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ROOT GROWTH: HOMOGENIZATION IN DOMAINS WITH TIME
DEPENDENT PARTIAL PERFORATIONS

YVES CAPDEBOSCQ! AND MARIYA PTASHNYK?

Abstract. In this article we derive a macroscopic model for the time evolution of root density, starting
from a discrete mesh of roots, using homogenization techniques. In the microscopic model each root
grows vertically according to an ordinary differential equation. The roots growth rates depend on
the spatial distribution of nutrient in the soil, which also evolves in time, leading to a fully coupled
non-linear problem. We derive an effective partial differential equation for the root tip surface and for
the nutrient density.
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1. INTRODUCTION

In this work, we consider the growth of a system of parallel and densely distributed cylindrical roots. The
roots growth direction is dictated by gravity: fixed and vertical. The rate of growth of each root depends on the
the nutrient concentration c¢ in the surrounding soil. The time evolution of the length p of each root depends
on the length of the root, its horizontal position and on c. It is modelled by a differential equation

% = r(tﬂzﬂp’c)7
see Section 2 for the precise form of the function 7. The nutrient concentration is affected (decreased) by
the roots growth. Away from the roots, the evolution of the nutrient concentration in the soil is given by a
conservation law,

Orc — Vg - (D(z)Vye) = 0 in the soil,
where the function D determines the diffusion of the nutrient in the soil. The nutrient consumption of each
plant happens on the surface of its root,

DVc - v = —g(c) on any root surface,

where, at each point y on a root surface, v(y) is the outward normal, and ¢ is a non-negative function. Precise
assumptions on D and g are detailed in Section 2.
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FIGURE 1. Sketch of a configuration at time ¢. The roots grow vertically, and are planted
following a rectangular lattice. They are of variable length. The nutrient ¢ is located in the
three dimensional domain below the surface, except on the locus of the roots.

The goal of this work is to derive a macroscopic model of root growth, in presence of many roots. We
assume that the roots are planted periodically in a square patch, with a periodicity cell €Z where Z =
{(y1,92) € 10,1] x [0,1]}. Each root has a cross-section £S5, where

S ={(y1,92) st [(y1,92) — (1/2,1/2)| < a},

with o < 1/2. We derive an effective model for the root density in the soil and for the nutrient concentration
when ¢ tends to zero.

The motivation for this work is plant physiology. The plant anchorage, water and nutrient uptake depend
on the root growth and on the root architecture. Thus understanding root growth is of particular interest to
plant physiologists, and different models have been developed. Some models are centred on the topological
description of the complicated network of root system, Other focus on the growth of individual roots from
which such networks would occur. In early models the change of length of a single root (or of a root mass) was
modelled using ordinary differential equation [5,11], namely di/dt = vf(l), for a given growth rate v.

The growth of a single root branch can also be modelled by a combination of discrete and continuous ansatz [6].
In such a case, the growth (in length) of each single cell in a root branch is described by an ordinary differential
equation. A discrete cell concentration model then provides a model for the growth of a whole root branch.

The general principle of root architecture models is to define a dynamic topological network of organs at
various stages using morphogenetic models, and to simulate the growth of these organs using concepts such
as sources and sinks, [9,12,15,17-19]. The morphogenetic rules are defined using the Lindenmayer algorithm
(L-system). Interactions between modules (root branches) and environment can be captured by generalisations
of L-systems. Some root architecture models allow the growth direction to depend on the gradient of nutrient
concentration in the soil (or medium) [7,20]. Models of root architecture based on root branching density were
considered in [9].

For a very dense root network, representative for roots growing in a flooding soil or in medium, one can
consider the root density distribution and define a continuous model for the growth of a root network [4]. This
model is a system consisting of a transport equation for the root tip density n, and an ordinary differential
equation for root length density p,

O+ V- (vn) = f(p),  Gp=|vin,

where v is a growth velocity vector. The growth velocity depends on the root density and on the nutrient
concentration in the medium or in the soil.

The model we study here does not attempt to address the difficult issue of roots inter-twinning. Our focus
is to rigorously connect a discrete root model to a continuous one, taking into account the influence of the
environment. We make an important simplifying assumption, namely that the roots grow vertically. In this
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simplified framework, the main mathematical difficulty is that the three-dimensional domain in which the
nutrient is defined, that is, the soil below the square patch outside of the roots, depends non-linearly on time
and on €.

This paper is structured as follows. The precise description of the model we consider is given in Section 2. In
Section 3, we introduce our main results. We show in Proposition 3.1 that the microscopic model introduced in
Section 2 is well-posed. The effective macroscopic problem obtained in the limit € — 0 is given by Theorem 3.2.
The rest of the paper is devoted to the proof of these results. Section 4 is devoted to the proof of Proposition 3.1,
whereas Section 5 is devoted to the proof of Theorem 3.2. We conclude this paper by remarks on possible
extensions of this work.

2. PROBLEM FORMULATION

In this section, we detail the mathematical model we consider. We refer to () as the cubic domain = (0,1)3.
A point in ©Q is denoted = = (x1, x2, z3), we use the notation that 2’ = (x1,x2). When referring to microscopic
variables, we write y = (y1,¥2,¥3), and ¢ = (y1,%2). On the microscopic level, we denote Z = (0,1)? the two
dimensional unit cell and the cross section of a root is S = {|y' — (1/2,1/2)| < a} where 0 < a < 1/2. The part
of the unit cell not occupied by the root is Y = Z \ S.

We denote by ¢ = 1/N the small parameter. It is the ratio between the minimum distance between the
centre of base of two roots and the size of the domain €2, and N is a positive integer. We note N (g) = 72, the
number of roots. The parameter i denotes a multi-index, i € {1,...,N(e)} = {(i1,42) € {0,..., N — 1}?}. The
base of the i-th root is

S¢=¢e(S+1i)={x=(2',0) with (z'/e —1i) € S},
and, at time ¢t > 0 the i-th root is R; ., given by

t,37
R;i = S’LE X (0,p(i€,t)),

and we note the set of all roots at time ¢t by R = Ui-vz(oa)R;i. The immersed boundary of R; ; is I' = ujV:(OE’aR;Z.\

(57 x{0}),

The time-dependent domain where the evolution equation for the nutrient ¢ is defined is
Q7 =Q\ R;.

