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TWO-SCALE CONVERGENCE FOR LOCALLY PERIODIC
MICROSTRUCTURES AND HOMOGENIZATION OF PLYWOOD
STRUCTURES*

MARIYA PTASHNYKT

Abstract. The introduced notion of locally periodic two-scale convergence allows one to average
a wider range of microstructures, compared to the periodic one. The compactness theorem for locally
periodic two-scale convergence and the characterization of the limit for a sequence bounded in H! ()
are proven. The underlying analysis comprises the approximation of functions, with the periodicity
with respect to the fast variable being dependent on the slow variable, by locally periodic functions,
periodic in subdomains smaller than the considered domain but larger than the size of microscopic
structures. The developed theory is applied to derive macroscopic equations for a linear elasticity
problem defined in domains with plywood structures.
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1. Introduction. Many natural and man-made composite materials comprise
nonperiodic microscopic structures, for example, fibrous microstructure with varied
orientations of fibres in heart muscles [28], in exoskeletons [15], and in polymer mem-
branes and industrial filters [31] or space-dependent perforations in concrete [30]. An
interesting and important special case of nonperiodic microstructures is the so-called
locally periodic microstructures, where spatial changes of the microstructure are ob-
served on a scale smaller than the size of the considered domain but larger than the
characteristic size of the microstructure. The distribution of microstructures in locally
periodic materials is known a priori, in contrast to the stochastic description of the
medium considered in stochastic homogenization [8].

There are few mathematical results on homogenization in locally periodic and
fibrous media. The homogenization of a heat-conductivity problem defined in locally
periodic and nonperiodic domains consisting of spherical balls was studied in [11] using
the Murat-Tartar H-convergence method, defined in [24]. The locally periodic and
nonperiodic distributions of balls are given by a C?-diffeomorphism 6, transforming
the centers of the balls. For the derivation of macroscopic equations for the problem
posed in the nonperiodic domain, where the changes of the microstructure are given
on the scale of the considered microstructure, a locally periodic approximation was
considered. Estimates for the numerical approximation of this problem were derived
in [32]. The notion of § —2 convergence, motivated by the homogenization in a domain
with a microstructure of nonperiodically distributed spherical balls, was introduced
in [1). The Young measure was used in [21] to extend the concept of periodic two-
scale convergence, presented in [2], and to define the so-called scale convergence. The
definition of scale convergence was motivated mainly by the derivation of the I'-limit
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for a sequence of nonlinear energy functionals involving nonperiodic oscillations. It
has been shown that two-scale and multiscale convergences are particular cases of
scale convergence. In [21], as an example of nonperiodic oscillations, the domain with
perforations given by the transformation of the centers of balls was considered. Macro-
scopic models for nonperiodic fibrous materials were presented in [10] and derived in
[9]. The nonperiodic fibrous material is characterized by gradually rotated planes of
parallel aligned fibres. By applying the H-convergence method for a locally periodic
approximation of the nonperiodic microstructure the effective homogenized matrix
was derived. The asymptotic expansion method was used in [6] to derive macroscopic
equations for a filtration problem through a locally periodic fibrous medium. A formal
asymptotic expansion was also applied to derive a macroscopic model for a Poisson
equation [7, 12] and for convection-diffusion equations [23, 27] defined in domains with
locally periodic perforations, i.e., domains consisting of periodic cells with smoothly
changing perforations. Two-scale convergence, defined for periodic test functions,
was applied in [20, 19] to homogenize warping, torsion, and Neumann problems in a
two-dimensional domain with a smoothly changing perforation. Optimization of the
corresponding homogenized problems was considered in [13, 29]. Locally periodic per-
foration is related to the locally periodic microstructure, considered in this work, so
that the changes in the perforation are given on the e-level and can be approximated
by the locally periodic microstructure, which is periodic in each subdomain of size
~ €% where 0 < r < 1, ¢ is the size of the periodic cell, and d is the dimension of
the considered domain.

Two-scale convergence is a special type of convergence in LP-spaces. It was intro-
duced by Nguetseng [25], further developed in [2, 18], and is widely used for the ho-
mogenization of partial differential equations with periodically oscillating coefficients
or problems posed in media with periodic microstructures or with locally periodic
perforations (called also quasi-periodic perforations). Admissible test functions used
in the definition of two-scale convergence are functions dependent on two variables,
the fast microscopic and slow macroscopic variables, and are periodic with respect to
the fast variable. Two-scale convergence conserves the information regarding oscil-
lations of the considered function sequence and overcomes difficulties resulting from
weak convergence of fast oscillating periodic functions.

In this article we generalize the notion of two-scale convergence to locally peri-
odic situations; see Definition 3.1. The considered test functions are locally periodic
approximations of the corresponding functions with the space-dependent periodicity
with respect to the fast variable being dependent on the slow variable. This general-
ized notion of two-scale convergence provides easier and more general techniques for
homogenization of partial differential equations with locally periodic coefficients or
those considered in domains with locally periodic microstructures. The central result
of the work is the compactness theorem, Theorem 3.2, for locally periodic two-scale
(I-t-s) convergence and the characterization of the l-t-s limit for a sequence bounded
in H'(Q); see Theorem 3.3. The proof indicates that local periodicity of the consid-
ered microstructure is essential for the convergence of spatial derivatives. Due to the
definition of a locally periodic domain we have that the size of the subdomains with
periodic microstructure is of order €%", where 0 < r < 1 and ¢ is the size of the micro-
structure. Thus, the gradient of the smooth approximations of characteristic functions
of subdomains with periodic microstructures multiplied by ¢ is of order £'=7, with
r < p < 1, and converges to zero as € — 0. This fact allows us to approximate the
locally periodic test function by differentiable functions and show the convergence of
spatial derivatives.
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In section 4 we apply I-t-s convergence to derive macroscopic mechanical prop-
erties of biocomposites, comprising nonperiodic microstructures. As an example of
such a microstructure we consider the plywood structure of the exoskeleton of a lob-
ster [15]. Mechanical properties of the biomaterial are modeled by equations of linear
elasticity, where the microscopic geometry and elastic properties of different compo-
nents are reflected in the stiffness matrix of the microscopic equations. The fully
nonperiodic microstructure is approximated by a locally periodic domain, provided
the transformation matrix, describing the microstructure, is twice continuously dif-
ferentiable. Our calculations for the fully nonperiodic situation were inspired by [10].
Note that the techniques developed in this article can be applied to derive macroscopic
equations for a wide class of partial differential equations and are not restricted to the
problem of linear elasticity. The introduced convergence is also applicable to more
general nonperiodic transformations than transformation of centers of spherical balls.

2. Description of plywood structure. A major challenge in material science
is the design of stable but light materials. Many biomaterials feature excellent me-
chanical properties, such as strength or stiffness, regarding their low density. For
example, the strength of bone is similar to that of steel, but it is three times lighter
and ten times more flexible [5]. Recent research suggests that this phenomenon is pri-
marily a consequence of the hierarchical structure of biomaterials over several length
scales [26]. A better understanding of the influence of microstructure on mechanical
properties of biomaterials is not only a theoretical challenge in itself but may also
help to improve the design and production of synthetic materials.

Here we consider the exoskeleton of a lobster as an example of such biomaterials.
The exoskeleton is a hierarchical composite consisting of chitin-protein fibres, vari-
ous proteins, mineral nanoparticles, and water. A prototypical pattern found in the
exoskeleton is the so-called twisted plywood structure (see Figure 2.1), given as the
superposition of planes of parallel aligned chitin-protein fibres, gradually rotated with
rotation angle « [15].

