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Abstract

Two-scale homogenization limits of parabolic cross-diffusion systems in a heterogeneous medium with
no-flux boundary conditions are proved. The heterogeneity of the medium is reflected in the diffusion
coefficients or by the perforated domain. The diffusion matrix is of degenerate type and may be neither
symmetric nor positive semi-definite, but the diffusion system is assumed to satisfy an entropy structure.
Uniform estimates are derived from the entropy production inequality. New estimates on the equicontinuity
with respect to the time variable ensure the strong convergence of a sequence of solutions to the microscopic
problems defined in perforated domains.
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1. Introduction

Multicomponent systems are ubiquitous in nature; examples are as various as gas mixtures,
bacterial colonies, lithium-ion battery cells, and animal crowds. On the diffusive level, these sys-
tems can be described by cross-diffusion equations taking into account multicomponent diffusion
and reaction [14]. When the mass transport occurs in a domain with periodic microstructure or
in a porous medium, macroscopic models can be derived from the microscopic description of
the processes by homogenization techniques. In this paper, we consider cross-diffusion systems
defined in a heterogeneous medium, where the heterogeneity is reflected in spatially periodic
diffusion coefficients or by the perforated domain. The corresponding macroscopic equations are
derived by combining, for the first time, two-scale convergence techniques and entropy meth-
ods.

The problem of reducing a heterogenous material to a homogeneous one has been investi-
gated in the literature since many decades. The research started in the 19th century by Maxwell
and Rayleigh and was developed later by engineers leading to asymptotic expansion techniques.
Homogenization became a topic in mathematics in the 1960s and 1970s. For instance, the
['-convergence was introduced by De Giorgi [9] with the aim to describe the asymptotic behavior
of functionals and their minimizers. The G-convergence of Spagnola [25] and its generaliza-
tion to nonsymmetric problems, the H-convergence of Tartar and Murat [19], are related to
the convergence of the Green kernel of the corresponding elliptic operator. The two-scale con-
vergence [2,20] combines formal asymptotic expansion and test function methods. Nguetseng
introduced an extension of two-scale convergence to almost periodic homogenization, called
Y-convergence [21,22]. Another extension concerns the two-scale convergence in spaces of dif-
ferentiable functions [26], which is important in nonlinear problems [17]. A classical reference
for the homogenization theory of periodic structures is [4].

In spite of the huge amount of literature on homogenization problems, there are not many stud-
ies on the homogenization of nonlinear parabolic systems. Most of the results concern weakly
coupled equations like periodic homogenization of reaction-diffusion systems or of thermal-
diffusion equations in periodically perforated domains [3,5,23]. Particular cross-diffusion sys-
tems — of triangular type — were investigated in [16]. However, up to our knowledge, there are no
results on more general cross-diffusion systems.

In this paper, we investigate strongly coupled parabolic cross-diffusion systems with a for-
mal gradient-flow or entropy structure by combining two-scale convergence and the bounded-
ness-by-entropy method [13]. The difficulty is the handling of the degenerate structure of the
equations. We investigate two classes of degeneracies: a local one of porous-medium type and a
nonlocal one; see Section 2 for details.

The paper is organized as follows. In Section 2, the microscopic models are formulated and
the main results are stated. The main theorems are proved in Sections 3 and 4. For the conve-
nience of the reader, the definition and some properties of two-scale convergence are recalled
in Appendix A. The technical Lemma 9 is proved in Appendix B. Finally, two cross-diffusion
systems from applications which satisfy our assumptions are presented in Appendix C.

2. Formulation of the microscopic models and main results

We investigate two types of homogenization problems. The first homogenization limit is per-
formed in cross-diffusion systems with spatially periodic coefficients,
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n
Opui — div <Z P(£>aij(u€)Vuj.) =fiw®) inQ, t>0i=1,...,n, (D)
3

j=1

in a bounded domain x € Q C R (d > 1), together with no-flux boundary and initial conditions
" X
> P<—>a,-j(u€)w§. w=00nd%, r>0, uf(0)=u’ inQ. 2)
£
j=1

Here, u® = (uﬁ, ..., uy) is the vector of concentrations or mass fractions of the species depend-
ing on the spatial variable x € 2 and on time 7 > 0, and ¢ > 0 is a characteristic length scale.
Furthermore, P (y) = diag(P;(y), ..., P4(y)) is a diagonal matrix, where the periodic functions
P;j : Y — R describe the heterogeneity of the medium and ¥ = (0,b1) x --- x (0, bg) with
b; > 0 is the “periodicity cell”, a;; : R” — R are the density-dependent diffusion coefficients,
fi : R" - R models the reactions, and v(x) is the exterior unit normal vector to d<2. The the-
ory works also for reaction terms depending on x /&, but we do not consider this dependence to
simplify the presentation. The divergence operator is understood in the following sense:

n d n F
P ou®,
div (Z P(L—C)a,-j(ue)vbtj) =y @(Z Pk(g)aij(ue)a—mi)

j=1 k=1 j=1

The second homogenization limit is shown in cross-diffusion systems solved in a perforated
domain. A perforated domain Q° is obtained by removing a subset ( from 2, which gives
Q° = Q\Qg. The set € may consist of periodically distributed holes in the original domain.
More precisely, we introduce the reference set ¥ C R4 and the set Yy C Y (the reference hole)
with Lipschitz boundary I' = 3Y, satisfying Yo C ¥, and Y; =Y \ Y. Then Qg and the corre-
sponding boundary are defined by

Q= Jemo+8), =[] el +8),

EcE® EcEe

where 2¢ = {€ e R? : (Y 4+ &) C Q}, and the microscopic model in the perforated domain Q°
reads as

n
dus —diV(Za,-j(ug)Vuj) =fiw) inQ, t>0i=1,...,n, (3)
j=1

together with the boundary and initial conditions

n
Za,’j(us)Vuj- v=00n0QUTI* >0, u;0)= u? in Q°. 4
j=1

A key feature of (1) and (3) is that the diffusion matrix A(u) = (a;;(u)) is generally neither
symmetric nor positive semi-definite; see [13,14] for examples from applications in physics and
biology. Two examples are presented in Appendix C. To ensure the global existence of weak
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solutions of problem (1)-(2) or (3)-(4), we assume that the diffusion system has an entropy struc-
ture, i.e., there exists a convex function 4 € C 2((]; R) with G C R” such that the matrix product
K" (u)A(u), where h”(u) denotes the Hessian of £, is positive semi-definite. Then the so-called
entropy H (u) = fQ h(u)dx is a Lyapunov functional if f; =0:

dH
== _/w “h" (W) A(u)Vudx <0, ®)
Q

where “:”” denotes the Frobenius matrix product. Gradient estimates, needed for the analysis, are
obtained by making a stronger condition on 4" (u) A (1) than just positive semi-definiteness. Since
strict positive definiteness cannot be expected from the applications, we assume that 2" (1) A (1)
is “degenerate” positive definite. We investigate two types of degeneracies, a local and a nonlocal
one.

2.1. Locally degeneracy structure

We assume that 2" (1) A(u) > a diag((u; )i )?_, in the sense of symmetric matrices and with
o >0, s; > —1. Then (5) becomes (still with f; = 0)

——l—er/ 2s‘|Vu, 2dx <0,

leading to L>-estimates for Vu Si*1 Gradient estimates of such a type are well known in the anal-
ysis of the porous-medium equatlon. The analysis requires a further assumption: The domain G
is bounded and the derivative 4’ : G — R” is invertible. Examples are Boltzmann-type entropies
containing expressions like u; logu;. As shown in [13], this leads to u; (x, t) € GforxeQ,t>0,
and hence to L*°-estimates for u; (without the use of a maximum principle). Using a nonlinear
Aubin-Lions lemma, the global existence of bounded weak solutions was proved in [13] under
the condition that the domain G is bounded. Even when G is not bounded, the entropy method
can be applied, giving global weak solutions (but possibly not bounded) [14, Section 4.5].

2.2. Nonlocally degeneracy structure

As an example of a nonlocally degenerate structure, we consider cross-diffusion systems with
coefficients

ajj(u) = D;(Sjjupt1 +u;), i,j=1,...,n, (6)

where §;; is the Kronecker delta symbol, u,11 =1 — Z?:l uij,and D; >0fori=1,...,n are
diffusion coefficients. Such models are used for the transport of ions through biological channels,
where u; are the ion volume fractions and u,,4 is the solvent concentration. The entropy density
is given by

n+1
h(u):Zui(logui—l) foru= (ui,...,up) €G, (7)

i=1



A. Jiingel, M. Ptashnyk / J. Differential Equations 267 (2019) 5543-5575 5547

where G = {(uy,...,un) €ER" tuy, ..., un, uy+1 > 0}. Then h” (u) A(u) is positive semi-definite
and if f; =0, it holds that (see [14, Section 4.6] and [28, Theorem 1])

n

dH 172
—+ Di/(un+1|wi/ I+ [Vitni1*)dx <0.
i=1 Q

This gives an L?-estimate for Vi, 1, but generally not for Vu; because of the factor u,, | which
may vanish. We call this a nonlocal degeneracy since the degeneracy u,1 depends on u; in a
nonlocal way through the other components u ; for j #1i.