The initial root length distribution p° is regular and given at N (¢) grid points ic by p"(i). The initial i-th root
is R§; = S x (0, po(ic)), and the initial set of roots is Rf = Uf\[:(g)Rai. The initial domain is 2§ = Q\ R§, and

the initial immersed root boundary is I'§ = ujV:(Oa’angi\(sg x 0).
In the time dependent domain €2F, the concentration c® is a solution of the following parabolic problem

O — V- (D°VE) =0  in Q5 te(0,T),

DV¢f v =—eXe® on T, te (0,7), (2.1)
DVeE-v=0 on 05\ T, t € (0,7),
& =c in Q,

where A > 0 represents the rate of absorption of nutrient by the root axis, and where D is the diffusion
coefficient. We assume that this coefficient is smooth, D € C1(£2), and non-degenerate for all time: there exists
a two positive constants 0 < dy < d; < 0o such that

0<dy<D<d forall z € Q.



ROOT GROWTH: HOMOGENIZATION IN DOMAINS WITH TIME DEPENDENT PARTIAL PERFORATIONS 859
The initial density of nutrient is smooth, that is,
A et (Q) and ¢ > 0.
We also assume that the initial distribution of root lengths is regular, namely
p’ € C' ([0,1]) and 0 < p° < K.
The evolution of p; is defined by the differential equation

d cs(tyiye)

(=

—pf = —=2 (K — pf), 2.2
7= e K ) (2:2)

p; (0) = p°(ea}),

where K < 1 is the maximum possible root length, where the growth velocity ¢s(¢,4,¢) depends on time, and
on the amount of nutrient available. This dynamic models the fact that the roots have a maximal size K, a
maximal growth rate (equal to 1) and grow faster if more nutrient is available. The specific choice cs/v/'1 + cs?
is arbitrary. We suppose in this work that the quantity cs is given by

cs(tyiye) = / (t,x) de, (2.3)
QfﬁB((is,pf) TU)

where 7 is a fixed positive constant. The definition (2.3) means that cs, and in turn the growth rate, depends
on the total concentration of nutrient within a distance rg of the tip of the root. This root growth model is
inspired by [10,16]. It is related to the model studied in [4], where the growth velocity depends on the nutrient
concentration with a saturation effect: the roots can only take up to a maximal nutrient concentration. Note
that this implies

d
0< &pf < K, and p°(ex}) < p5 < K for all i and . (2.4)

3. MAIN RESULTS

The goal of this paper is to derive a macroscopic model corresponding to the microscopic model (2.1)—(2.3)
when ¢ tends to zero, i.e. for a very dense root structure. In Section 4, we show that the microscopic model
(2.1)—(2.3) is well-posed, in the sense, that the solution exists, is unique, and is controlled by the initial condition.

Proposition 3.1. For every e > 0 there exists a unique weak solution ¢& of (2.1) and p* of (2.2). The
concentration c® satisfies the estimate

e oo 0,15z (2)) + 106 || L2 0.7 22 () + IV | (0.1:22(20)) + €216 s 0.1ys22(rs)) <

where - depends on ||| g (as), Il (as), 10°]lcr(0,1)2) and K only. Furthermore, ¢ is non negative.

In fact, in the course of the proof of Proposition 3.1, we verify that the solution of (2.1) can be computed as
a limit of an iterative procedure involving only the resolution of linear elliptic systems, see Section 4.3.

Section 5 is devoted to the rigorous derivation of the limit macroscopic model. The main result of this paper
is the following.
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Theorem 3.2. The solutions of the microscopic model (2.1)~(2.3) converge to the solution p € W1>°(0, T; Wh°
((0,1)2)), c € L2(0,T; HY(Q)) N HY(0,T; L*(Q)) of the system

v*0c— div(D*Ve)+ R'c = 0 inQx(0,7), (3.1)
D*Ve-v = 0 onddx(0,T),
ct=0,2) = & inQ.

The functions v* and R* are given by

Y h 3 < p(t, 2’ AlOS h 3 < p(t, o’
1 otherwise, 0 otherwise.

The matriz-valued function D* is diagonal, with entries

. . D(z)(d* +1|Y when xg < p(t,z’),
Di(t,2) = Dap(t, 2) = {DExi( . otherwise )

and D%s(t,x) = D(x). The constant d* is a given by

d*z/ Oy, w1dy,
Y

where the corrector function wy € HY(Y) is the Z-periodic solution of
—Aw; =0 inY, —-V(wi—wy1)-v=0 on IS, / widy = 0.
Y

The effective root length p is the solution of the differential equation

B es(t, ') B . 5
Op = e = ch(t,z’)(K P) (0,T) x (0,1) (32)

p(t=0,2") = poz') in (0,1)%,

where the growth rate depends on the concentration ¢ by means of the relation

Cs(ta xl) = / C(t, C) dC' (3.3)
QNB((z',p(t,x")),r0)

Remark. Note that in the effective nutrient concentration model, the space dependence of the coefficients is
now solely due to p, which determines the surface x3 = p(t, 2’) which is the boundary between two regimes for
the coefficients v*, D* and R*. The differential equation satisfied by p is unchanged, in terms of its dependence
on cs. But since c¢s depends itself on p and ¢, the dynamic is in fact modified. This effective model for ¢ has
a reaction term, A\|0S|c, where roots are present. This accounts for the uptake of nutrients by the roots. The
macroscopic velocity of the moving boundary between the domain with roots and the domain without roots
reflect the non-local feature of the microscopic growth velocity of a single root. As expected, this macroscopic
model is simpler than the microscopic one, but it retains a strong dependence on the initial root distribution
and nutrient density. It is easy to see that if D, ¢ and p° are constant, the root boundary will be flat. In other
situations, the surface x3 = p(t, 2’) will be more complex.
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FIGURE 2. A piecewise linear interpolation of the root lengths, where p¢ is constant on the
squares limiting the disk cross-sections of the roots, and piecewise linear and continuous else-
where.