We would like to study elastic properties of an exoskeleton. In the formulation
of the microscopic model defined on the scale of a single fibre, we shall distinguish
between mechanical properties of fibres and interfibrous space. We assume that the
fibres are cylinders of radius ea, perpendicular to the x3-axis, whereas 0 < a < 1/2
and € > 0. It has been observed that different parts of the exoskeleton comprise
different rotation densities [15]; see Figure 2.1. Thus, we shall distinguish between
the locally periodic plywood structure, where the height of layers of fibres aligned in
the same direction is of order ", with 0 < r < 1, and the nonperiodic microstructure,
where each layer of fibres is rotated by a different angle, i.e., r = 1; see Figure 2.2
and Figure 4.1. In the derivation of effective macroscopic equations the nonperiodic
situation shall be approximated by the locally periodic microstructure. The case r =0
would imply the periodic microstructure and will not be considered here.

In order to define the characteristic function of the domain occupied by fibres for
locally periodic plywood structure we divide R3 into layers L = R2 x ((k —1)e", ke”)
of height €, perpendicular to the xs-axis, where k € Z and 0 < r < 1, and in each

% we choose an arbitrary point 27 € L. In R x Y, with Y = [0,1]2, we consider the
characteristic function 7 of a cylinder of radius a,

2.) i) = {(1) s

where § = (y2,y3), and extend Y-periodically to the whole of R3.
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Fic. 2.1. Top: Hierarchical structure of the lobster cuticle. Reproduced from Nikolov et al.
[26]. Bottom: Microstructure of lobster cuticle. Reproduced from Fabritius et al. [15]. Used with
PETMISSLON.

Fic. 2.2. Locally periodic plywood structure.

For a Lipschitz bounded domain € we define Q? C Q as the subdomain occupied
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by fibres. Then the characteristic function of 25 is given by

(2:2) X0 (#) = xa() Y 1e(Ras 2)x1z (2),
kEZ

with 7:(z) = 7(z/c) and Rye = R(y(zj, 3)), where v € C?(R) is a given function,
0 <~(x) <7 for x € R, and R(«a) is the inverse of the rotation matrix around the
rs-axis with rotation angle o with the z-axis:

cos(aw) sin(a) 0
R(a)=| —sin(a) cos(a) 0
0 0 1

The assumed regularity of v will be essential for the homogenization analysis in sec-
tion 4. By x4 we denote the characteristic function of a domain A.

In the context of the theory of linear elasticity, which is widely used in the contin-
uous mechanics of solid materials [17], we describe the elastic properties of a material
with the plywood structure
23) {—div (B5(z)e(u®)) =G inQ,

ut =g on 012,

H ous .. L
where e;;(u®) = % (gTu; + 8—2) and the elasticity tensor E¢ is given by

(24) E* (ZIJ) = E1XQ; (ZIJ) + E2 (1 — XQ; (x))

Here F; is the stiffness tensor of the chitin-protein fibres and FEs is the stiffness tensor
of the interfibre space. The boundary condition and the right-hand side describe the
external forces applied to the material.

The considered microstructure is locally periodic, i.e., it is periodic in each layer
L3, where the height of the layer €" is larger than the radius of a single fibre but
is small compared to the size of the considered domain 2, provided ¢ is sufficiently
small.

To allow more general locally periodic oscillations and microstructures, we shall
consider the partition of € into cubes of side €” in the definition of locally periodic
two-scale (I-t-s) convergence. In the locally periodic plywood structure the rotation
angle is constant in each layer Lj and the characteristic function of Q% can also be
defined considering the additional division of L{ into cubes of side ¢". Thus, the I-t-s
convergence introduced below is applicable to fibrous media. Although the division
of {1 into layers Lf is sufficient to define the microstructure of the locally periodic
plywood structure, for the homogenization of a nonperiodic plywood structure the
partition covering of €2 by cubes will be essential; see section 4.

3. Two-scale convergence for locally periodic microstructures. First we
introduce the space-dependent periodicity and the corresponding function spaces. Let
Q2 € R? be a bounded Lipschitz domain. For each 2 € R? we consider a transformation
matrix D(z) € R¥? and its inverse D~!(z), such that D, D=1 € Lip(R%; R%*?) and
0 < Dy < |detD(z)| < Dy < oo for all z € Q. For convenience, we shall use the
notations D, := D(z) and D;! := D7(z). By Y = [0,1]? we denote the so-called

unit cell and consider the continuous family of parallelepipeds Y, = D,Y on Q.



LOCALLY PERIODIC TWO-SCALE CONVERGENCE 97

We shall consider the space C(Q; Cper(Yz)) given in a standard way; i.e., for any
¥ € C(Q; Cper(Y)) the relation ¢(x,y) = (x, D;'y) with z € Q and y € Y, yields
Y € O(Q; Cper(Yz)). In the same way the spaces LP(Q; Cper(Yz)), LP(2; L, (Yz)),
and C(Q; L2, (Y,)), for 1 <p < 00, 1 < ¢ < oo, are given.

per

The separability of Cpe,(Y;) for each z € Q and the Weierstrass approximation
for continuous functions u € (2 — Cper(Yz)) imply the separability of C(€Q; Cper(Y3)).
For the norm ”wHC(ﬁ;CPer(Ym)) 1= SUp, g SUP, ey, [¥(2,y)| we have the relations

||‘/’||c 0Cper(Ya)) — SUP sup W’(x D, )| = Sup sup v (2, 9)]-
QUEY: zeQYEY

For p < oo the separability of Cper(Yy) for x € Q and the approximation of
LP-functions u € (@ — Cper(Yz)) by simple functions imply the separability of
LP(€; Cper(Yz)). The norm is defined in the standard way:

9l @iy = [ sup [ )P
QyeY,

The space L%(Q; L%(Y,,)) is a Hilbert space with a scalar product given by

//¢xy a:ydyda:—//wa:y (z,9)| det D, |dgdx

for ¢, ¢ € L2(Q;L2(Ym)) with ¢ (z,y) = w(x,Dgly), d(z,y) = &(x,D;ly) for a.a.
r€Qandy€Y,, and ¢, ¢ € L*(Q; LA(Y)).

Due to the assumptions on D, i.e., D € Lip(Q) and |det D(x)| is uniformly
bounded from below and above in €2, we obtain that

L2(Q; HY(Yy)) = {u € L*(Q; L*(Y.)), Vyu € L2(Q; L*(Y,)4)}
and
L2(Q; L2(0Y,)) = {u tUgea ({2} x 0Y,) = R measurable,/ [ull72(py, dz < oo}
Q
are well-defined, separable Hilbert spaces [14, 22, 33].
To introduce the notion of locally periodic two-scale convergence for a sequence
{u}o>0 in L2(Q) we consider the covering of 2 by cubes. For ¢ > 0, similarly as in

[11], we consider the partition covering of §2 by a family of open nonintersecting cubes
{08 }1<n<n. of side ", with 0 < r < 1, such that

Ne
Qc O, and Q nQ#0,
where N is the number of ), having a nonempty intersection with 2. We consider

\(Uﬁi>,

where by N. we denote the number of all cubes QZ, enclosed in Q. Then

Ne

=~

ke U .
n:]\~75+1



98 MARIYA PTASHNYK

All Qf with n = N. +1,...,N. have the nonempty intersection with 99 and are
enclosed in a €"-neighborhood of 9€2. Then the size of the domain K¢ can be estimated
by

IKe| < Ce™,
with some constant C. This gives N.e"% < || and N.e™® < |Q| + C for e < 1. Thus
N.<Ce ™ and N.<(Ce "
In the following we shall denote by z,z; € QF N, for n = 1,..., N,, arbitrary
chosen fixed points.

We consider ¢ € C(Q; Cper(Ys)) and corresponding function P € CQ; Cper(Y)).
We call L5 : C(€; Cper(Yz)) = L>°(£2) a locally periodic approximation of ¢ given by

(L) (x :NE < M);«;ﬂx) for = € Q.

