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PSEUDOPARABOLIC VARIATIONAL INEQUALITIES 
WITHOUT INITIAL CONDITIONS 

S. P. Lavrenyuk and M. B. Ptashnyk UDC 517.95 

We consider a pseudoparabolic variational inequality in a cylindrical domain semibounded in a variable 
t. Under certain conditions imposed on the coefficients of the inequality, we prove theorems on the 
unique existence of a solution for a class of functions with exponential growth as t --~ ~,. 

1. Numerous practical problems (filtration of liquid in media with double porosity, liquid transport in soils, dif- 
fusion in a cracked medium with absorption or partial saturation, etc.) lead to the investigation of  boundary-value 
problems for pseudoparabolic equations. The general theory of  equations of this type is presented in [ 1-3]. The 
Cauchy problem and mixed problems for pseudoparabolic equations and systems of equations were studied in [4-8]; 
problems without initial conditions were investigated in [9, 10] and other works. Parabolic variational inequalities 
without initial conditions were studied in [ 12, 13]. 

In the present paper, we investigate conditions for the unique existence of a solution of  a pseudoparabolic in- 
equality without initial conditions. 

We use the following notation: f2 C R n is a bounded domain, QT = ~ x (-oo; T], T < oo, Qq, t2 = ~ X ( t 1 ; 

t2), --'~ < t 1 < t 2 < T, V is a closed subspace that is compactly and continuously imbedded in L2(y2),  Hi(if2) C 

V C H l (if2), V* is the space dual to V, K is a convex closed subset in V that contains the zero element, 

Llroc((-oo;T],B) = {u(x,t): u(x,t)~ Lr((tI, T],B)},  l <r<oo, 

for all t l ~  ( _oo; T],  B is a Banach space, and 

w =  T], V), w, 

In the domain Qr, we consider the problem of finding a solution of the following pseudoparabolic variational 

inequality: 

f IUt (U-u)-}- ~ bij(X't)Oxi,t(Ux j --Uxj) 
Qtl , t2  i , j = l  

1 n 
+ a i j (x , , )ux i (Vx j -ux j )  + 

i , j=l t , j=l 

+ • ~ bij(x,t)(Vx i-uxi)(vx J-ux j )  + ~_~ci(x,t)Uxi(V-u) 
i , j=l i=1 

+ ~ , ( / )  - -  U) 2 + Co(X , t )u(v-  u) -  f(x,  t)(v- u)le2kt dxdt  
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:/n 
1 Z bij(x't2)(Vxi(X't2)-Uxi(X't2))(Vxj(X't2)-Uxj(X't2 )) 
2 i,j=l 

+ (/)(X, t2)--U(X, t2))2/e2Lt2 dx 

1!In 
- 2 Z bij(X'tl)(Vxi(X'tl)-Uxi(X'tl))(Vxj(X'tl)-Uxj(X'tl )) 

i,j=l 

+ (v(x, tl) - u(x, tl))2/e2Lq dx,  ) ~  IR 1 (1) 

Definition 1. A solution of inequality (i) is understood as a function u (x, t) with the following properties: 

(i) u~ Lloc((-~;T],V),u,  Ux E W; 

(ii) u~ K foralmostall  t~ ( - ~ ;  T]; 

(iii) u(x, t) satisfies inequality (1)for almost all t l, t 2 ~ ( - ~ ;  T] and for an arbitrary function v(x,  t) 
such that v, Vx~ W and v~ K foralmostaU t~ ( - ~ ;  T]. 

2. First, we consider the problem of uniqueness of a solution of inequality (1). Denote by T: 
number: 

n 

~1 = sup ~c~(x,t). 
Qr i=1 

We assume that the coefficients of inequality (1) satisfy the conditions 

the following 

n 

aO(x , t )r  a >- aoy_.,~ 2, ao>O, 
i,j=l i=1 

(2) 

n n 

b o Z ~  2 < Z bij(x't)~i~J < bO ~2 bo>O ' 
i=I i,j=l i=1 

for almost all (x, t)~ Qr and all ~ R N . 

T h e o r e m  1. 