4. WELL-POSEDNESS OF THE MODEL PROBLEM

The goal of this section is to prove that the model given by (2.1)—(2.3) is well posed, that is, that there exists
a unique solution to the problem, and furthermore that the solutions ¢® and p® are controlled by the initial
data in appropriate norms, independently of . Our approach to this problem will be to study the properties
of the solutions, assuming they exist, then prove existence using a compactness argument, and finally prove
uniqueness using the regularity of the weak solutions. The main difficulty here is the time dependence of the
domain. The dependence of the domain on the small parameter ¢ is classical in homogenization.

We start by mapping the problem to a time-independent domain.

4.1. Transformation to the time-independent domain ()

Because the domain on which the problem is posed is time dependent, we cannot directly apply general
results on the existence and regularity of ¢® and p®. We therefore construct a change of variable mapping ¢ to
a fixed domain €25.

For 0 < Ly < L1 < 1, and 0 < z < 1, consider the function ¢(Lg, L1,2) = @(Lo,2/L1) such that z —
©(Lo, L1,2) € C%([0,1]) maps [0,1] onto [0, 1], satisfies ¢(Lg, L1, L1) = Lo and (Lo, L1,1) = 1. It is given by
given by

P(Lo,z) = zLg for z € [0,1],
L3(Ly — Lo)

= ot DT

for z € [1, LY.

Note that ds3¢, 023 and 933 are continuous functions on [0, K] x (0,1) x [0, 1].
Choose a continuous, piecewise C! function p° matching exactly the root lengths on each root, that is,

P’ <p° <K, andp(t,a’)=p5(t)forallic{l,...,N.} and 2’ € S5, t> 0. (4.1)

Note that the upper bound K is consistent with the other constraints, as K is the upper asymptotic limit of
p5 for all 7. Specifically, choose p° to be a piecewise linear interpolation between the root lengths (as done in
Fig. 2 for example).

Note that this spatial interpolation is linear in each p7, and is time independent. Therefore, 0;p° is the same
spatial interpolation between the time derivatives d;p5. In particular, it takes its values in (0, K).

The spatial variation of p* depends on . To quantify this dependence, we introduce

|p5 () — p5(2)]
3

V(p*)(t,2") = max{ ,over all i,j s.t. i —j| <2, ]2 /e —i| < 1}. (4.2)
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Because p° is a linear interpolant we see that for some constant C' > 0 independent of ' and ¢, and ¢,
1
CV(p°)(t,2") < |V ps(t,2')] < 6V(pf)(t,ac’) for all ' € (0,1)%,¢ > 0. (4.3)
Note that V(p®) depends on e. Similarly, we have, with obvious notations,

1
CV (0p°)(t,2") < [V Op®(t,2")| < EV(thE)(t,x') for all ' € (0,1)%,¢ > 0.

The map F : (t, 21,22, 23) — (t, 21,22, 0(p°, 5%, x3)) is a change of variable between (0,7") x Q£ and (0, T") x Q.
The a priori bounds on p® and ¢ allow to prove the following proposition.

Proposition 4.1. The transformation F from (0,T) x Q5 onto (0,T) x QF satisfies

1 . i 3 K
L oin < T(F) < 14— e
TR AGRE +1K<r51,?>}5(p0 )

where J (p°) is the Jacobian determinant of the transformation given by
T (p°) = |det(DF. )| = ds(p", 5, x3).
Proof. We have
- 1, . T
8390(/70796;$3) = ~_562()0 (poa ~_£:) :
P P

For z < 1, 9ap(p°, 2) = p°. For 1 < 2 < 1/p°, 02(pY, 2) is non decreasing, since pf > p°, with

~ 1 ﬁsfpo K7p0
0 0 0
w<p7ﬁ6> P S T
since p° < K. Therefore,
0 0
P 0 3K—p
<) ) <14+ —
7 S 000", 5%, 23) < t TR
since p° < p° < K. (|

We now proceed with change of variables in equations (2.1). Introducing the notation

w = f(ﬁaat7xl7x3) = @(p05ﬁ67x3)7

using the monotonicity and continuity of ¢ with respect to x3 and we obtain for ¢ (¢, 2", w) = c(t,2', f~1 (7,
t,a’,w)) with the notation

5E(t’1'/’ f(ﬁ€7t’z/’z3)) = cs(t’Z/’mS)’

the following equations defined in the time independent domain 25,

v (p°) e +b(p%) 0 =V - (M (p°)VE) =0 in (0,7) x Qg,
M (p°)VE v =—cv(p°) \&" on (0,T) x I'g, (4.4)
M(F)VE -v=0 on (0,T) x (905 \ T3),

& =3 0, w) in QF, at t =0,
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where v (p%) = 1/T (p°), b(p°) = Ocf (p°,-) /T (p°), and the matrix M (p°) is given by
1 0 -
5 e .
M(~€): D 0 1 6£Cf(p7)
~ T ~ ~
Our [ (5°5)" 0w f (%) P+ 1T () 2
where D®(2/, f(p®)) = D(a’,x3). Remark that at ¢ = 0, the map F. is the identity map, therefore the initial
condition is preserved.

When no ambiguity exists on p¢, that is, everywhere but in Section 4.3, we will use the simpler notations
v° :U(ﬁe)v bE:b(ﬁE)afE :f(ﬁev')ajezj(ﬁs)a and ME:M(ﬁE)

4.2. A priort estimates
For the sake of clarity, we recall the definition of a solution to (4.4).

Definition 4.2. The function ¢ is a weak solution of (4.4) if ¢ € L2(0,T; H'(Q5)), 0:¢° € L%*(0,T; L*(Q))
such that

T

/ / (000 + 10,66 + MEVEV ) da'dwdt = — / / NFEGdyedi (4.5)
0 Qf 0I5

for all ¢ € L?(0,T; H(Q5)), ¢& — ¢ in L?(Q5) as t — 0, and ¢ is the piecewise linear interpolation of
ps € HY(0,T) defined by (2.2).

