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TWO-SCALE CONVERGENCE FOR LOCALLY PERIODIC
MICROSTRUCTURES AND HOMOGENIZATION OF PLYWOOD

STRUCTURES∗

MARIYA PTASHNYK†

Abstract. The introduced notion of locally periodic two-scale convergence allows one to average
a wider range of microstructures, compared to the periodic one. The compactness theorem for locally
periodic two-scale convergence and the characterization of the limit for a sequence bounded in H1(Ω)
are proven. The underlying analysis comprises the approximation of functions, with the periodicity
with respect to the fast variable being dependent on the slow variable, by locally periodic functions,
periodic in subdomains smaller than the considered domain but larger than the size of microscopic
structures. The developed theory is applied to derive macroscopic equations for a linear elasticity
problem defined in domains with plywood structures.
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1. Introduction. Many natural and man-made composite materials comprise
nonperiodic microscopic structures, for example, fibrous microstructure with varied
orientations of fibres in heart muscles [28], in exoskeletons [15], and in polymer mem-
branes and industrial filters [31] or space-dependent perforations in concrete [30]. An
interesting and important special case of nonperiodic microstructures is the so-called
locally periodic microstructures, where spatial changes of the microstructure are ob-
served on a scale smaller than the size of the considered domain but larger than the
characteristic size of the microstructure. The distribution of microstructures in locally
periodic materials is known a priori, in contrast to the stochastic description of the
medium considered in stochastic homogenization [8].

There are few mathematical results on homogenization in locally periodic and
fibrous media. The homogenization of a heat-conductivity problem defined in locally
periodic and nonperiodic domains consisting of spherical balls was studied in [11] using
the Murat–Tartar H-convergence method, defined in [24]. The locally periodic and
nonperiodic distributions of balls are given by a C2-diffeomorphism θ, transforming
the centers of the balls. For the derivation of macroscopic equations for the problem
posed in the nonperiodic domain, where the changes of the microstructure are given
on the scale of the considered microstructure, a locally periodic approximation was
considered. Estimates for the numerical approximation of this problem were derived
in [32]. The notion of θ−2 convergence, motivated by the homogenization in a domain
with a microstructure of nonperiodically distributed spherical balls, was introduced
in [1]. The Young measure was used in [21] to extend the concept of periodic two-
scale convergence, presented in [2], and to define the so-called scale convergence. The
definition of scale convergence was motivated mainly by the derivation of the Γ-limit
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for a sequence of nonlinear energy functionals involving nonperiodic oscillations. It
has been shown that two-scale and multiscale convergences are particular cases of
scale convergence. In [21], as an example of nonperiodic oscillations, the domain with
perforations given by the transformation of the centers of balls was considered. Macro-
scopic models for nonperiodic fibrous materials were presented in [10] and derived in
[9]. The nonperiodic fibrous material is characterized by gradually rotated planes of
parallel aligned fibres. By applying the H-convergence method for a locally periodic
approximation of the nonperiodic microstructure the effective homogenized matrix
was derived. The asymptotic expansion method was used in [6] to derive macroscopic
equations for a filtration problem through a locally periodic fibrous medium. A formal
asymptotic expansion was also applied to derive a macroscopic model for a Poisson
equation [7, 12] and for convection-diffusion equations [23, 27] defined in domains with
locally periodic perforations, i.e., domains consisting of periodic cells with smoothly
changing perforations. Two-scale convergence, defined for periodic test functions,
was applied in [20, 19] to homogenize warping, torsion, and Neumann problems in a
two-dimensional domain with a smoothly changing perforation. Optimization of the
corresponding homogenized problems was considered in [13, 29]. Locally periodic per-
foration is related to the locally periodic microstructure, considered in this work, so
that the changes in the perforation are given on the ε-level and can be approximated
by the locally periodic microstructure, which is periodic in each subdomain of size
∼ εdr, where 0 < r < 1, ε is the size of the periodic cell, and d is the dimension of
the considered domain.