L2(QT), 

dition 

(3) 

Co(X, t) > Y0 > 0 (4) 

Suppose that the coefficients of inequality (1) satisfy conditions (2)-(4), a i j '  bij ,  bij t, c iE 

and 2(2a 0 - b  1 )Y0 > Y:" Then inequality (1) cannot have more than one solution that satisfies the con- 
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t --'~ - '~  x'2 i=1 

where 

= 2bo 

Proof Assume that there exist two solutions u I and U 2 of inequality (1). Since u k, Ukx.~ W, k = 1, 2, j = 
J 

1 . . . . .  n, by virtue of  Theorem 1.17 in [2] we have ut,  ukx.t ~ C ( ( -~ ;  T]; LZ(f~)), and the fol lowing integrals are 
J 

meaningful: 

f. UtUkflXdt, f ~" UkxitUtxi, dxdt ,  i = 1 ,  2 .  

Qtl,t2 Qq,t 2 i, j = l 

Consider the operators A and B defined for arbitrary functions w 1 (x, t), W2(X , t ) E  W and almost all t~  

(-,,~; T] by the following equalities: 

(Awl 'w2)( t )  = f l ~aijWlxiW2xj 
f2 i , j = l  

+ i=1 ~ CiWlxiW2 + r dx'  

1 (Bwi, w2)(t ) = -~ f ~ bijtWlxiW2xj dx. 
fl i, j=l 

Let us show that A - B is a monotone operator. By virtue of  the conditions of the theorem and the elementary esti- 
mate 

a28 b 2 
ab < 8 > 0 ,  

- 2 +2"8' 

we obtain the following inequality: 

((A - B)(w l - w 2 ) ,  w 1 - w2)(t ) > 

f2 i,j=l 

where w I (x, t) and W2(X , t) ~e arbitrary functions from W. 
Estimate (5) yields 

( ( A - B ) ( w  1 -w2) ,  w I - w2)(t ) > 0 

for arbitrary w l, W 2 E W ,  i.e., the operator A - B is monotone. 
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Consider  functions ui for which 

i u i, UxE L~oc((-~;T];V)NC((-oo;T];L2(~)), i= 1,2, 

and the fol lowing inequality holds: 

Qq,t 2 i,j=l 

Qtl,t2 i , j=l 

1 n - )e 2~ dxdt -- 2 f E bij t (1)xi - Uxi )(l)xj Uxj 
Qq ,t2 i, j = 1 

( ~ bij(Vx,(X, t2) 1 I - Uxi (x, t2) ) (l)xj (x, t2)- Uxj (x, t2) ) 
+ : ~  i, 

+ (O(X, t2)--U(X, t2))2/e2~t2 dx 

:/n 
_ 1 ~ bij (Vxi (x, tl) - Uxi (x, q)) (Vxj (x, tl) - Ux~ (x, t 1)) 

2 i,j=l 

+ (v(X, tl) - u(x, t l ) )2)e  2xq dx. 

It is easy to show that, for f = f i  and f = f 2 ,  respectively, such functions satisfy the following estimate: 

I ( f l - f2)(ul -u2)e2Xtdxdt  
Qt I ,t 2 

) --U2 )(U 1 )+(Ul --U2) 2 e 2 ~ t d x d t  
> - ~  I (u:, x, - "- -- xj Uxj 

Qq ,t2 i, 

I" 
i [ 1 2 1 _ u  2 (x, t2) ) + - f ~ ~,,(Ux,(X,,~)-Ux~(X,,:))(u~,(x,,~) x, 
2 \ i , j=l  

1 :(n e 2Zt2 dx - + (ul(x, t2)_u2(x, t2))2 1 E bij(ulxi (X' t l)  
i , j=l 



PSEUDOPARABOLIC VARIATIONAL INEQUALITIES WITHOUT INITIAL CONDITIONS 1049 

-- ,2i(X, tl))(ulj(x, tl)--u2j(X, tl))+(ul(x, tl)--u2(x, tl))2)e 2MI dx 

1 t ~ bijt(Ulxi - u  2 . --Uxj2 I - xi)(ulj e 2Xt dxdt .  
Qq.t2i, J =1 

Relation (6) yields 

2 7, (u~(x,t)-.2(x,t))2+ ~ b~(. 1,-u~,)(u~x,-~x, e 2~dx dt 
tl ~ i,j=l 

I 2 1 2 )+(U 1 u2))21e2Xr - 

Qtl,t2 i.j=l 

+ I ( f l - f 2 ) (u l -u2 )e2Xtdxd t  

Qt I ,t 2 

1 1 2 1 )e2Lt + --2 I ~bijt(Uxi-Uxi)(l~xj -IA2xj dx dr. 
Qq.t2i, J =1 

By setting f l  = f - A u l  and f2 = f - A u 2  in (7), we get 

1 i dl!l~j lbij(Ulx~ I I ~ --ld,2Xi)(Ulx j --//.2Xj)+(Ul--U2) 2 e 2ktdx dt  
tt i. "= 

