Diffusion Limit For The Random Walk Metropolis
Algorithm Out Of stationarity

Juan Kuntz, Michela Ottobre and Andrew M. Stuart®

Juan Kuntz
Imperial College London,
SW7 2AZ, London, UK,
e-mail: juan.kuntz08@imperial.ac.uk

Michela Ottobre
Heriot Watt University, Mathematics Department,
Edinburgh, EH14 4AS, UK

e-mail: m.ottobre@hw.ac.uk

Andrew M. Stuart
Department of Computing and Mathematical Sciences,
California Institute of Technology, CA 91125, USA e-mail: astuart@caltech.edu

Abstract:

The Random Walk Metropolis (RWM) algorithm is a Metropolis-Hastings Markov Chain Monte
Carlo algorithm designed to sample from a given target distribution 7V with Lebesgue density on
RYN. Like any other Metropolis-Hastings algorithm, RWM constructs a Markov chain by randomly
proposing a new position (the “proposal move”), which is then accepted or rejected according to a
rule which makes the chain reversible with respect to 7. When the dimension N is large a key
question is to determine the optimal scaling with IV of the proposal variance: if the proposal variance
is too large, the algorithm will reject the proposed moves too often; if it is too small, the algorithm
will explore the state space too slowly. Determining the optimal scaling of the proposal variance gives
a measure of the cost of the algorithm as well. One approach to tackle this issue, which we adopt here,
is to derive diffusion limits for the algorithm. Such an approach has been proposed in the seminal
papers [RGG97, RR98]; in particular in [RGG97] the authors derive a diffusion limit for the RWM
algorithm under the two following assumptions: i) the algorithm is started in stationarity; ii) the target
measure ¥V is in product form. The present paper considers the situation of practical interest in which
both assumptions i) and ii) are removed. That is a) we study the case (which occurs in practice) in
which the algorithm is started out of stationarity and b) we consider target measures which are in
non-product form. In particular, we work in the setting in which families of measures on spaces of
increasing dimension are found by approximating a measure, on an infinite dimensional Hilbert space,
which is defined by its density with respect to a Gaussian. The target measures that we consider arise
in Bayesian nonparametric statistics and in the study of conditioned diffusions. We prove that, out
of stationarity, the optimal scaling for the proposal variance is O(N~1), as it is in stationarity. In
this optimal scaling a diffusion limit is obtained and the cost of reaching and exploring the invariant
measure scales as O(N). Notice that the optimal scaling in and out of stationatity need not be the
same in general, and indeed they differ e.g. in the case of the MALA algorithm [KOS16].

MSC 2010 subject classifications: Primary 60J22; secondary 60J20, 60H10.
Keywords and phrases: Markov Chain Monte Carlo, Random Walk Metropolis algorithm, diffusion
limit, optimal scaling.

1. Introduction
1.1. Setting and Main Result

Metropolis-Hastings algorithms are popular MCMC methods used to sample from a given target measure,
7N, defined via its density with respect to Lebesgue measure on R (with abuse of notation, we often
denote both the measure and the density with the same letter). The basic mechanism consists of employing
a proposal transition density ¢(z,y) in order to produce a reversible chain {xj}3>, which has the target
measure as invariant distribution [Tie98]. At step & of the chain, a proposal move yy.11 is generated by using
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a proposal kernel ¢(z,y), i.e. yg+1 ~ q(xg,-). Then such a move is accepted with probability a(zg, yrt1),

where

m(y)a(y, =) }

m(@)q(z,y) )
If the move is accepted then the chain is updated to the state xy1 := yg11, otherwise xy 1 := x;. When the
proposal kernel g(x,y) is symmetric in its variables, the expression for the acceptance probability simplifies

’ wte {170

Random Walk Metropolis (RWM) belongs to the family of Metropolis-Hastings algorithms with symmetric
proposal, as the proposal move is generated according to a random walk. A key question for Metropolis-
Hastings methods in general, and for RWM in particular, is to determine the cost of the algorithm as a
function of the dimension N. The present paper aims at studying the cost of the RWM algorithm by the use
of diffusion limits. Precisely, we identify scalings of the proposal variance with resepct to the dimension N
which lead to a diffiusion limit. Since the inverse proposal variance has the interpretation as a time-step in
a discretization of the limiting diffusion, this scaling determines the number of steps required to reach and
explore the desired target distribution. We study the situation of practical interest where the algorithm is
started out of stationarity and the target measure is in non-product form.

In what follows we first introduce the class of target measures that we will be considering and we then
specify the RWM algorithm for such a class of targets (more details on the algorithm and on the class of
target measures can be found in Section 2 and in Section 3, respectively). We then clarify the problem that
is the subject of the paper, we present our main result and, immediately after (see Remark 1.1), we explain
the practical implications of such a result in terms of cost of the algorithm (in this context we will specify
what we mean by “cost of the algorithm”).

The class of target measures that we consider are determined by approximations of a measure on an infinite
dimensional Hilbert space. In particular, let m be a probability measure defined on an infinite dimensional
separable Hilbert space (H, (-, -}, || -||) and absolutely continuous with respect to a Gaussian measure 7y with
mean zero and covariance operator C:

az,y) = min {1,

D
diﬂ'o S8 exp(—\Il% To NN(Oac)v (11)

where ¥ : H — R is some real valued functional with domain # C H and mo(H) = 1. In Section 3 we will
detail our assumptions on ¥ and give the precise definition of the space H and identify it with an appropriate
Sobolev-like subspace of H (denoted by H® in Section 3). The covariance operator C is a positive, self-adjoint,
trace class operator on ‘H, with eigenbasis {/\?7 ®jtjen:

Coj=N¢;, VjeEN, (1.2)

where {¢,},en is an orthonormal basis of H. We will analyse the RWM algorithm designed to sample from
the finite dimensional projections 7V of the measure (1.1) on the space

HoO XN .= span{(bj};»v:l (1.3)

spanned by the first N eigenvectors of the covariance operator. Notice that the space XV is isomorphic
to RY. To clarify this further, we need to introduce some notation. Given a point € H, 2V = PN (z)
is the projection of x onto the space XV; 2»N will be the i-th component of the vector zV € RV, i.e.
2N = (¢;,z™). ! Similar notation is also used for y,¢ and other vectors; we do not give details. We will
also denote UV (z) := U(PN(x)) and Cy will be, effectively, an N x N diagonal matrix with i-th diagonal
component equal to A\2. More formally,

UV =T oPV and Cy:=PNoCoPV. (1.4)

I'Notice that if 2V = PN (z) and 1 < i < N then >V = (¢;,2N) = (¢, ).
2



With this notation in place, our target measure is the measure 7V (on XV = R¥) defined as

dr —uN(z) N
— (x) = Myn~e , 7y ~ N(0,Cn), (1.5)
dmg
where My~ is a normalization constant. Notice that the sequence of measures {7} yen approximates the
measure 7 (in particular, the sequence {7V} yen convereges to 7 in the Hellinger metric [Stul0]).

Letting ¢ > 0 denote a positive parameter, consider the RWM algorithm with proposal

2 N )
Y=+ \/%C}V/%N, &N = § GNg;, &N R N(0,1) id.. (1.6)
j=1

The current position z and the proposal y belong to H; however, because the noise is finite dimensional,
effectively only the first N components of x are modified when a proposal is accepted, namely the components
belonging to X 7.

Using the proposal (1.6) we construct the RWM - Markov chain {zy}r C H, through the “accept-reject”
mechanism described earlier. In computational practice one uses the projected chain x]kv = PN(xy), which
samples from the measure 7%, i.e. for any fixed N € N, the chain {x,iv}keN c XV can be used to sample
from the measure 7V. However we often work in # rather than in X% (and therefore consider the chain
{xk }ren rather than the chain {2} }xen) only because in H the analysis is cleaner.

To explain the problem at hand consider for a moment, instead of the proposal (1.6), the following
proposal:

2

y=uxz+ %C}V/%N, (1.7)
where 5 > 0 is a positive parameter to be chosen. As is well known, if 5 is “too large” then the proposal
variance (that is, informally, the size of the jumps of the chain) is “too small”, therefore the algorithm will
move in state space very slowly. On the other hand, if 8 is “too small” then the proposal variance is too
large and the algorithm will tend to reject the proposed moves too frequently (and this is more and more
the case as the dimension N increases). We will show that the value of § that strikes the balance between
these two opposing scenarios is 8 = 1.

We are now in a position to present our main result: let (") (t) be the continuous interpolant of the chain
{zk}, namely

e (1) = (Nt — k)zpy1 + (k+1 — Nt)zg, tr <t <tpy1, where t, = k/N. (1.8)

The main result of this paper is the diffusion limit for the RWM algorithm started out of stationarity.
We informally state such a result below, with the functions Dy, 'y and A, defined immediately after the
statement. The rigorous statement of the result, with precise conditions, appears in Theorem 5.1 and Theorem
5.4. Below we denote by C([0,T];H) the space of H- valued continuous functions on [0, 7], endowed with
the uniform topology.

Main Result. Let {xy}ren be the Markov chain constructed using the RWM proposal (1.6) and starting
from the (deterministic) initial datum xo € H. Assume

< 00. (1.9)

Then the continuous interpolant of the chain wy, i.e. the sequence of processes zN)(t) defined in (1.8),
converges weakly in C([0,T);H) (as N — ) to the solution of the SDE

di(t) = [a(t) — CYW ()] D(S(1)) dt + /T (S@) AW (1), 2(0) = o, (1.10)
where S(t) : Ry — Ry = {s € R: s > 0} is a deterministic function which solves the ODE

dS(t) = A((S(t))dt,  S(0) =S, (1.11)
3



and W (t) is a H-valued C-Brownian motion. >

If we denote by ®(z) the cdf of a standard Gaussian, the functions Dy, Ty, Ay : R1 — R that appear in
the above statement are defined as follows: for > 0 and ¢ > 0 a positive parameter, we define

Dy(z) i= 202" D (m\/;x)) , (1.12)
, ¢

Ty(x) := De(z) 4+ 20D (—m> ) (1.13)

Au(z) == (1 — 22) Dy () + 262 <_\/€275) — —22Dy(z) + Tu(x) (1.14)

and for £ = 0 and ¢ > 0 we set )
Dy(0) =T4(0) = Ay(0) = 2024, (1.15)

Remark 1.1. We make several remarks concerning the main result.

e The effective time-step implied by the interpolation (1.8) is N~! so, in this sense, the main result
indicates that, started out of stationarity, the RWM algorithm will take O(N) steps to reach and explore
target measures found by approximating 7 in RY. In this respect, we say that the computational cost
of the algorithm is of order N. To put it differently, our result proves that the proposal variance which
delivers a diffusion limit scales like N~! with dimension and that, therefore, the cost of the algorithm
is of order N.

e Notice that equation (1.11) evolves independently of equation (1.10). Once the RWM chain {zy} is
introduced (see (2.3) for a precise description of the chain) and an initial state zo € H is given such
that S(0) is finite, the real valued (double) sequence Si',

2

N |.iN
gy ._ 1 3 il (1.16)
i=1
i,N|2
started at S = + Zil |w°)\2| is well defined. We can then consider the continuous interpolant

SN (t) of the chain {S} C Ry, namely
SN () = (Nt —k)SN., + (k+1— Nt)SY, t, <t <ty1, where t, = k/N. (1.17)

In Theorem 5.1 we prove that S?V)(¢) converges in probability in C([0,T];R) to the solution of (1.11)
with initial condition Sy := limy_,~ S{¥. Once such a result is obtained, we can prove that z@™) (t)
converges to x(t). We want to stress that the convergence of SV)(¢) to S(t) can be obtained inde-
pendently of the convergence of z(™)(¢) to x(t). Moreover, notice that S{ is not a Markov Chain in
general (unless e.g. ¥ =0.)

e Let S(t) : Ry — Ry be the solution of the ODE (1.11). We will prove (see Theorem 4.1) that S(t) — 1
as t — oo. With this in mind, notice that Dy(1) = 202®(—£/v/2) =: hy and T;(1) = 2D,(1) = 2h,.
Heuristically one can then argue that the asymptotic behaviour of the law of x(t), solution of (1.10),
is described by the law of the following infinite dimensional SDE:

dz(t) = —he(z +CVU(2)) + /2hedW. (1.18)

It was proved in [HSVWO05, HSV07] that (1.18) is ergodic with unique invariant measure given by our
target measure (1.1). Our deduction concerning computational cost is made on the assumption that
the law of (1.10) does indeed tend to the law of (1.18), although we will not prove this here as it would
take us away from the main goal of the paper which is to establish the diffusion limit of the RWM
algorithm.

