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ABSTRACT. In this paper we consider diffusion semigroups generated by second order differen-
tial operators of degenerate type. The operators that we consider do not, in general, satisfy the
Hormander condition and are not hypoelliptic. In particular, instead of working under the Hérman-
der paradigm, we consider the so-called UFG condition, introduced by Kusuoka and Strook in the
eighties. The UFG condition is weaker than the uniform Hérmander condition, the smoothing effect
taking place only in certain directions (rather than in every direction, as it is the case when the
Hoérmander condition is assumed). Under the UFG condition, Kusuoka and Strook deduced sharp
small time asymptotic bounds for the derivatives of the semigroup in the directions where smooth-
ing occurs. In this paper, we study the large time asymptotics for the gradients of the diffusion
semigroup in the same set of directions and under the same UFG condition. In particular, we iden-
tify conditions under which the derivatives of the diffusion semigroup in the smoothing directions
decay exponentially in time. This paper constitutes therefore a stepping stone in the analysis of
the long time behaviour of diffusions which do not satisfy the Hérmander condition.
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1. INTRODUCTION

Consider the stochastic differential equation (SDE) in RY
t d ot ‘
X; = Xo +/ Vo(Xs)ds + \/52/ Vi(X,) o dWi(s), (1)
0 = Jo

where 1y, . ..,V are smooth vector fields on R¥, o denotes Stratonovich integration and, for each i,
W*(t) is an N-dimensional standard Brownian motion. The Markov semigroup {P;}+>¢ associated
with the SDE is defined on the set Cj of continuous and bounded functions, as

(Pef)(@) := E[f(X¢|Xo = )] (2)
We recall that, given a vector field V on RY, we can think of V both as a vector-valued function
on RY and as a first order differential operator on RV:

N
V=VY2),V),...,.VN@) or V= ZVj(x)aj, z e RN 9, = 0,,, (3)
j=1

and we shall do so throughout the paper. With this notation, the Kolmogorov operator associated
with the semigroup P; is the second order differential operator given on smooth functions by

d
EZVO"’_ZVE' (4)

i=1
The study of Markov semigroups associated with SDEs of the form has a long history and
the literature on the matter is vast. Most of such literature deals with the case in which the
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operator L is elliptic or hypoelliptic; more specifically, a large body of work has been dedicated to
the study of the diffusion semigroup in the case in which the vector fields Vj, ..., Vy satisfy the
Hérmander condition, in one of its many forms. As is well known, under the (parabolic) Hérmander
condition, the transition probabilities of the semigroup P; have a smooth density; furthermore, P; f
is differentiable in every direction and u(t,z) := (P.f)(z) is a classical solution of the Cauchy
problem

Ou(t,x) = Lu(t, x)
u(0,z) = f(x).

In the present paper we will relax the hypoellipticity assumption and work in the setting in
which the vector fields Vp, ..., Vy satisfy a weaker condition, the so-called UFG condition. The
acronym UFG stands for Uniformly Finitely Generated. Informally, denoting by C’I?O(RN ) the set
of smooth bounded functions with bounded derivatives, this condition states that the C£°(RY)-
module W generated by the vector fields {V;,i = 1,...,d} within the Lie algebra generated by
{Vi,i=0,1,...,d} is finite dimensional. In particular, we emphasize that the UFG condition does
not require that the vector space {W (z)|W € W} is homeomorphic to RY for any x € RY; indeed,
the dimension of the space {W (x)|WW € W} is not even required to be constant over RY. Hence,
in this sense, the UFG condition is weaker than the Hérmander condition. We give a precise (and
easier to check) statement of the UFG condition in Section |2 see Definition 2.1.

In a series of papers [I1} 12}, 13, [14], Kusuoka and Stroock have analyzed the smoothness prop-
erties of diffusion semigroups {P;}+>0 associated with the stochastic dynamics when the vector
fields {V;,i = 0,1,...,d} satisfy the UFG condition. In particular they showed that, under the
UFG condition, the semigroup P; is no longer differentiable in the direction Vj; however it is still
differentiable in the direction V := 9; — V}y and therefore a rigourous PDE analysis can still be built
starting from the stochastic dynamics (). In this case one can indeed prove that for every f € C,
the function u(t,z) := (P;f)(x) is a classical solution of the Cauchy problem

{ Vu(tv x) = Z?:l Vfu(t, 9 (5)

u(0,2) = f(z).

More precisely, u is twice continuously differentiable in the directions of the vector fields V;, ¢ =
1,...,d and once continuously differentiable in the direction Vy = 0; — Vj, when viewed as a function
(t, ) — u(t, ) over the product space (0,00) x R? (the notion of classical solution for the PDE (5]
and further background material are gathered in the Appendix).

This fundamental result was obtained by using probabilistic methods based on the use of the
Malliavin calculus (see [6l [I8]). The small time asymptotics of (P;f)(x) constitutes the theoretical
backbone for the development of a new class of algorithms, termed cubature methods, introduced
by Kusuoka, Lyons, Ninomiya and Victoir in the last ten years [I5], 17, [19]. Such algorithms, which
work under the UFG condition, provide high order approximations of the law of the solutions of
SDEs (and therefore can be used to compute statistical quantities of interest) and are faster than
their classical counterparts, see [6]. The study of UFG-diffusions has therefore opened interesting
and promising research avenues both in the field of PDE theory and in the field of stochastic
simulations.

The papers [11], 12} [13] introduce the UFG condition in the context of the theory of diffusion
semigroups. However related conditions had already independently appeared, in a completely
different setting, in the work of Hermann [9], Lobry [16] and Sussman [22]. In these works, such a
condition was considered for control theoretical purposes. More details on the nature of the UFG
condition will be given in Section

Under the UFG condition, Kusuoka and Strook proved sharp estimates on short-time behaviour
of the semigroup P;. Further work on the subject was carried out in [I8], where a wealth of results
regarding the short-time asymptotycs are derived. To the best of our knowledge nothing is known
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so far about the long-time behaviour of the semigroup under the UFG condition. In this paper,
we provide the first step towards understanding the long-time asymptotics of this class of (possi-
bly) degenerate diffusions; in particular, we obtain pointwise estimates on the time-behaviour of
the (space) derivatives of the function w(t,z) = (P f)(x). This is the first result concerning the
long-time behaviour of UFG semigroups. The main result of the paper can be informally stated as
follows (see Theorem for a precise statement)

Theorem. If the vector fields {V;,i = 0,1, ...,d} satisfy both the UFG condition and some quanti-
tative assumption (the “obtuse angle condition ” ) then, for any bounded continuous function f
(not necessarily smooth), any ty € (0,1) and any vector field, V, belonging to the C°(RY)-module
W, there exist constants ci,, A > 0 such that

VPf(x)]? < crpe™™ for all z € RY and all ¢ > t.

We emphasize that the UFG condition alone does not suffice to ensure the exponential decay of
the coefficients. For a simple counterexample take the one-dimensional Ornstein-Uhlenbeck process
with positive drift constant a > 0. Then the semigroup is uniformly elliptic (hence it satisfies the
UFG condition) but one has 9,P;f = e®P;(9, f) (see also Note on this point).

