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ON CERTAIN NONLINEAR PSEUDOPARABOLIC VARIATIONAL INEQUALITIES 
W I T H O U T  I N I T I A L  C O N D I T I O N S  

S. P. Lavrenyuk and M. B. Ptashnyk UDC 517.95 

We consider a nonlinear pseudoparabolic variational inequality in a tube domain semibounded in 
variable t. Under certain conditions imposed on coefficients of the inequality, we prove the theorems of 

existence and uniqueness of a solution without any restriction on its behavior as t --~ -,,o. 

It is known that fluid filtration in media with double porosity [1 ], heat transfer in a heterogeneous medium [2], 
and moisture transfer in soil [3] are modelled by boundary-value problems for pseudoparabolic equations. The gen- 
eral theory of  such equations and boundary conditions for them were a subject of  investigations of many authors 
[3-15]. For  example, problems without initial conditions for some pseudoparabolic systems were investigated in 
[14, 151. 

Pseudoparabolic variational inequalities make it possible to obtain the conditions for correct solvability of some 
other boundary-value problems for pseudoparabolic equations. 

In the present paper, we prove the correctness of a nonlinear pseudoparabolic variational inequality without ini- 

tial conditions in the class of functions with arbitrary behavior as t ---) - oo. 
Note that certain parabolic variational inequalities without initial conditions were investigated in [16-18]. 

Moreover, the conditions for unique solvability of a pseudoparabolic inequality generated by a linear pseudopara- 
bolic operator were obtained in [19]. In this case, the behavior of  a solution was restricted by the condition that it 

increase not faster than e - E t  as t ---) - oo, where ~. is determined by coefficients of the inequality. The results pre- 
sented in [ 19] cannot be obtained from the present paper. 

Let  ~ be a bounded region of the space ]R n with the boundary ~ c C l , Q r  = f~ x (-~o, T), T < oo, 

s s x ( q ,  t2), t 1 < t 2 < T, f ~  = QT n { t ='c}, let V be a closed subspace continuously and compactly im- 

bedded in L 2 (~2), ~1 (t2) n ~/1, p (~c)) C V C H 1 (~2) n w l 'P(~') ), P > 2. and let K be a closed convex subset in 

V which contains the zero element. 

We define a norm in the space V as the norm of the space H 1 ( f 2 ) n  W 1 'P(f2). 
Consider the following variational inequality: 

F Iv, (v - . )  + bij (x. t) ( %  - % ) 
Qq.t 2 W i,j = 1 

n 1 ~.~ bij, t ( x , t )  - ) aij (x,  t) Ux, (Vxj - Uxj ) + ~ .  (%, - Uxi )(Vxj Uxj 
i,j = l t,j = I 

H 

Z Ci (X, t )  Uxi (1) -- U) -I- C O (X, t)  U(/) -- U) 
i=1 

n 

E {~i (X)[Uxi [p-2 Uxi (Vxi -- Ux i ) + g (x ) lu lP-2  U(V -- U) -- fo  (X, t) (V -- U) 
i=1 
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- i=l s f i (x ' t )(Vxi-Uxi)] dxdt 

>- ! I [ ~ bij(x, t2)(Vxi -Ux,)(Vxi -Uxj) + ( v -u )21dx  
2 Qt2 i , j  = 1 

2 Qq i , j  = 1 

Definition 1. A solution of inequality (1) is a function u(x, t) such that." u ~ L~o c ((-oo, T]; H 1 (f2)),  u �9 

 Poc ((_oo, 7"]; w ~,p (xa)) and u t �9 L~o c ((-oo, T]; H 1 (f2)) , u ~ K for almost all 

(1)forall  t l , t e e  (-oo, T] ,  t t < t2 ' and for all functions v ( x , t )  such that 
LaPc ((-oo, T]; W I'p (~-~)) and v e K for almost all t ~ (-  oo, T]. 