To derive a priori estimates, we now study the properties of the coefficients appearing in (4.5). Note that
thanks to Proposition 4.1 v® is bounded above and below independently of ¢t and €. From the uniform bound-
edness of 9;p°, 0 < 0;p° < K, we deduce that b° = J 10x0(p°, pf,23)0;p° is bounded above and below
independently of ¢ and . However, it is not possible to bound M above and below independently of V' (p?).

Proposition 4.3. The matriz M¢ is symmetric, positive definite and satisfies for all € € R3, almost all
xet>0,

IR € (IO < u( VPl
|(0:M°€,6)] < 1 (1 +V(p*)* + V(p°)?) €1,

for some positive constant p independent of € and t.

Proof. A straightforward calculation shows that one eigenvalue of (J¢/D®)MF® is equal to 1, a second eigenvalue
is bounded above by 1+ [0, f¢|? + |0x, f¢|? + |T¢|?, and below by |0, f¢|?, whereas the third is bounded above
by |0z, f5|? and below by |T¢|?/(1 + |0z, f5|? + |0s, f€]?). From the bound (4.3) on the oscillations of ¢ and
the smoothness of p” we obtain the first bound. The proof the second bound is similar. We have

(©:M7€&) < 1 (1] IV Dllogery + 02| + 10saipl ) (M7E,€)

10 E
01 %

Bur )T O 512 + | TE|?
< u (V) + V(@))€

where we used in addition the bounds on the oscillations 9;p° and the smooth dependence of D¢ on the
macroscopic variable. O
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Proposition 4.3 indicates that the horizontal rates of variations V(p®) and V(9¢p°) affects the ellipticity of
the system. The following proposition bounds these variations in terms of ¢°.

Proposition 4.4. The following estimates hold

V(o) +V @07 < 1 (Il cro.) + 1w (omymeg) )+ Jort€ (0,T),a € (0,1)2,

where p 1s a universal constant.

Proof. Note that system (2.2) can be integrated in an implicit form, namely

1+ es?(s,i,¢)

pi(t) = K — (K — p(i€)) exp (— i #Q

This expression is implicit as ¢s(s, 4, ) depends on p5. We thus obtain that

! cs(s,i,€) cs(s,j,¢€)
() —pSt)| < [p%%ie) — p°je)| + K — - —— ds
p5(t) = p5 ()] < [p°(ie) — p°(je)| ) e e
t
< ||p0||cl([011]2) |i—j|g+K/ les(s,i,e) — cs(s, j,e)|ds
0
<

0 . .
I ||01([o,1]2) i —jle
+ KU oo (0, x03) (1Blig,m0) \ B(je, ro)| +[B(je, 7o) \ Blie, o)1) -

If i — j| <2, |Blie, o) \ B(je,ro)| < 4e, therefore

V(/)E) < (HpOHCl([O,l]?) + HEEHLOC((O,T)ng))'

The proof is similar for V (9;p°), using (2.2),

d d cs(t,is€) cs(t, j€)
—pi(t) — =P ()] < |p5(t) — p5(t)| + K N
0= il >\ i = O+ K | e Vit o650
< 1P llono.agey i = 31 + 8K+ VIS o (0,1 x025) -

Next, we show that all weak solutions are bounded in appropriate norms by the initial nutrient concentration,
and that a non-negative initial condition guarantees that ¢® stays positive for all time, and therefore can be
interpreted as a nutrient concentration.

Lemma 4.5. For any weak solution of the problem (4.4), the maximum principle holds, that is,
12|l s (0,1 x05) < mﬁg@((co)7 and & > 0. (4.6)
Furthermore, the following estimates hold
181 2o 0,y x 26) + 1106 |20, 7522(08)) + IVE Lo 0,msr2(02)) + € 2N E | Lo 0,1522(02)) < s (4.7)

where . depends on (|| s (ag). (€]l (sg). 10°llca o) and K only.
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Proof. Choosing ¢© as a test function in (4.5) we obtain

1Td ~£12, € / f 1~a2 £ ~ELE ~E /
5/5/@ o da'duwdt + [ [ (5162 (=0007) + 0,67 &) da'dudt

0 9 0 Qg

-i-//MEVEa-VEa da’dwdt = —E)\//UE|EE|2d76dt.
0 T

0 o

Note that [9;v°| = |9;p°033(p°, /7, m3)|j€|’2‘ is bounded independently of ¢ and ¢.
The third term can be estimated by comparing it with the quadratic gradient term, namely

//8 é&b° & da'dwdt| > = //DEJE|8 & da’ dwdt = //DEJE 16°|% |°|? da’ dwdt.

0 0 QF

To proceed, note that the lower bound on M¢ shown in Proposition 4.3 still holds (with a different ) if %D‘fja
is subtracted from Mg,. Thus,

f—//DEJﬂa &2 da’ dwdtJr//MaV -VeéE da dwdt>// 1+V )|Vca| da’dwdt,

0 QF

and we have obtained

T

/|6€(T)|2d:c’dw+/ u(1+V( ))|V |dxdwdt+s// v°|éF |2 dydt (4.8)
25

/|002d:c+//< 65| +|8tv5|> &% |2da’ dwdt. (4.9)

which, thanks to Gronwall’s Lemma implies that

6% M| o= 0,722 (022)) < H||COHL2(Q§)

where p is independent of . Alternatively, choosing as a test function min(é®,0), or max(é® — «,0), for any
constant « yields, following the same steps,

I min(e, 0)| o (o752 (05)) < Cllmin(”, 0)[[72q;),

and
|| II]S\,X(&E — Q, O)HLoe(0,T;L2(QS)) S CH max(co — Q, 0)”%2(96),
which proves (4.6), choosing o = max(c?) in the second case. Using now (4.6) in (4.8), together with the bounds
Q
on V(p®) given by Proposition 4.4, we have