Two-scale convergence is a special type of convergence in Lp-spaces. It was intro-
duced by Nguetseng [25], further developed in [2, 18], and is widely used for the ho-
mogenization of partial differential equations with periodically oscillating coefficients
or problems posed in media with periodic microstructures or with locally periodic
perforations (called also quasi-periodic perforations). Admissible test functions used
in the definition of two-scale convergence are functions dependent on two variables,
the fast microscopic and slow macroscopic variables, and are periodic with respect to
the fast variable. Two-scale convergence conserves the information regarding oscil-
lations of the considered function sequence and overcomes difficulties resulting from
weak convergence of fast oscillating periodic functions.

In this article we generalize the notion of two-scale convergence to locally peri-
odic situations; see Definition 3.1. The considered test functions are locally periodic
approximations of the corresponding functions with the space-dependent periodicity
with respect to the fast variable being dependent on the slow variable. This general-
ized notion of two-scale convergence provides easier and more general techniques for
homogenization of partial differential equations with locally periodic coefficients or
those considered in domains with locally periodic microstructures. The central result
of the work is the compactness theorem, Theorem 3.2, for locally periodic two-scale
(l-t-s) convergence and the characterization of the l-t-s limit for a sequence bounded
in H1(Ω); see Theorem 3.3. The proof indicates that local periodicity of the consid-
ered microstructure is essential for the convergence of spatial derivatives. Due to the
definition of a locally periodic domain we have that the size of the subdomains with
periodic microstructure is of order εdr, where 0 < r < 1 and ε is the size of the micro-
structure. Thus, the gradient of the smooth approximations of characteristic functions
of subdomains with periodic microstructures multiplied by ε is of order ε1−ρ, with
r < ρ < 1, and converges to zero as ε → 0. This fact allows us to approximate the
locally periodic test function by differentiable functions and show the convergence of
spatial derivatives.
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In section 4 we apply l-t-s convergence to derive macroscopic mechanical prop-
erties of biocomposites, comprising nonperiodic microstructures. As an example of
such a microstructure we consider the plywood structure of the exoskeleton of a lob-
ster [15]. Mechanical properties of the biomaterial are modeled by equations of linear
elasticity, where the microscopic geometry and elastic properties of different compo-
nents are reflected in the stiffness matrix of the microscopic equations. The fully
nonperiodic microstructure is approximated by a locally periodic domain, provided
the transformation matrix, describing the microstructure, is twice continuously dif-
ferentiable. Our calculations for the fully nonperiodic situation were inspired by [10].
Note that the techniques developed in this article can be applied to derive macroscopic
equations for a wide class of partial differential equations and are not restricted to the
problem of linear elasticity. The introduced convergence is also applicable to more
general nonperiodic transformations than transformation of centers of spherical balls.

2. Description of plywood structure. A major challenge in material science
is the design of stable but light materials. Many biomaterials feature excellent me-
chanical properties, such as strength or stiffness, regarding their low density. For
example, the strength of bone is similar to that of steel, but it is three times lighter
and ten times more flexible [5]. Recent research suggests that this phenomenon is pri-
marily a consequence of the hierarchical structure of biomaterials over several length
scales [26]. A better understanding of the influence of microstructure on mechanical
properties of biomaterials is not only a theoretical challenge in itself but may also
help to improve the design and production of synthetic materials.

Here we consider the exoskeleton of a lobster as an example of such biomaterials.
The exoskeleton is a hierarchical composite consisting of chitin-protein fibres, vari-
ous proteins, mineral nanoparticles, and water. A prototypical pattern found in the
exoskeleton is the so-called twisted plywood structure (see Figure 2.1), given as the
superposition of planes of parallel aligned chitin-protein fibres, gradually rotated with
rotation angle γ [15].