We also consider the map £§ : C(; Cper(Yz)) — L°() defined for z € Q as

Ne e Ne D;sl — &
z) =Z¢($i, x”)XQz(ﬂS)ZZ¢($i¥)xﬂi(m)-
n=1 n=1

If we choose 77, = D,: ek for some k € Z4, then the periodicity of ¥ implies

1

:i ( wex)XQs() and ii( wslm)XQs()

for z € . In following we shall consider the case 77, = D: ek, with k € Z¢; however,
all results hold for arbitrarily chosen ¢, € Qf with n=1,..., V..
In a similar way we define £%%) and E &1 for 4 in C(Q; Lger( z)) or LP(€; Cper (Yz)).
In the proof of the convergence theorem we shall use the regular approximation

of L%,

Ne Dzelx
< >¢Qe() for z € Q,

where ¢qo- are approximations of xq- such that ¢o- € C§°(€2;,) and

Ne
(31) Z |¢Q$1 _XQZ| — 0 in LZ(Q), ||vm¢QZ||Loo(Rd) S Ce™"™ for 0 <r<p< 1.

n=1
We can consider ¢os () = ¢ * xqz , for QF C Q and ¢qe (z) = 0 for QF, N 9Q # 0,
where p.(z) = Enpgp(gp) with p(z) = cexp(—1/(1 — |z]?)) for |z| < 1 and p(z) =0
for |x| > 1and Q, , = {z € Q,dist(z,0Q;) > ¢”}. The constant c is such that
Jga p(z)dz = 1. Then ¢q- € CO (Q¢) and (3.1) follow from the properties of ..

Notice that || anl lpa: — x: || 22(q) < c1e™@ Vel N, < cpeP™T.
Another construction of ¢o- can be found in [9].
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E:mmple. Let Q = (0,1), Y = [0,1], and the family of cubes Q° = (n — 1,n)e"
with e = N~/ for some N € N, and n = 1,..., N., where N. = N = ¢~ ". With
D(z) = e for x € Q) we obtain the family of 1nterva1s Y, = [0,e"]. We consider
Y(x,y) = z+sin(2mey) in C(; Cper(Yz)) and corresponding ¢ (z, §) = = +sin(27)
in C(Q; Cper(Y)). Then the locally periodic approximation of v is given by £5(x) =
Zf:[ | (z +sin(2me=na/e)) xos (z), with, e.g., x5, = (n — 1/2)e", and L§(x) =
Zgil (25 + sin(2me~"nz /€)) x0: ().

DEFINITION 3.1. Let u® € L?(Q) for all ¢ > 0. We say the sequence {u}
converges locally periodic two-scale (I-t-s) to u € L?(Q; L?(Y,)) as € — 0 if for any
¥ € L*(Q; Cper(Ya))

i [ W@ v@de = [ | eyl gy
e—0 Q QJy,
where L5 is the locally periodic approximation of .
Notice that taking a test function 1 independent of y in Definition 3.1 yields

“(x) 4]{/1 u(z,y)dy in  L*Q).

The subsequent convergence results for the locally periodic approximation will ensure
that Definition 3.1 does not depend on the choice of zf,,25 € QF, forn=1,..., V,.

The main results of this section are the compactness theorem for 1-t-s convergence
and the characterization of the 1-t-s limit for a sequence bounded in H'().

THEOREM 3.2. Let {u¢} be a bounded sequence in L*(). Then there exist a
subsequence of {u}, denoted again by {u®}, and a function u € L?(Q; L*(Y,)) such
that u® — u wn the locally periodic two-scale sense as € — 0.

THEOREM 3.3. Let {u} be a bounded sequence in H* () that converges weakly
to u in HY(Q). Then the following hold:

o the sequence {u®} converges locally periodic two-scale to u;

o there exist a subsequence of {Vu®}, denoted again by {Vu®}, and a function
uy € L*(; Hp,, (Y2)/R) such that Vu® — Vu + Vyuy in the locally periodic
two-scale sense as € — 0.

The proofs of the main results rely on some convergence results for locally periodic
approximations of Y,-periodic functions.

LEMMA 3.4. For ¢ € LP(Q; Cper(Yy)), with 1 < p < oo, we have

(3.2) lim/ |L(z) | do = /][ [(z,y)|Pdy dz
e—0
and for ¢ € L*(Q; Cper(Yz)) we obtain

(3.3) ahi%/ﬁw da:—/][wa:ydyda:

For ¢ € C(; Lb,(Yz)), where 1 < p < oo, we have
(3.4) i [ (£5@) do= [ f foteg)Pdyds
e—0 Q oJy,

and for ¢ € C(Q; LY (Y,)) we obtain

per

(3.5) hm/ Lo (z dx—/][ Y(x,y)dy dz.
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If ¢ € LP(Q; CL, (Y2)), with 1 < p < oo, then we have

per

(3.6) lim |£5Vy¢(x)|pdx:/][ |Vyih(x,y)Pdyde.
e—0 Q oJy,

Proof. We start with the proof of (3.2) for ¢ € C(Q; Cper(Yz)). The translations
of Y = [0,1]¢ are given by Y’ = Y + k; with k; € Z¢. Then for 25 € QF and
D= = D(x5,) we consider Ywii = D,-Y", obtained by the linear transformation of Y,

and cover 2, with 1 <n < N, by the family of closed parallelepipeds {EYZS Z :
Q° C U €Y. such that Y. N Q. £0,

where I7 is the number of parallelepipeds covering €2;,. The domain M?, given by

Iy
ME = Q5 \ (UaY;'s),
i=1
with I¢ as the number of all aYle enclosed in QF, satisfies M, C U, "IE_HaYiE . All
fori = I °+1,...,I¢, have the nonempty intersection with 025 and are enclosed

157 ytn

in a e-neighborhood of 01);,. This ensures the estimate
IME| < C110%% e < Cpeld=Dr+t forall n=1,...,N..
Thus we have 9| det Dwi|I~fZ < e and e?|det Dy |I5 < Ce? for e < 1, ie.,
If <= and 5 <Ce¥"Y forall n=1,...,N..

Considering the covering of Qf, we rewrite the integral on the left-hand side of (3.2)
as

/Q|£€ |pdx—i2/

p

BRI
S5, (7( P [ )

S ( =)

Applying the inequality ||a|? —[b[P| < p(|a|P~" +[b|P~")|a—b| (see [4]), the assumptions
on D, the continuity v, the bounds for N, and I7, and the property

dx—i—/ |£s¢($)|pd$=h+lg+f3+l4.
Ce

sup  sup |z —ap| < C€,
1<i< s weeY,

ensured by the fact that || = ¢” for all 1 < n < N, we can estimate Iz by

8T
(37) 217 g e v ZZ sup sup |{(z, §) — (7, 9)| < Coi(e)|9,

— zEsY;% yeY

3
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where 61(¢) — 0 as e — 0. For I3 and I4 the regularity of 1, together with the bounds
for |[K¢|, |IMZE]|, and N, implies