We note that our results can be extended to more general coefficients of the form

aij(u) = sDiuff”q(unH)Sij + Diulq (unyr), i, j=1,...,n,

where s = 1 or s =2 and ¢ € C%([0, 1]) is a positive and nondecreasing function satisfying
q(0)=0and ¢’'(§) > yq (&) for some y > 0 and all £ € (0, 1).

To prove the convergence of solutions of the microscopic problems to a solution of the cor-
responding macroscopic equations, we derive some a priori estimates for (u}) independent of e.
Compared to [13], the main novelty is the derivation of equicontinuous estimates for (uf ) with
respect to the time variable. This will allow us to obtain compactness properties for a sequence
of solutions of the microscopic problem defined in a perforated domain. Notice that estimates for
a discrete time derivative of («f) in L2(0, T; H'($¢)’) do not ensure a priori estimates uniform
in ¢ for the discrete time derivative for an extension of u® from ©° into €. Another important
step of the analysis presented here is the proof of an existence result for the degenerate unit-cell
problem, which determines the macroscopic diffusion matrix. Here, we apply a regularization
technique and use the structure and assumptions on the matrix A (u).

For the first main result on locally degenerate systems, we impose the following assumptions:

Al. Entropy: There exists a convex function 7 € C 2(Q : R) such that 2’ : G — R”" is invertible,
where G C (0, 1)" isopenand n > 1.

A2. “Degenerate” positive definiteness: There exist numbers s; > —1 (i =1,...,n)and o > 0
such that for z=(z1,...,2,) €E R, u=(uy,...,u,) €3G,

n
T WAz Za Y u P

i=1

A3. Diftusion coefficients: Let A(u) = (a;; (1)) € CY(G; R™ "). There exists a constant C4 > 0
such that for all u € G and for those j =1, ..., n such that s; > 0, it holds that

|a,-,-(u)|§cAuj.f fori=1,...,n.

Furthermore, P € L>®(Y; R?*4) with P(y) = diag(P;(y), ..., Py(y)) satisfies P;(y) >
do>0inY for some dy >0and foralli =1, ...,d.

A4. Reaction terms: f € C%(G;R") and there exists Cy > 0 such that f(u) - h'(u) < Cyp(1+
h(u)) foru e G.



5548 A. Jiingel, M. Ptashnyk / J. Differential Equations 267 (2019) 5543-5575

AS. Initial datum: u°: @ — R” is measurable and u%(x) € G for x € Q.
A6. Bound for the matrix 4" (u)A(u): There exists a constant C > 0 such that for all # € G and
i,j=1,...,n,

(" @) A@))ij < Cu'uf.

Let us discuss these assumptions. As mentioned above, Assumption Al guarantees the L™
boundedness of the solutions. Assumption A2 is needed for the compactness argument. For the
existence analysis, it can be weakened to continuous functions instead of power-law functions
[18], but the convergence & — 0 is more delicate. The growth estimate for a;;(«) in Assump-
tion A3 is crucial for the proof of the equicontinuity property with respect to the time variable.
The growth condition on f; in Assumption A4 allows us to handle the reaction terms. The latter
condition generally rules out quadratic growth of the concentrations; we refer to [11] for reaction-
diffusion systems with diagonal diffusion matrices but quadratic reaction terms. Assumption A5
guarantees that the initial datum is bounded; it can be relaxed to uo(x) eq. Finally, Assumption
A6 is a technical condition to ensure the solvability of the unit-cell problems. In Appendix C, we
give two examples from applications, for which the assumptions are satisfied.

To simplify the presentation, we introduce some notation:

PE(x)=Pi(x/e)forxeQ, k=1,....d, Qr=x0,T), Q5= x(,T).

Definition 1. A weak solution of problem (1)-(2) is a function u® € L°°(0, T; L*°(2; R™)) with
@)t e L2(0, T; H(Q)) and d,uf € L*(0, T; H'(Q)') fori = 1,..., n, satisfying

T

T n n n
/Z(atuf,q)i)dt ~|—// < Z Ps(x)aij(uf)Vuj -V — Zﬁ(uS)w)dxdt =0,
o =l o “ij=l i=1

0

for all p € L2(0, T; H'(2; R™)), and the initial conditions are satisfied in the L? sense.
A weak solution of problem (3)-(4) is defined in a similar way by replacing 2 by Q°.

Here, (¥, ¢) denotes the dual product between ¢ € H I(Q)/ andp e H () and the expres-
sion PEVuj - Vg, is the sum Zle P,faxkujﬂxk(pi.

Theorem 1 (Homogenization limit for problems with local degeneracy). Let Assumptions AI-A6
hold.

(1) Let u® be a weak solution of the microscopic system (1)-(2). Then there exists a subsequence
of (u®), which is not relabeled, such that u® — u strongly in LP(Q7; R") for all p < oo as
e — 0, and the limit function u € L*°(0, T; L°°(2; R™)), with ufi+1 € L%(0,T; H(Q)) and

du; € L*0,T: HI(SZ)’)f()ri =1,...,n, solves the macroscopic system
G dug
dui — Y ZM<B%"(M)E> =fiw) inQ t>0,i=1,...,n,
k,m=1£=1 8)
J (

. it dueg 0.
Z vaBmk(u)a—:OOn 902, >0, u;(0)=ulin,
kym=1 =1 Xk
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where (Bri'fk (u)) is the homogenized diffusion matrix defined in (28).

(ii) Let u® be a weak solution of the microscopic system (3)-(4). Then, up to a subsequence
and by identifying u® with its extension from QF into 2, u® — u strongly in L?(Qr; R") for
p < 00, where u, with u““ € L%(0,T; H () and d;u; € L*(0,T; HY(Q)) fori=1,...,n,
is a solution of (8) with the macroscopic diffusion matrix (B’ (1) defined in (30).

For nonlocally degenerate systems (1) or (3) with diffusion coefficients (6), the weak solution
is defined in a slightly different way than usually, since the regularity u} € L?(0, T; H'(R)) may
not hold. We recall the definition from [13].

Definition 2. A weak solution of (1)-(2) with diffusion coefficients (6) are functions uf{, ..., u;,
anduy, =1~ Y oioy u satisfying uf >0, Uy 1 >0in Qr,ui € L0, T; L2(Q)), (u

172,
n+1)
(Wi )"?uf € L*(0,T: H' (Q)),B,ui € L*(0,T; H' (Q))forz =1,...,n, and

T n
/Zwtul,gol ars [ [ 3P eopiag.
0

o i=l &)

x (V((uhe) ) = 30V (g )2 - Veidxdr =0

for all ¢ € L2(0, T; H'(2; R")), and the initial conditions are satisfied in the H!(€2)’ sense.
A weak solution of problem (3)-(4) with diffusion coefficients (6) is defined analogously by
replacing Q2 by Q°.

Theorem 2 (Homogenization limit for problems with nonlocal degeneracy). Let Assumptions Al
and A5 hold.

(1) A subsequence (u®) of solutions of the microscopic problem (1)-(2), with the matrix

A defined in (6), converges to a solution u € L0, T; L*°(2; R")), with u,llfl, u,llflu, €

L0, T; HY(RQ)), d;u; € L>(0, T; HY(Q)') fori =1, ..., n, of the macroscopic equations

oru — div (DhomA(u)Vu) =0 nQ, t>0,
DhomA(u)Vu -v=0 onof2, t>0, u(0)=uying,

(10)

where the macroscopic matrix Dyon, is defined in (46).
(ii) In the case of the microscopic problem (3)-(4), we obtain the same macroscopic equations
as in (10) with a different macroscopic diffusion matrix given by (47).

3. Proof of Theorem 1

For the proof the theorem, we show some a priori estimates uniform in ¢ for solutions of the
microscopic problems (1)-(2) and (3)-(4). We suppose throughout the section that Assumptions
A1-A6 hold. First, we recall the following elementary inequalities.

Lemma 3 (Holder-type inequalities). Let a, b > 0 and p > 1. Then

la —b|” < la? —bP| < p(a’~' + b7 a - b].
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The a priori estimates for problem (1)-(2) are as follows.

Lemma 4 (A priori estimates). For any & > 0, there exists a bounded weak solution u® of problem
(1)-(2) such that u®(x,t) € G forx € Q, t > 0 and

1@ 20,71 ) < € fori=1,....n, (11)
Il 20,711 (2)) < C for —1<s; <0, (12)

19euf —ufll 20, 7—r)wey < CT'/* for —1 <5 <0, (13)
190§ — U1l 245 (0.7 —ryxry < €T/ T2 fors; >0, (14)

where Vouf(x,t) =ui(x,t + 1) for x e Qand t € (0,T — 1), for T € (0, T), and the constant
C > 0 is independent of €.