O

2The operator that here we denote generically by C, to avoid getting in too much notation at this stage, will be more clearly
defined in Section 3 and there denoted by Cs. More precisely, as we will explain, W (t) is a Brownian motion with covariance
Cs, see Section 3.
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1.2. Relation to the Literature

As already explained, in this paper we consider target measures in non-product form, when the chain is
started out of stationarity. When the target measure is in product form, a diffusion limit for the resulting
Markov chain was studied in the seminal paper [RGG97], where it is assumed that

p(z) = Hﬁvzlefv(xiw), N = (2PN, 2N e RY, (1.19)

and the potential V is such that the measure p is normalized. That work assumed that the chain is started
in stationarity, leading to the conclusion that, in stationarity, O(IN) steps are required to explore the target
distribution. In [CRR05] the same question was addressed in the case where p is the density of an isotropic
Gaussian, when the chain is started out of stationarity. Recently the papers [JLM15, JLM14] made the
significant extension of considering the product case (1.19) for quite general potentials V', again out of
stationarity. The work in [CRR05, JLM15] demonstrates that the same scaling of the proposal variance is
required both in and out of stationarity, in the product case, and that then O(N) steps are required to
explore the target distribution. Again recently, diffusion limits for RWM started in stationarity have also
been considered for measures in non-product form [MPS12], using families of target measures found by
approximating (1.1), as we consider in this paper; once again the conclusion is that O(N) steps are required
to explore the target distribution. In the present paper we combine the settings of [MPS12] and [JLM15]
and make a significant extension of the analysis to consider measures in non-product form, when the chain
is started out of stationarity, again showing that O(NN) steps are required to explore the target distribution.
In [RGGYI7] the diffusion limit is for a single coordinate of the Markov chain and takes the form

dX(t) = —hV'(X(£))dt + \/2hedB(2), (1.20)

with X; € R and B(t) a one dimensional Brownian motion. Each coordinate of the Markov chain has the
same weak limit. In [JLM15, JLM14] a similar limit is obtained for each coordinate, but because the system
is out of stationarity the coordinates are coupled together, leading to a one dimensional nonlinear (in the
sense of McKean) diffusion process

AX (1) = —do(t)V(X(£))dt + \/2go(D)dB(2), (1.21)

with X; € R and B(t) a one dimensional Brownian motion and
au(t) = Ge (EIV (X0 EV'(X@)]), e(t) = 5T (BIV(XO) EV(X(1)])

The definition of the functions G, and 'y can be found in [JLM15, (1.7) and (1.6)], respectively. While we
don’t repeat the full definition here, we point out the two main facts which are relevant in the present context:
i) in stationarity d¢(t) = he and g,(t) = he and so (1.21) is identical to (1.20), but out of stationarity the
variation of these quantities reflects what remains of the coupling between different coordinates in the limit
of large N; ii) regarding the functions D,(z) and I'y(z) (defined in (1.12) and (1.13), respectively), notice
that D[(.T) = ge\@(x, 1), Fg(l‘) = Fé\/i(x, 1)

In [MPS12], since the target measure is no longer of product form, the continuous interpolant of the RWM
chain zj, defined in (2.3) has diffusion limit given by the solution of the infinite dimensional SDE (1.18),
when the chain is started in stationarity. In contrast, in this paper where we study the same target measure
as in [MPS12], but started out of stationarity, the limiting diffusion is (1.10), with S(¢) solving (1.11). The
relationship between (1.20) and (1.21) is entirely analogous to the relationship between (1.18) and (1.10).
It is natural to ask, then, why we do not obtain an infinite dimensional nonlinear (in the McKean sense)
diffusion process as the limit in this paper? The reason for this is related to the fact that our underlying
reference measure is Gaussian. Indeed in the case of Gaussian product measure the limiting diffusion (1.21)
simplifies in the sense that the the equations for dy(t) and g¢(t) depend only on the process X through the
quantity M (t) := E(X;)? and it is explicitly noted in [JLM15] that M (t) solves precisely the ODE (1.11). It
is also relevant to observe at this point that the weak limit S(¥) —%5 § (in C([0,T],R4)) has already been
proven in [CRR05] in the Gaussian case where all the components xi’N are identically distributed.
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On a technical note, we observe that in [JLM15, JLM14] the symmetry of the target measure allows the
authors to employ propagation of chaos techniques so that these two papers have brought together two thus
far distant worlds: MCMC and probabilistic methods for nonlinear PDEs. In our case, due to the lack of
symmetry in the proposal, the propagation of chaos point of view cannot be used so we base our analysis on
the more “hands on” approach used in [MPS12]. As already mentioned, the latter paper is devoted to the
study of the diffusion limit for the same chain that we are analysing here and in the same infinite dimensional
context as well. The difference with our paper is that the chain in [MPS12] is started in stationarity. As a
consequence, the quantity that here we call S(¢) is, in their case, equal to 1 for every t > 0; to better phrase

it, if we start the chain in stationarity, then
N i 2
sy = 2 E L N2 almost surely, for allk > 0 1.22
A _NZ 32 —— 1, almost surely, for allk > 0. (1.22)
i=1 i

Recalling that S(t) — 1 as t — oo, this is coherent with our results. Although the approach we use here is
similar to the one developed in [MPS12], significant extensions of that work are required in order to handle
the technical complications introduced by the non stationarity of the chain. Throughout the paper we will
flag up the main steps where our analysis differs from that in [MPS12] (see in particular Section 5.2, the
comments at the end of Section 5.3 and Remark 8.7). Let us just say for the moment that if we start the
chain in stationarity then J:{CV ~ 7 for all k& > 0. Because 7 is a change of measure from a Gaussian
measure, all the almost sure properties of the chain only need to be shown for  ~ 7. In the non stationary
case we cannot reduce the analysis to the Gaussian case and therefore some of the estimates become more
involved. The above discussion motivates our interest in the problem studied in this paper: on the one hand
we want to extend the analysis of [JLM15] away from the non-practical i.i.d. product form for the target; on
the other hand we drop the assumption of stationarity in [MPS12].

We mention for completeness that the non stationary case has also been considered in [PST14, OPPS16],
for the pCN (preconditioned Crank-Nicolson) algorithm and for the SOL-HMC (Second Order Langevin -
Hamiltonian Monte Carlo) scheme, respectively. These algorithms are well-defined in the infinite dimensional
limit and hence do not require a scaling of the time-step which is inversely proportional to a power of the
dimension. On a related note, we remark that when we want to sample from measures of the form (1.1),
RWM is not the optimal choice. Indeed both pCN and the SOL-HMC exactly preserve the Gaussian measure
mo and hence, in the case ¥ = 0, such algorithms are exact; it is for this reason that they are well-defined
in the infinite dimensional limit, and do not require a scaling of the time-step with dimension. However it
is still of interest to study the behaviour of RWM on measures of the form (1.1) because they provide an
explicit class of non-product measures for which analysis is possible and for which the scaling of cost with
dimention is the same as in the product case, suggesting broader validity of the conclusions in the papers
[CRRO5, JLM15, JLM14].

1.3. Outline of Paper

The paper is organized as follows. In the next Section 2 we present in more detail the RWM algorithm.
In Section 3 we introduce the notation that we will use in the rest of the paper and the assumptions we
make on the nonlinearity ¥ and on the covariance operator C. Section 4 contains the proof of existence and
uniqueness for the limiting equations (1.10) and (1.11). With these preliminaries in place, we give, in Section
5, the precise statement of the main results of this paper, Theorem 5.1 and Theorem 5.4. In Section 5 we also
provide heuristic arguments to explain how the main results are obtained. Such arguments are then made
rigorous in Section 7 and Section 8, which contain the proof of Theorem 5.1 and Theorem 5.4, respectively.
The continuous mapping argument on which these proofs rely is presented in Section 6.

2. The Algorithm

Once the current state = of the chain is given, the proposed move (1.6) depends only on the noise ¢VV. For
this reason, in defining the acceptance probability for our algorithm, we can use the notations a(zV,3™) or

6



a(zN, &N) exchangeably. With this in mind, let us define the acceptance probability
a(z™, V) =1 Aexp (Qa™,€Y)) (2.1)

where
QzN,¢N) = HC V2N |2 — \IC’l/Qlelg+‘I’($N)—\If(yN)~ (2.2)

Consider the Markov chain {z}7°, C H constructed as follows

202 ,
Thtl = Tk + Vht1 WC}V/Q@]CVH 3 (2.3)
where -
Vi+1 ~ Bernoulli(ag1) with apy1 = (T Eppy)-

That is, given a1, the random variable 541 is independent of any other source of noise and has Bernoulli
law with mean a(z?, flivﬂ). Therefore, (2.3) can be spelled out as follows: if the chain is currently in xy, the

proposal
- % Cn)1/2eN
Y1 = Tk [ (Cn) &

is accepted with probability aj1 and rejected with probability 1 — 1. We specify that in the above

i D ..
&N, = ngﬂ% where &) ~ N(0,1) iid.,

and therefore for ay, @ and v actually depend on N (we suppress the superscript N in the notation for
convenience). In a less compact notation, (2.3) and (2.2) can be rewritten as

oy, =y +7k+1\/ )\ng, fori=1,...,N (2.4)

Tpy1 = Tk = T onH\XN

and

|$ |yk+1|2

Qr = Q(ar, &4) = Z -5 Z ) = (), (25)
i=1 i

respectively. As we have already observed in the introduction, in computational practice the above algorithm

is implemented in RY. That is, for any N fixed, in order to sample from the measure 7V (defined in (1.5)),

one considers the projected chain {z = PN (zy)}ken.

3. Preliminaries

In this section we detail the notation and the assumptions (Subsection 3.1 and Subsection 3.2 | respectively)
that we will use in the rest of the paper.

3.1. Notation

Let (M, (-,-), || - |I) denote an infinite dimensional separable Hilbert space with the canonical norm derived
from the inner-product. Let C be a positive, trace class operator on H and {¢,, )\f }j>1 be the eigenfunctions
and eigenvalues of C respectively, so that (1.2) holds. We assume a normalization under which {¢,};>1 forms
a complete orthonormal basis in . Throughout the paper we will use the following notation:

3Notice that also the state of the chain {2 }xreny C H depends on N, as only the first N components are updated. However this
is not reflected in the notation to avoid confusion between the finite- dlmenswnal chain {zY} C X and the infinite-dimensional
chain {zy} C H.

7



e The letter N denotes exclusively the dimensionality of the space XV (defined in (1.3)) where the target

measure 7 is supported.

e As already stressed in the introduction, if x € H, then 2V := PN (z) is the projection of = on the
space XV defined in (1.3). For every z € H we have the representation x = Zj x’ ¢, where here

29 = (z,¢;), i.e. 27 is the j-th component of x. 2% denotes the j-th component of "V, so that
) = 23N for 1 < j < N. Similar notation holds for the proposal vector 3 and the noise vector & as
well.
e 27 denotes the k-th step of projected chain {P¥(z))} C X¥, where x), has been defined in (2.3).
Accordingly, m;N is the i-th component of the vector ¥ € X% .
Using this notation, we define Sobolev-like spaces H",r € R, with the inner-products and norms defined by

o0

(x,y), = ZjQijyj and 2|2 = Z]QT }x]|

J=1

(H",{-,-),) is a Hilbert space. Notice that H® = H. Furthermore H" C H C H~" for any r > 0. The
Hilbert-Schmidt norm || - ||¢ is defined as

_1 > _ 212
lelz = e~ Fal? = 3 A72 |« (3.1)
j=1

and it is the Cameron-Martin norm associated with the Gaussian N'(0,C). For r € R, let L, : H — H denote
the operator which is diagonal in the basis {¢;};>1 with diagonal entries j27, i.e.,

L, ¢; = j*"¢;, JjeN,

1
so that L? ¢; = 7"¢;. The operator L, lets us alternate between the Hilbert space H and the interpolation
spaces H" via the identities:

ol

1 1
(,y)r = (L7w,L¥y)  and  |lz[? = || L7 =],

Since ||L;1/2¢kHr = |l¢x]l = 1, we deduce that {¢) := Lr_l/ngk}kZl forms an orthonormal basis for H". If
y ~ N(0,C), then y can be expressed as

y=> Npib;  with  p; % N(0,1) iid; (3.2)

if ), )\?jzr < 00 then y can be equivalently written as

oo

=N "Ni"eid;  with ;R N(0,1) iid. (3.3)
j=1

For a positive, self-adjoint operator D : H +— H, its trace in H is defined as
oo
Tracey (D Z ®j, Do;).
j=1

We stress that in the above {¢;};en is an orthonormal basis for (H, (-,-)). Therefore, if D : H" — H', its
trace in H" is

o0
Traceyr (D ZL 2%7 DL, 2¢J>

j=1

8



Since Traceqy(b) does not depend on the orthonormal basis, the operator D is said to be trace class in H"

if Traceyr (D) < oo for some, and hence any, orthonormal basis of H".
Because C is defined on H, the covariance operator

C. = LY/*CL}/?

is defined on H". With this definition, for all the values of r such that Traceyr(C,.) = Zj )\?j% < 00, we
can think of y as a mean zero Gaussian random variable with covariance operator C in H and C, in H" (see
(3.2) and (3.3)). In the same way, if Traceyr(C,) < oo then

W(t) =Y Nw;(t)g; = > Njj"w;(t)ey,
j=1 j=1

with {w;(t)};en a collection of i.i.d. standard Brownian motions on R, can be equivalently understood as an
H-valued C-Brownian motion or as an H"-valued C,.-Brownian motion.
Throughout we use the following notation.

e Two sequences {oy, }n>0 and {By n>0 satisfy o, < B, if there exists a constant K > 0 (independent
of n), such that a,, < K@, for all n > 0. The notations «,, < (3, means that o, < §, and 5, < .

e Two sequences of real functions {f,}n>0 and {gn}n>0 defined on the same set § satisfy f,, < g, if
there exists a constant K > 0 (independent of n) satisfying f,(w) < Kg,(w) for all n > 0 and all
w € Q. The notations f,, < g, means that f, < g, and g, < f,. Similarly, for two functions f(z) and
g(x), we write f(z) < g(z) if there exists a constant K > 0 (independent of x) such that f(z) < Kg(z)
for all  where the two functions are defined.

e The notation E, [f(z,£)] denotes expectation with variable z fixed, while the randomness present in &
is averaged out.

As customary, Ry := {s € R: s >0} and for all b € R we let [b] =n if n < b < n+ 1 for some integer n.
Finally, for time dependent functions we will use both the notations S(¢) and S; interchangeably.