(68) 1l + 1Ll < 9 g Y))<Z|M€|+|/cs|> CE + &)
Combining now (3.7) and (3.8) gives
(3.9) /|.c€ |pda:—ZI€ d|detDzs|/ (s, §)IPdg + 5(e)
/Z][ ; (5, y)[Pdy xq: (v) da
—Z|M€|][ (@5 )Pdy + 6(0)

where §(¢) — 0 as € — 0. The continuity of ¢ with respect to x ensures

N.
(3.10) Z | M5, |][ (2, y)|Pdy < Cre'™ sup/ [ (x, §)|Pdf < Coe' ™.

Thus, the continuity of F, given by F(x fy |¢(z,y)|Pdy, in Q and the limit as

¢ — 0 in (3.9) provide convergence (3.2) for P € C(Q; Cper(Yz)).
To prove (3.2) for ¢ € LP(Q; Cper(Yz)) we consider an approximation of ¢ by a
sequence {1, } C C(Q; Cper(Yz)) such that ¢, — ¢ in LP(Q; Cpher(Yy)). Using

x P ~ 11
5(a ) < o ) =i 22~ oo 220
B AT S
we obtain the following estimate:
[cu@l =18 on@l | de < [ sup [[06)? = [n (e, )| ds
Q QyeY:
(3.11) +/ 3 —‘1[) (m,D;leiyj)‘p‘XQi(x)dx
Q-1 9EY
%isz& [ @D = [ (. P22 sy

The inequality |[1[P — [m[P| < p(|10[P7 + [¢m P71 — tm| (see [4]), together with
the Holder inequality and the boundedness of ¢, and ¢ in LP(; Cper(Yz)), implies

[ st - |wm|p|dx<c(/ sup w—wmwdx)p

QYEY, QyeY,
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The assumptions on D and Q, ensure |[§ — D' Dye | < da(e) for z € Q5, j € Y, and
n=1,..., N, where d2(¢) — 0 as ¢ — 0. Thus, using the continuity of ¢ and v,
with respect to y and the convergence of 1,,, and taking in (3.11) the limit as ¢ — 0
and then as m — oo, we conclude that

lim lim [ (|£%¢(2)]" — |L%%m(z)|") dz = 0.

m—o00e—0 [

Applying now the calculations from above to ¥y, € C(Q; Cper(Yz)) for m € N and
considering the strong convergence of 1,, we obtain for ¢ € LP(; Cper(Yz))

lim/ |5 (z)|P doz = lim hm/ | L9y, (2)|P d

e—0 m—o00e—0 /o

=t [ f wawaravie= [ f weppayas

The proof for (3.3) follows along the same lines as for (3.2). First we consider
P € C(Q; Cper(Yz)) and write the integral on the left-hand side of (3.3) in the form

L . Dtz
L€ _ € Tn
IREZEDH /Yw(x— )
- Dtz ~ Dtz
oo ) o =)

N¢ . D_sl
+Z/ w(x, I;x)dwr Ksﬁgw(x)dw

n=1

Using estimates (3.7), (3.8), and (3.10) with p = 1 we can conclude that

N,
/Q Cuae =3 1) ][Y (e y)dy + 5(),

where 0(e) — 0 as € — 0. Thus, the continuity of F(x) = fo Y(z,y)dy in Q and the

limit as e — 0 provide convergence (3.3) for ¢ € C(; Cper(Yz)). To show (3.3) for
¥ € LY Cper(Yz)) we approximate 1 by {¢m} C C(Q; Cper(Yz)). Then calculations
similar to those in the proof of (3.2) ensure the convergence (3.3).

In the same way as above we obtain the equality

(3.12) /ww |pda:—ZF d|detDzs|/|w o, )P di

o3[ [ )

The second and third integrals can be estimated by

dx—l—/ |L5 ()P de.
Ke

€

ITL
Z et D] [ 10(ah Py < O sup / (@ y)IPdy,

Z Iiad|detDmi|/ [(as, i) [Pdiy < Ce” sup/ [(z, y)[Pdy.
- Y
n=Nc+1



LOCALLY PERIODIC TWO-SCALE CONVERGENCE 103

Then, using (3.10) and passing in (3.12) to the limit as ¢ — 0 yields convergence
(3.4).

Similar arguments also imply the convergence (3.5).

Applying convergence (3.2) to Vyw € LP(Q; Cper(Ya)?) gives

D;;lx
93 )
/][ |Vywxy|pdydx—/][ |D; TV 50 (z, §) | djdz,

where DT is the transpose of the matrix D .
To prove the lemma for an arbitrarily cho&en 5 € Q,i we shall consider the shifted

P
Xqe dx

hm/|£V¢ WP d

covering €, C Z7 + Uilange with the same properties as above. Then for x € Q,
we have x — 75, € aY;Z for some 1 < ¢ < I¢ and, applying the change of variables
Dil(x £) /e = i, we can conduct the same calculations as for Z5, = Dy ck, k € Z.

We consider f € Lp..(Y) for 1 < p < oo and define f(z,y) := f(D;'y) for z € Q
and a.a. y € Y,. Applying calculations similar to those in Lemma 3.4 we can show the
boundedness in L? of {L£°f}, which due to the structure of f coincides with {L£§f},

Ne
H£6f||1£p(g) < Zfigdl det Dw;|||f@)”ip(y) < C”f”ip(y)i
n=1

and the convergence

s _ € .d _
;13(13 QE dr = lnnZI |detDzs|/f )dy = /][ Sz, y)dydz.

Thus, in the same manner as for periodic functions we obtain as € — 0

Lf(x) =1 flx,y)dy weakly in LP(Q) for p > 1, weakly* in L°°().
Yo
Remark. As we can see from the proofs, all convergence results are independent
of the choice of the points z¢,, 25 € QF forn=1,..., N..
Now we prove the compactness theorem for 1 t S convergence.
Proof of Theorem 3.2. We shall apply ideas similar to those for two-scale conver-
gence with periodic test functions [2, 18].

For 9 € L*(; Cper(Yz)) we consider a functional pf given by

W) = /Q o (@) Lo () de

Using the Cauchy—Schwarz inequality and the boundedness of {u¢} in L?(Q) we obtain
that u® is a bounded linear functional in (L?(Q; Cper(Y2)))"

= ()] < Nlufl| 2@ 1L 22 ) < CllYllL2(@:0pe (v2))-

Since L?(£2; Cper(Yy)) is separable, there exists o € (L*(Q; Cper(Yz)))" such that,
up to a subsequence, pf = jip in (L2(€%; Cper(Yz)))'. Using convergence (3.2) and
assumptions on D yields

()] = [ 1im ()] < Co lim [[ L0 L2(0) < Col[$llL2(0:22(v2))-
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Thus, po is a bounded linear functional on the Hilbert space L?(2; L?(Y,)). The
definition of L?(Q; L*(Y,)), the density of L?(Q; Cper(Yy)) in L?(; L*(Y,)), and the
Riesz representation theorem imply the existence of @ € L*(Q; L?(Y:)) such that

:/Q/ ﬂ(x,y)@/}(%y)dydﬂﬁz/ﬂ][m u(z,y)v(z, y)dyde,

with u = @|Y,| and u € L?(Q; L?(Y})). Therefore, there exists a subsequence of {u¢}
that converges locally periodic two-scale to u € L?(Q; L*(Y,)). O

Similarly as for two-scale convergence (see [18]), we can show that it is sufficient
to consider more regular test functions in the definition of 1-t-s convergence, assuming
that the sequence is bounded in L?(€2).

PROPOSITION 3.5. Let {u®} be a bounded sequence in L*(S) such that

(3.13) lim us(x)ﬁs(b(a:)da:zfg]{/ u(z,y)o(z, y)dydx

e—=0 Jo

for every ¢ € W™ (;C2 (Y2)). Then {u} converges I-t-s to u.

per

Proof. We consider 1 € L*(Q; Cper(Yz)) and {¢,} © Wy (€ Cpex(Yz)) such
that ¢, — ¥ in L2(; Cper(Ya)) as m — oo. Then we can write

lim [ w(z)L¢%(z)de = lim lim [ [u(x)L5dm(z) + u®(2) (LY — L5y )] dz

e—0 Q m—o0 e—0 Q

Assumed convergence (3.13) and the convergence of ¢,, to ¥ ensure

lim lim | w®(2)Lf¢p(z)de = lim /][ uqudydx—/][ u(x, y)v(z,y)dydx.
m—00 e—0 Q m—00

The boundedness of {uf} in L?(Q), estimates similar to (3.11) in the proof of Lemma
3.4, the continuity of ¥ and ¢,, with respect to the second variable, the convergence
of ¢, and the regularity of D imply that the second term on the right-hand side
converges to zero as € — 0 and m — oo. Thus, due to the arbitrary choice of
¥ € L*(Q; Cper(Yz)), we conclude that u® — u in the l-t-s sense as € — 0. O

If we assume more regularity on the transformation matrix D, the result in Propo-
sition 3.5 also holds for more regular, with respect to x, test functions ¢.