Let the coefficients of inequality (1) satisfy, respectively, the following conditions: 

t ~ ( -co ,  T], u(x, t) satisfies 

v E Hz2oc ( ( - = ,  r]; n I N 

condition At " 

r/ n 
aij ~ L~(Qr), i , j  = 1 . . . . .  n, ~., aij (x, t) ~i~j > ao Y~ ~2, ao > O, 

i , j = l  i=1 

for almost all ~ ~ IR n and almost all (x ,  t) ~ Qr,  

condition A 2 " 

condition B" 

O~ i E L=(U~), 

bij(x, t) = bji(x, t), 

n 

i=1 

b 0 > 0 ,  

for all ~ ~ IR n and almost all (x ,  t) ~ Qr ,  

condition C : 

c i ~ L~176 , 

~i(x) >_ O~ o > O, i= l . . . . .  n, 

bij, but E L~176 i , j  = 1 . . . . .  n ,  

s ~kbij(x,t) b k n 

i , j : l  ~tk ~ i~ j  ~ i=IZ ~2,  

k = 0 , 1 ;  b = m i n { b l , - b  1} 

i=  1 . . . . .  n ,  sup s c2 (x , t )  = c 1, 
QT i=1 

c o ~ L2oc((-o%Tl;L ~(~2)), Co(X,t)> c o > 0, (x , t )  ~ QT, 
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condition G : 
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g ~ L~(~) ,  g(x) > go > O, x ~ ~ .  

Theorem 1. Let the coefficients of inequality (1) satisfy conditions AI, A2, B, C, and G, and, moreover, let 
( 4 a  0 - 2b 1 ) c o > c I. Then inequality (1) cannot have more than one solution. 

Proof. Define operators A and B 1 according to the following formulas: 

(Awl 'w2) ( t )  = I ( n n 

1 w 2 1 p - 2  1 w 2 Z aij (x, t) Wxi x i + ~_~ (X i (X) lWxi I W X  i X i 

i , j= l  i=1 

?1 
1 

+ ~_~ c i (x, t) Wxl 
i=1 

W 2 + Co(X , t )  w l w  2 + g(x ) lwl lp -2wlw2)dx ,  

1~  ~ bijt(x,t) l 2 (B 1w l ,w  2) = ~ W x i W x j d x ,  
i,j=l 

where w 1, w 2 are arbitrary functions from V. 

It is easy to verify that, under the conditions of  the theorem, the operator A - B 1 
deed, 

( ( A - B I ) W  1 - ( A - B I ) W  2,w 1 - w 2) 

is uniformly monotone. In- 

j" xi 280 
> 

2 i=1 

+ 2 2 - P ~  0 ~ IWlx, 
i=1 

_ W 2xl I p + 2 2 - p g  0 IW 1 - w21P ] dx 

2 ) >_ f5 o f bij(x,t)lw~x, -- Wxi l (Wlx j  -- W2 ) + (W I -- W2) 2 dx,  
i ,j  = 1 

(2) 

( { ,}).j2 
where [30 = (n + 1) (2-p)/2 22-p  min{t~ o, go} min 1, bo 

Let u l (x ,  t)  and u 2 ( x ,  t )  be two solut ions of inequality (1). 

1 (u 1 (x, t) + u 2 (x, t)),  the following inequalities are valid: 
2 

Then, for the function = 

Qq ,t2 i,j = I 
k 1 nj~_lbij t 1 -%) + 2 i, - ( %  _Ukx, ) (% d x d t  
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1 I s b i j ( V x i - 1 A x i ) ( V x j - - b l x j  ) "b (U d x  
2 Q'2 i,j  = 1 
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I n 112  
2 Qt, i,j  = 1 

bij(~xi-"~,)(%-.x~j) + (~--k)2] ax, 

where 

17 

f k =  fo - ~ fi,x, 
i=1 

- Au k, k=  1,2. 

By summing these two inequalities, we  obtain 

I [ ( f l  _ f2)(ul  _ U 2) 

Qtl ,t 2 

, 2 1 2 J  
4y -~ bijt(Uxi -- UXi)(I'~X j -- "Xj )  d x d t  

i , j= 1 

>_ 
E n 

2 Q,~. i , j  = 1 

q 
2 1 2 - - U  2 [ d x  -- U x i ) ( U x  j -- U x j )  + (U 1 )2 J 

-- -- -- Xi)(Uxj Xj)  + ( IA1 U2) 2 
2 Q,~ i , j  = 1 

In view of  the expressions of the functions fk, k = 1, 2, we can rewrite estimate (3) in the form 

(3) 

2- ~ " - Uxi)(Uxj - uxj) + (ul - u2 )  2 dx dt 
t I i , j  = 1 

+ 

t,) 
((A - B1)u 1 

tl 

- ( A - B 1 ) u  2,  u I - u 2 ) d t  < O .  