From a technical point of view, the methods we use in this paper are analytic; indeed, the strategy
we use to prove our main result, Theorem is a variation of the classic approach established by
Bakry (see [II, 2]) to deduce exponential decay estimates and is similar to the approach adopted
by Dragoni, Kontis and Zegarliriski in [7]. We defer to Note a more careful comparison with
this strand of the literature. Here we just emphasise the pointwise nature of the above inequality.
It is indeed customary to obtain bounds for the derivatives of semigroups in LP spaces weighted
by an appropriate invariant measure. This is not possible here, in absence of an obvious invariant
measure to exploit.

To summarize, the aim of this paper is twofold: i) first, we move another step forward in the
Kusuoka-Stroock programme and we produce results that are applicable to the study of cubature
methods; ii) second, we extend the classic semigroup approach of Bakry, which was introduced in
the context of elliptic diffusions and then applied to hypoelliptic processes, to semigroups which are
more general than hypoelliptic. In particular, regarding the latter point, the estimates obtained
in this paper, together with the mentioned control-theoretical results of Herrmann, Lobry and
Sussman ([9, [16] 22]), will form the stepping stone for future work on the ergodic theory for SDEs
with generator which does not necessarily satisfy the Hormander condition (Corollary is a
simple example in this spirit). On a related note, we would like to emphasize that some commonly
used diffusion processes do not satisfy the Hormander condition, but satisfy the UFG condition;
the simplest of such examples is Geometric Brownian motion. Another important motivation for
the current work is to provide the basis of the asymptotic (in time) analysis of the error incurred
by the high order numerical approximations produced by cubature methods.

The paper is organized as follows: in Section 2] we introduce the UFG condition and the necessary
notation. In Section [3] we present a version of the classical Bakry technique, adapted to our context.
In Section [4] we present our main results concerning the exponential decay of the derivatives of the
semigroup and explain how such estimates can be obtained by employing the techniques presented
in Section [3] In Subsection 4.1 we show one way of using our estimates to obtain information on
the behaviour of the semigroup itself. More detailed results in this direction will be the object of
future work. In Section 5] we gather all the proofs of the results of Section [4

2. THE UFG CONDITION AND NOTATION

Fix d € N and let A be the set of all n-tuples, of any size n > 1, of integers of the following form
A:={a=(a',...,a"),neN:a/ €{0,1,...,d} for all j > 1}\ {(0)}.
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For the sake of clarity, we stress that all n-tuples of any length n > 1 are allowed in A, except the
trivial one, a = (0) (however o = (j) belongs to Aif j € {1,...,d}). We endow A with the product

axf:=(a,.. Lol gl .,BZ),
for any o = (al,...,a") and B = (BY,..., %) in A. If  is an element of A, we define the length of
a, denoted by ||«|, the integer
||| := h + card{i : o; = 0}, if o = (al,...,a").
For any m € N, m > 1, we then introduce the sets
Ap ={a e A:|a| <m}

and if B is any set, | B| will denote the cardinality of the set B. E|

Given a vector field (or, equivalently, a first order differential operator) V = (V1(z),V?3(z),
., VN(z)) on RY, we refer to the functions {V7(z)}1<j<n as to the components or coefficients of
the vector field. We say that a vector field on RY is smooth or that it is C™ if all the components
Vi(z),j=1,...,N, are C* functions. Given two differential operators V and W, the commutator
between V and W is defined as

[V,W]:=VW -WV.

Let now {V; : i = 0,...,d} be a collection of vector fields on RY and let us define the following
“hierarchy” of operators:

Vig:==Vi 1=0,1,...,d
‘/[04*72] = [‘/[a]v‘/[i]], acAi=01,...d.
Note that if ||| = h then ||axi|| =h+1ifi € {1,...,d} and |laxi| =h+2ifi=0. fa € Aisa
multi-index of length h, with abuse of nomenclature we will say that V},) is a differential operator

of length h. We can then define the space R,, to be the space containing all the operators of the
above hierarchy, up to and including the operators of length m (but excluding Vp):

Ry 1= {V[a],OJEAm}. (6)
Let

span{R,, } := < vector fields V' on RN .V = Z vasVig () ¢
/BE'A’I’L
where the functions ¢, g in the above belong to the set C7° (RN ) of bounded smooth functions,
Pa,p = Pa,p(T) RN — R, such that

sup |V ...Vngoa,‘<oo (7)
ceRN [l Yyl P8
for all n and all v(y),...,Yn), @ and B in A,,. With this notation in place we can now introduce

the definition that will be central in this paper.

Definition 2.1 (UFG Condition). Let {V;:i=0,...,d} be a collection of smooth vector fields on
RN and assume that the coefficients of such vector fields have bounded partial derivatives (of any
order). We say that the fields {V; : i = 0,...,d} satisfy the UFG condition if there exists m € N
such that for any o € A of the form

a=a *i, o€ A, i€/0,...,d},
there exist bounded smooth functions pa 5 € CF(RY) such that
Vi (@) = D @asVig(@).
BEAm

Iwe hope that this does no create confusion when = € R, in which case || is the euclidean norm of .
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We emphasize that the set of vector fields appearing in the linear combination on the right hand
side of the above identity, does not include V4.

Example 2.2. Consider the following first order differential operators on R?
Vo = sinz 9, Vi=sinzd,.

Then {Vj, V1} do not satisfy the Hérmander condition (e.g. there is always a degeneracy at = = 0)
but they do satisfy the UFG condition with m = 4. If the role of the fields is exchanged, i.e. if we
set

Vo =sinz 0., Vi =sinz 0,
then {Vp, V1} still satisfy the UFG condition, this time with m = 1 (indeed, [Vj, V1] = cosz V7). O

Note 2.3. Under the assumption @ on the functions ¢, if the UFG condition holds for some
m € N then it also holds for any n > m,n € N. In other words, if the UFG condition holds for
some m in N then for any V},; with [v|[ > m one has

Vig= Y ©y5Vjg(@)
BEAm

for some bounded functions ¢, g. For this reason it is appropriate to remark that in the remainder
of the paper, when we assume that “the UFG condition is satisfied for some m”, we mean the
smallest such m. O

In this paper we will consider diffusion semigroups {P;};>¢ of the form (2); that is, we consider
Markov semigroups associated with the stochastic dynamics . In particular, we will be interested
in studying the semigroup P; when the vector fields {Vp, V1, ..., Vy} satisfy the UFG condition. We
recall that a semigroup P; of bounded operators is Markov if

Pl=1 and P.f >0 when f >0,

where, in the above, 1 denotes the function identically equal to one. Denoting by || - || the
supremum norm, the above implies that if || f|lcc < 0o then |[|Pif]lco < || f]loo, i-€. the semigroup is
a contraction in the supremum norm.