In the following we prove a technical lemma on the strong (H*(£2))’-convergence,
which will be used in the proof of Theorem 3.3.

LEMMA 3.6. For ¥ € W™ (Q; CL,(Y,)?) (resp., ¥ € Wy ™ (Q;CL(Y)4)) and
pa: € C5°(Q,) such that

(3.14) [[V™bqs || Loy < Ce™™” with 0 < p <1,
formn=1,... Ng, it holds that
Ne
(3.15) 3 <xp( D ) ][ \I!(-,y)dy> Véo: —0 in (H' (D).
Yo

T S
n=1

In particular, for ¢, € Q and 1 <n < N, we have

Ne

(3.16) 3 <\I/(xn g) —][’E W(xi,y)dy)VqSQi 50 in (H'(Q)).

n=1
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Proof. For W € Wy'™(Q; CJ..(Yz)?) there exists a unique by € Wy > (Q; C2,,(Y)4)

per
with zero Y-mean value such that

(3.17) Aghy(z,7) = ¥(z,7) —][ W(z,y)dy.

x

Considering (3.17) with § = D;ilx/a we obtain for a.a. € Q5 NQ and 1 <n < N,
1

- Dl D, -z
\I/<x, ; > —][ U(z,y)dy =€V - <Dw; -Vghi <x, ; >)

x

Dtz
(3.18) —eVy - (Dm; -Vihi <x, E" >)

Similarly as in [11], we define Fy(z,§) = Vghi(z,§) with F1 € W, (€ CL.,(Y)¥*9)

per

and F)'(z) = Fi(z, D;ilx/a) for z € Q5 N Q. Applying (3.18), we have for a.a. z € Q

N¢ ~ D751$
> [xp (;v o ) — ][ \I!dy] Vs
g Y, "

(319) =) e[V (DezF[') = Vu - (Do FT')| Ve

(V- (e(Da F)V60:) = £V - (Das F') Vs — eDae F' : Vi |

Il
-

n

The boundedness of 3N D,e Fi'xo: and S0V, - (Dye F')xos in L%(S),
assured by the regularity of F; and D, and assumption (3.14) imply

Ne

>V (e(Dag F1) Vs ) =0 in (H'(Q)',
n=1

Ne

S eV (Dos ) Véa: =0 in L¥(Q).

n=1

Then the last convergences, together with (3.19), result in

NE D—Elx
(3.20) ) <[\IJ (a: = )—][ \I/dy} Va: +eDye FT - v%ai) —0in (H'(Q))".
Yo

n=1

If p < &, due to (3.14), convergence (3.15) follows from (3.20). If 3 < p < 1, we have
to iterate the above calculations. The periodicity of hi(z, ) yields fy, Fi(z,7)dy = 0.
Thus there exists a unique hy € Wy (; Cger(Y)dXd) with zero Y-mean value such
that

Aghg(f,g) = Fl (xag)

Defining Fo(x,9) = Vgha(z,g) for x € Q, § € Y, and Fj(z) = Fg(x,D;;x/a) for
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x € QF N, we obtain a.e. in Q

N
ZEDEZF{LZVZQSQE Zé‘zv ( s DEEFQ) VQQSQZ)

n=1

_ ng Dy (Dye F3)) = V3a: — Z&Dm;(DwZF;) A VAT

n=1

Due to (3.14), there exists m € N such that m(1—p) > 1 and ™[V dq: || oo (ra) —
0 as € — 0. Reiterating the last calculations m times yields convergence (3.15).

To show (3.16) we consider (3.17) with = 2¢, and § = D;ila:/s for x € Q5 NQ
and 1 <n < N.. Then ¥(z5 Dme x/e) =V (x,x/e) and for x € Q5 N Q we have

1
w (o5, ) Ut )y = eV - ( Dae Vot (25, 257
mnag - - x,,y)ay =¢€ x5, g1\ Ty, e .

Applying calculations similar to those in the proof of (3.15) yields (3.16). d

The convergence in Lemma 3.6 is now applied in the proof of the convergence
result for a bounded in H' sequence, where ¢qs will be the approximations of xqe
with0 <r<p<landn=1,..., N.. The proof emphasizes the importance of r < 1
in locally periodic approximations of functions with space-dependent periodicity.

Proof of Theorem 3.3. The ideas of the proof are similar to those for two-scale
convergence with periodic test functions [2, 18].

Due to {uf} being bounded in L?(Q2), thanks to Theorem 3.2, there exist ug €
L?(Q; L?(Y,)) and a subsequence, denoted again by {uf}, such that u® — ug in the
I-t-s sense. We shall show that ug is independent of y. We consider approximations
pa: € C5°(Q,) of xq- satisfying properties (3.1). The boundedness of {Vu®} yields

0=1lim [ eVuLYdr = lim [/ eVu (L5 — LoY) dx — / eusV (L) dx}
e=0 Jo e—0 Q Q

for ¢ € Wy (% Cper(Yz)). Due to the convergence of ¢- stated in (3.1) and the

boundedness of {Vuc} in L?(€), the limit of the first integral on the right-hand side

is equal to zero. The second integral can be written as the sum of three:

N, e - D'z
11+12+13:/u6£6vy¢dx+/ > w DLVt @, —— ) (¢o; — Xoj )de
Q Q. "

D lx D}
+5/Z [ < >V¢Qs+vm¢< 2"x>¢gg}dx

The properties (3.1) of ¢g: imply that lim. 0 Z = 0 and lim._,o Z3 = 0. Considering
the l-t-s convergence of {u®} in Z; we obtain

/Q][m uoVyt(z,y)dyde =0

for ¢ € Wol’oo(Q C.(Y;)) and can conclude that wug is independent of y; see [4].

per
Since the average over Y, of ug is equal to w and ug is independent of y, we deduce
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that for any subsequence the l-t-s limit reduces to the weak L2-limit u. Thus the
entire sequence {u®} converges to u in the l-t-s sense.

Applying Theorem 3.2 to the bounded in L?(2)? sequence {Vu} yields the ex-
istence of & € L2%(Q; L?(Y,)?) and of a subsequence, denoted again by {Vu©}, such
that

(3.21) lim [ Vu®(x)L5U(x)dz = / EV(x,y)dydx
e—=0 Jq 0JY,

for U € Wy (Q; C2.(Y,)%). Now we assume additionally that Vy - ¥(z,y) =0 for

per

z € Q and y € Y,, and we notice that
- Dl 1

(3.22) v-\y(x;i, n ) - v«p(a:,i,f) =2V, \Il(a:nf) —0.