3.2. Assumptions

In this section we describe the assumptions on the covariance operator C of the Gaussian measure g 2
N(0,C) and the functional ¥. We fix a distinguished exponent s > 0 and assume that ¥ : H5 — R and
Traceys(Cs) < oo. In other words the space H® is the one that we were denoting by # in the introduction.
For each x € H* the derivative VU (x) is an element of the dual (H*)* of H?, comprising the linear functionals
on H?. However, we may identify (H®)* = H~° and view V¥(z) as an element of H~* for each x € H?".
With this identification, the following identity holds

IVE(@) | 2e ) = V()]s

furthermore, the second derivative 92¥(x) can be identified with an element of £(H*,H~*). To avoid tech-
nicalities we assume that ¥(z) is quadratically bounded, with first derivative linearly bounded at infinity
and second derivative globally bounded.

Assumptions 3.1. The functional ¥ and covariance operator C satisfy the following assumptions.

1. Decay of Eigenvalues )\? of C: there exists a constant kK > % such that
)‘j = j7

2. Domain of U: there exists an exponent s € [0,k — 1/2) such that U is defined everywhere on H?.
3. Size of U: the functional ¥ : H® — R satisfies the growth conditions

0 < U@ S+l
9



4. Derivatives of U: The derivatives of ¥ satisfy

IVE@)ll-s S llls Vil and  10°¥@)|pemn-+ S 1. (3.4)

~

for some 1/2 <¢ < 1.

Remark 3.2. Regarding the first of Assumptions 3.1, the condition x > % ensures that Traceys(Cs) < oo
for any 0 < s < k— 1; this implies that mo(H*) = 1 for any 0 < s < k— 1. As for the first of the requirements
in (3.4), this is slightly less general than the corresponding condition imposed in [MPS12] (there it is required
that |V¥(z)||=s <14 |z||s). This is to avoid excessive technicalities (particularly in the proof of (8.10),
which is the only place where this simplification is actually used, see Remark 8.12 and Remark 8.9 on this
point). O

Example 3.3. The functional ¥(z) = |z||? is defined on H* and its derivative at z € H* is given by

VU(z) =350 j¥ i p; € H% with [|[VU(z)||—s = ||z|s. The second derivative 0¥ (z) € L(H*, H™*) is the
linear operator that maps u € H* to 3,5, 7% (u, ;)¢5 € H™*: its norm satisfies |02 ()| z(3s 3-+) = 1 for
any z € H°. B O

The Assumptions 3.1 ensure that the functional ¥ behaves well in a sense made precise in the following
lemma. We set
F(z) = —2z—-CVY¥(z2). (3.5)

Lemma 3.4. Let Assumptions 3.1 hold.
1. The function CV¥(z) is globally Lipshitz on H® and hence the same holds for the function F(z):

[1F(z) = F)lls < llz—yls Vz,y € HC.
2. The second order remainder term in the Taylor expansion of ¥ satisfies
[W(y) — U(z) — (VE(2),y - 2)| < lly — ]2 Va,y € H*. (3.6)
Proof. See [MPS12]. O

We would also like to recall that because of our assumptions on the covariance operator, for all p > 0
there is a constant ¢ = ¢(p) such that

E[|(Cn)Y2eN |2 < ¢,  uniformly in N, (3.7)

if ¢V is the Gaussian defined in (1.6). We will prove this inequality in Appendix A. For the moment we just
stress that ¢ > 0 is a constant independent of N but that does depend on p.

4. Existence And Uniqueness For the Limiting SDE

The main statements of this section are Theorem 4.1, Theorem 4.3 and Theorem 4.6. In Theorem 4.1 and
Theorem 4.3 we prove existence and uniqueness for the solution to equation (1.11) and equation (1.10),
respectively. Theorem 4.6 is a “continuous mapping” result and it is crucial for the arguments of Section 6
(and, ultimately, it is the backbone of the proof of our main results).

Theorem 4.1. For any initial datum S(0) € Ry, there exists a unique solution S(t) to the ODE (1.11). Such
a solution is strictly positive for every t > 0. Furthermore, S(t) is bounded with continuous first derivative
for allt > 0. In particular

tlgglo Sit)y=1 (4.1)
and
0 < min{S(0),1} < S(t) < max{S(0),1}, fort>0. (4.2)

Before proving the above theorem we state Lemma 4.2, which gathers all the properties of the real valued
functions Dy, Ty and Ay, defined in (1.12)-(1.15).

10



Lemma 4.2. The functions Dy(z), T¢(x) and \/T¢(x) are positive, globally Lipshitz continuous and bounded,
with bounded first derivative. Ay(z) is bounded above but not below; it has continuous first derivative on the
whole of Ry and it is globally Lipshitz. Moreover, for any £ > 0, Ay(x) is strictly positive for x € [0,1),
strictly negative for x > 1 and Ae(1) = 0.

Proof of lemma 4.2. The proof of the above Lemma 4.2 follows from the same arguments used in [JLM15,
Proof of Lemma 2]. We sketch the proof in Appendix A for completeness. A plot of the function A,(x) for
various values of ¢ can be found in [CRR05, page 258]. Figure 1 contains a plot of Ay(x) for £ =1 and ¢ = 2.
Plots of the functions Dy, I'y and of the derivative of A, can be found in Appendix A. O
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04r
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05 1 15 2 25

F1G 1. Plots of the function Ay(x) for £ =1 and ¢ = 2 (dashed line).

Proof of Theorem /.1. Existence and uniqueness for (1.11) is standard, since Ay is globally Lipshitz. The
limit (4.1) and the bound (4.2) are a consequence of the last statement of Lemma 4.2. Indeed, if we start with
an initial datum Sy € [0,1) then S(¢) will increase towards 1. If S(0) > 1 then S(¢) will decrease towards 1.

O

We now come to existence and uniqueness for equation (1.10), which we rewrite as

da(t) = F(x(t))De(S(1))dt + /Te(S())dW (¢),

where W (t) is an H*® valued Cs-Brownian Motion and the function F' has been defined in (3.5). The above
is a short notation for the integral form

x(t) = z(0) —|—/O F(z(v))Dy(S(v))dv —|—/0 VIe(S(v))dW (v) . (4.3)

In view of the next statement we emphasize that throughout the paper the spaces C'([0, T]; H®) and C([0,T]; R,.)
are endowed with the uniform topology.

Theorem 4.3. Let Assumption 3.1 hold. Then, for any initial condition x(0) € H®, any T > 0 and every
H?-valued Cs-Brownian motion W (t), there exists a unique solution of equation (1.10) (with S(t) given by
(1.11)) in the space C([0,T]; H®).

Before proving the above theorem, let us make a remark on the statement.

11



Remark 4.4. In the statement of Theorem 4.3 we refer to equation (1.10) or, equivalently, to equation
(4.3). With the notation introduced so far, the function S(¢) appearing in (4.3) is the solution of the ODE
(1.11). However the proof of Theorem 4.3 is still valid if S(¢) : R — R, is any continuous and bounded
function with continuous first derivative. |

Proof of Theorem 4.3. Once we prove continuity of the map
j P HT X C([OaTLHS) — C([O,T]aHS)
(@(0), W(t)) — =(t)

where x(t) is defined by (4.3), existence and uniqueness for equation (4.3) for a small enough time interval
follow from a standard contraction mapping argument, see e.g. [MPS12]. To show the continuity of such a
map, let z#(t) and x'(¢) be the images through the map J of the pairs (z#(0), W¥(¢)) and (x'(0), WT(2)),
respectively. For all 0 < ¢ < T'| we then have

(1) / |F(24)Dy(S,) — F(xh)De(S,)] v

Thanks to the Lipshitzianity of F', Lemma 3.4, and the boundedness of Dy, Lemma 4.2, the drift coefficient
of (4.3), i.e
O(xz,S) := F(x)Dy(S), (z,9) € H® xRy,

is globally Lipshitz, uniformly in time. Therefore, integrating by parts in the stochastic integral, we get

lz#(t) /Ilﬂr =" (v)[ls + [|2#(0) — 2T (O) I,

s - wh = [ (1) vz - w)

We now further work on the right hand side of the above as follows:

| (rs) vz - w
£T()

d 1/2 1
0y ré (Sv) ' =35
dv( ) 2 F;/Q(x) s,

From the definition of T’y (see (1.13) and (1.15)), for any = > 0, T’y is bounded below away from zero.
Moreover, I'; has bounded derivative (see Lemma 4.2) and Ay, being continuous, is bounded on compacts.
These facts, together with (4.2), imply the bound

[

T
Hx”(t)—m*(t)lls,S/ sup [|2*(v) — 2 (v)[|s + 2%(0) — 2F ()]s + T sup |Wf—W/[..  (45)
0 wvel0,t] t€[0,T)

S

t
< sup ||W33—WJ||S/
s v€E[0,t] 0

().

Clearly,

(Ae(S0))| -

d% (r;/ 2(50))’ <t (4.4)

hence

Taking the supremum over ¢ € [0,T] on the left hand side of the above gives the desired contractivity, thanks
to the Gronwall Lemma, for a small enough time interval, say [0,7p] and hence a unique solution can be
constructed for ¢ € [0, Tp]. Such a solution can then be extended to ¢ > 0, thanks to the specific form of (4.5),
which, we stress again, is a consequence of (4.2). Indeed, thanks to the fact that the drift of the equation is
Lipshitz uniformly in time and to (4.4), the time dependence of the RHS of (4.5) will stay the same when
we try and construct a solution starting from 7. We will therefore be able to construct a solution over the
interval [Ty, 27p]. Continuing inductively we can cover the whole real axis. This concludes the proof. O
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Consider now the following equation
dz(t) = [—2(t) — CV¥(2(¢))]De(S(t)) dt 4 dn(t), (4.6)

where S(t) is the solution of (1.11) and n(¢) is any time-continuous function taking values in H*. Also, let
GS(t) : R — R be the solution of
dS(t) = A(S(t)) dt + a dw(t), (4.7)

where w(t) is a real valued standard Brownian motion and a € Ry is a constant.
Remarks 4.5. Before stating the next theorem we need to be more precise about equations (4.6) and (4.7).

e We consider equation (4.7), which is (1.11) perturbed by noise, in view of the contraction mapping
argument (explained in Section 6) that we will use to prove our main results. Observe that (4.7) still
admits a unique solution (by the Lipshitzianity of A;). Analogous observations hold for equation (4.6),
which has the same structure as equation (1.10).

e The solution to (4.7) might not stay positive if started from a positive initial datum (as opposed to
the solution to (1.11), which preserves positivity). However A, is only defined for positive arguments,
(see (1.14)). To make sense of the notation in (4.7), we extend A, to the negative semiaxis. In other
words, the function A, appearing in (4.7) is not the same A, defined in (1.14); we should use a different
notation for such a function but we refrain from doing so for simplicity. In conclusion, the function
Ap(s) in (4.7) is intended to be a strictly positive function for any R 5 s < 1 and we fix it equal to 1
if s < —1/2; it smoothly interpolates between -1/2 and A,(0) if —1/2 < s < 0 and it coincides with
Ag(s) as defined in (1.14) if s > 0. Therefore such an A, will still be globally Lipshitz.

e We emphasize that (4.6) and (4.7) are decoupled as the function S(t) appearing in (4.6) is the solution
of (1.11). This fact will be particularly relevant in the remainder of this section as well as in Section
6.1 and Section 6.2.

]

The statement of the following theorem is crucial to the proof of the main results of this paper, Theorem
5.1 and Theorem 5.4, stated in the next section.

Theorem 4.6. With the notation introduced so far (and in particular with the clarifications of Remarks
4.5) let z(t) and &(t) be solutions of (4.6) and (4.7), respectively. Then under Assumption 3.1 the maps

JiH % C([0,T]; H*) — C([0,T]; H* x R)
(20,m(t)) — 2(t)
and
Jo 1 Ry x C([0,T); R) — C([0, T R)
(o, w(t)) — S(t)
are continuous maps.

Proof. Continuity of the map J; can be shown with a calculation in the same spirit of the one done for the
map J, so we only sketch the proof of the continuity of the map J>. To this end we will use (4.2) and the
Lipshitzianity of A,. Let &%(t) and &'(¢) be the images through the map J5 of the pairs (G(ﬁ),w”(t)) and
(&), wi(t)), respectively. Then

t
&t - l| < [ef - & +/0 40(85) = Ae(&])| dv+a|uf - |

t
SJ’GF)—GI)‘—F/ IGQ—GHdU-i—a‘wg—wZ . (4.8)
0

Now we can conclude by Gronwall’s Lemma. O
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5. Statement of Main Theorems and Heuristics of Proofs

In this section we give a precise statement of the main results of the paper, Theorem 5.1 and Theorem 5.4
below, and outline the heuristic arguments which are at the basis of the proof of such results. The rigorous
proofs of Theorem 5.1 and Theorem 5.4 are detailed in Section 7 and Section 8, respectively, and they consist
in quantifying the formal approximations presented in this section. The structure of such proofs relies on the
continuous mapping argument which is presented in Section 6.

While describing the main intuitive ideas of the proof, we will also try and emphasize the differences
with the analysis presented in [MPS12] in the stationary case. Here and throughout the paper we will use a
notation analogous to the one used in [MPS12].

5.1. Statement of Main Results

Let us define the set H?, as follows:

S .__ S. 1 i
Hm.{xEH.#g;NE:A?<a%. (5.1)

Theorem 5.1. Let Assumption 5.1 hold and let xo € HE. Let {SN} C Ry be the double sequence defined in
2
(1.16) and started at S = Zfil xB’N’ /2. Let SN)(t), defined in (1.17), be the continuous interpolant

of S. Then, as N — oo, SN)(t) converges weakly in C([0,T);R) to the solution S(t) of the ODE (1.11)
started at Sy := limy 00 SYY .

We will prove Theorem 5.1 in Section 7. For the time being, let us make the following observations.