Proof. Theorem 2 in [13] shows that there exists a bounded weak solution u® to (1)-(2) sat-
isfying u®(x,t) € G for x € Q, t > 0. Estimates (11)-(12) are a consequence of the entropy
production inequality, which is obtained by taking an approximation of (94 /du;)(u®) as a test
function in (1). Notice that the dependence on x € €2 is via multiplication by a diagonal matrix
P%(x), so the entropy h(u) does not depend explicitly on x. Since the entropy /4 is generally
undefined on G, the equations in [13] have been approximated, and the existence of a family of
approximate solutions satisfying (11) has been proved. Then the convergence of the approximate
solutions in appropriate spaces for vanishing approximation parameters directly leads to (11).
Thanks to the positive lower bound for P (uniform in ¢), we see that estimate (11) is indepen-
dent of €.
Estimate (12) for —1 < s; < 0 follows from (11) and the boundedness of u°:

1 .
—Si i+1
IVuill 2 = m”blfHL;c(QT)HV(uf)s 22 = C.s

fori =1,...,n, where C > 0 is here and in the following a generic constant independent of
&. The boundedness of (#°) (uniform in &) is ensured by the assumptions on %, see Assump-
tion Al.

It remains to show (13) and (14). For this, we use the (admissible) test function ¢ =

(@1, ..., ¢,) with

t
¢i(x, 1) = /(ﬁ,uf(x, o) —uji(x,0))k(0)do if 5; <0,
-7

t

¢,~(x,t):/((ﬁ,uf(x,a))si"“l—(uf(x,o))siH)K(a)da ifs; >0,

-7

wheret € (0,7),i=1,...,n,k(c)=1foroc € (0,T —t)andk(c) =0foro € [—7,0]U[T —
7, T]. This gives
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T
0= / Z Opuj, pi)dt + / / Z P (x)ai; (u) Vil - Veydxdt
0 Q

i,j=1

n

T
// fiw®)pidxdt =11 + I, + I5.
0 @

i=1

We integrate by parts in the first integral, taking into account that ¢, (0) = ¢;(T') = 0. Then, for
alli=1,...,n suchthats; <O,

T T
/8,ul,¢>, //ufa,¢>,-dxdz
0 0 Q

—-T

T T
[ [ —uaar+ [ [t —o-cuiraxar
0 Q 2
T/—r
0

T—t1
/uf(ﬂ,uf—uf)dxdt—{— / /l?mf(l?,uf—uf)dxdt
Q 0 Q

_Q

T—t
=//(ﬁtuf—uf)2dxdt.
0 Q

In a similar way, for those i =1, ..., n such that s; > 0,

/(8,u1,¢>, =//(z5‘u ub) (Ouf) T — @t dxd:.

Lemma 3 with p =s; + 1 gives

[Peuf —uf 1" < @) = ).
Thus, still in the case s; > 0,

T
/ 8tut’¢l
0

T—1
/ (b —uf) it 2dxdr.
Q

o\

We conclude that

-7

T n n
113//< Yo @l —ub) Y (ﬁ,uf—uf)z)dxdr.
0 Q

i=1,s5>0 i=1,s5<0



5552 A. Jiingel, M. Ptashnyk / J. Differential Equations 267 (2019) 5543-5575

For the second integral 1>, we use the relation

T—tt+t

/u)(t)/v(cr)dadt— / /w(o)dov(t)dt

where v(t) =0 fort € [—7,0]U [T — t, T], to infer that

n 1+t

I = / Z PE(x)V((ﬂfuf)SiH _ (uf)siJrl) ) /aij(ug)Vuiddedt
Qr_¢ i,j=1.5>0 t
i+t
/ Z PE()V(Druf —uf) - /al](u‘g)Vugdadxdt
T-t ij=1,si=0 t

Again, we distinguish between the cases s; < 0 and s; > 0. Employing the Cauchy-Schwarz
inequality we have

a;jj (u®)
(W)™

n
\Ll<7'?C )

i,j=1,5;,5;>0

sit1 s+l
IV ()i ||L2(QT)||V(M§-)€-’+ 222
L (Qr)

n

+12C Y ai@®)lleo@n 1V @ 20 IV L 20y

i,j=1,5>0,5;<0

n

+12¢c Z

i,j=1,5<0,5;>0

a;j(u®)
()%

VU 2@ IV @ 2
Lo°(Q7)

n

+12C Y llai @) Lo IV 2@ VS 2y < CT'V2,

i,j=1,s;,5;<0

in view of Assumption A3 and estimates (11)-(12).
It remains to estimate /3. The boundedness of u® yields

t+1
e // 5 [ Vs 0y - iy axar
i=l,5>0%
T—t t+1
+// Z /If:(ug)ldSIz‘}u —uf|dxdt < Cr.
0 o i=lsi<0%

Putting these estimates together, we infer that (13) for s; <0 and (14) for s; > 0 holds, conclud-
ing the proof. O
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Lemma 5 (A priori gvtimates). For any ¢ > 0, there exists a bounded weak solution u® to (3)-(4)
such that u®(x,t) € G forx € 2, t > 0 and

1@ 207 1100y < C fori=1,...,n, (15)

ISl L200.7: 11 ey < C for —1<5; <0, (16)

0 cuf — ufll 20,7 —ryxaey < CT/* for —1<s; <0, (17)
190Ul — Ul 24 (0.7 —ryxrey < CT /20 for s; > 0, (18)

where ﬁruf(x, 1) = uf (x,t+71) forx € Q% t € (0, T —1), and the constant C > 0 is independent

of e.

Proof. The proof of a priori estimates (15)-(18) follows the same steps as in the proof of
Lemma 4. Thanks to the structure of the proof, all estimates in Lemma 4 can be obtained for
QFf instead of €2, independently of . O

Remark 6 (Extension). Our assumptions on the microscopic structure of 2° ensure that there
exists an extension u? of u¢ and (uf)%*! of (uf)**! from QF to Q with the properties

lufl 2y < mllufli2iey. IVl 2y < I VUl 2(ge) for — 1 <s; <0,

, si+1 o si+1
||(u}9)s’+l ||L2(gz) = l’«”(“}g)Y * ”LZ(QE)’ ||V(M};9)Y’+1 ||L2(Q) = M”V(uf)Y * ||L2(528)

for t > 0, where u > 0 is some constant independent of ¢; see, e.g., [6] or Appendix A for
details. O

Lemma 7 (Convergence). Let u® be a weak solution of (1)-(2) or (3)-(4). Then there ex-
ists a subsequence of (u®), which is not relabeled, and functions u € L*°(0, T; L*°(Q2; R")),
with ul ™ € L20,T; H\(Q)) fori =1,...,n, Vi,..., V, € LX(Qr; Hp. (Y)/R) such that, as
g—0,

ui — u; strongly in L? (Q7), p < 00, (19)
(uf)s"+1 — uf"H strongly in L2(QT)f0r s;i >0, (20)
V@)t — vt weakly in L*(Qr), 1)
V(uf)‘”+l — Vu‘;"Jr] +V,V; two-scale, i =1,...,n. (22)

In the case of solutions (u®) of (3)-(4), convergence results (19)-(22) hold for a subsequence of
the extension of (uf)‘“"“1 and of u? from Q% into Qr, fori =1, ..., n, considered in Remark 6.

Proof. For s5; < 0, estimates (12) and (13) allow us to apply the Aubin-Lions lemma in the
version of [24], giving the existence of a subsequence, not relabeled, such that u? — u; strongly
in LZ(QT). Since (uf ) is bounded in L*°(27), by construction, this convergence even holds in

LP(Q27) for any p < oo.
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For s; > 0, we apply Lemma 3 with p =s; + 1 and the bounds [J.uf| <1, [uf| < 1:

19 @) — @ o ) < CllOcuf — uf |l 2,y < CT/ D,
Hence, by applying the Aubin-Lions lemma of [24] to (uf)s'*l, we deduce the strong conver-
gence (uf)**! — w; in L*(Qr) as ¢ — 0 for some w; € L?(Q7) with w; > 0. In particular, up
to a subsequence, we have (ul.)siJrl — w; a.e. in Q7 and consequently, u{ — u; := w}me)
a.e. in Q7. Since (u?) is bounded in L*°(27), it follows that u{ — u; strongly in L?(Qr) for
any p < oo and also (uf)si‘Irl — (u;)5t! strongly in LZ(QT), which proves (20).

Convergence (21) follows from the bound (11), possibly after extracting another subsequence.
Finally, the two-scale convergence (22) is a consequence of the boundedness of V(uf)si *1in
L%(Q7); see, e.g., [2,20] or Lemma 15 in Appendix A.