We would like to study elastic properties of an exoskeleton. In the formulation
of the microscopic model defined on the scale of a single fibre, we shall distinguish
between mechanical properties of fibres and interfibrous space. We assume that the
fibres are cylinders of radius εa, perpendicular to the x3-axis, whereas 0 < a < 1/2
and ε > 0. It has been observed that different parts of the exoskeleton comprise
different rotation densities [15]; see Figure 2.1. Thus, we shall distinguish between
the locally periodic plywood structure, where the height of layers of fibres aligned in
the same direction is of order εr, with 0 < r < 1, and the nonperiodic microstructure,
where each layer of fibres is rotated by a different angle, i.e., r = 1; see Figure 2.2
and Figure 4.1. In the derivation of effective macroscopic equations the nonperiodic
situation shall be approximated by the locally periodic microstructure. The case r = 0
would imply the periodic microstructure and will not be considered here.

In order to define the characteristic function of the domain occupied by fibres for
locally periodic plywood structure we divide R3 into layers Lε

k = R
2× ((k− 1)εr, kεr)

of height εr, perpendicular to the x3-axis, where k ∈ Z and 0 < r < 1, and in each
Lε
k we choose an arbitrary point xεk ∈ Lε

k. In R× Ŷ , with Ŷ = [0, 1]2, we consider the
characteristic function η̃ of a cylinder of radius a,

(2.1) η̃(y) =

{
1, |ŷ − 1/2| ≤ a,

0, |ŷ − 1/2| > a,

where ŷ = (y2, y3), and extend Ŷ -periodically to the whole of R3.
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Fig. 2.1. Top: Hierarchical structure of the lobster cuticle. Reproduced from Nikolov et al.
[26]. Bottom: Microstructure of lobster cuticle. Reproduced from Fabritius et al. [15]. Used with
permission.
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Fig. 2.2. Locally periodic plywood structure.

For a Lipschitz bounded domain Ω we define Ωε
f ⊂ Ω as the subdomain occupied
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by fibres. Then the characteristic function of Ωε
f is given by

(2.2) χΩε
f
(x) = χΩ(x)

∑
k∈Z

ηε(Rxε
k
x)χLε

k
(x),

with ηε(x) = η̃(x/ε) and Rxε
k
= R(γ(xεk,3)), where γ ∈ C2(R) is a given function,

0 ≤ γ(x) ≤ π for x ∈ R, and R(α) is the inverse of the rotation matrix around the
x3-axis with rotation angle α with the x1-axis:

R(α)=

⎛
⎝ cos(α) sin(α) 0

− sin(α) cos(α) 0
0 0 1

⎞
⎠ .

The assumed regularity of γ will be essential for the homogenization analysis in sec-
tion 4. By χA we denote the characteristic function of a domain A.

In the context of the theory of linear elasticity, which is widely used in the contin-
uous mechanics of solid materials [17], we describe the elastic properties of a material
with the plywood structure

(2.3)

{
−div (Eε(x) e(uε)) = G in Ω,

uε = g on ∂Ω,

where eij(u
ε) = 1

2

(∂uε
i

∂xj
+

∂uε
j

∂xi

)
and the elasticity tensor Eε is given by

(2.4) Eε(x) = E1χΩε
f
(x) + E2

(
1− χΩε

f
(x)
)
.

Here E1 is the stiffness tensor of the chitin-protein fibres and E2 is the stiffness tensor
of the interfibre space. The boundary condition and the right-hand side describe the
external forces applied to the material.

The considered microstructure is locally periodic, i.e., it is periodic in each layer
Lε
k, where the height of the layer εr is larger than the radius of a single fibre but

is small compared to the size of the considered domain Ω, provided ε is sufficiently
small.

To allow more general locally periodic oscillations and microstructures, we shall
consider the partition of Ω into cubes of side εr in the definition of locally periodic
two-scale (l-t-s) convergence. In the locally periodic plywood structure the rotation
angle is constant in each layer Lε

k and the characteristic function of Ωε
f can also be

defined considering the additional division of Lε
k into cubes of side εr. Thus, the l-t-s

convergence introduced below is applicable to fibrous media. Although the division
of Ω into layers Lε

k is sufficient to define the microstructure of the locally periodic
plywood structure, for the homogenization of a nonperiodic plywood structure the
partition covering of Ω by cubes will be essential; see section 4.