The UFG condition is strictly weaker than the uniform Hérmander condition (see [4]). However
one can still prove that, when such a condition is satisfied by the vector fields {Vp, Vi,...,Vy}
appearing in the generator , the semigroup P still enjoys good smoothing properties: if f(x) is
continuous then (P;f)(x) is differentiable in all the directions spanned by the vector fields contained
in Ry, (we recall that the set R, is defined in (6])). E|

Moreover, whilst the function wu(t,z) := (P.f)(z) may not be differentiable in the direction Vj
or in the time variable, it is still differentiable in the direction V := 0; — Vj, and it is the unique
classical solution of the Cauchy problem

d
Vu(t,z) = Viu(t,z) (8)
Jj=1
u(0,z) = f(z),

provided the initial datum f is continuous and bounded. For the reader’s convenience we include
in Appendix the definition of classical solution for the PDE ({8)).

2Actually7 differentiability holds in all the directions spanned by the vector fields V[, @ € A. Notice that
differentiability in the direction V; does not in general hold under the UFG condition. This is one of the major
differences with the uniform Hérmander condition, see [6, Section 2.9].
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Suppose now, and for the remainder of this section, that the operators {Vy, Vi,...,V;} satisfy
the UFG condition for some m > 0. We can then construct the vector field V, containing all the
vector fields (operators) Vi), a € Ay

VZ:(‘G,...,Vd,...,‘/[a},...). (9)

The vector V has |A,,| entries; using the notation (3]), each entry (i.e. each vector Via)y @ € Am)
can be expressed as follows:
Ve = (Vi

Oé]"'

SV

al

Therefore V can be rewritten as

_ 1 N 1 N 1 N
V= (Vl,...,v1 N 72 SO0 7 ,...,xqa],...,va},...).

It is clear from the above that we can think of V as a function from RY to RVM=| However we
will most often think of V as a vector of operators rather than as a vector of vectors and therefore
we will adopt the notation @D More in general, the space of vectors with |.A4,,| entries, where each
entry is an operator in span{R,,}, will be denoted by RMAm| Clearly, V € RMAm

We emphasize that if X € 94| | then X will always be denoted in bold font while the component
of X corresponding to the multi-index « is simply a differential operator and it is therefore denoted
by Xiq. If Vj is any first order differential operator, we also write

ViV = (V;Vi,.. . ViVa, .., ViV, .- ) -

Given a collection of strictly positive numbers {ajy]}aca,, and any f(z) : RY — R (smooth enough
so that the expression below makes sense), we can define the following quadratic form:

CH) = D a|ViwhH@)]?, zeRV (10)
aEAm

If a multi-index « is of length &, we will denote it by «aj (when we want to emphasize its length)
and V},,) will be the corresponding first order operator of length k (obviously, for a given k € N,
there are many multi-indices of length k and, correspondingly, many operators of length k). With
this more detailed notation, the quadratic form I' can equivalently be expressed as

(Lf)(z) = Z Z Aay] ‘V[ak}ft(x)|2 :

k=1{ou,llarl=k}

Also, if we define the following bilinear form on 9=

XEYHanw = > 0y XagH) Vo h), X, Y € 1 (11)

k=1 g | =k

where f is any smooth enough function, then the quadratic form I' can be rewritten as
L(f) = IV, - (12)

where || -] 4,, is the (semi) norm induced by the bilinear form (-, -) 4,,. We stress that the definition
of the bilinear form (-, -) 4,, depends on the choice of the constants {a[q}ac4,,- For j > 0 we also
define the linear mappings A;, A : span {R,,} — span {#R,,,} as follows:
‘/[oz*j] if ||Oé*]” =m
AjVie) = (13)
2 peAn PaxipVig) i [lax gl >m,
and
d
Ai=RAg+ ) AjA;. (14)
j=1
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With abuse of notation, we keep denoting by A; also the linear mapping A; : RMml — jIAm| that
acts on the component [a] of the vector V as follows:

(AjV)[a} = AjVa}.
Analogous use of notation holds for A as well.
Note 2.4. In view of Proposition below, we remark that all the objects defined so far, in
particular the quadratic form I' and the maps A and Aj, make sense, at least formally, irrespective
of whether the UFG condition holds. In other words, the integer m appearing in the definitions of

such objects could be any integer. Obviously, when the UFG condition holds with m, then all such
definitions become meaningful for our purposes. O

If the UFG condition holds with m, then we will denote by Pol the set of functions f which are
differentiable in the directions Vi,), a € A, (but not necessarily in other directions) and such that

(Vi £)(@)]? < k(1 + |2]9), (15)

for some k,q > 0. When, given a function f € Pol, we want to stress the value of the constant s
such that the above holds, we write f € Pol(k).

We conclude this section by gathering some preliminary basic facts that we will repeatedly use in
the remainder of the paper and by presenting a simple example to illustrate the notation introduced
so far.

o If X,Y and Z are any three first order differential operators then
(X, YZ]|=[X,Y]|Z+Y[X, Z].
e If £ is the operator (4), using the above we find that for any vector field V;:

d d
[‘/[a}wc] = ‘/[a*O] + Z ‘/[oz*j*ﬂ +2 Z ‘/}‘/[a*j] (16)
j=1 j=1

d
= AV + 2> ViAVig.
j=1
Example 2.5 (UFG-Heisenberg Lie algebra). We call this example the UFG-Heisenberg Lie alge-
bra, as it is obtained by a modification of the so-called Heisenberg Lie algebra (which is the Lie
algebra of vector fields that are invariant with respect to the action of the Heisenberg group on R3,
see [3]). More precisely, set d =2 and N = 3 and consider the operators

X
X = 635 — %82, X9 := 8y + 562, X3 = [XI,XQ] = az,
Xo :=aX1 +yXo +22X3 = 20, + y0, + 220, .

The Lie algebra generated by { X, X1, X2} is usually referred to as the Heisenberg Lie algebra. The
vector fields { Xo, X1, X2} satisfy the Hormander condition hence the operator £ = Xo+ X7 + X3 is
hypoelliptic on R3. If the above fields are slightly modified, we obtain new vector fields, {Vy, V1, V2},
that no longer satisfy the Hérmander condition, but satisfy the UFG condition instead. Indeed, let
again d = 2 and N = 3 and consider the operators

Vo i= —k(x0, + y0y + 220,), Vi:= —y0,, Va:=0y+ x0;, k> 0.
The operators {Vp, V1, Va} satisfy the UFG condition with m = 2, as
[‘/17 ‘/2] = 82 = ‘/125 [‘/127 ‘/0} = _2]@‘/127 [‘/127 ‘/1] = [‘/127‘/2] = 0
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Therefore, in this example we have As := {1,2,(1,2),(2,1)} and span{Ra} = span{V1, V2, Vj1,9 =:
Via}. Because Vop := V[Q*l] = —Vi2, Va1 doesn’t need to be in the list of the base fields of Ry (for
the same reason it can also be omitted in the definition of I' below, as the constants a1, as, a2
are anyway arbitrary). Using the definition , the quadratic form I' associated with the UFG-
Heisenberg group is

(Tf)(x) = ar Vi fil* + ag [Vaful* + a1z [Via £l
The vector V is V = (V}, Vo, Vi) and the mappings A; and Ag give

AV = (0,-V12,0), AV = (V12,0,0),

while for Ay we have

3. PRELIMINARY RESULTS: A BAKRY-TYPE APPROACH

In this section we consider Markov semigroups associated with operators £ of the form , for a
given set {Vp, Vi1,...,Vy} of vector fields. We recall that the class of functions Pol has been defined
immediately after Note

Proposition 3.1. Let f; := P.fo be the diffusion semigroup defined in .