In the case of solutions (1) of problem (3)-(4), we consider extensions of uf and (uf)si+1
from Q°F into Q as in Remark 6, fori =1, ..., n. The properties and the linearity of the extension
and the a priori estimates from Lemma 5 imply the corresponding estimates for E, for those i
such that —1 <s; <0, and (uf)%*1in L2(0, T; H'(Q)), for 9zuf —uf in L2(Qr) if =1 <s; <
0, and for ¥ (uf)%+1 — (uf)%+! in L>*(Qy) for s; > 0.

We conclude from the estimates for u_f that there exists u; € L2(0, T; H'(Q)) such that, up
to a subsequence, u_f — u; strongly in LZ(QT) for —1 < s; < 0. Furthermore, the estimates

&

for (uf)si +1 ensure that there exists w € L2(0, T; H'(2; R™)) such that, up to a subsequence,
wf = (u;9 )sit1 converges strongly to w; in L2(Q27). This ensures also the a.e. pointwise conver-

gence of (wf)l/(sf*'l) = ((uf)si“)l/(siH) to wl.l/m“) in Q7 as ¢ — 0. It remains to prove that

1/Gi+1) _
w; =u;
The properties of the extension imply that (wf)l/ i+ js uniformly bounded as uf is uni-

formly bounded. We deduce that, up to a subsequence, (wf)/i+D — /O grongly in
L%(Q7). Notice that, due to the construction of the extension, we have ((u7)si O Git+D — uf in
Qf.For —1 <s; <0, weapply Lemma3toa = (u;") ", b= (") and p=1/(s; + 1) >
and use the properties of the extension:

[yt = G 2 g, = @) = @ | o

2(si+1)

& 5 “Em &g ||2(si+1)
= M ”uim - uie”Lz(er) = MZHuim - u,'(” ‘

L2(Qr)’

whereas for s; > 0 we obtain

Em 0|2 Em o2 Emysi+1 eonsi+112/(si+1)
||ui —u; ||L2(S2T) =< /‘L”ui —u; ”LZ(QST) = M1 ”(”l )T — (ui ) ”LZ(QET)
z - TN 2/(si+1)
< 723 H (uinz)s,+1 _ (uil)sl+1 ||L2(g’2T) .

Hence, if —1 < s; <0, the strong convergence of u_f implies the strong convergence of (uf)%+1,

while for s; > 0, strong convergence of (u¢)%*! ensures the strong convergence of E Therefore,
denoting by xqe the characteristic function of Q°¢,
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[Y1]

m ujpdxdt = hm/u xqspdxdt = hm//u ¢dxdt

Qr 0 Q@°f

= 11m/(wg)l/(sl‘*‘l)xgpq&dxdt_ ||Y]|| w!/ D gdxdr,

Qr Qr

for any ¢ € C3°(27). We deduce that wl.l/(s"H) u; and consequently w; = u; Sitl ge.in Qr.

The boundedness of V (u])* *+1 and the properties of the extension ensure the convergence results
in (21) and (22). Hence, we obtain convergence results (19)-(22) for a subsequence of (E) and
((uf)si*1), respectively, finishing the proof. O

Proof of Theorem 1. Using the convergence results in Lemma 7, we are now able to derive the
macroscopic equations for microscopic problems (1)-(2) and (3)-(4).

The strong convergence of (#f) in LP(Q27) for any p < co and Assumption A3 imply that,
for those j satisfying s; > 0,

aij(u®)  ajj(u)

Wy )Y

strongly in L? (Q7)
and also weakly* in L°°(27), where we set g;; (u)/uj:" :=0if u; = 0. For those j with s; <0,
it follows that

a;j (u®) N a;j(u)

@) ()

aij(u®) — ajj(u), strongly in L? (Q7).

Furthermore, f;(u®) — fi(u) strongly in LP(27), for p < co. Notice that we use the same
notation for u{ or (u;?)si‘H and the corresponding extensions from ° into € when considering
problem (3)-(4) defined in the perforated domain Q°.

Step 1: problem (1)-(2). We use the admissible test function ¢® = (¢7, ..., ¢7) in the weak
formulation of (1)-(2), where

L, ) =P (x, 1) + e} (x,1,x/8), i=1,...,n,

with ¢ € C1([0, T1; H'()) such that ¢ (x, T) = 0 and ¢! € C}(Qr; Cl,(Y)). This gives

per

T
— 6 & ’J( ) s+l e
T

— / fw®) - ¢Cdxdt =: 118 + 128 + 138. 23)
Qr

We perform the limit ¢ — 0 in the integrals I,/ term by term, for k =1, 2, 3. Using the strong
convergence of (uf), we obtain
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hnz)ll =— hm <// £ (09" + £0,0" )dxdt+/u 0) - (d) ©0)+¢cop (O))dx)

Q
T
——//w@wwm—/W¢%wm
0

Q Q

T
n%gz—//jmywwm.

0 Q

The limit ¢ — 0 in /5 is more involved. By (22), we have V(uj)sﬂrl - Vuj.j+1 + VyV;
two-scale. Furthermore, we deduce from the definition of P¢, the strong convergence of (u°)
and the strong two-scale convergences of (P (x/¢)) and (V¢;) that

P(y) ‘;( )(qu +Vyph)

J

.. &
Jim, H P () ) G e =|y|7'/?

()%

LX(Qr)

L2(Qr xY)

fori, j=1,...,n. Therefore, by Lemma 17 in Appendix A,

a s
zﬁ//][ 3 P o~ 1 (0 )g, (Vi £, - (V90 + V9 dyddr,
Y i,j=1 J

as e — 0, where f, (---)dy = |[Y|™! [, (---)dy. Hence, the limit & — 0 in (23) leads to

T
—//u-8,¢0dxdt—/u0.¢0(0)dx
0 Q s
T
+//][ Z (s ailj—(lu)) (Vu;jH+Vyvf)'(v¢?+vy¢il)ddedf (24)
0 y bi=l J

T

=//ﬂm¢%ML
0 Q

Next, we need to identify V;. For this, let first d)? =0fori=1,...,nin (24). Then

T

0= /// Z AL (M) s, (Vuj-jﬂ +VyV)) - Vyojdydads. 25)

0 y L=l (SJ

We insert the ansatz
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V(txy)—zz ”“(r OWE @y, j=1...n,

k=1 {=1

with functions WJM, which need to be determined, in (25):

o= [ [ St T o (s

I(SJ+1) j m=1

ausl+] n d a; (M) awkl 3¢1
Py (y) ! - ( 4 +5km8-g)—ldydxdt,
/ / Z Z dxi i,jZ=1 m2=1 ( 7 ") Oym

Gy v k=1t=1 sj+Duj \ 9ym

Sj+l

n A[+1 aWk/Z ¢’1
) Ldydxdt

d
kz KZ Oxr  Oym

OYm

Xm

where dy, is the Kronecker symbol. By the linear independence of (Buzﬁl /0xi)ke, we infer that

y Wkt 90!
/ZZ P(y) 22 j( ] +3km3jz>$dy,

y bLi= 1m=1 (j+1)uj Bym

fork=1,...,dand £ =1, ..., n. This means that the functions le_ce are solutions, if they exist,
of the linear elliptic cross-diffusion equations

- Jwke
Z Z (Pm(ym,-j(u(x,r))( / +8jz8km)>:o,
0Ym
m=1i,j= l
where
Cl(l/l)
l]( )= l] 5; i,j=1, ,n
(sj+1)uj

More precisely, W]u are the solutions, if they exist, of the elliptic problem

divy (P Au(x, 1) (Vy W + ere)) =0 inY,

/W“(x,y,t)dy =0, W¥is Y-periodic, j=1,....n (26)
Y
fork=1,...,dand £ =1, ..., n, parametrized by (x, t) € Qr, where e; and ¢, are the standard

basis vectors of R? and R”, respectively, and exey is the matrix in R?*" with the elements
8kmd j¢. The solvability of (26) is proved in Lemma 8 below.

Setting ¢! = 0 and arguing similarly as above, we can write the macroscopic equations (24)
as
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T T d

—//Zu,»a,¢?dxdz+/ Y. D B 2 097 g

0 o i=l 0 o km=lit=1 0xk 0m
/ / Z fiw)@Pdxdr + / Zu $2(0)dx, 27)
0 o =1

where

n

) i 1 S¢ aka
B = :<a,»,-<u><skm5,-z ][ Po(y)dy 4“4t Dy ][ Po(y) dy>. 28)
= ] (sj+ Du; J

Ym

From equation (27) and ué i+ e L%(0, T; H'()), we obtain d,u € L2(0, T; H(Q; R")).
This, together with the boundedness of u;, implies that 8,u§i+l e L*(0,T;: HY(Q)') for s; > 0.
Hence, u; € L>(0, T; HY(Q))NH' (0, T; H'(Q)') for those i satisfying —1 < 5; < 0 and uf"H €
L%, T: HY(Q) N H' (0, T; H'(Q)') if 5; > 0. Therefore, u;, ujf“ e CO([0, T1; L3(R)) for
those i, j =1,...,n satisfying —1 <s; <0 and s; > 0. Consequently, the initial datum is satis-
fied in the sense of L2(2).