€ € € €
We rewrite the integral on the left-hand side of (3.21) in the form

x
I= / Vuf (LEV — LET) dx+/ Vu® Z {\I/(a:fl,—) —][ \If(xfl,y)dy]ébﬂgdx
=1 ¢ Yag,

/Vu [ ng) —][ qz(xi,y)dy] (xe: —¢Qi)dx+/ﬂwa][m U(z, y)dydz

—I—/VuEZ[][ \P(xi,y)dy—][ \Il(a:,y)dy]xgida::h + I+ I3+ 1+ Is.
Q = Ui

x

NE

The boundedness of {u} in H1(2) and the continuity of ¥ and D ensure lim._,o [; =0
and lim._,o Is = 0. Now we integrate by parts in I5 and apply equality (3.22). Then
the Hi-boundedness of {u®} yields

Ne
Ne

S |v(n D) f, wetw]| Vo

n=1

<C

(HH ()

Applying now convergence (3.16) from Lemma 3.6 we obtain lim._,oIo = 0. The
convergence in (3.1), the regularity of ¥, and the boundedness of {uf} in H(Q)
imply lim._,o I3 = 0. Finally, the integration by parts and the L?-convergence of {u¢}
give

;i_r% Iy =— /Q u(z)V - <][m \Il(x,y)dy) dx = /Q o Vu(z)¥(z,y)dyde.

Thus, for any ¥ € W, > (€; C22,(Y,)%) with V, - ¥(x,y) = 0, we have

per

[ £ (e vue)vie e =o

The Helmholtz decomposition [2, 16, 25] yields that the orthogonal to solenoidal fields

are gradient fields, i.e., there exists a function u; from 2 to Héer( Y.)/R, such that
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&(z, ) — Vu(zr) = Vyui(z, ) for a.a. z € Q. Then, using the integrability of £ and Vu
we conclude that u; € L?(Q; H:(Y;)/R). O

per
Analogous to the two-scale convergence with periodic test functions [2, 18] we

show, under an additional assumption, the convergence of the product of two 1-t-s
convergent sequences.

LEMMA 3.7. Let {uf} C L%*(Q) be a sequence that converges locally periodic
two-scale to u € L?(Q; L?(Y,)), and assume that

: 112 _ 2
(3.23) tiy Iy = [ Tty

Then for {v¢} C L%(2) that converges locally periodic two-scale to v € L*(2; L%(Y,))
we have

u®(x)vf(x) = + u(z,y)v(z,y)dy  weakly in D'(Q) as € — 0.
Yo

Proof. Let {11} be a sequence of functions in L?(Q; Cpe(Yz)) that converges to
win L*(Q; L?(Y,)). Convergence (3.2) for L2(; Cper(Yz))-functions, the definition of
l-t-s convergence, and assumption (3.23) ensure

lim [ [u®(z)— Es@bk(x)f dx = /Q]{/ [u(z,y) — Yp(z, ) dydz.

e—=0 Jo
The limit as £k — oo in the last equality and the strong convergence of ¢, to u imply
(3.24) lim lim [ [uf(z) — £L5¢g(2)]> dz = 0.
k—ocoe—0 Jq

For ¢ € D(2) we consider now
/ uE () (2) () d = / L5 ()" (2) () da + / f () — £o0be ()] vF (2)6(x)da.
Q Q Q

Applying the I-t-s convergence and L2-boundedness of v° in the last equality we obtain

e—0

lim/ u®(z)v®(z)p da — /][ Yr(z, y)v(z,y)pdyder) < C lim/ uf — L5y | dax.
Q oy, =0 Ja
Then, letting k¥ — oo and using (3.24) we obtain the convergence stated. O

We shall refer to 1-t-s convergent sequence satisfying (3.23) as strongly 1-t-s con-
vergent.

4. Homogenization of plywood structures. Now we return to our main
problem (2.3). Results in this section require us to introduce some standard regularity
and ellipticity constraints on the given vector functions G, g and tensors Fy, Fs. We
assume g € H(Q), G € L*(Q) and E;, Fy are symmetric, i.e., Enijkl = Emkiij =
Ep jiki = Emijik for m = 1,2, and positive definite, i.e., E1€ : £ > alé[?, Bl : £ >
B|€)? for all symmetric matrices £ € R3*3 and «, 8 > 0.

DEFINITION 4.1. The function u® is called a weak solution of the problem (2.3)
if u® — g € H}(Q) and satisfies

(4.1) /QEE(;E) e(u®) e(yp) de = /QG(;U)wdx for all + € HY(R).
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Due to our assumptions, the tensor E°, given by (2.4), satisfies the Legendre
conditions. Since F; and FEs are constant, we also have the uniform boundedness of
E=. Thus, there exists a unique weak solution of the problem (2.3) (see [3]), and we
have the following lemma.

LEMMA 4.2. Any solution of the model (2.3) satisfies the estimate

|u]| oy < C,

where C' is a constant independent of €.

Proof sketch. Considering u® — g as a test function in (4.1) and applying the
regularity assumptions on G and g, the coercivity of E¢, and the Korn inequality for
functions in Hg (£2), we obtain the stated estimate. O

To define the effective elastic properties of a material with plywood microstructure
we shall derive macroscopic equations for the microscopic model (2.3) using the notion
of I-t-s convergence, introduced in section 3.

In the locally periodic plywood structure the rotation angle is constant in each
layer L3 and the characteristic function of the domain occupied by fibres can be
defined considering an additional division of L5 into cubes of side e” with r € (0, 1).
Notice that the microstructure is give by the rotation around the fixed x3-axis with a
rotation angle dependent only on z3. Thus the rotation of a corresponding set of cubes
will reproduce the cylindrical structure of the fibres. Regarding a possible change of
enumeration, we consider the layers L such that Q C UkK:Ele and L5 NQ # 0.
Then the number of layers having a nonempty intersection with Q satisfies K, <
(diam(€2) 4+ 2)e~". We can divide each layer L¢, into open nonintersecting cubes €25,

k
of side €” and consider a family of cubes {Q’i}r]:f;v’“‘lﬂ such that
Nk
anL;c  |J @, and QN (QNL5) #0,
n:N§71+1

where N? = 0 and N* < (diam(Q2) +2)2e=2" for k = 1,..., K.. In this way we obtain
a covering of Q by the family of cubes satisfying the estimates on N, = ZkKél NE,
N., and K., stated in section 3. Then for k = 1,..., K. and for any n,m € N with
NE=1 41 < n,m < NF we choose z£, € QF and %, € 2, such that Ty 5 = Ty, 35 1€,
the points z;, have the same third component if they belong to the same layer Lj.

For x € R3 we consider now the deformation matrix given by the rotation matrix
R;! = R™(y(x3)), with R and ~ defined in section 2, and obtain a continuous family
of rotated cubes Y,, = R_;!'Y. Due to the regularity of ~, ie., v € C*(R), and
|det R} =1 for all € R?, the matrix R} fulfills assumptions posed in section 3.

Using the notion of the locally periodic approximation introduced in section 3,
the characteristic function xqc, defined in (2.2), can be written as

xas (x) = Lon(z) xa(x),

where n(z, y) = N(Ry,y) for y € Y, and 7 given by (2.1). Here we choose Z5, = R;;lak

for some k € Z? and R;il = Rfl(y(a:;i,g)). The function 7 is constant with respect to

71, and we can introduce formally the periodicity with respect to the first variable.
Now, each Qf can be covered by a family of closed cubes ), C UilaYIii such

that angi NQ;, # 0, where Yzi; = R;fll (Y + k;) with k; € Z3. The number IS, the
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subset M” = Q¢ \ Ufile;;, and the number I of all cubes enclosed in QF satisfy
the estimates stated in Lemma 3.4.