Remark 5.2. Notice that the weak limit of the double sequence S,iv is a deterministic function, therefore
the above theorem also implies convergence in probability in C([0, T];R) of S™V)(¢) to S(t). O

Let us now introduce the piecewise constant interpolant of the (double) sequence SN i.e. the (sequence
of) functions SUV)(t) defined as follows:

SNty =8N, for tp <t <tppr, tp =k/N. (5.2)
Lemma 5.3. Under the assumptions of Theorem 5.1, for every fized t > 0,

SMN(t) = S(t)  almost surely

and -
SN () = SNI(t)  almost surely.
Therefore, B
SNty — S(t)  almost surely.
Proof of Lemma 5.3. The proof of this lemma can be found in Appendix B. O

Consider now the set H7 defined as the set of x € H?, such that
e for all p > 0,

: al 252 |xi‘2p
ngrclxD ;:1 (D N < 00, (5.3)
e there exists some ¢ > 0, such that
hm;lgﬁﬂf>e>o (5.4)
N—oco N =1 )\22 - ' '
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Theorem 5.4. Let Assumption 3.1 hold and xo € H2,. Then, as N — oo the continuous interpolant x™) (t)
of the chain {xk}r C H*® (defined in (1.8) and (2.4), respectively) and started at xq, converges weakly in
C([0,T); H?) to the solution x(t) of equation (1.10) started at xo. We recall that the time-dependent function

S(t) appearing in (1.10) is the solution of the ODE (1.11), started at Sy := imn—y00 2 Sorey |x6’2 /A7

We will prove Theorem 5.4 in Section 8. Note that in the above statement we are picking a deterministic
initial condition. However it is worth noting that x¢ € H7 almost surely if z¢ is drawn at random from the
stationary measure (1.1) . We will make some remarks on condition (5.4) at the end of Subsection 5.2. As
for condition (5.3), strictly speaking this does not need to be satisfied for all p > 0; a finite, sufficiently large
p would suffice. However we refrain from determining the optimal p, which would distract from the main
goals of the paper, and we state the result as it is, based on (5.3).

5.2. Formal Analysis of the Acceptance Probability

Gaining an intuition about the behaviour of the acceptance probability a(z,£), defined in (2.1), is at the
core of the proof of the main result of this paper, Theorem 5.4. We present here a formal calculation that
helps impart such intuition. We stress again that the calculations of this section are purely formal and will be
made rigorous from Section 7 on . In this spirit we will use the loose notation AN ~ BN when, for N large,
AN is “approximately equal” to BY, and AN ~ B when, for N large, AV is “approximately distributed”
according to BY.

Let us recall the notation UV := ¥ o PV (that is, UV (x) := U(PV(z))) and set

N o= (Cn) V22 + (Cn)VAVENY (2),  where VUV (2) = PN (VU (). (5.5)

With these definitions, we can further rewrite the expression (2.5) for Q(zy, &4 ):

Ak Zx" S a) - vl

‘ \/7 C 2N &N )+ U () — U(yy)

62 202
- Wnsé&n? P ) - v+ A ). ).

Therefore setting

Q(xg, &pt1) =

P (1 6) 1= W) — ) + 1) e (CHPVRY () 60

and
R &) = - A R R ) (5.6)
we obtain
Q(x{cvagliv—ﬁ-l) = R(‘r;@\[?g{c\[—i—l) +TN(:I;/€)€]€+1) . (57)
In [MPS12] it is shown that
cl/2¢|2
[P (21, )| S el Nﬁlls ; (5.8)
therefore .
E ]rN(xk,§k+1)| S N’ (5.9)

see [MPS12, eqn. (2.32)]. The above (5.8)-(5.9) are true whether the chain is started in stationarity or not,
as they are only a consequence of the properties of ¥ (see (3.6)) and of the noise €11, see (3.7). Using (5.9),

Q(l’k v€k+1) R(l"k a§k+1) (5.10)
15



Looking at the definition of R, equation (5.6), and observing that by the Law of Large Numbers

= Z ’5’%1‘ 1, (5.11)

we deduce that R ~ G (see Lemma 8.1), where

\/ 20 ZC k+17 so that, given x;,, G ~N | —% — 202 Z ’C{CN’ (5.12)

We will show

the “dominating contribution” comes from the

This can be intuitively understood by observing that in (5.5)
(8.51) and (7.3) and it implies G = Z; ,, where

first addend. The above approximation is formalized by

[22 &
Z&k = —62 — W Z
Jj=1

In conclusion, the formal analysis presented so far suggests that we may use the approximations

so that, given zf¥, Zpj ~ N (—£%,2025Y). (5.13)

Qay &M 1) = R N (—£7,20° 5)Y) . (5.14)

In [MPS12] it is proved that if we start from stationarity then the sequence SJ converges (for fixed k, as
N — o0) to 1 almost surely (see (1.22)). We will show that if we start the chain out of stationarity, i.e. zo
is any point in H?®, then

1 Ty d
SN = v Z % 5 8(t), as N — oo, fort, <t < tpi, (5.15)

where t;, = k/N and S(t) is the solution of the ODE (1.11). This is the main conceptual difference between
our work and [MPS12], all the other differences are technical consequences of this fact.

Looking at (5.14)-(5.15), we can explain why we are assuming (5.4): roughly speaking, if the initial datum
So is strictly positive then the limit S(t) is strictly positive for every t > 0, so the Gaussian variable on
the RHS of (5.14) always has a strictly positive variance. If instead Sy = 0, then at zero one would have
Qo = Q(x¢,&1) ~ —¢? and therefore the acceptance probability at the first step simply tends to 6_52; however
this would only be true at zero as, even if Sy = 0, the solution of the ODE (1.11) becomes immediately
strictly positive for ¢t > 0 (see Theorem 4.1). To avoid having to take into account also this further possibility
(which does not add anything to the overall understanding of the algorithm), and to streamline the analysis,
we make the simplifying assumption (5.4).

The approximation (5.14) dictates the behaviour of the acceptance probability. With the present algorithm
the average acceptance probability does not tend to one (as N — oo, for ¢ty < ¢ < tg41). This is one of the
disadvantages of using the method analysed in this paper, in comparison to using algorithms which are well
defined in infinite dimensions.

5.3. Formal Derivation of the Drift Coefficient of Equation (1.10)

Let us first clarify the use of the notation that we will make in the following. The definition of xy41 (2.3)
contains two sources of randomness: the Gaussian noise £;+1 and the Bernoulli random variable v;11. With
this in mind, when we write Eg(-) we will mean expectation with respect to £x41 and g1, given xg. In some
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cases, when we want to emphasize the fact that the expectation is taken with respect to &1 and 741, we
will write explicitly Ei’“’. In the same way, if we want to stress that expectation is being taken with respect

to &ky1, we write Ei According to (2.4), the i-th component of the approximate drift is given by
iN iN 202 N VAN, FE iN
NEg(zy, — oy ) = NEg | Y61 WM §err | = V2NN ER (Vi1 €4 1)
=V2N2), Ei(ak+1 fIZC,JJer) =V2NR2), ]Ei [(1 A eQ(szyéiyﬂ)) gii\/l} ) (5.16)

(We briefly explain at the end of Appendix A how the first equality in (5.16) is obtained.) For a reason that
will be clear in a few lines we further split the RHS of (5.6) as follows *

N ¢N | g |? 262 iN ¢i,N
R(zy;, &ya) = N Z ‘fklrl‘ - ZC & - ‘ Ck &
J#i
= R ) - o e - B (5.17)
hence
202 NN
Q(l'k afk+1) R (xk 7§k+1) Ck §k+1- (5.18)
Using (5.18) we then have
Ei |:(1 A eQ(a:kN7Elzc\’+l)) gli’ﬁfl} ~ Ei |:<1 /\eRi(IkNélIc\;l)*\/ 2f(;zc;i’l\f§'12+1> gl’i:’—]i-vl] . (5]_9)
We now use [MPS12, eqn. (2.36)], which we recast here for the reader’s convenience.
Lemma 5.5. Let X be a real valued r.v., X ~ N(0,1). Then for any a,b € R,
a2 b
E[X (1Ae*)] =ae= 1@ <| — |a|) . (5.20)
a
Proof. See [MPS12, Lemma 2.4]. O

Now notice that, given z, R’ is independent of {,i 41 as it only contains the random variables Ei 4 for

i # j. Therefore the expected value Ei can be calculated by first evaluating ]Ei and then Ei’, where the
latter denotes expectation with respect to £\&'. With this observation we can use the above Lemma 5.5 with

4This splitting is standard in the analysis of high dimensional MCMC, see [MPS12].
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a=— %CE’N and b = R’ to further evaluate the RHS of (5.19); we get

ES [(1 A Qe @Hl))g } ~ B Kl A Rl &) “ﬁcszsi“) 52’51}

(5.20) 262 i N 22 -i,N |2 51_ Rt RZ 282 i N
=GNl E e TEE Flav| e
N |5k
/ Cz N ]EE‘ R'g —R
2 | i,N
V& 6|
_ 26 CZN]EE R7(I) —R’L
k 202 i,N‘
VN |k
~— ng»N Efef 1(pi<o) (5.22)
> N e R
~ — ch’ ]Eke 1{R<0} .
Therefore, using the approximation (5.14) (and the notation (5.13)),
N ¢N . 262 7
Ef [(1A e 0) gh, ] = - N Ef e 17, <0y (5.23)
Now a straightforward calculation shows that if X ~ N(u,0?) then
E (exlx<0) = ettt 2g (—E — a) .
o
In particular this means that if X ~ A(—¢2,2¢2a), for some a > 0, then
X o 2(a—1 K(l — 2a) _ 1
E (e 1X<0) = e (a )¢ (\/% = ﬁDz(G). (5.24)
From (5.24), (5.23) and (5.13), we then get
¢ N N iN 202 ,n 1 Ny 1 iN N
E} [(1 A eQ@k 5k+1)) §k+1} Ck Y2 Dy(S;, ) = —ch Dy(S;, )

Combining the above with (5.16) gives
NEG (a3 — a™) = =X Di(SY),
which is the desired drift, after observing that )\ic,i’N is the i-th component of C}V/ZCIQI and
CPN =2l + Cy VUV (2p).

As already mentioned in the introduction, as a consequence of (1.22), if we started the chain in stationarity
then the approximate drift would not be time dependent and we would have

NE (2, — 23™) ~ =A™ De(1),

which is the approximate drift of (1.18).
18



5.4. Formal Derivation of the Diffusion Coefficient of Equation (1.10)

[ [ 262 i,
NEk(Ik’ﬁ - ka)(xiﬁ x?@N) N]Egﬂy <7k+1\/ N/\ifkivl> <7k+1 VN )‘ §k+1>

= 2NN (81 €y (1 Q008 ) (5.25)

where the last equality follows analogously to (5.16). We consider (5.6) as before, but this time we split

‘ +’€k+1‘) \/%(C;ka’ﬁ‘kc ka)
RY(ay, &041) = Z ’g?ﬁ’ \/ﬁ Z ch EZ_FA{

h#m h#i,j
As before, Q(ap, &N, 1) ~ RY(xf &, ,), so that

B (6 68 (1n e ) ) B (el (1a e et i)
= b, (1neR el el) (5.26)

= 0i,E;, (1 A eRij(“g’fivﬂ)) :

e
Riaf ) = RIG. 6 - 5 (Jo

where

With the same reasoning as in (5.14), we have
Q) & y) ~ RY = N (—£7,20° S)Y) .
(Again, if we were to consider the stationary reglme then we would have Q(xk ,£k+1) N ( 2?2 262) .) Now
a simple calculation shows that if X ~ A (u,0?) then
E(1neY) =ert2o (<L o)+ (L) (5.27)
and in particular if X ~ N(—¢2,2¢%a) for some a > 0,

E(1AeX) = —Ty(a). (5.28)

202
Hence

Ei( N 7fk+1>) ﬁre(sig’). (5.29)

Putting together (5.25), (5.26) and (5.29) we get
i,N i,N N
NEg (2} — oy )(‘T?chl xk My=\ A 05 Te(SE) -

5.5. Formal Derivation of Equation (1.11)

We now want to describe the heuristic derivation of the limit (5.15). Let us start with the drift:

i, N 2 i,N 2
xk-i—l Zy
NE(S],, — SY) = Ey Z 32

V1 ( ) +2\/gzx’“ 5’““)] (5.30)

— B [(me <wkék+1>)( 2R(xk, Ersr) ]Hw (5.31)

:Ek
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where
2
im0y 22 [l I @), )] (5.32)

We will show (as a consequence of (7.13) and (7.3)) that 7%V is negligible for large N. So, by (5.10) and
(5.31),

NE(Sihy — Si) ~Ex [(1 A eR(zg’g'yﬂ)) (_2R(‘T{c\r7§/]€v+l)):| : (5.33)

Now observe that if X ~ N (u,0?) then,

B[-2X (17 eX)] OP0L70 o2 (L2 _ o) (—ap - 20%) —2p0 (),
g g

so that, if X ~ N(—¢2,202a) for some a > 0, we have
E(—2X (1 AeX)) = Ag(a). (5.34)
Therefore, by (5.14), (5.33) and the above, we conclude
NEL(Siyy = Si) = Ad(S).

Showing that the diffusion coefficient for Si¥ vanishes is a consequence of the calculation that we have just
done, indeed

7 2 7, N 2 2
1 xk’+1‘ xy
NEk(SIJcVH - Sl]cv)2 = NEk A2 A2
i=1 ?

1 N N
~ B[N R 2R Y )]

1 5 N N 1 o 228N
< NE’“ [R*(zp, &1)] ~ NEIC | Zo|” =~ N

We will prove that S}’s are uniformly bounded in N and k (in the sense of Lemma 7.4), hence (22 SY)/N —
0.