Step 2: problem (3)-(4). We use the two-scale convergence of V(uf )i+l and take the limit
& — 0 in the weak formulation of (3), i.e.

/a,u %) dt+// Z Yo a”l()u(u)e)y (uj.)Sf“-v¢fdxdt=/f(u8)-¢€dxdt

Qf
to obtain the macroscopic equation
r W
aij(u 41
//][ Z — u;'ﬁ +VyV;) - (V9] + Yy )dydxds
— G+ l)u

0 Y

T T
—//u.a,¢0dxdt—/u°.¢0(0)dx=//f(u).¢°dxdz. (29)
0 Q Q 0 Q

Repeating the calculations from Step 1, we arrive at the macroscopic problem (8) with the macro-
scopic diffusion matrix

n

Bl =) (ai,- (u)8km e +

j=1

; se g Wke
a,](u)(Sg+l)ue][ ] dy), (30)

(sj+ 1)uj.f dVm

1

where W for k = 1,...,dand £ =1, ..., n are the solutions of the unit-cell problem
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divy (AGu(x, 0)(Vy W + erer)) =0 in 1y, / W (x, y,t)dy =0,
Yy (3D
Au(x,0)(VyWH +ecer) - v=0 onT, Wt is Y-periodic,

where j =1, ..., n. This finishes the proof. O
It remains to prove the solvability of the unit-cell problems.

Lemma 8 (Solvability of the unit-cell problem). There exist weak solutions of the unit-cell prob-
lems (26) and (31), respectively. The solutions are unique on {u; >0:i=1,...,n}.

Proof. Let us first consider problem (26). Since A (u(x, t)) may vanish, the unit-cell problem is
of degenerate type. Therefore, we introduce the regularization

divy (P () Aus(x, 0))(Vy WK +eper)) =0 inY,
/ Wi (x, y,0ndy =0, Wy is Y-periodic, j=1,....n, (32)
Y

where us j(x,t) = (uj(x,t)+6/2)/(1+6) for j =1,...,n. Since 0 <u;(x,t) < 1, it follows

that 0 < §/(2+28) <us,j < (2+8)/(2+ 258) < 1, which avoids the degeneracy in Assumption
A2. Furthermore, we define

Wit (x, y.1)

- KL (x, Y, .

Wy =02 =1
’ ua)j(x,t)

Then VT/;‘Z satisfies the problem
divy (P(y)(A(us(x, ) Vy Wi + Aus(x, 1))exer)) =0 inY,
/ Wi (x.y.ndy =0, Wf is Y-periodic, j=1,....n. (33)
Y

Notice that us(x, t) is independent of y € Y. The weak formulation of the elliptic problem reads
as

n d
0= / > ZPm(y>(a,-,-<u5(x,t)>aymw§ﬁ+a,-j<ua<x,r))sjeakm>aymwidy
Y i,j=1m=1

n

- /( Z P(y)aij(us(x, f))VyWSk,Zj Vyvi Zpk(y)aig(ua(x, 2 31}1 )dy.

y bi=l i=1

We take the test function y; (x, y, 1) = > _ | dimh(us(x,1))dm (y), where djuh = 92h /(D& DEp)
and ¢, is another test function:
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0= / ( Y PO imh(us)aijus)Vy W' - Vydm - ¢ )

y i,j,m=1 i,m=1

We rename m +— i and i — m and use the symmetry of the Hessian (9;;,h):

0=/< Z P(y)aimh(ué)amj(MS)V}'Wécﬁ. ~Vy¢1 Z Pk(y)almh(us)am[(ug)i)
Y ijm=1 i,m=1
Z/( 2 POIH W) A ) Vo Wiy - Vo +ZPk(y) (h" (s)Aws)),, d)l) y.
ij=l1 i=1
Y (34)

The assumptions on A(us) and h(ug) imply that h”(us)A(us) is positive definite in Q7, giv-
ing coercivity of the elliptic problem. Furthermore, for any fixed § > 0, the coefficients of
h"(us)A(us) are uniformly bounded. Therefore, we can apply the Lax-Milgram lemma to con-
clude the existence of a unique solution sz (x,,1) € ler(Y' R™) of problem (34). As h” (us)
is invertible, we may consider ¢ = h'”"(us)~ 11# as a test function in (34), which means that the
function Wk( (x,-, )= ”a] (x,1) sz (x,-,t)for j =1,...,n also solves (32).

The next step is the derlvatlon of bounds uniform in 8 To this end, we take the test function
Wg‘z (x,-,1) 11/1\(34), take into account the lower bound P(y) >do > 0fork=1,...,d, and the
definition of A(us(x, 1)), and apply the Cauchy-Schwarz inequality. This leads for any o > 0 to

2s Iy (0" (us) A(us))? ) 2
do/Zu vy W31|dy<C(,/Z D — Yty 4o Zuajw “Idy.

y Jj=1 y it=1 518[ y Jj=1

Choosing o = dp/2 and using Assumption A6, we find that

(W (us)A(us))?
/Z‘V WS/’ dy<Cd0/2/ Z ;sz 25z8 IZd =¢C

y Jj=1 y it=1 uétSZ

where C > 0 does not depend on §. As the mean of Wakl; vanishes, the Poincaré-Wirtinger in-

equality gives a uniform estimate in H'(Y).

The uniform estimate for W(ske implies the existence of a subsequence, which is not relabeled,
such that sz WXt weakly in H'(Y; R") as § — 0, for x € Q and r > 0. Hence, we can pass
to the limit 8 — 01in (32) to conclude that Wk is a solution of (26).

We claim that the solution is unique on the set {(x, ) : u;(x,¢) > 0fori =1, ..., n}. Indeed,
taking two solutions W(kf; and W(kf) of (26), choosing (x, t) such that u; (x, t) > 0 and arguing as
before, we obtain

IV (WES i = W& Dl ey <0

fork=1,...,dandi, £ =1,...,n. This implies that W(kf) = W“ and proves the claim.

The same arguments ensure also the existence of a solution of the unit-cell problem (31) and
its uniqueness for those x € 2 and t > 0 satisfying u; (¢, x) > O foralli =1,...,n. O
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4. Proof of Theorem 2
First, we state an existence result which follows from [28].

Lemma 9 (Entropy inequality). There exists a weak solution u® = (uf, ..., uy,) of problem (1)-(2)
with the diffusion matrix (0) in the sense of Definition 2. This solution satisfies the entropy in-

equality

T n

/h(ue)dx—i—C// (u;+1|V(u§)‘/2|2+|V(u;+1)1/2|2)dxdtg/h(uo)dx, (35)
Q 0 @ =1 Q
where C = domin;—1 ., D;. A similar estimate with Q replaced by Q° holds for solutions of

problem (3)-(4) with the diffusion matrix (6).

Proof ideas. The existence of a weak solution u® follows from Theorem 1 in [28] for p; (u) = D;
(i=1,...,n)and ¢g(s) = s. The entropy inequality (35) follows from inequality (33) in [28] in
the regularization limit. A direct proof of estimate (35) using the definition of a weak solution of
(1)-(2) or (3)-(4) with the diffusion matrix (6) can be found in Appendix B. O

Lemma 10 (A priori estimates). Weak solutions of (1)-(2) with diffusion matrix (6) satisfy

12
DY uil 20,711 < C>

([
G2 20,710 @) + 10D Y2 20,711 @) <

0wl — byl L5y < CT'72, (36)
192 (Gl 0V2uf) = il ) Pul Nl 2@y < €210,

foralle >0andi=1,...,n, where ¥ v(x,t) =v(x,t+71) fort € (0, T —t)and t € (0,7)
and the constant C > 0 is independent of ¢.

Proof. The entropy production inequality (35) shows that there exists C > 0 independent of &
such that foralli =1,...,n,

G D21 20, 75110y + 1@l )2V W 20 < C. 37)
Because of

V(005" 0f) = 20 ) VG ] ),
estimate (37), and the boundedness of uf fori =1,...,n, we conclude that

|IV((MZ+1)1/2L¢?)||L2(QT) SC, = 1,...,1’1.