(a) Let m be any positive integer and assume the initial datum fy is a bounded smooth (in every
direction) function such that ||V folloo < 00 for all « € Ay, Consider the quadratic form T' defined

m :
Cf)(z) = > ap |[Vimfil@)]?
acAm

for some strictly positive constants {ajq]}{acA,,} (o be chosen). Suppose there exists A > 0 such
that the following inequality holds:

%Pt_sf‘(fs(x)) < AP_sD(fs(z))  for any z € RN, (17)
Then

L(f) < e M0(fo)lloes  for all t >0 (18)

therefore,

1
<w@mmfsqﬂwmmme“ for all o € At > 0.

(b) Suppose, in addition, that the vector fields {Vp,...,Vy} satisfy the UFG condition (for some
m). In this case, if holds when fo is smooth (and ||V folleo < 00), then the following holds
for any fo € Pol(k): for every open ball B(0, K) of radius K and for all a € Ay,

sup “/[a]ft(m)‘z < kege M, (19)
z€B(0,K)

where cx > 0 is a constant dependent on K.

(c) If the vector fields {Vp,...,Vy} satisfy the UFG condition (for some m) and is satisfied
for any smooth initial datum, then then following holds when fy is only continuous and bounded
(but not necessarily smooth): for any to € (0,1) and any K > 0 there exists a constant ¢ty x > 0
such that

SL(lp | ‘V[Odft(a;)}2 < ¢to.K e*)‘(t*tO)Hfo(x)Hgo for all a € Ay, and all > . (20)
zeB(0,K
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Moreover, if the coefficients of the vector fields {Vy,...,Vg} are bounded, then the constant ¢, k
does not depend on K and we have the uniform bound

‘V[a}ft(x)f < ¢ e_A(t_tO)Hfo(:r)Hgo for all a € Ay, and all  t > tg. (21)

Before proving the above result we make the following remark, which we will use in the proof of
Proposition We will make several comments on the above statement in Note [3.3

Note 3.2. If the initial datum fy is bounded and continuous and the UFG condition holds, then
(Ptfo) is differentiable in the directions Viy), o € Ay, (see [11]-[14]). Because we are assuming that
the vector fields {Vp,...,Vy} are smooth, the semigroup is differentiable an arbitrary number of

times in such directions. Moreover the following short time asymptotic holds: for any ball of radius
K, B(0,K), and for any o € Ay,

c
swp Vi (Pfo) @) < i s [(1+ J210) ] 1 fo(@) e, (22)
2€B(0,K) 13 2€B(0,K)

for some constant ¢ > 0 (which does not depend on z,t or fj). Details about the above short-time
asymptotics (and many other results of this type) can be found in [I8] (see in particular [I8], pages
68-80]). Furthermore, when the vector fields V},) have bounded coefficients, the following holds:

Vie) (Pufo)@)] < 175 (23)

Proof of Proposition[3.1. (a) This is completely standard: By applying Gronwall’s lemma, from

we deduce

Pr_sT(fs) < e Pl (fo), forall 0<s<t. (24)
Therefore, using for s =t and the contractivity of the semigroup P; in the supremum norm
gives the result. Notice in particular that if fy is smooth in every direction then also (P;fy)(x) is
smooth in every direction (see Appendix); in particular, it is smooth in ¢ as well, hence all of the
above is justified.
(b) We prove this statement in the Appendix, see Lemma
(c) Using Note notice that for any ¢y € (0,1) the function P.fy belongs to the set Pol(k);
in particular, by , the constant x appearing in is, for this function, x = t5"¢|| fo(2)]|co-
Therefore, by part (b), for any fixed 0 < tg < 1 and for any t > ¢, we can write

Via) (Pefo(@))]” = [Via) (Preto Pro fol@)) | < e 0y il fo@)]| oo

If the coefficients of the V|,’s are bounded, then gives by acting analogously to what we
have just done. O

Note 3.3. Proposition part (a) provides a general framework to deduce the exponential
decay for the derivatives of diffusion semigroups; part (a) is just the classic Bakry approach[ll 2],
readapted to our purposes. In particular:

° Proposition part (a) is not a smoothing result, it is just a long time asymptotics. Indeed
in the statement of part (a) we assumed that the initial datum fo(z) is a smooth function
with bounded derivatives. This is to make sense of the expression (I'fy)(z) and to be able
to take time-derivatives in . Such a result is quite general and it is independent of
whether the UFG condition holds (see also Note in this respect).

e Once the exponential decay is obtained for smooth initial data, one can use the semi-
group property and the smoothing effects which are guaranteed to hold under the UFG
condition (and quantified by the estimates — ) in order to prove exponential decay
of the derivatives of the semigroup for any initial datum fy(x) which is just continuous and
bounded. This is the content of part ((b) and) (c) of Proposition Therefore, in the
proof of our main results we just need to focus on showing exponential decay for smooth
initial data.
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e The analysis used here is based on the adaption of the Bakry technique used in [7]. The
difference between the quadratic forms I" that we use here and those considered in [7] is the
appearance of the constants aj,,;. That is, the quadratic form used in [7] can be obtained
from ours by just setting a,,; = 1 for all af,,). Introducing the positive parameters aq,],
which can be conveniently chosen, allows us to have a better estimate for the decay rate A
(see Note . To the best of our knowledge, the idea of introducing such parameters first
appeared in [8] and was then further developed in [23]. However [8, 23] work in weighted
spaces, the weight being the invariant measure of the semigroup. Here there is no obvious
invariant measure to exploit, hence we have to work in a pointwise setting, similar to [7].

O

The result of Proposition part (a) hinges only on proving . The following elementary
lemma gives a sufficient condition to verify . Before stating the next lemma we observe that,
with our assumptions on the coefficients of the SDE , classic arguments show that the operator
L and the semigroup commute on a set of sufficiently smooth functions (say e.g. on the set C7°,
defined just before Definition .

Proposition 3.4. Assume the same setting of Propositionpart (a). If there exists a real number
A > 0 such that
(=L+9)T(fr) < =AL(fy) VE>0 (25)

then holds.

Proof. This is again standard so we only sketch it.