5.6. Suboptimal Scalings for the Proposal Variance

Consider the Random Walk algorithm with proposal (1.7), for 8 # 1. In this case the acceptance probability
becomes

o (2,€) =1 N exp Q*(,€),
where, with the same reasoning leading to (5.14),

QP (k, Epr1) = QF ~ R ~ N(—2N'79 202N1-PSN). (5.35)

Assuming that Sy is finite, one can show that S& remains bounded (uniformly in k and N). Therefore, if
we look at the average acceptance probability, we have

(5_27)(p 7£2N(17B)/2
\/2028N
LN g C2N=P/2(1 - 25N)
\/2028Y

Therefore, if 5 > 1 the acceptance probability tends to one as N — oo, if 0 < # < 1 it tends to zero.
20
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6. Continuous Mapping Argument

In this section we explain the continuous mapping arguments that the proofs of Theorem 5.1 and Theorem 5.4
rely on. The continuous mapping argument that we use here is analogous to the one used in [MPS12, PST12].
The only difference is that the drift and diffusion coefficient of (1.10) are time dependent.

Section 6.1 and Section 6.2 contain the outline of the mapping argument that we will use in the proof of
Theorem 5.1 and Theorem 5.4, respectively.

6.1. Continuous Mapping Argument for (1.11) (used in the Proof of Theorem 5.1)

Consider the chain S}¥, defined in (1.16) and let S®¥)(¢) and SV (t) be the continuous and piecewise constant
interpolants of such a chain, respectively; we recall that SN)(¢) and S™)(¢) have been defined in (1.17) and
(5.2), respectively. Decompose the chain S,iv into its drift and martingale part:

1 1
N _ gN , * 4N/ N LS aN
Sk—‘,—lisk +NA€ (I’k)+ \/NMk s
where
Ae (xk ) = NEy [Sk-H Szjcv] (6.1)
and )
MPN =N [s{jﬂ A NA;V(S,QV) : (6.2)

We will show in Lemma 7.2 and Lemma 7.3 that AY (z)) converges to A,(S(t)). > Now a straightforward
calculation (completely analogous to the one in [OPPS16, Appendix A]) shows that

t
SM @)y =8N + [ AN @EN (v))dv + VN(t — t,) MDY, when ty <t <ty
tr

where Z(")| the piecewise constant interpolant of the chain {x}}, is defined in (6.6) below. Therefore

t k—
S(N)(t):Sév—i—/ AN (@M (v))dv + —— Z 2N—|—\/>t—tk) MY, for any t € [0, T).
0 =0

Setting

k—1
W (1) = % ; MY VNt — ) M2, (6.3)
we can rewrite the above as
S () = sV + / AN () (0))dv + w (¢)
=SV + / Ag(SM (v))dv + N (L) , (6.4)
where, for all ¢ € [0,T],
(1) = [ [AFEVE) - 4l @)] dv+ w0
= / [4Y @™ () - 4E™) ()] dv + / [4(SM @) = A(SM ()] v+ wN (@), (6.5)
0 0

5While the approximate drift AN(a:k ) of the chain SN depends only on zk , the limiting drift A, depends only on S(¢).
This is coherent with the fact that SN depends only on mk in the limit, the dependence of the drift on S appears explicitly.
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Equation (6.4) shows that SN (t) = J(SY, "), where J5 is the map defined in Theorem 4.6. By the
continuity of the map J, if we show that @ converges weakly to zero in C([0, T]; R), then S™V)(#) converges
weakly to the solution of the ODE (1.11). The weak convergence of %" to zero will be proved in Section 7.

Now we outline the continuous mapping argument for the chain ¥ and in doing so we shall fix some
more notation.

6.2. Continuous Mapping Argument for (1.10) (used in the Proof of Theorem 5.4)

We now consider the chain that we are actually interested in, i.e. the chain {xy}r C H?, defined in (2.4).
We act analogously to what we have done for the chain S}¥. So we start by recalling the definition of the
continuous interpolant 2(¥)(t), equation (1.8), and we define the piecewise constant interpolant of the chain
to be

N () =2l for tp <t < tpg. (6.6)

We also recall the notation O(z,.S) for the drift of equation (1.10), i.e
O(z,S) = F(x)Dy(S). (x,5) € H® x Ry. (6.7)

The drift-martingale decomposition of the chain z% is as follows:

1 1
N =z + N@N(x{j) + ﬁM,}N. (6.8)
where O (z) is

ON(z)) == NEy, [z — 27] (6.9)

and )

MY = VN {xi\;_l N~ NeN(xg )| - (6.10)
Notice that OV (z) is just a function of x; we will show (see Lemma 8.3 and (6.13)) that the approximate
drift ©~(z) converges to O(x,S), the drift of the SDE (1.10); that is, in the limit the dependence on S

becomes explicit (this should not surprie since, as already remarked, S, ,]CV depends only on xiv ). Using again
[OPPS16, Appendix A] we obtain

t
eM @ty =2l + [ oN@EM(w)dv+ VNt —ty) MY, when t), <t <ty
tr

and therefore, for all ¢ € [0, T7,

$(N)(t)=xév+/t®N(a_:(N( )du+—ZM1N+\F(t—tk)

0

Setting
k—

TZ MY+ VNt —t) MPN,  when t <t < by, (6.11)
7=0

N (t) =

we can rewrite the above as
t

s @) =z + / N (@M (v))dv +nN (1)
0

=l + /t 0z (v), S(v))dv + 7N (t), (6.12)
0
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where, for all ¢ € [0, 7],
= / [0¥ @M ) - ™ (w), S()] v+ ¥ (1)
= [ 0¥ @™ @) - 0™ ©).5 )] v
0

t —

@ 2™ (1), M) () — G(x(N)(v),S(N)(v))] dv

+

_|_

0

<[ [@( ) (), SV(w)) — O™ (), S())] dv -+ 7™ (1) (613)

0

If we can prove that 7V (t) converges weakly in C([0,7]; H?) to

n(t) :

t
/ T}/2(S,)dW,, (6.14)
0

where W, is a H*-valued Cs-Brownian motion, then (6.12) and the continuity of the map J; allow to conclude
that 2(N)(¢) converges weakly in C([0, T]; H*) to x(t), solution of (4.3). Such an argument is the backbone
of the proof of Theorem 5.4. The proof of Theorem 5.4 can be found in Section 8.

7. Proof of Theorem 5.1

Proof of Theorem 5.1. Recall the definition of the map J> given in Theorem 4.6 and observe that thanks to
(6.4),
SM(t) = To(S5, o™ (t)).

Therefore proving the statement of Theorem 5.1 amounts to proving that 1w (t) converges weakly to zero
in C([0,T];R). This is a consequence of the decomposition (6.5) together with Lemma 7.1, Lemma 7.2 and
Lemma 7.3 below. O

In the following E,, denotes the expected value given zo € H7, the initial value of the chain. We recall
once again that the initial value of the chain xk determines the 1n1t1a1 value of the chain S}¥ AR

Lemma 7.1. Under the assumptions of Theorem 5.1, the martingale difference array w™ (t) defined in (6.3)
converges weakly to zero in C([0,T];R).

Lemma 7.2. Under the assumptions of Theorem 5.1,
T _ 2
Emo/ ‘Aé\’(f(m(v)) ng(S(N)(v))‘ dv—0 as N — oo (7.1)
0
Lemma 7.3. Under the assumptions of Theorem 5.1, for every fixed T > 0,
T _ 2
E,, / ’Ag(S(N)(v)) - Ag(S(N)(v))’ dv—0 as N — oo (7.2)
0

Before proving the above lemmata, we state Lemma 7.4, which we will repeatedly use throughout this
section and the next. The proof of Lemma 7.1 can be found in Section 7.2, the proof of Lemma 7.2 and
Lemma 7.3 is the content of Section 7.1.

Lemma 7.4. Let the assumptions of Theorem 5.1 hold. Then for every m > 0 there exists a constant
¢ = &(m) such that
Eq, [t I3 < €, (7.3)

E.,(SY)™ < ¢ (7.4)
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and oo
Epoe¥ 1517 <& for all ¢ > 0. (7.5)

We recall that (¥ has been defined in (5.5). The constant ¢ = &(m) in the above bounds is independent of
N eN and of 0 <k <[TN]+1 (but it depends on m).

Proof. See Appendix B. O

It is not trivial to prove Lemma 7.4 in the non-stationary regime that we are interested in. We make some
more detailed remarks on this point in Remark 8.7.

Lemma 7.5. Under the assumptions of Theorem 5.1,
SNty = S(t)  in LP(Y), for every fizred t > 0 and any p > 0.

Moreover,

T
Emo/o ‘S'(N)(t)—S(t)‘pdt—>O as N — oo, forallp >0

and r
]E:,;O/ ‘S(N)(t)fS(t)‘pdt—)O as N — oo, forallp>0.
0

Proof. Using Vitali’s convergence theorem, the first statement is a corollary of (7.4) and Lemma 5.3 (indeed
SM(t) < SN+ S,ﬁ_l and the right hand side has bounded moments of any order, so the sequence SN (¢)
is uniformly integrable). As for the second statement, it can be obtained from the first by using again the
bounded convergence theorem applied to the (deterministic) sequence Eg, [S(M)(t) — S (t)’p. Indeed such a

sequence tends to zero and is bounded by a multiple of the function E,, DS‘(N) () P+ S(t)ﬂ, which is

bounded again thanks to (7.4). The last statement is obtained similarly and we don’t detail the argument.
This concludes the proof of the lemma. O

7.1. Analysis of the Drift

Before starting the proof of Lemma 7.2 we observe that because E;\Ll (5%51)2 has a Chi-squared distribution

with IV degrees of freedom, the following bound holds:

N
51| - o <, (76)
by Stirling’s formula for the Gamma function T'.
Proof of Lemma 7.2. Set
B = A (a1) — Ae(SY). (7.7)
Then, recalling that for any b € Ry we set [b] =n if n <b < n+ 1 for some integer n,
T - 9 1 [TN] )
B [ |47 0) - 45V do=En > 188 (73)
+ (T [T]év]> E,, E[f;N]f. (7.9)

From the above equality and observing that ’T — %‘ < 1/N, it is clear that in order to show the limit
(7.1) it is sufficient to prove that

2 N—=oo

E., |E,1€V| — 0, uniformly over 0 <k < [NT].
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To this end, we write Ay(Sp) = E[(1 AeZe#)(—2Z; )] (which follows from (5.34)) and use (5.31) and (6.1),
obtaining

EYN =Ey [(1Ae®)(=2R)] — Au(SY) + Exi™ = B, + B, + Ex?, (7.10)
where

EYy =Eg [(1Ae?) = (1Aef))(—2R)],

E =By [(1Aef)(=2R) — (1 A e?0%)(=2Z44)]
and #V is defined in (5.32). Observe that from (5.6) and (7.6) we have

N ||2p
e

i[RI S 1+ 24—, > 1,

(7.11)

as, given xy, the sum ) ;" g;’Ng,@N is Gaussian with mean zero and variance [|(}||?. From the definition of
(Y, equation (5.5), we have

xk

1 1
+ VBN @) P = 8+ e AT e ).

[l Y
aET OM

By acting as in [MPS12, page 915] we obtain

128N (@) < Jlalle v S (7.12)
S @+ zls), (7.13)
hence N
I 1™ < sxpp Ly aipry, 21 (7.14)
Np ~ k Np k S ) p— * *

Combining (7.11) and (7.14) then gives

1
Ex |RI S 1+ (SY)P + o (L1215, p> 1. (7.15)

Therefore, using (7.15) (with p = 1), (7.3) and (7.4), we obtain

) 2o EanllI? _ v, Exollal I
Eao R = Ego Br |RI” S 1+ =200 S 14y, SYY + =27 < oo, (7.16)
Using the Lipshitzianity of the function 1 A e* and (5.7), we have
N N N2\ 2 2\1/2
BN S B VR < (B rN) T @) (7.17)
By (7.16) and (5.9) we then conclude
Euy | BN > < LBy, (52 + 12E]s cls) (7.18)
0 1,k — N2 Zo k N ’

thanks to Lemma 7.4. As for the term Eé\”k, we use the lipshitzianity of the function (1Ae*)(—2z) to conclude

(8.72) 1 E, 2
E., |E§Yk|2 SEo Bk |R— Zog)® < %”x’“” — 0. (7.19)
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Finally, to estimate 7V (defined in (5.32)), we use the independence, given xy, of ¥(x) from & 1:

p/2
] < (B |P])
2 p/2
1 al cl/2 N
< N2 Ey Z[ V‘I’} &
j=1
N p/2
1 1/2
= s | S| oo [ e
- ey,

Np/2

where in the above {CUZV\II} denotes the j-th component of Cl/ V. Using (7.13) we have

|EkTAN|P < (Ek |7A,N|2)P/2 < 1+]\l|;5/2 ||S for all P > 1.

Hence, (7.3) gives

/2 1
‘2)17 < for all p > 1.

Evo [Bx7Y|” < By (B |7 <7

This concludes the proof.
Proof of Lemma 7.3. By the Lipshitzianity of Ay,

[468™ @) — AP 5 | 2

SN (v) — SM) (v)

The statement is now a consequence of (8.67).

7.2. Analysis of the Noise

Proof of Lemma 7.1. By the martingale central limit theorem, all we need to prove is that

[TN]

721}3%

From the definition of Mj2’N, equation (6.2),

MQN‘ —0 as N — oo.

2
=Eg, |Sljc\{&-1 — S —Ex[SP, — SljcVH

§E10|SIJ€\;1_ k | .
With the same calculation as in (5.31),

Ye+1(—2R) 1.
St — Si = +T+N7‘N.