We consider the sequence {u°} of solutions of (2.3). The a priori estimate in
Lemma 4.2 ensures the existence of u € H(f2) and of a subsequence, denoted again
by {uf}, such that u* — wu in H'. Thanks to Theorem 3.3 there exist another
subsequence of {Vu¢}, denoted again by {Vu}, and uy € L*(Q; H) (Yz,)/R) such
that

u* —u and Vu® — Vu+ Vyu
in the l-t-s sense. We consider
¥ =u(x) +e(Lyha) ()
as a test function in (4.1), where 1; € Cg°(Q) and 1y € Wy °(Q; C2(Ya,)). The

per
regularity assumptions on 91, ¥z, and ¢q: ensure 9 € HY(Q). Then (4.1) reads as

(4.2) /Q(ESA)(x)e(ua) (e(vr) + ee(L5s)) do = /QG(x) (Y1 + 5521#2) dx

where A(z,y) = Ein(z,y) + E2(1 — n(x,y)). Notice that A € L>®(Uzeq{r} x Ya,)
and A € C(9; L. (Yz,)) for 1 < p < oo. Since the dependence on z in A occurs only
due to its Yg,-periodicity, we have that L§A(z) = LZA(z) a.e. in .

To apply the l-t-s convergence in (4.2) we have to bring the test function in
the form involving the locally periodic approximation, i.e., replace ¢o: by xqo:. We
rewrite the left-hand side of (4.2) in the form

/Q( A)e(u® [ (1) +EZ (¥3)xes, +6’(1/)2)(¢Q§L—XQ;)+¢§®V¢Q;)

where % () = by (z,Ryex/e) and a ©® b = (3 (a;b; + ajb-))1< i<3 for a,b € R3.
Considering eVy3 (z) = eV, 95 + RL V47 and using the regularity of 1o to-
gether with convergences in Lemma 3.4 apphed to Lfey(12) we obtain

e—0

Ne
i [ 3" ehPxa; = [ f le/alep)Pdyde for1<p<oc,
Qp=1 @Yoy
Convergence (3.4) in Lemma 3.4 implies
lim/ |L5A(z)|Pde = /][ (x,y)[Pdydr  for 1 < p < oco.
e—=0 Jo

Then, for a sequence {®°} C L () given by

O (a) = LA(x) | e +eZ (45 (2))x0s ()

we can conclude that {®¢} is bounded in L?(f2) and satisfies assumption (3.23) of the
strong I-t-s convergence stated in Lemma 3.7, i.e.,

1im/Q|q>6(g;)|2dx:/Q]{/13 |A($,y)[e 1(z)) + ey (Y2(z, ) H dydzx.

e—0
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Boundedness of {u°} in H'(£2), L*-convergence of ¢q- , and regularity of 1, give

(4.3) lim a/ LiAe(u (1/)2)((;5951 — X0 )dr = 0.

e—0

The assumption ||[Vdo: || oo ray < Ce™”, where 0 <7 < p < 1, ensures

e—0

Ne
(4.4) lim E/ LiAe(u®) Z thy © Vog:dr = 0.
Q

The regularity of ¢3 and G imply that the second term on the right-hand side of (4.2)
convergences to zero as € — 0.

Thus, taking into account convergences (4.3) and (4.4), the strong l-t-s conver-
gence of {®°}, and the 1-t-s convergence for a subsequence of {Vu®}, denoted again
by {Vu®}, we can pass to the limit as € — 0 in (4.2) and obtain

/ Az, y) (e(u) + ey (ur(x,y))) (e(v1) + ey (V2 (. y))) dyda = / G(z)irda.
QJY,, Q

Then coordinate transformation F : Y, — Y, i.e., § = F(y) = Ry,y, yields

@5) [ A0 + @) (ewn) + ef)dide = [ Gloyind
where
(4.6) eFv) = ([RTV o], + [RL, V0", )

and A(§) = E1ii(7) + E2(1— (7)) for j € Y. )
By a density argument, (4.5) also holds for ¢, € Hj(Q) and ¢ € L*(; H).(Y)/R).
Taking 11 = 0 and using linearity of the problem we conclude that %; has the form

> H(z u? (x
wi) =3 3 (%2 + 201 ) o)

3,j=1

where @;;(x3,J) are solutions of unit cell problems
(4.7) Vi (RasA@)eff(@31)) = Vi (R A@)li;) 0 Y,
Wij periodic inY.

Here l;; = %(ll ®1;+1; ®1;) are symmetric matrices, whereas (l;)1<;<3 is the canonical
basis of R?. Since A is independent of §j; and solutions of the problems (4.7) are unique
up to a constant, we obtain that &;; does not depend on ;. Thus (4.7) can be reduced
to the two-dimensional problems

(4.8) —Vy - (ngfl(@)é?(%)) =Vy- (ngfl(ﬂ)lij) inY,

Wij periodic  inY,
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where Y =Y N {g1 = 0} with § = (72,73), A(§) := A(j), and

5 T 1 > k - —sin~y(xz3) cosvy(zs) 0
(49) effu(v) = 5| (RE, V') o+ (RE, V30*) | wa( 0 N F
Thus, for locally periodic plywood structure we have the following theorem.
THEOREM 4.3. The sequence of microscopic solutions {u®} of (2.3), with the
elasticity tensor given by (2.4), converges to a solution of the macroscopic problem

{—div o(zs,u) =G in Q,

(4.10)
u=gq on 0L,

where o(xs,u) = A™(x3)e(u) with A™ given by

Alp(es) = £ (A (@) + A @y )i
and @;; are solutions of the cell problems (4.8).

Considering the properties of the matrix R(v(z3)) and the fact that F; and Es are
constant, symmetric, and positive definite yields that the homogenized tensor Aho™
is symmetric, positive definite, and uniformly bounded. This ensures the existence of
a unique weak solution of the macroscopic model (4.10) and the convergence of the
entire sequence of solutions of the microscopic problems (2.3).

Now we consider the nonperiodic plywood structure, where the layers of fibres
aligned in the same direction are of the height €. For the analysis of the nonperiodic
problem it is convenient to define the characteristic function of the domain occupied
by fibres in a different form, equivalent to (2.2) for r = 1. We consider the function

(o) = {1’ y=

0, |g|>a,

with § = (y2,93) and a < 1/2. For k € Z3 we define 2§ = R, 'ck with R, ' :=
R™'(y(eks)). Notice that zj 5 = ek, the third variable being invariant under the
rotation R,;l. Then the characteristic function of fibres for nonperiodic microstructure
reads as

(4.11) xes () = xa(z) Z Ve (Re(z — 7)),  where 9J.(z) =9 (E) .

€
kez3

To derive the macroscopic equations for the model (2.3) with elasticity tensor
E¢ = ElXQ; + Es(1 — XQ§)7 where Xqs is given by (4.11), we shall approximate it
by a locally periodic problem and apply l-t-s convergence. The following calculations
illustrate the motivation for the locally periodic approximation.

We consider a partition covering of 0 C Uﬁ;lﬁi, as defined in section 3. For
n =1,..., N we choose k, € Z* such that for 25 = R, 'ek, we have z5, € Q5. We
cover (), by shifted parallelepipeds Q¢ C zf, + U;ilani , where Yrji = Dy (Y +my)
for m; € Z? and a matrix D(x) that will be specified later. Then for 1 < j < I¢ we
consider k' = K, +m; and xiy = R,;?lak?. Using the regularity assumptions on -~y

and the Taylor expansion for R around zf, , i.e., around ex, 3, we obtain

Fon?
€)= ek
Rk;;(a: xk?)—Rk}la} ek}

=R,z + R, aimjse+ R}, (x—a5)mjse + b(|myse|*)z — e(k, + my)

Kn*'n

(412) =R, (x— ) — Weemje + R, (v — 25)mjse + b(|m; 3¢|*)z,

n
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Fic. 4.1. Nonperiodic plywood structure.

where sz = W(z5) with W(z) = (I — VR(v(x3))x); see Figure 4.1. The notation

n

of the gradient is understood as VR(y(z))x = V.(R(y(2))z)|.=-. Thus for x € Q5

the distance between Ry, (z — a7,) — Woemje and Ryp (z — 2. ) is of the order of
J

SUP1<j<re |mje|? ~ €. This will assure that the nonperiodic plywood structure

can by approximated by the locally periodic microstructure, comprising Y -periodic
structure in each QF of side e” with an appropriately chosen r € (0,1). Here Y, =

D(2)Y with D(z) = R~ (y(x3))W (z) and
1 0 0
W(z) = 8 (1) w(lﬂﬁ) ,  where w(z) ='(x3)(cos(y(x3))w1 + sin(y(xs))w2).