P T (fola)) = ~LPL () + PesdiT(f)

We can now use the fact that the semigroup commutes with its generator (on a set of sufficiently
smooth functions) and the positivity preserving property of Markov semigroups, and therefore
conclude the proof. O

4. MAIN RESULTS: LONG TIME BEHAVIOUR OF DERIVATIVES OF THE SEMIGROUP

If X is a first order differential operator on RY, £ is the operator and fi(x) = (Pefo)(x)

then
d

(—L+0) | X = =2) |ViX A +2([X, L1f2) (X fo), (26)
7j=1
whenever fj is smooth. The identity is obtained by using and the fact that X and all the
Vj’s are first order differential operators (see [2I, Lemma 2.2]). Recall that if a multi-index o is of
length k£ we will denote it by aj. In view of @, we use @ to calculate the following

( £+8 = —szaak]2|vv[ak]ft +2zza[ak V[Otk ]ft) (V[Oék]ft>

k=1 ay k=1 o
d
QZZ akleV[ak]ft} +4ZZ% > (ViViasii f) (Viay fo)
k=1 oy k=1 o Jj=1

+2 Z Z Olag] ([V[ak]’ Vo]ft) (V[ak}ft)

k=1 ag
d

+222a[ak Z onsinil ft) (Vi) fe) -

k=1 oy ]:1
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Notice that if V., is a field of length k, from one can see that the commutator between
Via,] and £ will contain second order operators summed up with first order operators of length at
most k + 2. For this reason, when we calculate the commutators [V, , L] and [V, ,, L], we can
make use of the UFG condition and express such commutators in terms of fields of length at most
m. This fact will be repeatedly used in the proofs of Section

We now split the above expression as follows:

(=L +0)T(f) = S(ft) + F(ft) (27)
where
= _QZZQ[%] Z ‘V‘/[O‘k ft‘ +4zzaak] Z VV[Oék*J]ft V[Oék ft) (28)
k=1 o k=1 o
© QZHVVftHA +4Z (ViAjV i, VD a,, (29)
7=1 7=1
and

F(fr) —+222aak1 Viay> Vol ft) (Viay) /1)

k=1 o

+2zzaak] Z [ak*]*]]ft ‘/[ock ft)

k=1 oy
© oAV V4, - (30)

Notice that F(f;) contains only first order operators (vector fields), while S(f;) contains second
order as well as first order operators (see also the expression for S(f;) at the beginning of the proof
of Lemma in particular the terms with (s#:x)).

Theorem 4.1. Let m be a positive integer and Pyfo =: fi be the semigroup associated with the
SDFE , i.e. the semigroup . With the notation introduced so far, assume the following two
conditions are satisfied by the vector fields {Vy, V1, ..., Vi} appearing in :

e there exists a collection of strictly positive constants {ajq]}acA,, such that the corresponding

bilinear form satisfies

d d
S(fe) = =2 ViV L4, 4> (Vihj VL Vi) a, ANV EIG,,, (31)
j=1 j=1

for some constant v > 0 (possibly dependent on the collection {ajq)}aca,, );
o there exists p > v such that

F(ft) =2(AV [,V f)a, < MHVftHAm7 (32)

where (-, ) 4, 1s the bilinear form defined by the same constants for which holds.
Then holds with A = pp — . Therefore holds for any smooth initial datum.

Proof of Theorem [{.1. Trivially, from (7)), (29), (30), (31)), (32) and recalling the notation (12)):
(—L+ )T (f) < (v = WV P = =AT(fr) .
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If we divide both sides of by |V fell%, , then it becomes clear that imposing condition is

equivalent to requiring that (there exists a bilinear form on 9iMm ~ RNMml such that) the “angle”
between the vectors AV f; and V f; is obtuse.
We now establish conditions under which and hold.

Theorem 4.2. Let {V; : i = 0,...,d} be the vector fields appearing in . Then the following
holds:

i) If the vector fields {V; : 1 = 0,...,d} satisfy the UFG condition for some m € N, then there
exists a choice of the constants {ajy)}acA,, such that is satisfied.

ii) Suppose the assumption of the above point i) is satisfied and assume that there exists a real
number g > 0 such that, for every a € A, and every smooth enough function f,

Vit ) (Viags Vol ) < =2o [Via | - (33)

If \g is big enough then holds with p = Ag. Hence there exists X > 0 such that holds
for any smooth initial datum. Therefore, by Proposition part (c), if the initial datum fy is
continuous and bounded, then for any to € (0,1) and any K > 0 there exists a constant ¢y, g > 0
such that

sup ‘Va]ft(x)‘z < ¢t.K e_)‘(t_tO)Hfo(x)Hoo for all € Ay, and all t > tg.

2€B(0,K)
If the coefficients of the vector fields {Vy, ..., Vq} are bounded, then
‘V[a]ft(a:)‘Q < e e 0| fo () |l oo forallz € RN o € Ay, and all t > t. (34)

Note 4.3. Let us clarify the statement of Theorem According to part i) of Theorem
if the UFG condition holds then one can fix a bilinear form (-,-) 4,, such that holds. In the
statement of part ii) of the theorem we intend to be satisfied for the same bilinear form. An
explicit estimate on how big Ay is will be given in the proof, see . Obviously the estimate
is quite general and can be made more precise when explicit knowledge of the functions ¢’s
appearing in the UFG condition is available. We also remark that is a slight generalization
of the so-called dilation condition, which has been considered in the literature for elliptic and
hypoelliptic semigroups (see [7, Section 2| and references therein). More generally, (33 replaces
in a quantitative way the exact dilation structure of stratified Lie groups. Still regarding ,
notice that one cannot expect that the UFG condition alone could yield exponential decay of the
derivatives of the semigroup (as we have already pointed out in the introduction, if £ is uniformly
elliptic then it satisfies the UFG condition, but not every elliptic dynamics has derivatives that
decay exponentially fast), therefore some quantitative condition on the vector fields has to be
imposed. O

Let us present some examples of UFG generators that satisfy the assumptions of Theorem
in particular condition .

Example 4.4 (UFG-Grusin Plane). Let d = 1 and N = 2, i.e. consider the operator £ = Vj + V{?
on R?, with
Vo = kx0,, Vi =20y, k> 0.

The fields {Vp, V1 } satisfy the UFG condition with m = 1, as [Vi, Vo] = —kV;. It is easy to see that
holds with A = 2k (for every k£ > 0). Indeed, by direct calculation:

(—£+0) Wifil? B 2 |V2[2 4 2%, £15) (Vifo)
= 2|V -2k Vifi]? < —2k VSl
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We name this example the UFG-Grusin plane as it results from a small modification of the so-called
UFG-Grusin plane, given by the operators

Xo =20, +2y0y, Xi1:=0;, Xo:=20,.
It is easy to verify that the operator Xy + X7 + X3 verifies the Hormander condition.

Example 4.5. The operators {Vp, V1, Va} defined in Example satisfy the assumptions of
Theorem [4.2] In particular in this case one can obtain the following result, the proof of which can
be found in Section [ O

Lemma 4.6. Let d=2 and consider the operator L of the form acting on R3, where the fields
Vo, Vi, Va are those defined in Example [2.5. With the notation introduced in Example we have
that for every k > 0, holds with A =k, i.e.

(=L A4 0)T(fe) < —kL(fr)-

We include the proof of the above lemma in Section [5| for two reasons: i) to show on a simple
example how the proof of Theorem [{.2] works in practice, without all the cumbersome notation
that one needs to prove the result in general; ii) to show that, thanks to the freedom to choose the
constants appearing in the definition of I' (see Note , the general lower bound for A given in
can be improved when we explicitly know the functions ¢’s deriving from the UFG condition.