Hence, by using estimate (2), we obtain the inequality 

t2 
I (y'(t)  + ~l(Y(t))  p/2)dt  <_ O, 
tl 

(4) 

where 

y ( t )  = I[ b (U'x, 
f l  t i , j  = 1 

q 
2 1 2 U 2 )2 / 

- Uxi)(Uxj - Uxj ) + (u 1 - dx,  
J 



370 S.P.  LAVRENYUK AND M. B. PTASHNYK 

2130 
[3 1 = (mes~)(p_Z)/2- 

Since the numbers t 1 and t 2 are arbitrary, we obtain from estimate (4) the inequality 

y ' ( t )  + ~ l ( Y ( t ) )  p/2 < 0 

for almost all t ~ (-oo, T]. 

Then, by virtue o f L e m m a 2 i n  [20], we have y ( t )  = 0 for almost all t ~  (_oo, T], i.e., u l ( x ,  t) = u 2 ( x ,  t) 

almost everywhere in Qr. Theorem 1 is proved. 

Theorem 2. Let the coefficients o f  inequality (1) satisfy conditions A 1, A 2, B, C,  and  G, and, moreover, let 

aij,t  E L~(QT) ,  i , j  = 1 . . . . .  n ,  ci, t ~ L~176 (Qr)  , i = O, 1 . . . . .  n .  Let  there exist a positive number ]t such that 

P0 = 2 a 0 -  2 b ~  b > 0, 2 ( g 0 -  ]')P0 > h i ,  

I ~ ( f i2(x ' t )  + f ~ t ( x ' t ) ) e 2 y t d x d t  < =" 
QT i = 0  

Then there exists a solution u ( x ,  t) o f  inequality (1). 

Proof.  Consider a sequence of functions { q)i } which possess the following properties: cp i e W 1 .p(f~), i = 1, 

2 . . . . .  the functions cp 1 . . . . .  q~k are linearly independent for arbitrary k, and linear combinations of cp i are dense 

in  w l  ' P ( ~ ) .  

Let 

N 
HN(x, t) ~- Z cN (t) Cp k (X), N = 1, 2 . . . . .  

k = l  

where c N . . . . .  c N is a solution of the Cauchy problem 

s tl F/ 
f N k U N k C U N _k RN q)k u ffq~k + bijuxi,tCPxj + ~_~ aij x icpxj + Y~ i xitP + c o 

f2 t i,j = 1 i,j = 1 i = 1 

+ ~/_ (ZiIuNIp-2uN k [uN]p-2uN(pk (pk ~ k ] xi x, q~xi + g _ f~)o _ f.to Cpxi dx 
i=1 i=1 

I (&(uNeW),Cpk)  = O, t~_ [t0, T], + -- 
E 

cff( to) = 0, k = l , 2  . . . . .  N. 

(5) 

Here, e > 0, B is the penalty operator [16, p. 384], B (u) = J(u  - PKU), J is the operator of duality between the 

spaces H 1 (U2) and ( H  1 ( ~ ) ) * ,  P is the operator of  projection on the set K ,  and 

(6) 
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f .(x, t) ,  i f  (x,t)~Qto,T; 
fi t~ (x,  t) = 0 ,  i f  (x, t) ~ Qto. 
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The existence of a solution of problem (5), (6) stems from the following a priori  estimates. Continue the functions 

c u (t) by zero to the interval (-oo, to ] and perform the substitution uN(x,  t) = v N(X, t )e  -vt in system (5). Then 

u u (x, t) = v u (x, t) e -~t - 7v  x (x, t) e -~t , and problem (5), (6) acquires the form 

f 
if2 t 

N k vNcp I~ + ~.~ bijVxi,tCPxj + (aij-Tbij)vNcpkxj 
i,j = 1 i, j  = 1 

+ 
n 

Ci I)N (pk (pk e - y ( p - 2 ) t  ll)x N ip -2  Ux i (Pxi xi + ( C o -  "~)I)N + E (Xi N k 
i = l  i=1 

+ e-7(p-2)t g IlpN I p - 2  I)N q)k _ I f~O (pk 

, = l  

1 (B(vN),cp~)  = 0,  (7) + - 

8 

pN( t  0) = 0. (8) 

Multiplying each equation of system (7), respectively, by the function c u (t) e vt, summing them over the index k 
from 1 to N, and integrating over the segment [q ,  "c] c [t 0, T], we obtain 