Therefore, using (7.16), (7.22) and 41 < 1,

1 1

Eaco |SI]cV+1 SIJcV’ N3 N N2'
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The above implies the bound

2
2,N
‘Mj ’ 1
By 5 S 73
We can therefore conclude ]
TN
1 2 N |2 T
= SR, M ‘ <= 0.
] ~Y
N = N

8. Proof of Theorem 5.4

Before starting the proof of Theorem 5.4, we state Lemma 8.1 below. We recall the definition of Wasserstain
distance between two random variables X and Y:

Wass(X,Y):= sup E(f(X)-f(Y)), (8.1)
feLip,

where Lip; denotes the class of Lipshitz functions with Lipshitz constant equal to one. Notice that from the
definition,
Wass(X,Y)<E|X -Y]. (8.2)

In the next Lemma (8.1) we refer to the Wasserstein distance relative to the marginal Ey.

Lemma 8.1. Let the assumptions of Theorem 5.1 hold. Recalling the definitions of R, R', G and Zy , (5.6),
(5.17), (5.12) and (5.13) respectively, we have

i,N
i i| < Sl ‘
Wass(R,R') <Ex|R— R'| < ——, 8.3
(R.R) <Ei|R-R|5 — (83
1
Wass(R,G) <E|R—G| £ — 8.4
" 1+ o]
+ [|Zk||s
Wass(G, Zpy) <EL |G — Zpp| S ———. 8.5
(G, Zey) < Ei| 0.k| Wi (8.5)
Therefore,
L+ [lzklls
Wass(R, Zyp ) <Eg|R— Zop| S —=—. 8.6
(R, Ze ) < Eg | 0.k] i (8.6)
Proof. See Appendix B. O

Proof of Theorem 5.4. If J; is the map defined in Theorem 4.6, then (6.12) means that
ORIV )

From the continuity of Ji, in order to prove that =) (t) LN x(t), we just need to prove that % (t) < n(t),

where 7(t) is the stochastic integral defined in (6.14). The weak convergence 7™ (t) LN n(t) follows from
Lemma 8.2, Lemma 8.3, Lemma 8.4, Lemma 8.5 and the decomposition (6.13). O

Lemma 8.2. Let the assumptions of Theorem 5.4 hold. Then the interpolated martingale difference array
nN(t) defined in (6.11) converges weakly in C([0,T);H?) to the stochastic integral n(t), equation (6.14).

Lemma 8.3. Let the assumptions of Theorem 5.4 hold. Then for every fixed T > 0,

E., /OT 0N (2™ (v)) —0(z™N (v), SM (W) ||2dv — 0 as N — oco. (8.7)
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Lemma 8.4. Let the assumptions of Theorem 5.4 hold. Then for any fixed T > 0
Ezo /OT [0z (v), SM(v)) — O™ (v), SM(v)|2dv — 0 as N — oco. (8.8)
Lemma 8.5. Let the assumptions of Theorem 5.4 hold. Then for any fited T > 0
E., AT 10z (v), SN (v)) — (™) (v), S(v))||2dv — 0 as N — oco.
We will prove Lemma 8.2 in Section 8.2 and Lemma 8.3, Lemma 8.4, Lemma 8.5 in Section 8.1.

8.1. Analysis of the Drift

In what follows we will need some preliminary estimates, which we list in Lemma 8.6 below.
Lemma 8.6. Under the assumptions of Theorem 5./, the following holds:

i) Let Y be a positive random variable such that By, |Y|? < oo for all ¢ > 1 (should Y depend on k and
N, all the moments are assumed to be bounded independently of k and N). Then, uniformly over
0<k<[IN]+1,

N
NP
limsupE,, YZZ'QS)\? Cz’N‘ 1 < 00, for all p> 0. (8.9)
N—o0 i—1
ii) Moreover,
NP
[TN] N C%N‘
1 2g k N—oco 2a
— E, o2 LI 59, Ilp>=—>0, 8.10
B 0 a2 10

where we recall that the constant 1/2 < ¢ < 1 is the one appearing in Assumption 3.1.
iii) Finally,
By < (1 o ) o 4 — e
(1+[RIVN)2 ™ FRNSIE T gy

Proof. See Appendix B. O

(8.11)

Remark 8.7 (On Lemma 8.6 and Lemma 7.4). The proofs of Lemma 8.6 and Lemma 7.4 bring up some
of the main differences between the stationary and the non-stationary case, so it is worth making some
comments.

e If we start the chain in stationarity, i.e. )Y ~ 7%, where 7" has been defined in (1.5), then ) ~ 7
for every k > 0. As already observed in the introduction, 7'V is absolutely continuous with respect to a
Gaussian measure; because all the almost sure properties are preserved under this change of measure,
in the stationary regime most of the estimates of interest need to be shown only for x ~ my. If x ~ 7
then 2V = Zfil \ip'ei, where p® are i.i.d. N(0,1). Therefore, recalling (5.5) (see also (8.51)), one
gets

IS RV e (8.12)
With this observation it is then clear that in stationarity the bounds (7.3) and (7.4) are trivially true,
and (8.9) follows easily from (8.12) and (7.3). For the same reason, in the stationary case the estimate
(7.5) is a consequence of Fernique’s Theorem, see [MPS12, page 916]. With a similar reasoning and by
(1.22) one can see that also (8.10) holds in stationarity.

e In our case, i.e. out of stationarity, proving the bounds of Lemma 8.6 and Lemma 7.4 requires a
bit of an argument. In particular, the reason why the limit (8.10) holds can be understood at least
heuristically observing that S5 converges to S(t) (i.e. to a finite number, which is strictly positive
under our assumptions and it converges to 1 if we work in stationarity, see (1.22)). Combining this
observation with (8.9) gives, heuristically, (8.10).
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e On a minor note, we point out that the limit (8.10) might not hold for £ = 0 if we were to allow
Sy = 0. Indeed7 suppose again for simplicity that ¥ = 0. If Sy = 0 and the sequence of partial sums

Z;V 1 )\2 is convergent then the quantity on the LHS of (8.10) is in general only bounded. (However

if we were to extend the proof to the case Sy = 0 we would not need (8.10) to hold at k = 0).

O
Proof of Lemma 8.3. Set
e = 0N (x})) = O(ay, S¢') = NEx[agy, —ap] — ©(23, SY) (8.13)
Then
T ~ 1 [TN]
E$0/0 18N (2 (v)) — ©(@ ™ (v), ™ (v))[|3 dv = Bz o > led Iz (8.14)
k=0
TN
+—(T-[Af]>13m|q§N”ﬁ. (8.15)
If eZ’N is the i—th component of e}, the sum on the RHS of (8.14) may be rewritten as
| TN N
:Co N Z Z 7,25
k=0 i=1
The statement now follows from Lemma 8.8 below. O
Proof of Lemma 8.4. From (6.7) we have
_ _ 2
8@ ™ (v), M (v)) = B (v), SN (v)[I7 < ’De(S(N)(U))‘ 17 (@™ () = Fa™(v))]I3
_ 2
I F @ ()2 De(3N) = Dy(s™)
S 12N w) =™ ()2
_ 2
+ (14 [|lz™ ()]I2) ‘S(N)(v) - SM()|, (8.16)

having used the boundedness and Lipshitzianity of Dy, the Lipshitzianity of F' (Lemma 3.4 and Lemma 4.2,
respectively) and the bound
IF ()2 S 1+ [l=]13. (8.17)

The above bound is a consequence of Assumption 3.1 and
leve) = ZZW V)| < [VEE)2..

Moreover, if tp < v < tgy1 then from the definition (1.8), we have

Ego||2™N) (0) = 2™ (0) 3 = Eq[|(Nv — k)(xzm — )2
(2.4) 7) 1
< 7E 1/2 N 1

< LRIV S+ (315)

The statement of the lemma is a consequence of (8.16), (8.18), (7.3), (8.66) and (8.53). O
Proof of Lemma 8.5. Analogous to the proof of Lemma 8.4, so we only sketch it.

2
Ero[|0(z (1), 8™ (1)) = O™ (1), S())3 S Eao | (™ ()12 |De(S™ (1)) = De(S(1))
Now the RHS goes to zero thanks to the Lipshitzianity of Dy,(8.17), Lemma 7.4 and Lemma 7.5. O

29



Lemma 8.8. Let the assumptions of Theorem 5.4 hold and recall that eZ’N is the i-th component of eév,
defined in (8.13). Then,

L TN
EION ,;) Heani = moN Z ZZQS

k=0 i=1

—>0 as N — oo.

Proof of Lemma 8.8. This proof is partly analogous to the proofs of [MPS12, Lemma 5.5-Lemma 5.11]. The
main difference is that here we deal with time dependent coefficients. The proof will only be detailed when
it differs from [MPS12]; where it does not we will provide fewer details.

From the definition of ©, equation (6.7), the i-th component of © calculated at (z%, SY) is

Ol (zh, SY) = — XV De(SY) = 20NV EeZ k1 5, , <oy - (8.19)
where the second equality is a consequence of (5.24) and (5.13) . Therefore the i-th component of el is
N = VAN AE (18 @) i | - 0@l 51)
= VANENE [ (1A e9) 01| + NG Da(sY).

Following the reasoning of Section 5.3, we decompose eZ’N as follows:

)

[2¢2 i, . .
N =vane )‘iEi [(1 A VG Nng) & N} CHENNCANES 6117,112/ + 622’11:7 ,  where

i = VANEAEL [(10e%) — (1ne™) gl (5.20)
e5n = V2N ) [((Me ) — (1/\6R1 \/Z‘TClime)) H}. (8.21)

We now use equality (5.21), leading to:

—Rt
i, N

262 |
N |5k

WN _ op2y A,NpEL R i N oN iN |, 4N | N
ey = 200¢ Eye™ @ — Oy, 5)) ey Tegy tegys

where

) X 2 i,N|2 i i —Ri 2£
ey = 2N (X191 B e | -

N
G|

’ 02 | i, N ‘N
V3 6]
NE ~Ri 202 | ~R
—2£2A i, N & R _ ot LN‘ _ )
i Bpem | @ 2 || N G @ 2t | AN (8:22)
N |k N |k
Finally, by setting
iN 2\ ~i,Npé | Ri —R' R
64,]6 = —2£ AiCk Ek € (I) W — € 1{R7L<0} 5 (823)
V'~ Cr ‘
e;’f: = —262)\ CZ NEg [ Ril{Ri<0} — eZ[‘k]_{ZLk<O}:| 5 (824)
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and using (8.19), we obtain
5

eZ’N = eg’f,\j . (8.25)
h=1
Now that we have the above decomposition, we need to find bounds on each of the eil’f,\c[’s, h=1,...,5, which
is what we shall do next.

i, N iN, .
ecy, and 62 . ¢ The bounds on e’l’ , and e N are straightforward:

by Ai
~ W )
7), (5.9) and the Lipshitzianity of the function f(z) =

i

€k

and

iN
€1k ‘ S

(8.26)

2 &

The first estimate is a consequence of (5.6), (5
1 A e%; for the second we used definition (5.17).

° 63 i+ To study 63 5> We set

€5 = &N e (8.27)
with
_i,N | 2 i\ N 02| i,N |2 ¢l R —Ri 57 N
eg,k = =2/ )\zCIZ; (eN Ck ‘ — 1) ]Ek et o W VN C}i ‘
N k
~i,N 2 i NEL Rt —R¢ 202 iN‘ p
=—200GE o —v 2 e e
€3 G Eye \/@ Ci,N‘ N Gk \/@ CLN‘
N k v ;

To estimate ég’],z,, we use the boundedness and Lipshitzianity of ® together with

NH2

i p2
ESelt < ewlice (8.28)
see [MPS12, (5.20)]. We therefore obtain
Cz‘,N’2
égvyflj‘ < ME LRI (8.29)

The term 63 & N will be studied separately later.

. 64 ¢ We act as in the proof of [MPS12, Lemma 5.7-Lemma 5.9] and obtain

. 1 1/4
Cw’)( (1+|RW)2) , (8.30)

° 65 i ¢ Let g(z) := €"1{,.0y; using the same argument as in [MPS12, page 923], if X and Y are two random
variables such that one of them has a density with respect to the Lebesgue measure and such a density

is bounded by M, then
[Eg(X)—Eg(Y)| S vMWass(X,Y). (8.31)
Such a result is applicable to R? and Z  as Zy  is (conditionally) Gaussian with variance S{. Therefore

using (8.3), (8.6) and (8.31) with M =1/4/27 S, we have

64k‘</\

G

G2 /N (1 +

1
(s
< b1
~ N1/4 (55)1/4

EieRll{Ri<O} — ]EBZ‘}"’“I{Z“C<0}‘ < WCLSS(Ri, Zg,k)

(L+ 2 l) 1+

ci’N”
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The above, together with (8.24), implies

iN| < Ai C}?N‘ 2 N
| s Gy (et L || (8.32)
k
From the bounds (8.26), (8.29), (8.30) and (8.32), we get
5 N N N N 2532
5 o DI TS WIS EH ST i
h=1,h#3 i=1 i=1
LN‘
k 202
R
i=1
1/2 N
2 1N |2 1 o2 o4
L E, Rl (E ) l-QS)\lz( oy N‘)
0 k (1 + |R| \/N)Q FZI Ck' Ck;
2 13
N
+ gy » 17N

1

N . 2 (1 1
v, 3 e g (el

After simple manipulations and using Lemma 7.4 and Lemma 8.6, we have

9 N
i, N 25
ehyk‘ -+ E 1
=1

[TN ]

5 N
Es, Z > 2
N h=1,h#3 i=1

~1N
€3 — 0,

as N — oo.