Note 4.7. The quadratic form I'(f;) includes the derivatives of the semigroup but not the semigroup
ft itself. Therefore the results of this paper only give information on the behaviour of the derivatives;
in Subsection below we use such results to obtain some (partial) information on the asymptotic
behaviour of the semigroup f; = P;f. An analogous observation holds for the derivatives in the
direction Vj. Notice that our result does not imply anything regarding the behaviour in the direction
Vb, as Vy is not contained in the definition of I'. This is again a structural fact. Indeed, under just
the UFG condition, one is not even guaranteed differentiability in the direction Vj, let alone decay,
see [0, Section 2.9]. However it was proved that under the so-called Vj-condition (see Definition
below), the semigroup P is differentiable in the direction V{y as well. In this case our results cover
such a direction as well. g

Definition 4.8 (Vj-condition). With the notation introduced so far, we say that the Vy-condition
is satisfied if there exist functions pg € C7° such that

Corollary 4.9. Suppose that the assumptions of Theorem are satisfied. If the Vi condition
holds, then there exist positive constants ¢, A\ > 0 such that

Vofil* < ce™,
say for any smooth fy.
Finally we observe, although without proof, that the same strategy used in this paper can be

adapted to obtain estimates on the derivatives of any order along the semigroup. This can be done
inductively (on the order of the derivative) using, at step n of the induction, the quadratic form

n 2
TH@) =Y D aw, o] [Viat] - Viaw) fi(2)

k=1 ecA,,

That is, the quadratic form I'™ contains all the derivatives of order at most n, in all the directions
contained in R,,. A similar inductive procedure has been used, for hypoelliptic semigroups of
hypocoercive type, in [20] 21].
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4.1. Decay of the semigroup. Let = and y be two points in RY and, for some given o € A,,,
suppose there exists an integral curve of V|, joining x and y. That is, suppose there exists n(T) :

[0,1] — RY such that

%H(T) =Vi((7)),  n(0) =z, n(1) =y.

We stress that in the above V|, has to be intended as a vector field rather than as a differential
operator. More generally, we say that y is reachable from x, and write © ~ y, if there exists
an integer M > 0 and M points in RY, z;,...,zp, such that z; = z, 2z = y and for every
i=1,...,M —1, there exists an a(¥ € A,, such that the integral curve of V;_«); is well defined and

[a(]
joins z; with z;11. The relation ~ is an equivalence relation. We denote by U, the set of points
reachable from x (clearly, if y ~ = then U, = U,).

Corollary 4.10. Let P, be the semigroup and assume for simplicity that the fields Viq) have
bounded coefficients. Suppose that the assumptions of Theorem hold. Then for any f(x) con-
tinuous and bounded, for any x € RN and for any y € U, there exists X > 0 such that

(Pef)(z) = (Pef)(y)] < ce™, for allt >0,
where ¢ > 0 is a constant independent of t.

Proof. We just need to prove the result for M = 1 (that is, when y can be reached from x moving
along the integral curve of one of the V|y’s). For any fixed ¢ > 0, by definition of directional
derivative we have

L P () = ViePuf) ()

(see also Note in the appendix). Integrating the above between 0 and 1 and using we
obtain the result. g

5. PROOFS OF MAIN RESULTS

Throughout this section, if ¢(x) is a function, we denote
 := sup [p(z)] .
x
We also set
Ay = {a € A: o] =m}.

We make the (obvious) remark, that if the UFG condition holds for some m € N, then for all the
multi-indices « of length at most m, we have

@i*jﬁ :=sup |Vj(axj,8)| < 00, Vi=1,....d. (35)
x
We also recall the Young’s inequality
a? b
|ab[§2—+7, for all a,b € R and € > 0, (36)
€

which we will repeatedly use throughout the proofs of this section.

Proof of part i) of Theorem . The case m = 1 is straightforward and can be dealt with directly,
so throughout the proof we take m > 1. Looking at (28), notice that if ||| = m then [y * j|| =
m + 1 when j € {1,...,d}, so we can apply the UFG condition to the operator Viagsj]- So from

we obtain
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= _222(10%]2“/‘/[0% ft

k=1 ag

+4 Z Z Ay Z V ‘/[ak*] ft ‘/[ak]ft) *

k=1 o :

d
+ 4Za[am] Z Z SDozm*j B [ﬂ]ft) (‘/[O‘m]ft) *k

J=1B€Am
d

4D e, D > Poamnis ViVl fi) (Vian f1) A

j=1peAn
Let us now set, for any multi-index v € A,,,

Ty = SUDP @Prysj and Hy = sup cﬁ]v*jﬁ'
j=1,...,.d j=1,....d ’
BEAm BeAR\Y
With these definitions in mind, let us start estimating each of the above terms, beginning with the
last.

Terms with A: For each o, € Am,

4a[am]z Z Soam*]vﬂ VVB]ft)( O‘m]ft)

] 1 ﬁe.Am

d
Z > [ Mganror [ViViafil* + a2, 1 T2, Viaw fil]
j=1B8eA,

d
2
= 20fy, 1 Tt A Am| Via, fol” + 214, 20y D D [ViVafil?
J=1BeAn

Terms *x: For each oy, € A,,, we have

4a[am Z Z (pam*jﬁ [/3 ft)( [am}ft)

j=1BeAn

d
<400, > P i }‘/[am]ft\2+4d7iama[am] > Vah) Vi fo)

j=1 BeAm\{am}
d

<Adapo,) D i Viawi il

j=1
2, 000 Y Vgl +2dal, (M2 (Al = 1) [Via, 1

BeAm\{am}
Terms *: for every k=1,...,m — 1,
d d
2 2

4a[ak] Z (Vjv[otk*j] ft) (V[Oék}ft) <2 |V[Oék]ft| + Z 2a[204k] ‘V}‘/[ak*j] ft‘ (37)

Jj=1 J=1
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Putting the above estimates together, after setting

T= Y g 0

Qm EAm

we obtain

S <Y cap Vi il (38)
k=1 aycA,
m d )
30 D ViV [ 20000 + 2 (T + Loy aman ool )| (39)
kzl]_lothAk

where
=200, 1 Ta d| Ay |+4aam]zwam*]am+2d Z (3, 40y +2dat, (H2 (|Anm| —1)
J=1 Brm €Am\{om}

and, for k=1,...m—1

Cay, 1= 2d + 2d Z 143, 0} -

Oéme-/im
With the purpose of making sure that the terms in are negative we can simply choose
Uay) > max{0,T}, and aj,) > T + a[Qak_ﬂ forall k=2,....,m. (40)

Therefore, once all the af,,) have been fixed, all the other coefficients can be chosen through
the above recursive relation. This choice allows to fix all the constants in the expression for the
quadratic form I". Assuming that any choice satisfying has been made, one then has

S(fr) < Z Z Co ‘V[ak]ft|2 <AV
k=1 G.[lk

having set
Cay,
vi= max
ar€ALr
P [ak]

0

Proof of part ii) of Theorem . For simplicity, suppose m > 3. The case m < 3 can be studied
analogously (and it is in fact less involved). We notice again that if ||ag|| = m — 1 (m, respectively)
then ||ag * j * j|| = m + 1 (m + 2, respectively). Therefore we can again apply the UFG condition
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to the vector fields V[ak*j*j] (appearing in (28)-(29)) when [lax|| = m — 1 or m, obtaining

2(AV fi, Vft < —2 Z >~ o [Vieg fi|

k=1 ag

+2 Z Za (o] Z [ak*]*]]ft ‘/[ozk ft) <&

k=1 ag

d

20D, ) ) D Pamawins (Viaf) (Van-fo) O

am—lejm—l .7 166Am

d

+2 D D Y Panis (Viaft) (Ve f) .

amEAm j=1B€eAn

Like in the proof of part i) of Theorem we set

1= SUD PryjxgB
Jj=1,....d
BEAm\Y

and estimate all the above terms, starting from the last.