N uN  ,t'v N + bljVx,,, xj + X (aij-  xj 
~2q, x i,j  = 1 i,j = 1 

-4- Ci 1) N V N 
x i 

i=1 

On the basis of the conditions of the theorem, one easily obtains the following estimates from equality (9): 

(9) 

~2~ i=1 

[Ivul 2 

I 

QtI , .~ 

I e_7(p_2) t 

Qt l , ,r 

+ i=l ~ IvN]2) dxdt <- P~F~ 

IvNIP + i=1 ~ lUxNIp-2) d x d t  <- ~tlF~ 

(lO) 

(11) 

(12) 
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T 

I (B(vN)'vN)dt <- g l e F 0 d "  

t I 

(13 )  

where "t ~ [ q ,  T], the constant /.t 1 is independent of  e ,  n, and t I , and 

n 
FO,~ ~- I ~ [fi(x't)12 e2Vr dxdt" 

Qr i = 0  

W e  differentiate equation (7) with respect to the variable t, multiply each equation, respectively, by the func- 

tion (ckUt (t) + 7cU(t))e w, then sum them over k from 1 to N and integrate over the segment [t  l, "t]. As  a re- 

sult, we  obtain the equality 

I n tl 
1)tt bij l)x i,tt l)xj,t + Z 

Qq ,~ i,j = 1 i,j = 1 
N N (aij - Ybij + bij,,) vxi,, Vxi,, 

+ ( p -  1) I e - Y ( P - 2 ) t ( s  ~ill)x NIp-2(I)N,t)2 + g[vNIp-2(vN)2) dxdt 
Q,,, ~ i= 1 

- -  xi lPxi,t -1- g 
Qq,z i = I 

+ f [ ~" (a,,,,-Vbi~,,)~ ~ ~ ~ ~ + Co,,~, ~ x i Dxj,t + s Ci, t x i 
Qq,~ i,j=l i=l 

i = 1  

T 
1 [. (B, (Iv), v u ) at o. 

(14) 

Taking into account the inequality (B t ( / )N) , / )N)  >_ 0 [16, p. 413], conditions of  the theorem, and estimates 
( 10 ) - (12 ) ,  we easily obtain the inequality 

I (]?)N]2 + s [1)xNii,l]2) dX + f IIao 
~ z  i = 1 Q q  , z 

, l c l  ) :NI2 
- Y b ~  + 2 - bl - 2 80 - 81 [Vxia 

i = 1  

+ 

+ c o - y 280 

. ) 
s  c i = l 

(15) 
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from equality (14). In (15), the constant ~t 2 is independent of e, N, and q ,  5 0 > 0, 51 > 0, 

Hence, 

?t 

FI,v = S ~ [fi, '(x't)12e2v' dxdt" 
~ T  i=1 

On the basis of estimate (12) and the Fatou lemma, we have 

T 
P f l iminf]lvNllw,.p(~)e-7(P-2)tdt <_ ~IFo~I. 

t l  
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2 > 0,  and 

W 1, W 2 E w I ' P ( ~ ) ,  

we can assert the existence of  a boundary point v t~ t) of the sequence { vN(x, t)} which satisfies the equality 

I n n n 1 ,o vtt~ + Z bijVxi,tt~ Wx j + ~.~ (aij-Ybij)v'x ]wx./ + Z CiVx, W + (c o-Y)v t~ dxdt 
~q,~ i,j=I i,j=l i=I 

i(e-~fP-Z)'(Aovt~176 dt 
tl 

Qq,T i = 1 

Taking into account estimates (10)-(12), (17) and the monotonicity of the operators A 0, B,  where the operator 

is defined by the formula 

(A OW l,W 2) = (z ilWxi x i 
i=1 

(18) 

e -'f(p-2)t l i m  i n f  111) N p i lw , ,p~a  ) < oo 

for almost all t ~ [tl ,  "~]. Then there exists ~ ~ [ T -  1, T] such that the specified lower boundary is finite for x = 

~. By replacing "c by ~ and passing, if necessary, to a subsequence, we can consider that 

e -v(p-2)~ [I vN - P (16) <  t3, 

where the constant ~t 3 is independent of e, N, and t t. 

On the basis of the conditions of the theorem, one can choose the numbers So, 61 , and 8 2 such that inequal- 
ity (15) will imply [in view of estimate (16)] the estimate 

Q I  I , z 

where the constant ~4 is independent of e, N, and t 1. 