/|c (7)*da’ dw+//|V6€|2dx dwdt+5//|55|2dfysdt<u 1+//|cs|2dz’dwdt :

0 Qf 0 0 Qf
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where p is independent of €. Applying Gronwall’s Lemma again shows that
V& | L2(0,7;2(05) + 1€ 20, 7522(r8)) < 1 (4.10)

where g is independent of €. Using 0;¢° as a test function in (4.5) we obtain

1 T
//|0c |*0° da’dwdt + = / /MEV Ve da' dwdt — 5//6tM€VE€VEEd$’dwdt

0 O 0o
//b€8 Eofda’dwdt = —e= /dt/ E|6€|2d’ydt+s—//| °|20;v°drydt.
0

Since b° is bounded independently of ¢ and &, we can write
/ / be 06 0p " da’ dwdt < § / / |0&° |2da’ dwdt + Cs / / |0 ¢° |2da’ dwdt,
0 0 0

with 6 = minv®/2 and C5 = Hb”%x((o,T)ng)/(%)' From (4.10), we deduce that the last term is bounded
independently of € and time, thus, we obtain

//|atc€|2dx’dwdt+ / /MEV5EV dz’dwdt+s/v€|6€|2d7

0 QF 0 Is

< u+5/|co Idy + = //atMEVcEV55d:E dwdt

rs 0 Q3

< s

where we used the bounds on 9;M given by Proposition 4.3, the L? bound (4.10) and the L* bound (4.6).
Together with (4.6), this last bound implies (4.7). O

Corollary 4.6. The interpolated root length p°, and its time derivative 0y p° satisfy

Ve 61 oo 0,1y x (0,1)2) T IV 0eb | s (0,7 % (0,1)2) < B (|P lc(o,2) + mgXCO) ;

where 1 1s an universal constant.

Proof. Thanks to Proposition 4.4 and the L* bound on ¢® given by Lemma 4.5, we have
V(p®)+V(0:p°) < (||p0||cl([o’1]2) + m_axco) , forte (0,T),r¢€(0,1)>2
Q

Since p¢ linearly interpolates in 2’ between the values of p®, this implies the result. O

4.3. Existence and uniqueness

We can now state the main result of this section
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Proposition 4.7. For every e > 0, there exists a unique weak solution of (4.4). That solution satisfies the
following estimate

181 2w 0,752 (92) + 10: | 220,322 (26)) + IVE lLow(0,7522(08)) + €2 E || Lo 0. 7y:22(rg)) < s

where p depends on HCOHHl(QS), ||co||Loo(Qg), 2%l ((0,1)2) and K only.
Furthermore, 0 < & < max(c®) for all times t and almost all x € Q.
Q

Proof of Proposition 3.1. By performing the inverse change of variable, Proposition 4.7 shows that problem
(2.1) is well-posed. O

The rest of the section is devoted to the proof of this result. Because the problem is non-linear, we shall first
prove existence by a fixed point argument.

Setting c§(t, x) = c°(x), we define for all n > 0 the interpolated length the root lengths p5 > by the following
system of differential equations

—elbbnd) (g —pg ) for 1 <i <N, (4.11)

d e —
AtPin = e (time)

where
es(tyiym,e) = / e (t,z) de,
QE

NB(ie,ro)

n,t

the integral being calculated on

Ne

i=1
We then define ¢;, ;| - thus by a change of variable, ¢, - as the solution of the linear evolution problem

0 (55) Bis + b () Duiips — V- (M () V) =0 in (0,7) x 05,
M (55) Vet v = —ev (75) Aoy on (0,7) x T, (112)
M () V&, v =0 on (0,7) x (99 \ T5),

&y = w) in Qf, at t = 0.

The ~representing, as before, interpolated quantities. Naturally, if (c,, pn) = (Cnt1, Pnt1), then (c,, pn) is a
solution of (2.1). The existence of weak solutions to (4.4) is given by the following proposition

Proposition 4.8. Given e > 0, up to the possible extraction of a sub-sequence, the sequence c;, converges weakly
in HY(0,T; HY(Q5)) to a weak solution ¢¢ of (4.4).

Proof. We first verify that

cs(t,i,n,e)
ta fn ; ) - K — fn
( (P , )1§1§N5 ( 1+ cs2(t, 0, m, 5)( Pi, )) s

. . . . . . b
is Lipschitz-continuous with respect to p5 . Given (p;’;)i<i<n. and (p;’,)1<i<n., we have

(Q\ (.UES" x (0702’5(0))) \ <Q\ <U Si x (0792’,’2(75))))

; b,
< pemax |pj (1) = pin (1))
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where pi. does not depend on p, (t) or P?:Z (t) (and can be replaced by 1, since |Q| = 1), thus |es, (¢, 4, n,&) — csp(t,
i,m,6)] < 1E5 | Lo (0,1 x 05) Max; ‘pfﬁ(t) —p?”fl(t) which is a Lipschitz bound provided [|&,]|Le(0,1)x0z) i
bounded. Thanks to Lemma 4.5, we know that for all n > 1,

€51l o= 0,7y x0z) < mgX(CO),
and

lesll Lo 0,1y x5) + 10eChll 20,7522 (05)) + IV E L= o,miL205) + Il =0, miL20g) < 1,

where g is independent of n, thus the Lipschitz bound is valid for all n. Additionally there exists a sub-sequence,
still indexed by n, converging weakly to a limit ¢ in L (0,7 H*(2)) N H'(0,T; L*(95)). In particular this
convergence is strong in L?((0,7) x Q§). From the implicit formula

t .
cs(s, i e,m) ds)

1+ es?(s,i,e,n)

