=u+iv =sinz coshy + i(cosx sinh y) + ¢

2. (i) uge = a?e cos 3y, Uy, = —9e® cos 3y

= Uge + Uyy = (a® — 9)e? cos 3y = a = £3.
Then, using C-R, v, = u, = £3e*3% cos 3y and v, = —u, = 3e3% sin 3y
=0v==4etsindy +c= f =u+iv= et cos3y + e sin 3y + ic
(ii) vze = 4~ sinby, vy, = —b%e " **sinby

= Ugp + Vyy = (4 —b?)e T sinby = b = +2.
Then, using C-R, u, = —v, = 2¢~?* sinby and u, = v, = be™® cos by
= u=TFe ®cos2y+c= f=u+iv=F(e 2 cos2y —ie”*®sin2y) + c.

3. The functions in (ii) and (iv) ar not harmonic the others are. For thoese
which are harminic we can use the Cauchy-Riemann relations to determine a
family of orthogonal curves. If you look at question 2 you already have the
answer!

4. Using the definition, for h = hy + ihy

i L&)~ f(2) Fl@+hy +i(y + ho)) — fz +iy)

= lim

h—0 h h—0 h
. I+h1—1y—lh2—$+1y . hl—ihg
= lim = lim ———=
h—0 h h—0 h1 + iho

If we calculate this limit when h approaches 0 along the x axis, i.e. if we choose
hi = 0, hy = 0 we have

lim M = lim é =1
h—0 h 5—0 O



whereas approaching 0 from the y axis, i.e. h = (0,4) then
fz+h) = f(2) —id

Ho h R S
hence the function is not differentiable. Using C-R: f(x + iy) = = — iy hence
u(z,y) = z and v(z,y) = —y; uz = 1 # v, = —1 so the function is not
differentiable.

5. Using the definition: for h = hy + ihg

_ 3.3
o fEAN = f(E) L () -
h—0 h h—0
h3 + 322h + 3zh?
i L EOERE ST (02 4327 4 32h) = 322
h—0 h h—0

Using C-R: first rewrite f in terms of « and y. z = x + iy so

f(z) = 2% = 23 —iy® +322yi—3wy? = 3 —3zy?+i(3x%y—y3) so u = 23—3xy? and
v = 3x2y —y3. Hence u, = 322 —3y?, uy = —6zy and v, = 6zy, v, = 322 — 392,
Therefore the C-R relations hold. Also, we noticed during the lectures that,
when C — R hold, we simply have f’ = u, + iv, = 322 — 3y? + i6xy = 322