Adding this inequality for i =1, ..., n and recalling that /| Vuf = —Vu_ |, it follows that

n+1°
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s Y 20,7110 < C-

It remains to verify the uniform estimates on the equicontinuity of u® with respect to the time
variable. For this, we define similarly as in the proof of Lemma 4

t

Px.1)= / (Ve Y — W )Pk (0)do

1—T

forsome t € (0, T), wherex (o) =1foro € (0, T —t) andx(0) =0foro € [—7,0]U[T —7, T].
We take ¢ as a test function in the sum of equations (9) fori =1, ..., n and use Lemma 3 with
p = 3/2 and the Cauchy-Schwarz inequality to infer that

T

T—
€ e 5/2 € e (52
||ﬂfun+1 - ”n+1||L5/2(QTfr) = / /|ﬂfun+1 - un+1| dxdt
0

Q
T—t
= / /(ﬁfufﬂrl — g ) (90 )Y = (i )Y)dxdi
0 Q
T—t t+1 "
< C' / /(/ Pf(x) Z(A(Mg)vug)ido> . V(ﬁf(“2+1)3/2 _ (M,i+1)3/2)dxdt
0 Q t i=l1

t+7 2 % \ .- 1
/ [/Z(A(uf)wf),-da] dxdt} { / V(9D — ()] dxdt} )
p o i=l

Qr—q = Qr—r

|

The second factor on the right-hand side is uniformly bounded since V (u} +1)3/ 2 is bounded in

L%(Q7). The first factor can be estimated from above by using definition (6) of A(u®) and the
uniform estimates for (uZH)l/zVuf as well as V(uf,+l)1/2:

-7 t+t n 2
/(/Z(A(ug)w*?)ida> dxdt
Q 1 i=1

-7

o~

~

n
2
e [ [uin 3 (1900 ) + 19 ) PP Ydrds < .

Q i=1

o

‘We conclude that

1/5
||ﬂruf,+1 - ui+] ”LS/Z(QT—r) f CT / .

To prove the remaining estimate in (36), we take the test function
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t

Gi(x,1) = / O (Wl D2 (0 (Wl D Puf) — () ?ul i (0)do

-7
in (9) fori =1,...,n. A computation shows that

g n

/ 3 (e () 20y — ) u) ded

o7

Q i=1
T—t t+1 ,
+///ZPg(x)Di[(quH)l/zV((uiH)]/zuf)—3uf(uz+])l/2V(ui+])l/z]
0o o t =1

xV[z? (W, V) (90 (W, ) 2uf) — ) u f)]dadxdz

/ D (P ) — e )) (92 ) 2 — ()2 v
Q

=

i=1

IA
= O\}’ﬂ

9 0D = @) 2,

U ((“fwrl)l/z”f) - (”fwrl)l/z“f ”LZ(QT_I)'
i=1

The second integral on the left-hand side is bounded by Ct!/2 in view of the gradient estimates in
(36). We infer from Lemma 3 with p =2, a = 9, (ufl+1)1/2, b= (unJr )!/2 and the third estimate
in (36) that

1/10

1/2
e i)' = @D liaar_ < Cle — w0l g, < CT

LYX(Qr-1)

finishing the proof. O

Remark 11. Similar uniform estimates as in Lemma 10 hold for the solutions of problem (3)-(4)
with the diffusion matrix (6) defined in a perforated domain with the only difference that the
domain €2 has to be replaced by Q°:
1/2
[y / ”f”LZ(o,T;Hl(szf)) =C,

12 3/2
G D207 10y 106> 20,7120y < Cs

”'l?-gufl_’_l _ufl-i—l HLS/Z(Q‘;) SCTI/S’ (38)

||ﬁf((ufl+l)l/2ul§) - (uf1+1)1/2"tf||1‘2(g2§_7z) =< C‘Cl/lov
fori=1,...,nand Q7 =Q° x (0,T). O

The uniform estimates in Lemma 10 yield the following convergence results.
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Lemma 12 (Convergence). Let u® be a solution of (1)-(2) with diffusion matrix (6) satisfy-

ing estimates (36). Then there exist functions uy,...,u, € L0, T; L®°(R)), with u}lflui,
u,/’ € L20,T; HY(), and functions Vi, ..., Vys1 € LX(Qr; HL(Y)/R) such that, up to

subsequences,

Up | = Untl strongly in L (Q271), p € (1, 00),
ui — u; weakly in L (Qr), p € (1,00),
W P = g )'? weakly in L0, T; H'(Q)),
Wl ) 2uf — () P strongly in L*(Q7), (39)
s )2uf = ()P weakly in L*(0, T; H' (),
V(g )" Puf) = V() i) + Vy Vi two-scale,
Vs )" = V) + Vy Vg two-scale,
ase — 0, wherei=1,...,nand up41=1->1_ u;.

Proof. The estimates for u;,  in (36) and Lemma 3 with p =2 show that

1/2
||19‘[(Mfl+1)1/2 — (Mfl+l)1/2||L2(QT,,) < ||19r”f,+1 _ ufl_i,.] ||L/2(QT_T) < C'L'l/lo.

Thus, together with the uniform bound for ui 11 in L2(0, T: H'(Q)), the Aubin-Lions lemma

[24] implies the existence of a function w € L*(Qr) and a subsequence (not relabeled) such that
(uf_)'/? - w strongly in L?(Q7) as ¢ — 0. In particular, possibly for another subsequence,
(uer])l/2 — w a.e. in Q7. Then, defining u, 4+ := w? > 0, it follows that ule — Uy a.e. in
Q7 and, because of the boundedness of uf |, also u®, , — u,y1 in L?(Q7) for any p < oo.

n+1° n+1
The weak convergence of (uf) to u; in LP(Q27) for p < oo is a consequence of the uniform

L®-bound of uf. As a consequence, (quH)l/zuf — ulllflui weakly in L?(Q7). By the first

estimate in (36), a subsequence of ((uflﬂ)‘/zuf) is weakly converging in L%(0,T; H(2)), and

we can identify the limit by u if 1u; . In fact, this limit is strong because the first and last estimate

in (36) allow us to apply the Aubin-Lions lemma again to conclude that, for a subsequence,
Wl )" ?uf — urllflu,- strongly in L2(Q7).

Using the first three estimates in (36) and the compactness theorem for two-scale convergence
(see Lemma 15 in Appendix A), we obtain the two-scale convergences in (39). O

The uniform estimates (38) lead to the following convergences for the extensions E,

(”z+1)1/2’ and (ufl+1)‘/2uf from Q° to Q of uf, (uf,+1)]/2, and (uflﬂ)l/zuf, respectively, where
i=1,...,n and u® is a weak solution of problem (3) and (4) with the diffusion matrix (6).
For any ¢ € LP (%), we denote by [/]™ the extension of ¢ by zero from Qf to Q7.

Lemma 13 (Convergence). Let u® be a solution of (3) and (4) with the diffusion matrix (6), sat-
isfying estimates (38). Then there exist ui,...,u, € L*(0, T; L*°(2)) with urllflu,-, urllfl €
L*(0,T; H'(Q)) and functions Vi, ..., Vuy1 € L*(Qr; Hpr(Y1)/R) such that, up to subse-

quences,
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ufH_l — Up+1 strongly in LZ(SZT),
(V2 — u,llfl weakly in L*(0, T; H'(2)),
(i 1™ — Ou; weakly in L (Qr), p € (1,00),
(Mflﬂ)l/zuf — unflu, strongly in L*(Q7),
W DOV2ul = w2 u; weakly in L2(0, T; H'(Q)),  (40)
[(“fz+1)l/2”}9]~ — X1 u,if] uj two-scale,

[V () PuH™ = xy, (V(u}lflui) +V, Vi) two-scale,
[V(ui+1)l/2]N — Xy (Vuifl + VyVig1) two-scale,
fori=1,....n,upp1=1=3"_ u;, 0 =|Y1|/|Y|, and xy, is the characteristic function of Y;.
Proof. As in the proof of Lemma 10, we obtain the uniform estimate

192 )V = iy )Pl 2y < T

Then, together with the uniform bound on (£, )!/? in L*(0, T; H'(Q¥)), the properties of the
extension of (un +1)1/ 2 from QF to €2, and the Aubin-Lions lemma [24], we conclude the strong
convergence (up to a subsequence)

(uf,)1/? —w strongly in L*(Qr)

as ¢ — 0. To identify the limit, we use the properties of the extension, the boundedness of u® nils

and the elementary inequality |a — b| < 2|/a — ~/b| for 0 < a, b < 1 (also see Lemma 3) to find
that

”"‘n+1 n+l ” L2(Qr) = C”“n+1 n+l l2@g) = C” (”2’11)1/2 (u n+l)]/2 ” L2(95)

< Clan DV = k) /2”L2(QT)’

for a sequence (&) en . Thus, the strong convergence of (uf , )!/? in L?(Qr) implies the strong

convergence u® | — up41 in L2(QT). Then the weak convergence

n+1

9/ 1/21¢dxdt_ hm /(”nH) 2 xqe pdxdt = hm /(“n+1) " xoe pduxd

Qr Qr
= hm/(u DY xespdxdr =6 /w¢dxdt
Qr
172

for any ¢ € Co(27) shows that w = u
in (40).

nq1 ae.in Q7. We have proved the first two convergences
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The uniform estimate for (V(ufl " 1)1/ 2y and the compactness results for the two-scale conver-
gence, see, e.g., [2] or Lemma 16 in Appendix A, imply the last convergence in (40). Moreover,
by the first and last estimate in (38) for (u;, 41 W 2uf, the properties of its extension from Q° to

€2, and the Aubin-Lions lemma, it follows that, up to a subsequence, (u;, | )4 Zu‘f — v; strongly

in L?(Q27) and weakly in L>(0, T; H'(2)). We need to identify this limit. To this end, we first
observe that, thanks to the boundedness of uf in QgT, it follows that

lui1~ — xyv,u; two-scale

for some function u; € LP(Qr x Y), where p € (1,00) and i = 1,...,n. The a priori esti-
mates and the compactness properties for sequences defined in perforated domains, see [2] or
Lemma 16 in Appendix A, yield the existence of functions Vi,...,V, € Lz(QT, per(Y 1)/R)
such that, up to subsequences,

[(uiH)]/zuf]N — Xy, Vi two-scale,

[V (e, ) 2T = xyv, (Vi + Vy V) two-scale.