The definition of R, W, and « ensures assumptions on D stated in section 3. Since 9
is independent of the first variable, we consider in W (x) the shift only for the second
variable. We denote Z, = W,Y and consider a Z,-periodic function

ﬁ(xay) = Z 19(3/ - ka)

keZ3

Notice that {y € R? : J(z,y) = 1} is a Z,-periodic set of cylinders of radius a.
Then for x5 € 2, as above and 7}, = z;, we define a tensor

B (x) = (L5B)(2) xa (),

where B(z,y) = E10(x, Ryyy) + Ea(1 — Y(z, Ryyy)) for # € Q and y € Y,. Notice
that B € L>(Uzea{z} x ) and B € C(Q, LF,,, (Yz)) for 1 <p < co.
Now we rewrite (4.1) in the form

(4.13) /Q B (2)e(u)e(6)da + /Q (B*(z) — E2(2))e(uf)e(¢)ds = /Q G(x)  da

and shall show that the second integral on the left-hand side converges to zero as
¢ — 0. Applying I-t-s convergence in the first term we shall obtain macroscopic
equations for the linear elasticity problem posed in a domain with a nonperiodic
plywood structure.
In the following calculations we shall use the next estimate, proven in [9].
LEMMA 4.4 (see [9]). The characteristic function of a fibre system satisfies

19: (2 +7) = O (@)[[12() < CrLi7l,

where L is the length and r is the radius of fibres.
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Since in each 2, the length of fibres is of order ", applying Lemma 4.4, equality
(4.12), and the estimates N, < Ce=3" and It < Ce*"=1 we conclude that

2
Rkn (x — xkn)) — (R, (x — af,) — Wwimjs)’ dr < Ce3 2,

n] 1
Considering the definitions of E° and Ef, estimate (4.14), and the fact that

Ne

Xas (z) = ZZﬁ (Riy (& — 2,))

n=1 j=1

for N, Iy, and k} as defined above, we obtain

(4.15) / (B (2) - BS(2)e(u)e(@)ldz < Ce¥ 2 u| sy | llwroe o,

which for 2/3 < r < 1 and {u®} bounded in H' converges to zero as € — 0. Thus in
the definition of a locally periodic approximation we shall consider a covering of {2 by
cubes of side e” with 2/3 < r < 1.

Now we take ¢(z) = v1(x) + e(L512)(x) as a test function in (4.13), where

Y1 € CR(Q) and by € Wy (Q;C2.(Y,)). Applying to the first integral in (4.13)

per
calculations similar to those for the locally periodic problem (4.2) and using (4.15)

and 1-t-s convergence of a subsequence of {Vu®}, we obtain

/ ][ () [e(u) + ey (u (2, 9))] [e(@r) + ey (12 (z, y)) ] dyd = / G(z) de,

where Y, = D,Y. The transformation F : Y, — Z,, i.e., § = F(y) = R.,y, gives
| £ B e+ ef@) i) +ef () dide = | Gla) v do.

with B(z, §) = E1d(z,§) + E2(1 — 9(z,7)), and X as in (4.6).

We notice that o is independent of g1, and, similarly as in the locally periodic situ-
ation, we can conclude that the corresponding unit cell problems are two-dimensional.

THEOREM 4.5. The sequence of solutions {u®} of microscopic model (2.3) with
the nonperiodic elasticity tensor E€, determined by the characteristic function (4.11),
converges to a solution of the macroscopic problem

—div (B"™(z)e(u)) =G inQ,
u=g on I,

where the homogenized elasticity tensor is given by

Bl @) = f, (Bun(e.d) + Blo. )68 @is)u) di

@

and w;; are solutions of the cell problems

(4.16) Y, (ngB(x j)el (w”)) =V, (RwSB(x,g)zij) in Za,

Wij periodic m Zy.
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Here § = (92, 93), lij = %(ll @l +1; ®1;), where (I;)1<i<s is the canonical basis of
R3, the matriz Rms and ég are given by (4.9), and Zy = Zs0) {y1 = 0}.

The same arguments as for the locally periodic problem imply the existence of a
unique solution of the macroscopic problem and the convergence of the entire sequence
of solutions of the microscopic models.

We notice that for nonperiodic plywood structure, where r = 1, the space-
dependent periodicity and the unit-cell problem (4.16) differ from those obtained
for the locally periodic microstructure with 0 < r < 1; cf. (4.8). We also emphasize
that in the case of locally periodic microstructure the form of the macroscopic model
is the same for every r € (0,1); see Theorem 4.3.

5. Conclusion. In this paper we investigate the concept of 1-t-s convergence.
Similarly to the periodic case, we use the idea of oscillating test functions, which are
synchronous with oscillations in either the microstructures or in coefficients of micro-
scopic problems. However, we extend the theory to the nonperiodic case; in particular
we focus on locally periodic structures. We derive the macroscopic equations for a
linear elasticity problem, posed in a domain with a “plywood structure,” a prototyp-
ical pattern in many biomaterials, such as bones or exoskeletons. The nonperiodic
microstructure can be approximated by a locally-periodic one, provided the transfor-
mation matrix is twice continuous differentiable. The techniques developed here are
not restricted to the equations of linear elasticity and can be applied to a wide range of
stationary or time-dependent problems. For example, a heat conduction problem was
considered in [11] and a macroscopic equation was derived using the H-convergence
method. Our results would lead to the same macroscopic equation, and it appears that
the derivation would follow in a much more direct manner. Moreover, our approach
allows multiscale analysis in domains with more general microscopic geometries than
those considered in [1, 21]. In the context of the definition of a microstructure given
by the transformation of the centers of spherical balls (see Figure 5.1), considered in
[1, 11], we have the relation §~!(z) = D~!(z)x, where @ is the C2-diffeomorphism
defining the transformation of the centers of balls.

Another example of a locally periodic microstructure is the space-dependent per-
foration in concrete materials (see Figure 5.1), where a heterogeneity of the medium
is given by areas of high and low diffusivity [27]. For p € C'(R?), such that 0 < p; <
p(z) < pa < 1 for z € R3, we consider Y-periodic function

P CO )
B0 for |yl > p(x).

Then the characteristic function of a domain with low diffusion is given by xqos (z) =
(L£5x)(x). In the notation of [27], the corresponding level set function reads as

D(x)

QOO O e 00 o0 o
Q000000 oo
C000000c0 o
00000000 00
000000000
000000000
c Q0000000
600000000

Fic. 5.1. Transformation of centers of spherical balls. Space-dependent perforations.
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S(x,y) = |y|* — p?(z). Showing that the locally periodic problem provides a cor-
rect approximation for the nonperiodic model and applying the l-t-s convergence with
D(z) = I, we should obtain the same macroscopic equations, as derived in [27] using
formal asymptotic expansion. The main step of the approximation involves the fol-
lowing calculations. For ex,, € 2%, and ki = kp+mj, with j =1,...,I; and m; € 73,
considering Taylor expansion for p(x) around ek,,, we have

Ne
T T\ |2
< It su (6/€ —)— (sk” —)‘
_ng nlgjgpfi X ﬂvs X ‘],6 L2

<c ZEIZ
1

sup
1<j<Ig

3 3
|lep(ekn)|” — |ep(ehin) £ ]|Vl Lo [emy]| ‘ <cy sup |em;| <ee”.
1<j<I;
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