Remark 8.9. When we apply (8.10) of Lemma 8.6 to the above, we need to enforce the condition p > 2/,
under which (8.10) holds. Rewriting such a condition as ¢ > 2«/p and observing that this condition is always
applied in the above with p > 2 and « < 1, we get the constraint ¢ > 1/2 appearing in Assumptions 3.1.

Returning to the proof, if we prove the limit,

[TN]N
2s 71N
Bk 3 e[ o
k=0 i=1

we are done. To study ég’],g, we use again (8.28) and the bound ® < 1, obtaining

. 02| i,N |2 02 ~N 2
ey G| (R I — 1) e e,

_zN‘<)\i

Therefore, by the weighted Jentzen inequality and (7.5),

, N
E ;28 P el H2§ :'28 2
Ez, 7 k I

, . 2
G| (eFIT 1) ]

o4 2 aN2 4 1/2
G Rt )

4N
Sk

N
< (EZO > A
=1
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Using the local Lipshitz property of the function e®, we have

. 4 02
G| (o™

ad 2512 N2 4
E,, S i25)\ ™ —1)

1=

N
=Eq, » 12N
=1

4 ; 4
GV (R 1)

L) cin 2 ciog vy

N 2512 'N4 02 i N2 4
F B, S A2 ‘ (eﬁck | _1) 1.

N P 21og VN

i=1
6
PN
<10g\/ﬁ N~2s2<}i ‘ N.ng iN4 2iei? 4
~ € Ea:OZZ )\iT‘i‘EmOZZ )‘i Ck ’ e N —1 1{%|‘C;§|\2210g\/ﬁ}'
i=1 i=1

We now use Markov Inequality, (8.9) and (7.5) to estimate the second addend, obtaining

ad 2512 N2 4
E,, S i2A2 ™ 71)

1=1

. 4 02
G| (¥

N i N |8
2512 Sk
<E,, (.

f2 N2 1/2
S + (PGl 2 10V })

1/2
S L + (ExO@%HCé\]HZ@—IOg\/ﬁ) / (7.5) 0.
~ VN —

This concludes the proof. O

8.2. Analysis of the Noise

The proof of Lemma 8.2 is based on Lemma 8.10 below. In order to state such a lemma let us introduce the
following notation and definitions. Let ky : [0,7] — Z4 be a sequence of nondecreasing, right continuous
functions indexed by N, with kx (0) = 0 and kn(T) > 1. Let H be any Hilbert space and { X}, F o<i<kn (1)
be a H-valued martingale difference array (MDA), i.e. a double sequence of random variables such that
EXNIFN ] = 0, E[|XN|?|FY ;] < oo almost surely and F*~5N < FN. Consider the process XV (t)
defined by

kn(t)

XN =)0 XY,
k=1

if kn(t) > 1 and kn(t) > lim, 04 kn(t — v) and by linear interpolation otherwise. With this set up we state
the following result.

Lemma 8.10. Let T : H — H be a self-adjoint positive definite trace class operator on a separable Hilbert
space (M, | - ||). Suppose

i) there exists a continuous and positive function f(t) defined on [0,T) such that

kn (T) T
lim Z E(| XN )21 FY,) = Trace(‘I)/ f(t)dt in probability;
N—o00 =1 0

i) if {¢;} is an orthonormal basis of H then

kn (T)
lim E((X7, 0,0 (X{, 00)|Fily) =0 forall i# j;

N—o00
k=1

33



iii) for every fized € > 0,

kn (T)
lim E(HX,?ZH2)1{||XN”2>E}\.F,?[_1) =0, in probability.
N—oo Pt k=
Then the sequence XN converges weakly in C ([0, T); H?) to the stochastic integral fOT v [(t)dWy, where Wy
is a H-valued T-Brownian motion.

Proof. This lemma is in the same spirit as [MPS12, Proposition 4.1 and Remark 4.2]. As observed in [Ber86,
Proof of Theorem 5.1], the statement just needs to be proved for a finite dimensional Hilbert space, i.e. in
finite dimensions. The first two conditions are needed to ensure the weak convergence of the finite dimensional
distributions of X, the last condition guarantees tightness of the sequence, see [Hel82, Theorem 3.2] and
[MPS12, Remark 4.2]. One may also consult the more compact [OPPS16, Section 5.5]. O

Proof of Lemma 8.2. We apply Lemma 8.10 with kx (t) = [tN], X} = M;N/\/N and F}Y the sigma-algebra
generated by {y},,&, 1, 0 < h < k} to study the sequence n™(t), defined in (6.11), in the Hilbert space
H?. We now check that the three conditions of Lemma 8.10 hold in the present case.

i) We need to show that
1 [TN] N T
By 3 ERIMEY 2 Trace(C,) / To(S(u))du. (8.33)
k=0 0

From the definition of M;’N, equation (6.10), we have

L N

v 1My 13 = lleis — 28— Ex(aiiy — 2)5, (8.34)
hence

1 LN
~ Exll My 12 = Bellapy — 2 |12 — 1 Ee(zpy — 2212
2
= a2 — B o — ), (8.5

where the above equality holds thanks to (2.3). We will show that

(TN]
Esy Y [Bx(zp —2)|2 — 0 as N — oo. (8.36)
k=1

Assuming the above for the moment, let us focus on the first addend in (8.35):

202

2
N ‘

N

1/2 262 . i, N

Ey | v+1CN &l = N ZAfj%Ek ”Yk+1§i’+1
j=1

20° Y 2 :2s Q jN2
= YNGR, {(1/\6 )‘gk;l(]
j=1

N
AN, Gk
£k+1 + N 9

202 X
== > AR, {(1 A efti)
j=1

where

N . 2
afy == 2023 NPE, {((1 Ne@) = (1A ef)) ’g;ﬂ‘ } . (8.37)

Jj=1

34



We now use the same technique that we used for the drift coefficient (that is, we first take expectation
with respect to & and then with respect to £\ "), obtaining

207 V2N 2 26 al 2 2smés Ry, Tk
WMH%HC Eegalls = e Z:)‘j] E7 (TAe™)+ Nl
20 2 ;2 Zok a3y
_N;A EL(1A %)+ ==+ —
N N N
_ 1 A2j2T(S) 1k | 2k
*NZ INET W* o (8.38)
having used (5.13) and (5.28) and having set
N
ayly =202 T NPE] (LA€™) — (Lae?or)). (8.39)
Jj=1
Therefore
2 [TN] | TN N TN (N o,
T Bl -y S YT 3 () e
k=0 j=1 k=0
If we prove that
[TN] [TN]
1
~Eeo > faty] =0 and ]Exo Z |ay| =0, (8.41)

k=0
then (8.33) follows from (8.35), (8.36), (8.40) and the above two limits. We therefore move on to proving
the limits in (8.41). Let us start from the latter:

Ev, o] < ]EmOZ)\Q 2 (Be (1A e?) = (1))

Ezo )\2 28(15 Q- R\)
SE ZV 2 (Bx1Q - R| ) (8.42)
+E,, 3 AZj%s (]Ek |R—Ri|2>1/ : (8.43)
j=1

The addend (8.42) tends to zero as N — oo by using (5.9) and (5.7). For (8.43) instead we have, by
(5.17),

N
(843) S 3N E,, (]Ek IR — Ri|2)
j=1

|
< )\2 2S]Eg; -
S

The first limit in (8.41) now follows from (8.9). The second limit in (8.41) can be shown analogously,
using this time the bounds (8.3) and (8.6).
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Finally, to show (8.36), observe that from (8.13),

1, SIOIZ | llegII2
||Ek(xk:N+1 - ka)”g S.; kjvg . + 162
The desired result now follows from Lemma 8.8, (7.3) and the bound
10z, S)lls S 1+ [,

(which is a consequence of the definition (6.7) and (8.17)).

ii) Condition ii) of Lemma 8.10 can be shown to hold with similar calculations, so we will not show the
details.

iii) It will suffice to show that

[TN]
. 1 1,N |2 _
A B ;;) Er (1M 152 gaz 2 seny) = 0-

Using the Markov inequality,

1/2
1,N
Ex (1M, 121

IA

(Bl 12) " (B U2 > eV

1 LN 4
—EL || M, |5
Ne kH k ||5

(IMEY [25en3)

IN

By (8.34), (2.3) and (3.7),

1 1,N 1 1
v Exl1 M, 15 S Eell(@ien —2)ls S ﬁEk||'7k+1C1/2§l]cv+1”£sl S v
Therefore
L R Lo N e <
N]Exo Z B ([ M, ||§1{HM;’NH§>5N}) S mExo Z Er (M, 1l9) S Nz (8.44)
k=0 k=0
O
Appendix A

Proof of (3.7). We just need to prove it for p even. So let ¢ > 1; then, by the weighted Jensen’s inequality

00 q 00
E|lc/€V |2 <E (Z ey |£“V|2> < (Trace()™' 3 NE[EV Y < o0,

i=1 i=1
Alternatively, one can observe that (3.7) is a consequence of Fernique’s theorem. O

Before proving Lemma 4.2, we recall the following fact, which has already been pointed out in Section
1.2.

Remark 8.11. We recall that for X € Ry and b € R, Dy(X) = G, 5(X, 1), where Gy(X,b) is the drift
function defined in [JLM15, (1.7)]. Analogously, our I's(X) is I'; 5(X, 1), where I',(X, b) is defined in [JLM15,
(1.6)]. O

Proof of Lemma 4.2. The boundedness of Dy and T'y follows from Remark 8.11 and [JLM15, Lemma 2].
Lipshitzianity follows simply observing that both functions have bounded derivative, indeed

3 /1 1 2
iDg(:c) = 0?Dy(z) — £ ( + ) e i

dx VT \Vx  2x3/2
L ry ) = #Dy(a) - e (5.45)
dr \X) = (T \/ﬁe .



Global Lipshitzianity of v/I'y then follows after observing that I'y is bounded below away from zero (see

(1.13)).
We now want to show that the derivative of Ay(z) is bounded. From the definition of A, (equation (1.14))

we have

0: Ap(x) = —2Dy(x) — 22 0, De(x) + 0, Te(z) . (8.46)
We will prove that
ll)rf 0. Ap(z) =0. (8.47)

Because 0, A, is a continuous function on [0, +00), (8.47) implies the boundedness of 9, A,(x). In order to
prove (8.47) we will prove that all the addends on the RHS of (8.46) tend to zero (see also Figure 2 below).

ns 1 1 1 1 1 1 1 1 1
0

F1G 2. Plots of the function 0z Ag(x) for £ =1 and ¢ = 2 (dashed line).

e First of all, let us prove
lim Dy(z) =0. (8.48)

Tr——+0o0

The above limit follows from the definition of D, (1.12) by simply applying de ’'Hopital’s rule:

@ (e(%ﬁm)) : e t?(1-22)% /42 ¢ ¢
lim —5——*= lim " o
Jim —m w400 /27 2e—C(-1) \ 24/223/2 ' 2z

= lim 6_52/4”: 1 1 + ! =0
T a54e Oy \4a3/2 " 2z )

e From (8.45) and (8.48), also 0,I'¢(z) — 0 as x — +o0.
e Now the second addend:
lim —229,D(x) =0.

T—+00

Indeed,

3
—2x0,Dy = *2$£2D5($‘) + 2\6/7? (\/EJF 2\1/5) o /4x ’
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therefore

e
S — T A\ V2z ) R —0% /4
wgrfoo 220, Dy mgrfoo 40 P T 2\/%\/56

£(1—2x) —02(1—-22)2/4z [ [
ot et @ (M) - (s
- 14}111007 —EQE_EZ(I_D

B

)

3
5

+ lim 27{6_4 /4w
\/7

r—+o0

(8.49) —02 )4z —0% )4z
=" lim —2—f€ +2 fe =
e VT

r——+o0

Finally, the sign of A,(x) is studied in [CRR05, page 258]. O
We include here plots of the functions Dy(x) and T'p(z), Figure 3 and Figure 4 below.

07

Fic 3. Plots of the function Dy(x) for £ =1 and ¢ = 2 (dashed line).

Proof of first equality in (5.16). We want to prove
ES (Yt 52’51) =E; (ap1 f;i’ivﬂ
Let fy, 1600 (7, €) be the joint distribution (given ) of v 41 and &ry1. Then
, iN ; i
Eiv(7k+1 §k+1) = //751 f’Yk+17€k+1 ('775) = /§ /Vfﬁkﬂ (5>f%+1|5k+1 (’7'5)
— % _wé i\ N
— [ e ©an(© = Bl &),

Appendix B

Before starting the proofs of the various lemmata, we derive equation (8.51) below, which will be repeatedly
used throughout this appendix.
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F1G 4. Plots of the function I'y(x) for £ =1 and £ = 2 (dashed line).

From (5.5) and recalling that [V\I/N(xk)]l denotes the i-th component of V¥ (z},),

i,N .
¢V = ””; + 0 [V ()] (8.50)

Using the bound (7.12) we have

i|2 > i|2
VOV @) < S VI ]| S el + g,

i=1

hence p
K2
S 5+ [l

Ai [VIN (z)]

Therefore for every p > 0

i,N|P
G ) S 7 + (lzell3? + llzell?), (8.51)

Proof of Lemma 7.4. We will prove, in order, the bounds (7.4), (7.3) and (7.5).
e Proof of (7.4). We can act as in [PST14, Proof of Lemma 9] (in comparing our proof with [PST14,
Proof of Lemma 9] set § = N~! in [PST14]). Looking at [PST14, Proof of Lemma 9], all we need to show is

m 1 m
EIO(SIJC\;»I)Qm - ]Ewo(Sl]cv)Q 5 N(l +EI0(SIJCV)2 )

A close inspection of the method of proof used in [PST14] reveals that showing the above boils down to
proving the following two bounds:

1

|Ex [S/iv+1—sljcv]|§ﬁ(1+5év)’ p=1 (8.52)
and y ,
p
(Erlsia - s1) " 5 Tz, (8.53)

Let us start with proving (8.52). To this end let us observe that by (7.7) and (6.1), one has

(
EN A, (SN
B[S — 5] = 2+ % . (8.54)
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Now notice that

i\ N 1 952k 1 & N
S lzh :ﬁzzm = NNZ = =5 (8.55)

where in the last inequality we have used the fact that ), A?i2% is convergent and therefore A%i* is bounded.
To bound the RHS of (8.54), we recall that from the proof of Lemma 7.2 one has E}Y = E{\,’k + Eé\fk + EptY
(see (7.10)). Acting like we did to obtain (7.17), one has

E AN G2 L vy 8.56
’m’N\/—( +N> NiN(k‘*‘) (8.56)

With steps analogous to those used to obtain (7.19), one also has

| 2k|Nf(1+|| N2 S 1+ SY). (8.57)

Now (8.52) follows from (7.10), (8.54), (8.56), (8.57), (8.55), (7.21) and
Ag(a) S (1+a), a>0.