The strong convergence of (), |)!/2u{ and the identity

/[(uflﬂ)]/zuf]wd)dxdt = /(uflJr])l/zuaxgsqbdxdt = / (u  )V2uf xoe pdxdt

Qr

for any ¢ € Co(27) imply that
(e D' 2uf1™ — 6v;  weakly in L*(Q7).
By Proposition 18 and Theorem 19 in Appendix A, this gives

¥, () Puf) = v weakly in L2(Q7 x Y1), 41)
F (V@ ) Puf)) = Vo +V, v, weakly in L2(Qr x ¥)).

The strong convergence of (ui +1)1/ 2, the two-scale convergence of [uf]w, and the fact that
Wi )2 xor =, ) xqe, imply

2 .
(S ) Pu) = T (Wl DV TE ) — wy/Zu; - weakly in L2(Qr x 7).

By the convergence (41) and the fact that u,4; and v; are independent of y, we infer that
ui(x,y,t) =u;(x,t) and v; = u:lflui, proving the claim. O

Proof of Theorem 2. Let ¢° € Cj([0, T]; C'(Q:; R™)) and ¢! € C{(Qr; Cper (Y R™)) and set
d(x, 1) =¢%(x, 1) +ep' (x, x /e, t). We take this function as a test function in (9) and pass to the
limit & — 0, using the two-scale convergence of V((u, it l)1/ 2 u?) and V(u 172 (the last two
convergences in (39)):

n+1)
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T T
—//u 8t¢0dxdt+//][ZP(y)D ul?,
0 0y =l

x (V(u}/f] ui) + Yy Vi = 3u; (Vi 2 4 9, vn+1)) C(VOP + Vyphdydxdr.  (42)

Choosing ¢0 =0 and setting W; = V; — 3u; V,,11, this gives

T
n
0= //][P(y)D w2 (V2 ) = 3ui V2 + VW) - Vygldydxadt.
0

i=1

QY
This is a linear equation for Wy, ..., W, and a weak formulation of a system of uncoupled elliptic
equations for W = (Wy, ..., W,,). Since for x € 2 and ¢t > 0 such that u, 41 (¢, x) > 0, we have a

unique (up to a constant) solution of the system for W, each W; is defined by

T

0= //][P(y)D w2 (V@2 i) = 3uVullZ - VW) - Vyldydxdr. (43)
0

This motivates the following ansatz:

d

) 3 12\ ¢
Wilx, y, 1) = ;} ( oy U1 t) = i gy Y ey ) (44)
for some functions wf ford =1,...,dand i =1,...,n. Substituting the ansatz (44) into (43),

we find that wf solves

T d

12 V) 0 2

0= D,//][ n+12pk(y){@(”n+1 i) —3u 3_Xk n+l
0 QY =1

d 12 9 ap ¢!
1
+§ :( n{H i) — 3u; x¢ nil) Ak } lddedt
=1

d
Z/][ ifl( (i) = ifl)ZPk@)(

ap!
) 9 iy,
Yk

Since the functions u; are independent of y, we see that wf is in fact a solution of the unit-cell
problem

divy (P(0)(Vyw! +e0)) =0 in?, / wt(y,t)dy =0, w} is Y-periodic,
Y
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where i = 1,...,n,£=1,...,d, and recalling that (eq, ..., ey) is the canonical basis of R,
These problems do not depend on i, so we may set w’ := wf fori=1,...,n.
Next, we choose ¢i1 =0fori=1,...,nin (42):

T

- / / u- 9, dxdt

0 Q

T n
+//][ PO) D)2 (V@2 ui) = 3u; V)2 + VW) - Veldydxdr.
0 QY

i=1

Inserting the ansatz (44) and rearranging the terms leads to

T i r
__//u.3t¢0dxdt+ZDi//][P(y)u’11fl{V(u:lflui)_Suivu:lfl
0 Q i=1 0 QY
(0 1/2 0 1n
0
+;<8—x£(un+1ui)—3u oxs n+1>v w }'Vy¢idydxdt 45)

T

a
//u O dedt—i—ZD // ,llfl {(—Z(Miflui)—ﬁiau,if])
0

ow ¥4 ¢0
X ][ <P1(y)— —I—Z )dy}dxdt.

Y

Then, defining the macroscopic matrix Dhom = (Dhom, kﬁ)z ¢—1 by

dw?’
Dhom ke = ][ P (y) (5ke + a—y}()fly, for k,£=1,...,d, (46)

we obtain the macroscopic problem (10). We deduce from equation (45) and the regularity of u
that d;u € LZ(O, T:H! (£2; R™)’) and consequently, the initial conditions are satisfied in the sense
of H'(Q; R"Y.

In the case of the macroscopic problem (3) with the diffusion matrix (6) defined in the perfo-
rated domain ¢, the convergence results of Lemma 13 lead to the following two-scale problem:

//u 8,¢dxdt+//][z uy'? D; V(ul/zlu;)—i-vy\/i

OQY1_

= 3u; (Vu, /5 +V Vn+1)> (V¢ + V¢! dydxdt.
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We can calculate as above to find similar macroscopic equations for the microscopic problem (3)
with the only difference that the unit-cell problem for w* is given by

divy(VyﬁE—i—eg):O in Y7, /@e(y,t)zO,
Y

(V, W' +e)-v=0 onl, w'is Y -periodic,
and the macroscopic diffusion coefficients are

aw*
Drom ke = 8kg+a—yk dy, for k,£=1,...,d. 47)

Y

Observe that the specific structure of the microscopic problem implies a separation of variables
in the two-scale problems and that consequently, scalar unit-cell problems determine the macro-
scopic diffusion matrix. 0O

Appendix A. Two-scale convergence

We recall the definition and some properties of two-scale convergence. Let © C R? be an
open set and let ¥ € R? be the “periodicity cell” identified with the d-dimensional torus with
measure |Y|. Consider also the perforated domain 2 and the corresponding subsets Yo C ¥ and
YI=Y\Yo.

Definition 3 (Two-scale convergence). (i) A sequence (u?) in L?(2) is two-scale convergent to
u € L*>($2 x Y) if for any smooth Y -periodic function ¢ : @ x ¥ — R,

lirr(l)/ua(x)q‘)(x,g)dxz/][u(x,y)qb(x,y)dxdy.
Q QY

(ii) The sequence (u®) is strongly two-scale convergent to u € L*(2 x Y) if

. X
hm/ us(x)—u(x, —)
e—0 &
Q

Remark 14. Let [-]™ denote the extension by zero in the domain Q2 \ Q° and xq¢ be the charac-
teristic function of Q°¢.

@) If [[u® ]l L2(qey < C, then [[[u®]7 || 2(q) < C and there exists u € L%(Q x Y) such that, up to
a subsequence, [u°]™ — xy, u two-scale:

1im/u€(x)¢<x, f)dxz lim /[Lﬁ(x)]”¢><x, f)dx
e—0 & e—0 &
Q

QE

2
dx =0.

=31_13})/[ME(X)]NXQS(X)¢<X»§>dX=/][XY1 (Mu(x, y)¢(x, y)dxdy.
Q QY
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(ii) If u® — u two-scale with u € LP (2 x Y) then

ut — ][u(x, y)dy weakly in L?(2) for p € [1, 00).
Y

The following results hold.

Lemma 15 ([2,20]). (i) If (u®) is bounded in L%(Q), there exists a subsequence (not relabeled)
such that u® — u two-scale as € — 0 for some function u € L>( x Y).

(i) If u® — u weakly in H' () then Vu® — Vu(x) + Vyui(x,y) two-scale, where uy €
L*(2; Hpe (Y)/R).

Lemma 16 ([2]). Let |[u®||2qey + VUl 2(qsy < C. Then, up to a subsequence, [u®]™ and

[Vu®]™ two-scale converge to xy,(y)u(x) and xy, (y)[Vu(x) + Vyui(x,y)] as e — 0, respec-
tively, where u € H'(Q) and uy € L*(Q; Hpoy(Y1)/R).