5 (t) = K — (K — p°(ie)) exp <_

we deduce that any given n,m > 0 we have

t . t .
o) = @] < Kloxp [ - [ —2b0n) o) (- [ —lbem)
’ ’ 0 V1+cs?(s,i,e,n) 0 1+ cs%(s,i,e,m)
< K t cs(s,i,e,m) B 05(52,2',5', m) ds
1+ cs2(s,i,e,n) L+cs?(s,i,e,m)

t
< K / les(s,i,e,n) — es(s,i,e,m, s)|ds

0

K t t

< —/ / & — &,|dz ds + K max (c”) max/ |05, (t) — p5 . (t)|dt, (4.13)

where for the last inequality we used Proposition 4.1 and the Lipschitz bound derived above. Therefore, thanks
to Gronwall’s Lemma, for all ¢ € [0,T],

max 105, () = P5 ()] < i, — EnllLro,myxas) »
where p is a constant independent of n, m and t. This means that
Jim 155 = 5%l 0.1y < p0.112) = 0,
and in turn that, due to continuity of v, b, f, J and M,

(0 (pn) s 0(pL) s [ () s T (P) s M (7)) — (v (), b(p%), f(p%,-), T (A7), M(p))

the convergence being strong in L°°((0,7T) x §). We can therefore safely pass to the limit as n tends to infinity
in the weak formulation of problem (4.12), and obtain that the limit ¢° satisfies (4.4). O

The proof of Proposition 4.7 will be complete once we show that the solution is unique, which is the subject
of the next proposition.
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Proposition 4.9. Given € > 0, the weak solution ¢¢ € L*(0,T; H*(Q5)), 0,¢¢ € L?(0,T; L*(Q5)) to Problem
(4.4) is unique.

Proof. Suppose there are two solution, the first one indexed by a and the second by b, e.g. ¢, and ¢;. From the
implicit equation

pE(t) = K — (K — p°ie)) exp ( L olies) S) ) te(0,7),
following the same steps as in the derivation of the bound (4.13) we obtain
175 = Pillz=(0.0x 0.02) = pllde = Gl o x0) (4.14)
for a constant ;v independent of ¢, ¢, t and ¢, and this in turn implies
[0 (pa) = v (Bp) [ +16(05) = b(Fp) | + M (pg) = M (5y) | < pllég = GllLr(o.0x0p); (4.15)

where £1° depends on ¢, but is independent of &, & and t. Comparing the weak variational formulations (4.5)
defining ¢ and ¢;, we have

[ [ @@+ 0600 - )0+ 0(5) +b (50, (@ - ) 9) do'dud
0 Qf

/ [ (@1 )+ M GV (& - ) Vo) do'du

0 QF

te / / 0 (5) + v (7)) (& — &) ddredt

- / / (W (7) — 0 (75)0 (& + &) 6+ (b (55) — b (7)) (& + &) ¢) da’duwdt

0 Qf

- [ [ (011G -2 G0V @ + ) Vo) do'duds

0 Qf

e / / 0 () (& + &) ¢dredt.

Combining the a priori bounds (4.11) satisfied by both ¢ and ¢? and (4.15), we see that the right hand side
of the above expression is bounded from above by

plles = Sl o,ryxas) (IVOIlL20,r)xas) + 161l L2 (0,7 xg) + VEIBl L2((0,7)x13))
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where p° is independent of ¢, c¢j and 7. On the other hand, taking ¢ = ¢ — ¢; and arguing as in Lemma 4.5,
the left hand side is bounded from below by

/|5;(T) 762(7)|2d:c’dw+//|V(5Z75§)|2dz’dwdt+5//|éz76§|2d'ydt
Q 0 Qf 0 T§
f—//|c — & |2 da’ dwdt

where p is independent of ¢, ¢; and 7. Thus, altogether,

/| ) —G(T |2dzdw+//|Vc — G |dzdwdt+5//|c — & |? dydt

0 QF

1 2797 (Na)Q 2
~€ ~E £ (1
< ;//|Ca — G |"da’dwdt + o llca = &L (0,mx00)-
0

So in particular

/| ) — & (r)*da’dw < pf //|c — &|*da’ dwdt

0 Qs
where §f again represent a constant independent of ¢, ¢; and 7. Thanks to Gronwall’s Lemma, this implies
that ¢ = ¢j. O

5. CONVERGENCE TO A LIMIT PROBLEM BY HOMOGENIZATION

In this section, we show that the weak solution (¢, p5) of (2.1)—(2.2) converges to a solution of a limit problem
independent of . As we will see, the limit problem has a unique solution. It is therefore sufficient to prove the
result for a sub-sequence.

5.1. Existence of weak and two-scale limits
To derive a limit model, we first extend the domain of definition of the nutrient concentration ¢* from 2§ to
Q, using classical results [1,8].

Lemma 5.1. There exists an extension ¢& of ¢ from H(Q5) into H*(Q) such that
1M 22) < pllefllogas), and [VE || L2y < pllVE] L2 s),

where the constant pi depends on'Y', Z and ||pol|c(jo,12) only.

Remark. Note that the root stems do not intersect the boundary of the periodic cell, and therefore classical
extension results [1,8] apply. Note in particular, that near the boundary 095 N {xz3 = 0} it is suffices to extend
c® by reflection in the horizontal direction.

For & € L2(0,T; H(Q5))NH(0,T; L*(Q5)) we define é°(-,t) := & (-, t) almost everywhere in time. Since the
extension operator is linear and bounded and €f does not depend on ¢t we obtain that
éf € L20,T; HY(Q)) N HY(0,T; L?(Q2)) and additionally

10:¢° || 20,1y x2) < 11196 || 20,7y x25) -
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In the sequel, we identify ¢© with its extension. Since ¢© is now defined on ), and with appropriately
bounded partial derivatives thanks Lemma 4.5, passing to the limit (up to a possible sub-sequence) is quite
standard in homogenization theory, using, for example, the notion of two-scale convergence (see [2,3,14]). We
distinguish between the two-scale convergence in a domain and two-scale convergence of a sequence defined on
the boundary of the micro-structure. The e-scaling in the two-scale convergence on the oscillating boundary

f‘g = Uivz(oa)((), pP(ig)) x OS¢ is essential, since the surface area of fg is of order e~ 1.