To prove (8.53) one can instead just use (7.23), (7.15) (together with v+ < 1) and calculations analogous
to those leading to (7.21). This concludes the proof of (7.4).

e Proof of (7.3). For this bound we will use the same strategy of proof that we used to show (7.4). So
we only need to prove

1
Bx (2 — 22)ls S N1+ [T (8.58)
and

1/p
(Erllariy =2 12) 7 S 7=+ i ls) - (8.59)

1
o

Let us start with (8.58):

[22
Bk (21 —i)lls = *llEk(%HC”Z&/ﬁl)lls
_ e (ZZQS

) 2
We therefore need to estimate ‘Ek(wﬂ)\i{;’ﬁ)‘ . In order to do so, we make the following preliminary

N
Ex(Vet1 i fk+1)‘ )

observation: from (5.7) and (5.17) we have

Q(wg, Epy1) = R (wk, Eprr) — ’ C;ZC Nﬁk’fl + N (@g, Epr)-

As we have already said, R’ contains only terms that do not depend on the noise §,i’f1, therefore we can
write

Ek('}/k-i-l/\ifliivl)r = ‘]Ek [(1 A BQ) Aifiicivl} ‘2

e [(02e) - (1r ]

< ¢ (o 3
fi,N 3 ’ 2
SAZZE k+1 k N’
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Using (5.8) and the fact that ¢; depends only on zj, we have

N 2
. 2 1 k7 ’
Ex (v digein)| S A R
(8.51) ) 1 ‘I%Nr ka”Z +1
N . 8.60
~ Tt N2 + NN N ( )

(8.58) is now a simple consequence of the above bound. For (8.59), instead, we just use yx4+1; < 1 and

N Nyp\L/P 1 1/2 Yren
@l - 1) S (paBelePanlz) S

e Proof of (7.5). By acting as we do to obtain (8.51) (with p = 2), it is clear that we only need to show
Ewoecsﬁ’ < oo and Exoe%”mkNHi < 0o, uniformly over 0 < k < [T'N] + 1, (8.61)

for all ¢ > 0. However, by (8.55), proving the second of the above bounds boils down to proving the first,
which is therefore the only one we need to concentrate on. Such a bound is a simple consequence of (7.3).
Indeed, on inspection of the proof of (7.3), one finds that the constants ¢ appearing on the RHS of (7.3)
grows at most like d™, where d > 0 is some positive constant independent of m, N and k. Therefore
o0 N2
]EzoeﬁllwkNHﬁ — Z E ”‘rk ”sm _ ecd2/N <1.

N
m=0

This concludes the proof of the lemma. O

Proof of Lemma 5.3. This proof is in 2 steps. The first step proves the first part of the statement, the second
step proves the second part.

e Step 1. For every fixed t > 0 and for every € > 0,

SR ([N (#)] > €) < €i4 SOE., (@8 (1)" < oo, (8.62)
N=1 N=1

where %V has been defined in (6.5). Assuming for the moment that (8.62) holds, by the Borel-Cantelli
Lemma (8.62) implies that @™ (¢) converges to zero almost surely. Because almost sure convergence is
preserved under continuous transformations, this means that SV)(¢) converges almost surely to S(t).
We only sketch the proof of (8.62), as the calculations are completely analogous to those contained in
the proof Theorem 5.1. From (6.5), we have

4

E,, (1) 5 | B, [AYE ) - 450 w)] o
0

+ B[4 0) — A5V 0] do + By [0 (1) (8.63)
0

The estimate of the first and third addend on the right hand side of the above is done by proceeding
analogously to what we have done for the proof of Lemma 7.2 and Lemma 7.1, respectively. The second
addend can be studied with similar calculations (indeed, with calculations analogous to those in Step 2
of this proof). Therefore we only show how to estimate the first addend, the others can be done with a
similar procedure, and we leave it to the reader. With the notation introduced in the proof of Lemma
7.2, we have
t ~ 4 1 [TN] .
B, [ [AF@N0) - 45N W) do = Bsy - 3 [BY
0 N k=0
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and |EN| ‘E{Vk‘ + ‘E ‘ + |IE;€7“N‘ see (7.10)). Acting as we did to obtain (7.18) and (7.19), w

n
1

1
Io |E1 k‘ and L0|E2 k|

S v (8.64)

Using (7.21), one finds that, overall,

4

¢

- 5 1

B [ [A7E0) - 40500@)] v S 5.
and the sequence ay = N2 is summable. Similar estimates can be obtained for the addends in (8.63).
This concludes the proof of the almost sure convergence of 1wV to zero.

e Step 2. For every € > 0,

P (‘SW)(]&) - S(N)(t)’ > e) < 612 i E,,
N=1

SN (1) — SN () ’ < o0, (8.65)

Again, if we prove the above, by the B-C Lemma we have almost sure convergence of SV) (t) to
SN)(t) and, by Step 1, to S(t). From the definitions of SV)(¢) and S™V)(t), equation (1.17) and (5.2),
respectively, for (k/N) <t < (k4 1)/N, we have

SN () — SMI(t) = (Nt — k) (SN, — S), (8.66)
so that
S(N) (N) 2 N Ny (2 N N 2 (7: 24) 1
E,, |S™ @) -5 (t)‘ = By |(NE= k) (D, — SV)|P < Bay |SN1 — SV S o (867)
This concludes the proof.
O

Proof of Lemma 8.1 . Using (8.2), the bound (8.4) is a simple consequence of the definitions of R and G,
indeed

R-G| 5

1Y 2
OIS
=1

hence

1/2
B R -Gl < (B [R—GP) " <

N
RIS

1 & S
012
=|(Var| = ¢ < —. 8.68
(o (32er)) <o 9
We observe now (although we will use this only later) that a similar explicit calculation also shows
1
Ex |R — G| SR (8.69)

Going back to the proof of the lemma, the bound (8.3) is a direct consequence of the definitions of R and
R'. The inequality (8.5) follows from (5.12), (5.13), (5.5) and the bound (7.13). Indeed,

/6 /242
G—Zuy = & ZC k+1 & Zxk 5k+1




Therefore, by (5.5), given x), we have
G Zy ~ N (0,25 e vun o) 2
~Zeg ~ sy IEn VI ()7 ) - (8.70)

Using (7.13) one then has
b L[z

Ey |G —Zpkl" S NeZ (8.71)
hence (8.5) follows. Notice that from the above calculations we have
L+ [l |2
Be|R = Zepl” S —ps 0 PE{24) (8.72)
O
Proof of Lemma 8.6. We prove the three statements in the order in which they are presented.
e Proof of the bound (8.9). From (8.51),
N P N xQN‘p
Y. g,g»N‘ Y S Bay ) N Y+ Y P NE, [(1+ e |D)Y]. (8.73)
i=1 i=1 i i=1

The second addend is bounded thanks to the assumption on Y and (7.3). As for the first addend, (by the
weighted Jensen’s inequality) this is bounded (for any p > 0) as soon as we can prove that

. 2p
N
N al 2512 xz;
e ;oS
Uy, (p) = § (AP \2P
i=1 i

has bounded first moment (for every p), i.e. we want to prove E, vi¥ (p) < ¢ where ¢ > 0 is a constant
independent of N and k € {0,1,...,[TN]} (but possibly dependent on p). Observe that if p = 1 then
vl (1) = ||zl |2, so the statement is a consequence of (7.3). So we can restrict to p > 2. Denoting by d a
generic constant (that does not depend on N), the value of which will change from line to line, we write

N ad 2s A [ N 202 iN 2p
Eqo V31 () = Ea, E :Z \2p zy o+ N Aivk+1€) 1
=1 7

N N , A2 2p—1 N YE . 2p—m
< Egovy (p) + EmOdZi ° )\ZZp Z ()" Ex | 4/ W&%Héiﬁ“ '
i

=1 m=0

If, in the above summation, the index m is smaller than 2p — 2, i.e. 0 < m < 2p — 2, then p —m/2 > 1 and
we have the estimate

2p—m i, N
25 >‘12 % m 202 % i s)\? T i 2p—m
B AZP (k)" Ex (\/ N/\i%*lgk,fl) S Eayi® N o ’Vk+1fk’iv1
iN|™
A2 | Ty
N 74
SRl N (8.74)
1 mi’N’ZP

k

S i AE +1]. (8.75)

43



If m = 2p — 1 we instead use (8.60) and obtain

i, N i, N
A1 i 2p—1 iN 25 2’% ‘ 1 g lls | |%k ‘ 1
B, % QP\ﬁ ’ ’Ek()\ﬂkfkﬂ)‘SEmuZ )\iWﬁ VN + \i ﬁ
2512 xi’N 2p
iA; k
SEn | o el | (8.76)

To obtain the last inequality we used Young’s inequality with exponents 2p/(2p — 1) and 2p, as follows:

i N| 2Pl i N|2P
x) N x) N2
B 2y s < —m T | (157

i 7

From (8.75) and (8.76) (and using (7.3)) we then have

d d
By @) < (14 3 ) Batd 0+ 7

Tterating the above [T'N] times we get

[T'N]
Enfa@ < (145)  wl)+d<,

having denoted vo(p) := Y 1o 25)\2| ”l . Notice that if o € HE then the series vg(p) is convergent for
every p > 0. »
e Proof of the bound (8.10). Set
v [5]
G = (8.77)
so that P
N |zt N
SIS
From (8.51) we then have
i, N
Z PPV i I % ‘
(NSN)e
N 1N’ N ips N
S+ [l 1B
< 26 )2 25/\2”33 1% ks 8.78
NZZ (NSN) +Z (NS,iV)“ ( )

For the first addend in (8.78) we have

2 [

c,iNj N
Eq, Z PN wye = En > i
(NS} P

S Euov (0 — 20)/2),

pP—2ac

.
G|
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G,

expected value of the second addend is bounded if ¢p > 2a, as

2
thanks to the obvious estimate ( C;N‘ ) < 1. Using (8.55), one can easily see that also the

[ 7

N |sp—2 N -2
zo (NSéV)a %o (NS]]gv)a ||wk HSS;D “ S E$0||xk ||§p * < oo

Therefore, E,, J¥ < 0o, uniformly over k and N. From the weighted Jensen inequality one can also see that
E,, ’J,ﬁv|q < oo for all ¢ > 1. To conclude, for ¢, <t < tx41 we write

Eoodi = EwoJ/iVl{sgz(S(t)/z)} +Ewojzivl{s;¥<(3(t)/2)}~
Now the first addend:
LN i,N|P
9 k
Eao Tt Lisy 2(s/2)) = Eeo e 222“?7(5]?)& Lisy>s/2))

i=1

o
(S(t))>Ne

N
Ey, Y i%5)\2

1=

S

. p
D

The above limit follows from the assumption Sy > € and (4.2) (which, combined, guarantee min{e, 1} < S(t)).
The second addend:

N N|2\1/2 N S(t) 1z
Baodi Lisy <(swy2)y < Eag TN Y (P ((Sk -S() < —2)>

. (P (}S’J“V - swl> Sg)»m = ﬁ (B |52 - seP)™".

The statement now follows from Lemma 7.5, (5.2), the assumption Sy > € and (4.2).
e Finally, we turn to the proof of (8.11).

1 1
==t = 8.79
1+|R|\/N g 1+|Zg7k|\/N ( )
where
il 1 1
‘]7 = f—
1+ |RIVN  1+|Z| VN
< YNIRI = |Zepll - VNIR = Zug|
1+|Zz’k|\/ﬁ o 1+|Zg7k|\/ﬁ’
having used ||a| — |b]| < |a — b|. Consequently,
E > < N (E R-Z |4)1/2 E ! - (8.80)
EM = k Lk k(1+|ZM\\/ﬁ)4 .
2 e (L) 851)
+ |2 s B —— . .
~ F k(1+|Zg7k|\/ﬁ)4
Also, from (8.79),
E L SEpn® +E ! (8.82)
T 5 oo ~ kT kT o — - .
1+ 1R VN (1+ | Zesl VN2
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Now notice that, given xy, Z, , is Gaussian with variance 2€2S,iv and mean —¢2. Therefore, for every p > 1,

B :/ 1 L Grer/eeshg,
(L +|Zex| VNP R(1+I$|\/N)p\/@

5/ 1 L

B (1+ || VNP [on
1 1 1 1

= —/ dy < :
VN Jr (1+ [y])? /SN /NS

The proof can now be concluded by combining (8.82), (8.81) and the above. O

Remark 8.12. Notice that the proof of (8.10) is the only place in which we actually use (3.4) instead of
the slightly more general assumption ||CY/2V¥| < |[V¥|_, < 1+ ||z|s. This is to avoid technicalities and
streamline the proof. O
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