Terms with x: For each «,, € flm,

d
2a[am} Z Z Pam*jxj,B (Wﬁ]ft) (Vr[am]ft)

Jj=1BEAm

d
< 2ay,,,] Z Pty 5% ,00m ‘V[am]ftﬁ + 2dZ,,,0(q,,] Z % 18] ft) ( [am]ft)
Jj=1 BeAm\{am}
d 2
— 2a[am] Z SOam*j*j’am “/[O‘m]ft‘
j=1
td Y e T Vil + Vil Lz, 20)]
BEAn\{am}

d
= 2a[am] Z Soam*j*j’am “/[am]ftlz
j=1
+da?, I3 View £il? (Aml =) +d Lz, 20 Y. Vi
BeAn\{am}

Terms [: For each a,,—1 € Am_l,

20a,, ] Z > Gamrsiris Varfe) Vam_u f1)
j=1BeAm
d 2
< 2a[am_1] Z Pt —1%j%J,tm—1 “/[Olm—l}ft‘
j—l
tdal, T2 (Al =) Vi, o fil +dlz, o D> |Vighl
BeAm\{am-1}
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Terms ¢: for every k=1,...,m — 2,
d , d )
2a[q,] Z (V[Dt*j*ﬂft) (V[Oék]ft) <d ‘V[Oék}ft‘ + Zafak] ’V[ak*j*j]ft’ : (41)
=1 j=1

Overall one obtains:
- 2
2AV L, VE) <Y D Ve fil” (—2a0020 + Coy) (42)
k=1 o, c Ay
where

lo =da?, T2 (Aul =1 +d > Lz, 0
Brm€Am\{am}

d
2
+2a(0,) Y Pamrgriam T4 Y Lz 200 T Yapmam axie} Y]
j=1

QAm—1 E.Am—l

d
gam71 s 2a[06m—1] ngamfl*j*j:amfl + dafam_l]lgém_l (‘Am’ - 1)
j=1

2
+ 1{am71:amf3*j*j}a[am_3] + d Z l{Iamio} + d Z 1{Iam717£0}
ameﬂm Oém71€jm71

and, for k=1,...,m — 2

. 2
Cog = d+ Lk 220y Hapmap_seini} Ong_o) T4 D Lizez0y +d Y Liz, 0y

am€Am Am—1€Am_1
Looking at , we then impose
= 20, ) M0 + Loy, < —ajq,) N0 Vk=1,...,m, (43)
that is,
g Mo = Loy, Vk=1,....m.

It is clear that given any two sets of positive constants, a,,] and £y, , there always exists at least
one A\g > 0 satisfying the above. In particular one can choose any Ag such that

Ao > max oy . (44)
ar€AL Ay
k=1,...m

If \g satisfies , and hence , from ne has

AV VA <20 Y g Vi fil = =20l VA

k=1 ag Eﬂk
This concludes the proof. ]
Proof of Lemma[{.6 Consider the quadratic form

U(f) = a1 |Vifel* + az [Vafel® + arz [Viafil* -
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From Proposition [3.1] and Proposition [3.4] it is clear that we only need to show the inequality
(=L 4+ 8)T(fr) < —kI'(f:). Using (26), let us therefore calculate the following:

(=L+00T(f) = =201 [V2Ai|* + 201 (1, L1 o) (Vi fo) — 200 [VaVi
— 20 |V2 i + 202 ([Va, £1f,) (Va o) — 202 [ViVa il
— 2012 |ViViafe| + 2a12 (Vi, L1f:) (Viafi) — 2a12 [VaVia fil* .
The commutators appearing in the above can be calculated, and they are
V1, L] = —kVi + 2V V1o
[Va, L] = —kVa + 2V1 Vo1 = —kVa — 2V1 V1o
[Vig, L] = —2kV19, .
Therefore
(=L +0)T(fr) = —2a1 |[V2Fi|* = 21 [VaVi fol* = 2a1k | Vi £
— 2as “/22ft’2 — 2aa [ViVafi]? — 2ask |Vafi)?
— 2a12 [ViVia fol* — 2a12 [VaVia il — darak [Via fil?
+4dar (VaVazfr) (Vi fe) — 4as (ViVazfi) (Vafi) -

If we use the Young’s inequality (with € = a; for the first inequality and € = ay in the second)
we can estimate the terms on the last line as

day (VoVizfe) (Vife) < 203 |VoViofol® + 2 [V fi? (45)
daz (ViViafe) (Vafe) < 203 [ViViafil* + 2 Vo fi|® (46)
Therefore,
(=L + 00T (o) < (—2a1k + 2) Vi fil* + (—2a2k + 2) Vo fil* — danok [Via fil* @
= 2a1 [V2i|” = 2a1 VoA il = 205 VR £i]” = 20 ViV
(—2a12 + 2a3) [ViVia fi|* + (—2a12 + 2a3) [VaVia fil? O

Looking at the terms #, we choose a; and as such that
2
—2aik‘+2§—aik — aZZ% i:1,2 (47)
and ais such that —4ai0k < —aq2k, which is true e.g. for any a2 > 1. Then, looking at the terms
Q, we choose a15 much bigger than a; and as, more precisely we choose a2 such that

—2a19 + 242 <0, i=1,2.
Because for any k > 0 one can find a; > 0 and as > 0 such that is satisfied, this concludes the
proof. O

Note 5.1. If the constants aj,as, a2 had not been introduced, i.e. if a; = as = a2 = 1, then
we would have only been able to prove the result for £ > 1/2 (by making better use of the Young

inequality in and )
6. APPENDIX

We define here the notion of classical solution u of the PDE ([5)). The notion is quite natural:
we will require u to be continuously differentiable (twice) in the direction of every vector field
Vi, i = 1,...,d. As a consequence of the need that u satisfies , we will also require u to be
continuously differentiable in the direction Vo = 9; — Vg, when viewed as a function (¢, z) — u(t, z)
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over the product space (0,00) X RN . However we will not require u to be differentiable in either
the time direction 0; or the direction Vj.

The analysis of v hinges on being well approximated by solutions of the PDE (j5)) with smooth
initial condition (and therefore smooth for all ¢ > 0). The approximation is done in such way that,
in the limit, only the differentiability in the directions V; ¢ = 1,...,d and Vy = 9 — V| is preserved,
but not that in the time direction 0; or in the direction V4. This is to be expected as the smoothing
effect only takes place in the directions V;, ¢ = 1,...,d. An extreme case where the UFG condition
holds is when all the V;, ¢ = 1, ...,d are equal to zero. Take, for example, the transport equation

Owu(t, z) = Voul(t, )
u(0,2) = f(z).