A0 
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for an arbitrary function w ~ /~Poc ( ( - ~ ,  T]; W kp (~2)), where t I is an arbitrary number from [t 0, T]. 

Moreover ,  estimates (10)-(12) and (17) are valid for the function v ~0(x, t). If  one successively sets t o = T - 

1, t o = T -  2 . . . . .  t o = T -  k . . . . .  then one obtains a new sequence of  functions { vk(x,  t )} ,  each of which is a 
solution of  Eq. (18) and satisfies estimates (10)-(12), (17). Therefore,  the given sequence also has a boundary point 

rE(x, t) that satisfies Eq. (18) and estimates (10)-(12), (17). Thus,  one can select a subsequence {ve*(x, t )}  c 

{v~(x ,  t )} such that 

v ek ~ v weakly in LP((t l ,  t2),  W I ' p ( ~ ) ) ,  

v ek --) v weakly in 

Ek v t --~ v t weakly in 

L 2 ( ( t l ,  t2), H l (~'-).)), 

L 2 ( ( t l ,  t2), H l ( f2)) ,  

v % ~ v uniformly in C ( [ t l , t 2 ] , H l ( ~ ) )  

as a --~ 0 for arbitrary t l, t 2 ~ ( - ~ ,  T] ,  t z < t 2. 

Taking into account the monotonicity of  the operators A o, B ,  we have 

Ao vek ~ Aov weakly in LP((t l ,  t2), (W 1 'P(~'2))*), 

B(v  ek) ~ B ( v )  weaklyin L 2 ( ( t l , t 2 ) , ( H l ( ~ ) )  *) 

as e -~ 0.  By using equality (18), which is satisfied by the functions ve*(x, t) for "t = t2, we obtain 

B(v ek) --~ 0 weaklyin L 2 ( ( t l , t 2 ) , ( H l ( n ) ) * ) .  

Hence, B ( v )  = 0,  i.e., v ~ K for almost all t s (-,,~, T].  Now consider equality (18) for the functions v %(x ,  t)  

and x = t  2 byse t t ing  w = ( z - u k ) e  -Tt, uk = veke -vt, where t e K  for almost all t ~  ( - ~ , , T ] ,  z ~  

/-/~oc ( ( -~ ,  7"1; H 1 (~)) U L~o~ ((-~,, r]; w Lp (~)) .  

- bij Uxia (Zxj - Uxj ) + Z aij Uxi (Zxj 
Q q , t  2 i , j  = 1 i , j  = 1 

+ 

+ 

t/ 

I .x,(Zx, 
i = 1  

-- uki ) + ~ Ci ukxi(Z-u) + couk(z--bl k) 
i = 1  

t2 

g l u k l p - 2 u ~ ( z - u  k) - f o ( z - u  k) - Y___, fi(z~, 
i=1 

- Uxi ) dxdt  

1 t2 
= ~ <B(ze-V)- H(u~e-V'), z - ,~ )d ,  Z O. 

l I 

(19) 
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Afte r  elementary t ransformat ions  o f  the integral 

f. Iu (z-u ) + 
~ t  1,12 

inequali ty (19) takes the form 

I 

bijukxi,t(Zxj - Uxj ) dxdt, 
i , j=l  

1 bij,t (Zxi - Ux i )(zxj - uxj z ' ( z - u k )  + 2 i,j:l 
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g/ n 
k k k 

- uxj) + Z aij. , (z j - uxj) 
z , j  = 1 i , j  = I 

n 

k k k ( z - u  k) + c 0u k ( z - u  k) 2 (Xi ]//k ip-2 gXi (Zx i  --  Ux i )  + Ciblxi x i 
i=1 i=1 

+ glu~lP-2uk(z-u  k) - f o ( z - u  k) - ~ fi(Zx, - blx i ) d x d t  

i=1 

- - [  k )(ZxJ - u k  uk'2 1 
2 Qt2 i,j = 1 

- -~ , t_ i , j=lbq(zxi-Uxi)(zxi -uxj)+lz  - dx. 

B y  setting z = u in (20), we obtain strong c o n v e r g e n c e  o f  the sequence { uk(x, t )}  to the funct ion 

space  W 1 'P(f~). Therefore,  one  can pass to the l imit  in inequality (20) as k --~ ~ .  

ity ( t ) ,  i.e., the funct ion u(x,  t) is the required one.  T h e o r e m  2 is proved. 

(20) 

u ( x , t )  in the 

In this case, we obta in  inequal-  
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