Lemma 5.2. There exist functions ¢, ¢1, p and a sub-sequences of (¢°) and (p°) (denoted again by (¢°), (p°))
such that

& — ¢ weakly in L*(0,T, H'(Q)), 0:&° — 0,¢ weakly in L*(0,T; L*()),
& — & strongly in L*(0,T; H*(Q)),1/2 < s < 1,

i e[| — iz o1y xrg) = 0
0y¢° — 04C in the sense of two-scale convergence,

V& — Vé+ V& in the sense of two-scale convergence, with & € L*((0,T) x ©; H#(Z)),
p° — p strongly in L>°((0,T) x (0,1)?),

Oip° — Opp strongly in L*(0,T; L>((0,1)%)),

where Hy(Z) = {f € H'(Z) s.t. f is Z-periodic}.
Furthermore, p¢ — p uniformly in C° ([0, T] x [0, 1]2).

Proof. The weak convergence of a sub-sequence follows from a priori estimates in Lemma 4.5. The strong
convergence of & in L2(0,7T; H*(f2)) is due to the Aubin-Lions Lemma and the compact embedding of H!(£2)
in H*(Q) for 1/2 < s < 1. The convergence of L2((0,T) x I'§)-Norm follows from the strong convergence of ¢
in L?(0,T; H*(Q)), definition of the H*-norm and a standard scaling argument, see [13]. Since ¢ is bounded
in L2(0,T; H*(Q)) and 8;¢° is bounded in L?(0,T; L?(£2)), the compactness theorem for two-scale convergence
implies the convergence (a for sub-sequence) of ¢%, 9.¢°, and V¢© in the two-scale sense.

To show the strong convergence of pf, we argue the proof of Proposition 4.9 and (4.14) becomes

167 (6) — 67 ()] < e — & sy

where the constant u is independent of i, &,,6,, and t. Thus the strong convergence of & in L? ((0,T) x Q)
implies the strong convergence of p° to p in L ((0,T) x Q). The strong convergence of 9;p° follows from the
ode (2.2) defining p° and from the strong convergences of p¢ and ¢&. Thanks to Corollary 4.6 and Arzela-Ascoli
Theorem, the convergence of 5 is in fact uniform in the sense of continuous functions on C° ([0, 7] x [0,1]?) . O

5.2. Proof of Theorem 3.2.

In this section, we will show that the solution of the microscopic model (2.1)-(2.3) converges to the unique
solution p € W (0,T; L>((0,1)%)), ¢ € L?(0,T; H(Q)) N H'(0,T; L*(Q)) of the system

[Y[0ic1 — V- (D(x) (d*+|Y])Ver) + A[0Sler =0 inQn{z: 0< a3 <p(t,z)},
Orca — V- (D(x)Vey) =0 inQn{z: pt,2') <zs <1},
c1—c3=0, and (d*+|Y|)Ver-v—Vea-v =0 on{zs3=p(t2)},
D(@)Ver-v =0 ondQn{z: 0<ux3<p(t,z1,22)},
D(x)Vez-v =0 ondQn{z: p(t,x1,22) <xg < 1},
e

where c=c¢1 in QN{z: 0 < a3 < p(t,z1,22)} and ¢ = co in QN {z: p(t,x1,22) < x3 < 1}.

~

=0,2) =c inQ,
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Convergence.
Due to the strong convergences of p° and ¢© we obtain that p satisfies the equation

és(t,a’)

Oip = (K—p) in(0,T)x (0,1)2 (5.1)

1+ és2(t, ')
with

és(t,a’) = / é(t, 2’ w)v(p) dz’ dw.
QNB((z',p%(x")),r0)

To derive the macroscopic equation for ¢ we rewrite equation (4.5) in the following weak form

T
< “)0:h + b(p°) 0+ M (p°)VEV e ) d 'dwdt = — Av(p®) & dvyedt.
O//XQ C O+ c o+ c ) r dw 5// v y

0 T'§

To pass to the two-scale limit, we choose a test function ¢ = ¥ (¢, x) +ewa(t, z, ) and integrate by parts. Using
the uniform convergence of p¢, the two-scale convergence of ¢&, 0;¢° and V&, the strong two-scale convergence
of xqg, and the continuity of the coefficients v, b and M, we obtain

T ) T
// xosv(p7)0: ¢ <¢1 (t,x) + o <t,x, %))dx'dwdt — // (|Y|XQ(1) + XQg) ey (t, z)v(p)dz’ dwdt,
0Q 00
T ) T
/ / X0 b(7) 00 <¢1(t, z) + ety (t, ., %) ) dzdt — / / (1Y X2 O + X2 0u@b(0) 1 (1, 7) da’dud,
00 00
and

T
// xo: M (p°)VeEE - V(i + epy)da’dwdt
00

T
— /// X%D(x,w)M(p)(Vé + V1) - (Vo1 + Vyipo)dy dz’dwdt

0QxYy

T
+/// XQgﬁ(I, w)M (p)(Ve+ Vyér) - (Vi1 + Ve )dy dz’ dwdt,

0QxZ
where V,, = (9y,,0,,,0)T, Qb = QN {(2/,23) : 0 < 23 < p°(a’)} and Q2 = QN {(2/,23) : p°(2') < x5 < 1}, and

1 0 anf(pf)
M(p) = —— 0 1 9us f (py)
Aoy f(0:2) Dunf (pse) 10ur f(py) P+ 10usf (p,-) [P+ 1T (p) 7
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The boundary integral can be rewritten as

T

zs//)w(ﬁﬂéE (11 + eo)dydt =

0 g

T
[ [ (M) = oo 1+ 202) + ()" (o +- )
0

where T§ = ujV:((f)(o,pO(ia)) x 085, S5 = UfV:(S)Sf x p%(ie) and T§ = T5 U S%. To show the convergence
of the boundary integral over fg we use the notion of two-scale convergence on the periodic surfaces of the
micro-structure, see e.g. [3,13]. The surface area of T§ is of order !, thus the L?-norm over I'j of the test
functions ¢; and 1 scaled by £!/2 is bounded.