Qtl,t2 i,j=l 

t2 

+ I (A(u2 - ul)' u2 - ul)e2ZS dx 
tl 

(6) 

(7) 

+1 )(Utxj _U2xj )e2~Z dxdt" 
Otl.t~ i . j=l  

Carrying out differentiation with respect to t on the left-hand side of the last inequality, we obtain the estimate 

t I i,j=l 

t 2 

+ I ( ( A - B ) ( u  2 - u l ) , u  2 - u l ) e  2~dt  <_ O. (8) 
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We denote 

y ( t )  = 
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.x,i. .x,l+<. u.l.x 
and use estimate (5). Then relation (8) yields 

t2 

f [y ' ( t )+ fSy(t)]e 2x~ dt  < 0 (9) 

t I 

for all t l, t2~ ( _oo; T], t I < t 2. It follows from (9) that, for almost all t~ ( -~o; T], we have y'(t) + By(t) < O. 

Multiplying the last inequality by e f~t and integrating from t 1 to t 2, we get 

t 2 

d(y( t )e f3 t )d t  < O, 

t I 

which yields 

y( t2)e  f3t2 < y ( t l ) e  f3tt. (10) 

Passing to the limit as t I --->oo in (10) and using the condition of  the theorem, we obtain y(t2)e~t2 < 0 for all 
t 2 ~ ( -~176  T]. Estimate (10) implies that 

sl ) E bij(x't2)(Ulxi-U2xi)(Ulxj-U2xj) +(ul-u2)2 dx = 0 
oki, j=l 

for all t2~ ( _oo;  T ] ,  i .e. ,  u I (x,  t) = u2(x, t) almost everywhere in QT- The theorem is proved .  

3. Let us establish conditions for the existence of a solution of  inequality (1). We set 

71 
0~1 = 

b 1 
where C ~ o = a o - 7 0  b ~  for ~,1 >0 ,  and COl=0 for 7 1 = 0 .  

2 

T h e o r e m  2. Suppose that the coefficients o f  inequalities (1) satisfy conditions (2)-(4),  a i j ,  b i j ,  b i j t ,  c i E 

L2(QT), andthe func t ions  t--> aij(x, t) ,  t--~ bijt(x,t),  t - -+ci(x , t ) ,  i , j = l  . . . . .  n, t---~ c o ( x , t  ), a n d  t - - + f ( x , t )  

are continuous on ( - ~ ;  T] f o r  almost all x ~ f~. Also assume that there exists a number )~, )~ < ~lo - ~ 1 such  

that f ( x, t )eXt~ L2(QT).  Then there exists a solution u(  x, t) o f  inequality (1) such that 

lira [ U2xi(x,t)+u2(x,t) e2Xtdx = 0. (11) 
t ~ - ~ '  ~2 L i = I  
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Proof. Consider the following auxiliary problem in the domain Qto, T: 

+ A(t)u + 1B(u) = fro(x, t), (12) l~ t + (h:, ~W,j(X,t)Uxi,t/xj g 
i , j = l  

u(x, to) = 0, (13) 

where ~ > 0, roe ( _oo; T], B(u) = J ( u -  PK(u)), J is the operator of duality between the spaces V and V*, PK 
is the operator of projection of V onto K, and 

f (x ,  t), (x, t) ~ Qto, T, 

ft~ = O, (x, t) e Qto" 

It is known [13] that the operator B is monotone, bounded, and continuous in the Lipschitz sense. By virtue of 
the conditions of the theorem, the reasoning presented above, and the results of [10], there exists a solution u(x, t) 
of problem (12), (13) such that 

ur  L2((to, T), V), ute L2((to, T), V*), Ux~ ~ L2((to, r) ,  v), 

ux,.,~ L2((to, T), V*), i= 1 . . . . .  n. 