3. Two-scale convergence for locally periodic microstructures. First we
introduce the space-dependent periodicity and the corresponding function spaces. Let
Ω ⊂ R

d be a bounded Lipschitz domain. For each x ∈ R
d we consider a transformation

matrix D(x) ∈ R
d×d and its inverse D−1(x), such that D,D−1 ∈ Lip(Rd;Rd×d) and

0 < D1 ≤ | detD(x)| ≤ D2 < ∞ for all x ∈ Ω. For convenience, we shall use the
notations Dx := D(x) and D−1

x := D−1(x). By Y = [0, 1]d we denote the so-called
unit cell and consider the continuous family of parallelepipeds Yx = DxY on Ω.
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We shall consider the space C(Ω;Cper(Yx)) given in a standard way; i.e., for any

ψ̃ ∈ C(Ω;Cper(Y )) the relation ψ(x, y) = ψ̃(x,D−1
x y) with x ∈ Ω and y ∈ Yx yields

ψ ∈ C(Ω;Cper(Yx)). In the same way the spaces Lp(Ω;Cper(Yx)), L
p(Ω;Lq

per(Yx)),

and C(Ω;Lq
per(Yx)), for 1 ≤ p ≤ ∞, 1 ≤ q <∞, are given.

The separability of Cper(Yx) for each x ∈ Ω and the Weierstrass approximation
for continuous functions u ∈ (Ω → Cper(Yx)) imply the separability of C(Ω;Cper(Yx)).
For the norm ‖ψ‖C(Ω;Cper(Yx))

:= supx∈Ω supy∈Yx
|ψ(x, y)| we have the relations

‖ψ‖C(Ω;Cper(Yx))
= sup

x∈Ω

sup
y∈Yx

|ψ̃(x,D−1
x y)| = sup

x∈Ω

sup
ỹ∈Y

|ψ̃(x, ỹ)|.

For p < ∞ the separability of Cper(Yx) for x ∈ Ω and the approximation of
Lp-functions u ∈ (Ω → Cper(Yx)) by simple functions imply the separability of
Lp(Ω;Cper(Yx)). The norm is defined in the standard way:

‖ψ‖Lp(Ω;Cper(Yx)) :=

∫
Ω

sup
y∈Yx

|ψ(x, y)|p dx.

The space L2(Ω;L2(Yx)) is a Hilbert space with a scalar product given by∫
Ω

∫
Yx

ψ(x, y)φ(x, y) dydx =

∫
Ω

∫
Y

ψ̃(x, ỹ)φ̃(x, ỹ)| detDx|dỹdx

for ψ, φ ∈ L2(Ω;L2(Yx)) with ψ(x, y) = ψ̃(x,D−1
x y), φ(x, y) = φ̃(x,D−1

x y) for a.a.
x ∈ Ω and y ∈ Yx, and ψ̃, φ̃ ∈ L2(Ω;L2(Y )).

Due to the assumptions on D, i.e., D ∈ Lip(Ω) and | detD(x)| is uniformly
bounded from below and above in Ω, we obtain that

L2(Ω;H1(Yx)) = {u ∈ L2(Ω;L2(Yx)), ∇yu ∈ L2(Ω;L2(Yx)
d)}

and

L2(Ω;L2(∂Yx)) =

{
u : ∪x∈Ω

({x} × ∂Yx
)→ R measurable,

∫
Ω

‖u‖2L2(∂Yx)
dx <∞

}

are well-defined, separable Hilbert spaces [14, 22, 33].
To introduce the notion of locally periodic two-scale convergence for a sequence

{uε}ε>0 in L2(Ω) we consider the covering of Ω by cubes. For ε > 0, similarly as in
[11], we consider the partition covering of Ω by a family of open nonintersecting cubes
{Ωε

n}1≤n≤Nε of side εr, with 0 < r < 1, such that

Ω ⊂
Nε⋃
n=1

Ω
ε

n and Ωε
n ∩ Ω �= ∅,

where Nε is the number of Ωε
n having a nonempty intersection with Ω. We consider