We write

T
[ []pw) = oo @+ evm)|arear
O f‘E
< ~& . ~e 2 _ 2 2 -
< plle ||Loe((o,T)xrg)||P P||L°°((0,T)X855)(5||¢1||L2((0,T)xrg) +e ||w2||L2((O,T)><F5))’

and from the uniform boundedness of & and the continuous convergence of 5 to p in ((0,7) x 9S¢) we conclude
that the right-hand-side tends to zero with ¢ — 0.
For the second integral, we write

)\5//|v (W1 + £4bn)|ddt

OS6

< plle L 0,1y x 52 1% = ((0,7) x 5% (€||¢1||%2((0,T)xs;0) + 52||¢2||iz((0,T)x§60))7

and again the right-hand side tends to zero with € — 0.

Thank to Lemma 5.2 we have 313(1) ellcs — CHi?((o,T)xfg) =0, and therefore

//)\v (Y1 + epo)dy dt — ///Av Ve dvydxdt

0 qlos
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Altogether, we have obtained that passing to the limit (along a subsequence) in the variational formulation
(4.5) leads to the following identity

l//(xQ4Y| (0)02 + b(p)Du) T + X3 (2(0)00é + b)) ) da’ ol

T
+O/Q// QlD x' w (p)(V5+Vy51)'(V1/~)1+Vy1[)2)dydx’dwdt

~

_|_

/// gﬁ &' w)M (p)(VéE + Vyé1) - (Vi + Vo )dyda’ dwdt
z

|
C\q S

//X%)\U(p)ézﬁl dv/da’ dwdt.
Q

as

Choosing ¥; = 0, we note that ¢; depends linearly in the components of Vé. The rest of the proof is classical in
homogenization theory. Changing variables back from w to x3, the weak formulation of the equation satisfied
by for c(t, x), with é(t, 2, f(p,t, 2", x3)) = c(t, 2, x3) is

//(XQ§|Y|8tC+XQ§3tC)¢1dIdt+
0 Q

//Xgl Z D};(2)0y,¢ 0y, tb1dadt

Q i,7=1

/XQIACQ/H dv/dxdt,
Q as

O\’ﬂo\’ﬂ

T
+//XQ§D(x)Vc~V1/)1d:cdt
0O

where Qf = QN {(¢/,23) : 0 < a3 < p(t,2’)} and QF = QN {(2,23) : p(t,2’) < x3 < 1}, and where Dj;(z,1) is
given by D} = DY = D(z)d;3, and for 1 <i <2 and 1 < j <2,

Dyta) = Do) (V18 + [ 005 ),
where w; are Z periodic solutions of
—Ayw; =0 in Y, —Vy(wj —y;)-v=0 on 0S. (5.2)

they are uniquely defined if a normalisation condition is chosen. Because of the symmetries of the problem,
[y 0y, widy = [, 8y,wady, and [y 9y,widy = [, 9y, wady = 0. We have obtained that D' is diagonal, and given
by Di; = D(x) and D}, = D}, = D(z) (|Y| + d*), as announced.

Finally, the convergence of initial data follows from the strong convergence of p°, the two-scale convergence
of ¢¢ and of J;c¢® and from the identity

// o ula, Dedrdt = - [ o)z, De0)da

0 QE Q5

// 2 )(@w(oF)E(D) + (07 )0 (1))

0 Qf

with € € 0°([0, T]), &(T) = 0 and ¥ € C(Q x Z).
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This conclude the proof of convergence, up to sub-sequences. We shall now show the uniqueness of the
solution of the limit problem, which will imply the convergence of the entire sequence of microscopic problems.

Uniqueness.

The uniqueness of solution to the macroscopic problem (3.1)—(3.3) follows from a variant of the proof of
uniqueness for the £ dependent problem. Integrating the equation defining p implicitly, we obtain

0 /14 cs?(s,a)

Following the same steps that in Proposition 4.4 and Lemma 4.5, we verify the maximum principle holds for c,
and that

p(t,2') = K — (K — p°(2")) exp <— cs(s, ') ds).

Vorel < p (””O|Cl<[oyn2> +m§XCO)'

Then, given any two solutions (pa, ¢,) and (pp, ¢p), where the~ corresponds to the change of domain from €; to
Qo we obtain, as in Proposition 4.9 that

sup  |pa —ppl +  sup  |[Varpa — Varpp| < plléa — Gl x0,1)-
(0,1)2x(0,7) (0,1)2x(0,T)

Repeating then the computation done Proposition 4.9, we obtain for any 7 < T,

[ - amP artaw < p [ [l - apara
0 Qo

Qo

and the conclusion follows from Gronwall’s Lemma.

6. CONCLUDING REMARKS

Using homogenization techniques we derived a macroscopic model for nutrient diffusion and plant root growth
from a microscopic description on the scale of a single root. We have shown the convergence of the sequence of
solutions of full problem involving interactions at the microscopic scale to a solution of a macroscopic problem
defined in the homogeneous domain 2. The influence of the micro-structure problem appears in the diffusion
coefficient and in the absorption term in the macroscopic model in a suitably averaged form. An essential
feature of the microscopic problem is the non-local nature of the root growth rate. This feature is preserved
in the limit. We view this model as a first step towards a more precise modelling of the dependence of root
growth on the nutrient concentration. To clarify the presentation, we restricted ourselves to a very simple root
geometry. One improvement of this model could be to make the growth rate of the roots depend on the quantity
of nutrient available very locally around the root. This would mean, for example, to allow 7y, the radius of the
ball centred around each root tip which determines each root growth rate, to depend on €. Another variant
would be to allow the velocity to depend upon for point-wise values of the nutrient concentration at the tip of
the roots. We do not know however if such assumptions would lead to well-posed models.

A second natural generalization would be to allow roots to growth directions to depend on other factors than
gravity, leading to complex root networks. This will be the subject of future studies.
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