Consider a sequence of functions {uk'~(x, t)} that are solutions of problem (12), (13) for t o = T - k, k = 1, 

2 . . . . .  and extend every function uk'e(x, t) by zero to the domain Qr-k" Then the following equality holds: 

.. k,e k,e I uk'Suk'E+ 2 bij(x'f)Ut, xiUxj + aij(X,t)uk;e k,g Uxj 
Q~ i , j = l  i,j=l 

n 

~)Ux; u ' +Co(X, t ) (uk'~)  2 + 1B(uk'~)uk'~ 
i=1 E 

-fT k(x,t)  u~'e e2Lt d x d t  = O, k~ N, "c < T. (14) 

This yields the estimate 

1 _ bo b' 
2 i=1 

7 0 - X  25 ~ uk'~) +lB(u~.~)uk, e e  e2~tdxdt 

< 1_~ i f 2 ( x , t ) e 2 ~ d x d t ,  k~ I~, ~l  >0,  (15) 
251 Qr 
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Denote 

F~. = "-Jf2(x, t)e2~ dxdt .  

QT 

It is easy to verify that, under the conditions of the theorem, relation (15) yields the following estimates: 

S bo ~ xi j e2~'tdx <- P'oF~.' 
f~ 

QT L i = 1  

f B(uk'e)uk'e e2~t dxdt  < k~ l~t, E~0F~, 

Qr 

where ~t 0 does not depend on e and k. 

Estimates (16) imply that there exists a subsequence {u km'~ } of the sequence {uk'~ } such that 

e~Zu km'~ ~ e~Zu E *-weakly in L=((-oo;T], V), 

e~u k''~ -+ e~u ~ weaklyin L~((-oo;T], V) as km---~oo. 

It follows from (17) that u~(x, t) is a solution of the equation 

H 1 

+A(t)u + LB(u) = f(x ,  t). Ut + Z (bij(x't)Uxi,t)x) E 
i,j=l 

Furthermore, 

e ~ u  e E 

Lt ~ E 
e Uxi 

L~((-r T], V) f'l L2((-=; T], V), ektu~ ~ L2((-r162 T], V*), 

L 2 ((-~; T], V), e~u ~ ,,x,e L2((-~;T],F*), i =1  . . . . .  n, 

and the function ue(x, t) satisfies estimates (16). 

(16) 

(17) 

(18) 

n 
xj) + 

i , j = l  i 

+ 

f 

f l)t(V--Ue) + bij(x,t)Vt, xi(Vxj-Uxj) 
Qtl,t2 ~. i , j = l  

Let a function v(x , t )  besuchthat  V, Vx~ W and v ~ K for almost all t ~  (-~, ;  T]. Since B ( v ) = 0 ,  by 
virtue of (18) we get 
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X (1)xi--UExi)(VXj--UExj) 4;" ~CiUExi(1)--RE)drCoUE(1)--U E) 
i=1 

+ ~L(/) --Ue) 2 --f(x, t)(V -ue)le2bdxdt 

= 1 I (B(v)-B(ue)) (v-us)e2xtdxdt g 
Qtl, t2 

1~( s bij(x, t2)(Vxi(X, tz)_Uexi(X, t2))(Vxj(X, t2)_u:j(X, te)) -I- ~ i,j=l 

+ (/)(X, t 2 ) -  Us(X, t2))2)e2Lt2dx - 
l!(n 

E bij (X'tl) 
i,j=l 

x (Vxi(X, tl)-UExi(X, tl))(Vxj(X, tl)-U~xj(X, tl))+(v(X, tl)-Us(X, tl))2)e2~tdx 

-- 2 i, 1 bij(x't2)(l)xi(x't2)-uexi(x't2))(l)xj(x't2)-uexj(x't2)) 

+ 
n 

v(x, tg)_uE(x, tg))2)e2X~2dx_ 1 f E bij(x'tI) 
- - 2 i,j=l 

X (1Jxi(X, tl)-Uexi(X, tl))(l)xj(X, tl)-U~xj(X, tl))+(1)(X, tl)-Us(X, tl))2)e2Lqdx. (19) 

Let us show that there exists a sequence {eXtuSm(x,t)}c {eXtue(x,t)} of functions that are defined for t~  

( - ~ ;  T],  take values in V, and are jointly continuous on any interval [T1, T2] C ( -~ , ;  T]. Since the second esti- 

mate in (16) is valid for the functions ektuS(x, t), E > 0, by virtue of the Fatou lemma we obtain 

rl 
f e2~liminf[luS(x, e oiled, -< ~oF~. 

This implies that, for almost all t ~ [T1 - 1, Tl ], 

eaX~liminf[lu~(x,t)ll2v < ~o. 