Lemma 17 ([2,20]). Let (u) C L*(Q) converges two-scale 1o u € L*(Q x Y), [[u® | 12(q) —
||M||L2(QXY) as € — 0, and let (v¥) C L*(Q) converges two-scale to v € L2(Q2 x Y). Then, as

g — 0,
/usvsdx—>/][u(x,y)v(x,y)dxdy.
QY

Q

To define the unfolding operator, let [z] for any z € R? denotes the unique combination

ZELI kie; with k € Z4, such that z — [z] € Y, where ¢; is the ith canonical basis vector of
R4,

Definition 4 (/8]). Let p € [1, co] and ¢ € L?(€2). Then the unfolding operator 7 is defined by
Te(¢) € LP (R4 x Y), where

TE(P)(x,y) =¢(5[§] —l—ey) forae. (x,y) e Q2 x Y.

Furthermore, for ¢ € L?(Q2¢), the unfolding operator 7;,8l is defined by

y, (W) (x,y) = 1/f(s|:§:| —I—ey) forae. (x,y) € Q x Yi.

For any function ¢ defined on Qf, we have ’7')?' W) =T*(¥]1)|laxy,, whereas for ¢ de-
fined on €, it holds that 7'1,‘”31 (Plae) = T¥(@)|axy,. The following result relates the two-scale
convergence and the weak convergence involving the unfolding operator.

Proposition 18 ([7]). Let () be a bounded sequence in LP (2) for some 1 < p < 00. Then the
following assertions are equivalent:

(1) (TE(Y¥®)) converges weakly to v in LP(Q x Y).
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(i) (¢¥®) converges two-scale to .

Theorem 19 (/8]). Let (¥¢) be a bounded sequence in WP () for some 1 < p < 0o. Then
there exist functions ¥ € WP (Q) and Y1 € LP(R; Wgérp(Yl)/R) such that as ¢ — 0, up to a
subsequence,

n (W) =~y weakly in L (Q; WP (Y1),
)fl(dfg) — Y strongly in LIOC(Q; whr(yy)),
v, (VU©) = Vi + Vy i weakly in L (Q x Y1).

Lemma 20 (/6,10]). () For u € H' (Y1), there exists an extension u into Yo and thus onto Y such
that

@l p2vy < Cllulip2gy,ys  1Vullzy < CliVullp2ey,)-
(ii) For u € H' () there exists an extension 1 into 2 such that

Il 2@y < Cllull 2@y, 1Vullp2@) < ClIVull2qe)s
where the constant C is independent of .

Sketch of the proof. We can write u = JCYI udy + 1, where JEYu Y¥dy = 0. By standard exten-

sion results, we obtain an extension ¥ € H'(Y) of ¥. The definition 7 = JCYI udy + v and the
Poincaré inequality imply the results stated in (i). The results in (i) and a scaling argument ensure
the existence of an extension from Q¢ into 2 and estimates in (ii) uniform in . O

The same results hold also for u € Wl’p(Qg), with 1 < p < o0, see, e.g., [1].
Notice that the corresponding extension operator is linear and continuous from H'!(Q¢) to
H'(Q) and by the construction of the extension, we have & = u in Q°.

Appendix B. Proof of Lemma 9

Consider the entropy density

n+1
h(u) = (uilogu; —u; +1) foru=(u.....u,) €. (48)
i=1
where up41 =1— 7, u;. Since h'(u) = (log(u/un41), ..., log(uy /u,+1)) is invertible on G,

the solutions of the microscopic problem are bounded, u € g. By Lemma 7 in [28], it holds for
all z € R"” and u € G that

n
Th”(a)A(u)z>poun+IZ +2- 1( z,)
n+ 1

i=
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where pg = min;—1 ., D; > 0. This shows that for suitable functions u = (u, ..., un),

,,,,,

n
1/2 1/2
Vu " (W) Au)Vu > 4potnyi Zwu/ 1>+ 2po|Vu /+1|2.

n
i=1

The entropy inequality is derived formally from the weak formulation of (3) by choosing the
test function w® = A’ (u¢). Since this function is not in L2(0, T; H'(2)), we need to consider a
regularization. We define

€ 1/2
(unJrl

wi@) =h'(uf) and ¢ ;= T
n

ws (), where

£ e $
_ Uj ta e U1+ 3

Usj = 1+5 Mﬁ,n+l=17+8

)
for§ >0, 61=—, j=1,...,n.
2n

&

Thanks to the regularity properties of u;, the function

1/2
V¢€ = (ufl-f‘l) / VleS + Vufl"rl
P G )P o \uf 81 g +8/2
1/2 1/2 1/2
b () Vi, ) / B (), 1) / V) /
8,1 (ufz+l)l/2+0 ((ui+l)1/2+o)2

is in L2(Q27) for each fixed o, § > 0. Thus, we can use d)f,’a as a test function in (9):

n
) / P () Di aty ) (Vf V) = 3ui V (i )1VP) - V5 5 sdxd
i=IQT

n T
+y° /<atuf, ¢t 5)dt =0. (49)

i=17

The nonnegativity of u;, | and ui yields the pointwise monotone convergences

ut )1/2 ut
75 ”+112 -1, ——F—7 'i"'zl 5—>1 aso—0,
)2 +o [y )2+ 0]

ut l/t"2
——— =1, 8"—H—> 1 as § — 0.
u; +38/2n U, +38/2

As these four sequences are uniformly bounded by 1, they converge strongly in L?”(Q27)
for any 1 < p < oo. Thus, the definition of w§(«®) and the L%-regularity of (uf1+1)1/2Vuf,

We, VAV @), Ve, )3, and V(e )7 ensure that

(uf,+1)]/2Vuf (“181+1)1/2V”fz+1

trongly in L?(Q7),
Ut +5/2n ut, rojp wenslyin ()

(”Z+1)1/2V¢§,5,i -
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as 0 — 0, and the sequences

ui &
e R us l/ZVu{; .V us 1/2’ 7[1/[8 \V4 u{? 1/2 2’
u;?+5/2n( 1) i V) us +8/2n wt IV @)
I/li+1 ué‘lv(ué‘ )1/2|2 ufl+1 (MS )1/2vu8 . V(l/la )1/2
ufl_;’_l _I_ 3/2 i n+l1 ’ Mfl_,’_l +8/2 n+1 1 n+1
convergence, up to a subsequence, strongly in L' (Q7) as 8 — 0, fori = 1, ..., n. The pointwise

convergence of uj j as 8 — 0 and the boundedness of the function s — slogs for s € [0, 1]

ensure the convergence of /(u5) in LY(Qp). Rearranging the terms in (49) and letting first o — 0
and then § — 0 yields the entropy inequality (35).

The same calculations yield entropy estimate for solutions of problem (3)-(4) with diffusion
matrix (6).

Appendix C. Examples satisfying Assumption A6

We present two cross-diffusion systems whose diffusion matrix and associated entropy density
satisfy Assumption A6. The first example appears in biofilm modeling. A biofilm is an aggre-
gate of microorganisms consisting of several subpopulations of bacteria, algae, protozoa, etc. We
assume that the biofilm consist of three subpopulations and that it is saturated, i.e., the volume
fractions of the subpopulations #; sum up to one. Therefore, the volume fraction of one subpop-
ulation can be expressed by the remaining ones, u3 = 1 —u| — u3. A heuristic approach to define
the diffusion fluxes [27] leads to the cross-diffusion system (1) with diffusion matrix

(D11 —u1)  —Douy
Aw) = ( —Diuz Dz(l—uz))’

where D1 > 0 and D > 0 are some diffusion coefficients. Taking the entropy density

2
h(u) = Zui(logui — D+ A —up —uz)(log(l —uy —uz) — 1), (50)

i=1

we compute

This shows that Assumptions A2 and A6 are satisfied with s =5, = —1/2.

The second example is a model that describes the evolution of an avascular tumor. During
the avascular stage, the tumor remains in a diffusion-limited, dormant stage with a diameter of
a few millimeters. We suppose that the tumor growth can be described by the volume fraction
u1 of tumor cells, the volume fraction of the extracellular matrix u; (a mesh of fibrous proteins
and polysaccharides), and the volume fraction of water/nutrients u3 = 1 — u; — u». Jackson
and Byrne [12] have derived by a fluiddynamical approach the cross-diffusion model (1) with
diffusion matrix
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2ui(1—uy) — BOuyu3 —2Buiuz(1 +0uy)

AQ) = ,
—2uyup + BO —uz)u;  2Bus(l —uz)(1 +0uy)

where the parameters 8 > 0 and 6 > 0 model the strength of the partial pressures. With the
entropy (50), we find that [15, (32)]

" — 2 0
h"(u)Au) = (ﬂguz 2/3(1+9u1)>‘

Assuming that 8 < 4./B, it follows for 0 < uy,ur <1and z € R? that

2
2T (W) Au)z> (2 — e)z% + 2/3(1 — '389 )Z% > k|z|%,

&

where x = min{2 — ¢, 28(1 — B62/(8¢)} > 0 if we choose 0 < & < 2. Then Assumption A2 is
fulfilled with s; = s = 0, and Assumption A6 holds as well since (h”(u)A(u))21 is bounded
from above by 6.
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