For example, assume that N = 1, Vj = 8%. In this case, the solution is explicitly given by
u(t,x) = f(t+x), = € R and t > 0. Obviously should f not be differentiable (choose for example
flx) = \:U| x € R), we will not expect differentiability in either the time direction Oy, or the space
direction 8— However u will be differentiable in the direction Vy = 0y — Vj. In fact, u is constant
in the direction Vy = 0y — Vj, as Vou = 0. In this extreme case, no addltlonal smoothness is gained
because of the absence of any second order differential operator in the PDE ({5)).

At the other end of the spectrum we have the case when the vector fields V;, i = 0, ..., d, satisfy the
Hormander condition. In this case the smoothing effect occurs in every direction. In particular, u
becomes differentiable in the Vj direction, and since w is differentiable in the direction Vo = 9, — Vj,
u will also be differentiable in the time direction. In this case, the notion of a classical solution
defined below coincides with the standard notion of a classical solution.

Finally, we remark that the Hormander condition is not necessary to ensure that uw becomes
differentiable in the Vj direction (and therefore also in the time direction). If the vector fields V;
1 =0, ...,d satisfy the UFG condition and V{ belongs to AEL then it is still the case that u becomes
differentiable in the Vg direction and in the time direction.

To introduce rigourously the classical solution of the PDE (j5) we need several spaces of functions,
which we come to introduce. For an open ball B C RY and for a function ¢ in C3°(B) (that is,
for any smooth bounded real-valued function ¢ with bounded derivatives on B of any order in the
directions Vi,), @ € Ay,), we set

V1
lollg oo = llellBoo + > [Vigelseo
OéE.Am

and then define D‘l}oo (B) as the closure of C;{°(B) in Cp(B) w.r.t.
we can define by induction

E=lelgst+ D Vi - Vi @llsoos @ € CF(B).

atye..,ap€Am

Vio More generally, for k > 1,

We then define D‘k/’OO(B) as the closure of C3°(B) in Cp(B) wr.t. | - |
define DE(RN) as

L | icul
Boow M particular, we can
r>1

where B(0,7) stands for the d-dimensional ball of center 0 and radius r. For v € Df/’oo(RN ),

Viay] - - - Viay]v 1s understood as the derivative of v in the directions Vi,,) ... Vig,), with aq,...,ax €

3For example, if Vj is a linear combination of the vector fields V;, [V, V;], ¢, =1, ...,d.
“4Notice that this closure is well defined, see [5, Section 2.3]
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Ay, Similarly, for ¢ € Ci°(B) and k > 0, we set

Vik+1/2
IS ol 43 X Wi Vi
i=1 aq,.. 7ak€Am
(Above, || - ||]g’go = - ||Boo-) We then define Dk+1/2 °°(B) as the closure of C{*(B) in Cp(B) w.r.t.
Vk+1/2 ’
|- llg o '~ and we set

DA RNy = ) Dy /A= (B(0, 1)), k> 0.

r>1

Note 6.1. Note that any function in D‘l/’oo (RV) is differentiable along the solutions of the ordinary
differential equation 44 = V (%), t > 0, for V € A,,. In particular, any function in D%}OO(RN) is
continuously differentiable on RY when the uniform Hérmander condition is satisfied.

To define the notion of a classical solution to , we will need to introduce the set of functions
that are continuously differentiable in the direction Vy = 0; — V. Again, we proceed via a closure
argument. For any » > 1 and any time-space function ¢ € Cy°([1/r,7] x B(0,7)) with bounded
derivatives of any order, we set

1l s omy.00 = 1211 /rrixB©.r) .00 + V0Pl 1/ xB(0.r),00°

We then define D); v ([1/r,7] xB(0, 7)) as the closure of C([1/r,r] xB(0,7)) w.r.t. |- ||KO/M IXB(0,1),00
and then define DV’OOO((O, +00) x RY) as the intersection of the spaces Dv ([1/r,r] x B(0,7)) over

r > 1. We are now in position to define a classical solution to the PDE ([5))

Definition 6.2. We call a function v = {v(t,z), (t,z) € [0,+00) x RV} a classical solution of the
PDE (@ if the following conditions are satisfied:

(1) v belongs to D%jooo((o,+oo) x RN) and, for any t > 0, v(t,-) is in D‘Q,’OO(RN) ; moreover,
Jor any a1, a0 € A, the function (t,x) € (0,400) x RN = (Vig,)0(t, ), Viay)Vias v (t, @) is
continuous.

(2) For any (t,x) € (0,4+00) x RY it holds

N
Vou(t,z) = Z Viu(t, x).
i=1
(3) The boundary condition im, ,y_, ) v(t,y) = f(z) holds as well for any x € RN,

Note 6.3. Again, we emphasize that we do not assume that a classical solution of the PDE (j)
must be differentiable in the time direction or in the direction V. However this is the case if vector
fields satisfy the uniform Hormander condition. In this case the above definition coincides with the
standard definition of a classical solution.

The following proposition is a particular case of Proposition 2.8 in [5]:

Proposition 6.4. Under the UFG condition, if f is a continuous function of polynomial growth,
the function (t,z) — (P:f)(x) is a classical solution to the PDE in the sense of Definition [6.9
Moreover, any other classical solution v of the linear PDE (@ that has polynomial growth matches

the solution (t,z) — (Pif)(x).

Lemma 6.5. With the notation introduced so far, if holds for any go € C{P then holds
for any go € Dxl/’oo N Pol.
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Proof. This is a standard density argument, so we just sketch it. Let g{f be a sequence in C{?, such

V,1
Il

that g — go € D‘l,’oo. Then gy and Vj,)g; converge uniformly on compacts to go and Viy 9o,
respectively, for any o € A,,. Applying to the sequence g gives

‘V[a]gf(x)}z < e (Pl (x) forall o € A,,,t >0, (48)

where in the above gf' := Prgy. From the integration by parts formulae in [I8, Chapter 3] the
left hand side of the above converges uniformly on compacts to Vj4g:(7). As for the right hand
side, since V|gf converges uniformly on compacts to V|yg0, then (Igy)(x) converges uniformly on
compacts, and therefore pointwise, to (I'gg)(x). By definition of Py, we have

[P:(Tg5 — Tgo)] ()] Z/[(FQS‘)(?J) — (Tg0) W) pi(, dy),

where p;(z,dy) are the transition probabilities of the process X; in . Because gyg € Pol, we
can always choose the approximating sequence so that I'gj grows polynomially (with the degree of
the polynomial independent of n). Therefore, by the dominated convergence theorem, (PI'gf)(x)
converges pointwise to (P'go)(z) as n — oo. Taking the (pointwise) limit as n — oo on both sides

of gives then
[Viajge(@)|” < e (P go) (x)

= M /(Fgo)(y)Pt(x’dy)

i
2 A e / (1 + y|)pr(, dy).

Now [(1 + |y|D)pe(x,dy) = (Pih)(z), where h(x) = 1 + |z|? and therefore, by Proposition
(Pih)(x) is polynomially bounded. Taking the supremum over compact sets on both sides of the

above gives the desired result.
O
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