Then there exists it" ~ [ T1 - 1, T] such that 

e 2x lim inf II u~( x, ~)II 2v -< ~ i  



1054 S.P.  LAVRENYUK AND M. B. PTASHNYK 

Let 7"= T, and le t  {uem(x,t)} be a sequence for which 

liminfluem(X, Tl) Zv = l i m  uEm(x, T1)12V . 
m---)~ 

T~ 2 Then uem(x, 1)[v < I t  2 forall  m e  l~t. W e s e t  t l=Tl ,  t z = T 2 + 5 ,  and v(x, t )= ue"(x, T1)e 2~'(TI-t) 
By simple calculation, we obtain the following estimate: 

- e~ (x, ~ ) e  ~'r~ ) 1 f bij(x, T1 +6)(Uex?(x, T1 +6)eMV,+8)_Ux, 
2 

Em X (Uxe~ " (x, T 1 + ~5)e L(T~ +8) _ ux, (x, T 1 )e ~ ) 

+ (u~'(x, T 1 + 8 ) e  k(T~+8) _ue=(x, T1)e kTt )21dx < 5[.1. 3 , 

where the constant ~t 3 > 0 does not depend on rn. 
By using estimate (6) with 

tl = T1, te = t, f l (x , t )  = f (x , t ) -A(t)ue~(x, t ) ,  

in (19). 

(20) 

f2 (x, t) = f(x, t + 8)e  x5 - A(t + 5)u em (x, t + 8)e kS, 

U l ( X , t  ) = uem(X,t) ,  u2(x,t  ) = uEm(x,t+5)e ~,  

we get 

1 I ( ue"(x't)-uem(x't +5)e~5) 2e2ktdx 
f2 

1 - ~  I ( uem(x'Tl)-ue'(x'T1 +5)eZa) eeezTtdx 
f2 

1 n em(x't+5)eX~) + -- I Z bij(x' l)(u~?(X't)--l~x i 2 
f2 i , j = l  

e~ + 5) e~5)e 2b dx • 

1 ~ em + 5 ) e  ~ )  
- i f  Z 

f2 i , j=l 

~ + 8) ehS) e 2~'r~ dx • ( %  (x, T1) ~" - % ix, 
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f 
QT I ,t 

(u e= (x, t) - u em (x, t + 8)e~'8) 2 e2ktdxdt 

+ I ~-~ ()~'bij+~bij, t)(U~xT(X't)-U~x? (x't+~)e~5) 
Qrj , t  i , j = l  

• - Ux,em(x,t+8))e2ktdxd' 

+ f [ f ( x , t ) -a ( t )uEm(x , t ) - f ( x , t+8)+A( t+5)ue ' ( x , t+5)]  
QT t ,t 

• (x, t ) -  u (x, t +  )e )e2 dxdt. (21) 

Note that the continuity of f (x ,  t) in the variable t implies that the function 

I f (x ,  t) dx 
f2 

is uniformly continuous on the interval [ Tl, T2 ]. Therefore, 

I [ f (x ' t+8)- f (x ' t )]2e2Xt  < 895" (22) 

aT,  t 

By virtue of (20)-(22) and the Gronwall-Bellman lemma, we have 

I I  ~_ ~mUxi (x, t + 5)e ~'(t+8) - em(x,t)e ~'t + uem(x,t+8)e~'(t+6)-uem(x,t)e~'t 2]dx < (23) 

f2 i=1 

from inequality (23) that the sequence {u ~' (x, t)e ~t } is jointly continuous in the variable t on the It follows 

Since the terms of the sequence {ue'(x, t)e ~'t} satisfy estimates (16), one can select a subse- interval [TI, T2]. 

{u ~'k (x, t)e~'t} of this sequence such that quence 

u ~'~ (x, t)e ~ ~ u(x, t)e x~ *-weakly in L~*((-,,o; T], V), 

u e'~ (x, t)e x~ --+ u(x, t)e xt weakly in L~((-,~; T], V), 

u ~'~ (x, t)e ~ ~ u(x, t)e ~ uniformly in C([Tfi T2], V) 

as m k-----) oo. 

Now consider the intervals [ T -  k, T] ,  k ~ N. According to the Arzel~-Ascoli theorem, we can construct a 

diagonal subsequence such that, for any T1 E ( - ~ ;  T], 
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U m'm(x, t)e x~ ~ u(x, t)e xt *-weakly in 

um'm(x , t )e  Lt ----) u ( x , t ) e  x~ weaklyin  

S. P. LAVRENYUK AND M. B. PTASHNYK 

L ~* ((-,~; T], V),  

L *~ ((_~o; T], V),  

u era* (x, t)e xs ---r u(x, t)e xt uniformly in C([T1; T2], L2(f2)) 

as m ----~ oo. 
It is easy to show that, for any t l, t2~ ( -~ , ;  T], t 1 < t 2, the functions {urn're(x, t)} satisfy the inequality 

I n rtt, rn) 
I l)tO)--um'm)+ Z bijlAxi,t(1)xj-Uxj 

Qtl.t2 i.j=l 

m,m ra, m 1 ~ lbq ,  t(Vxi m,m ra, m + aijUx i (Vxj -Uxj  ) + . . . .  Uxi )(Vx~-Uxj ) 
i , j=l 2i, 7 

1l n 
m,m --um'm'~ + Z CiU~i "rn(U-um'm) + Z bij(Vxi-Ux, ) ( %  xj . 

i,j=l i=1 

+ ~,(U -- U m' m)2 "-k CO urn' rn (1) -- Um' m) -- f ( v  -- Um' m)l e2~tdx d t 

> I n m,m 
1 I Z bij(x't2)(Vxi(X't2)-uxmi'm(x't2))(Vxj(X't2)-Uxj (x ' t2 ) )  
2 O i , j= l  

I n 
) 1 !  Z bij(X, tl) + (v(x ' t2)-um'm(x' t2))2 e2kt2dx - 2 i,j=l 

m, m, m I e 2xq dx ,  (24) X (Vxi(X, tl)-Uxi m(X, tl))(Vxj(X, t l)-Uxj (X, tl))+(V(X, t l ) -um'm(X,  tl)) 2 
) 

where v is an arbitrary function such that v, VXi E W~ i = 1 . . . . .  n, vE K for almost all t~  ( _oo; T]. 

Passing to the limit as m-+oo in (24) and using estimates (16), we establish that u(x, t) is a solution of  in- 
equality (1) in the sense of  Definition 1 and satisfies condition (I 1). The theorem is proved. 

R E F E R E N C E S  

1. R.E. Showalter, "Pseudoparabolic partial differential equations," Diss. Abstrs. B, 29, No. 8, 29-94 (1969). 
2. H. Gajewski, K. Gr6ger, and K. Zacharias, Nightlinear Operatorgleichungen and Operatordifferentialgleichungen, Academie- 

Verlag, Berlin (1974). 
3. T.W. Ting, "Parabolic and pseudoparabolic partial differential equations," J. Math. Soc. Jap., 21, No. 3, 440-453 (1954). 
4. S.L. Sobolev, "On one new problem in mathematical physics," Izv. Akad. Nauk SSSR, Ser. Mat., 18, No. 1, 3-50 (1954). 
5. S.A. Gal'pern, "The Cauchy problem for general systems of linear partial differential equations," Dokl. Akad. Nauk SSSR, 119, 

No. 4, 640---643 (1958). 



PSEUDOPARABOLIC VARIATIONAL INEQUALITIES WITHOUT INITIAL CONDITIONS 1057 

6. W. Rundell, "The uniqueness class for the Cauchy problem for pseudoparabolic equations," Proc. Amer. Math. Soc., 76, No. 2, 
253--257 (1979). 

7. I.V. Suveika, "On the asymptotic behavior of a solution of a mixed problem for a pseudoparabolic equation with the third boundary 
condition in a half-plane," Differents. Uravn., 22, No. 8, 1416-1424 (1986). 

8. W.H. Ford, "Galerkin approximations to nonlinear pseudoparabolic partial differential equations," Aequent. Math., 14, No. 3, 
271-291 (1976). 

9. M.O. Bas and S. P. Lavrenyuk, "On the uniqueness of a solution of the Fourier problem for a system of the type of Sobolev- 
Gal'pern," Ukr. Mat. Zh., 48, No. t, 124-128 (1996). 

10. M.O. Bas and S. P. Lavrenyuk, "The Fourier problem for one nonlinear pseudoparabolic system," Dep. Ukr. DNTB, No. 2017-Uk 95 
(1985). 

11. S.P. Lavrenyuk, "Parabolic variational inequalities without initial conditions," Differents. Uravn., 32, No. 10, 1-5 (1996). 
12. A.A. Pankov, Bounded and Almost Periodic Solutions of Nonlinear Differential Operator Equations [in Russian], Naukova Dumka, 

Kiev (1985). 
13. J.L. Lions, Quelques Mgthodes de Rdsolution des Problkmes aux Limites non Lin~aires, Dunod Gauthier-Villars, Paris (1969). 