Kε = Ω \
(

Ñε⋃
n=1

Ω
ε

n

)
,

where by Ñε we denote the number of all cubes Ωε
n enclosed in Ω. Then

Kε ⊂
Nε⋃

n=Ñε+1

Ω
ε

n.
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All Ωε
n with n = Ñε + 1, . . . , Nε have the nonempty intersection with ∂Ω and are

enclosed in a εr-neighborhood of ∂Ω. Then the size of the domain Kε can be estimated
by

|Kε| ≤ Cεr,

with some constant C. This gives Ñεε
rd ≤ |Ω| and Nεε

rd ≤ |Ω|+ C for ε ≤ 1. Thus

Nε ≤ Cε−rd and Ñε ≤ Cε−rd.

In the following we shall denote by xεn, x̃
ε
n ∈ Ωε

n ∩ Ω, for n = 1, . . . , Nε, arbitrary
chosen fixed points.

We consider ψ ∈ C(Ω;Cper(Yx)) and corresponding function ψ̃ ∈ C(Ω;Cper(Y )).
We call Lε : C(Ω;Cper(Yx)) → L∞(Ω) a locally periodic approximation of ψ given by

(Lεψ)(x) =

Nε∑
n=1

ψ̃

(
x,
D−1

xε
n
(x− x̃εn)

ε

)
χΩε

n
(x) for x ∈ Ω.

We also consider the map Lε
0 : C(Ω;Cper(Yx)) → L∞(Ω) defined for x ∈ Ω as

(Lε
0ψ)(x) =

Nε∑
n=1

ψ

(
xεn,

x− x̃εn
ε

)
χΩε

n
(x) =

Nε∑
n=1

ψ̃

(
xεn,

D−1
xε
n
(x− x̃εn)

ε

)
χΩε

n
(x).

If we choose x̃εn = Dxε
n
εk for some k ∈ Z

d, then the periodicity of ψ̃ implies

(Lεψ)(x) =

Nε∑
n=1

ψ̃

(
x,
D−1

xε
n
x

ε

)
χΩε

n
(x) and (Lε

0ψ)(x) =

Nε∑
n=1

ψ̃

(
xεn,

D−1
xε
n
x

ε

)
χΩε

n
(x)

for x ∈ Ω. In following we shall consider the case x̃εn = Dxε
n
εk, with k ∈ Z

d; however,
all results hold for arbitrarily chosen x̃εn ∈ Ωε

n with n = 1, . . . , Nε.
In a similar way we define Lεψ and Lε

0ψ for ψ in C(Ω;Lq
per(Yx)) or L

p(Ω;Cper(Yx)).
In the proof of the convergence theorem we shall use the regular approximation

of Lεψ,

(Lε
ρψ)(x) =

Nε∑
n=1

ψ̃

(
x,
D−1

xε
n
x

ε

)
φΩε

n
(x) for x ∈ Ω,

where φΩε
n
are approximations of χΩε

n
such that φΩε

n
∈ C∞

0 (Ωε
n) and

(3.1)

Nε∑
n=1

|φΩε
n
−χΩε

n
| → 0 in L2(Ω), ||∇mφΩε

n
||L∞(Rd) ≤ Cε−ρm for 0 < r < ρ < 1.

We can consider φΩε
n
(x) = ϕε ∗ χΩε

n,ρ
for Ωε

n ⊂ Ω and φΩε
n
(x) = 0 for Ωε

n ∩ ∂Ω �= ∅,
where ϕε(x) =

1
εnρϕ(

x
ερ ), with ϕ(x) = c exp(−1/(1 − |x|2)) for |x| < 1 and ϕ(x) = 0

for |x| ≥ 1 and Ωε
n,ρ = {x ∈ Ωε

n, dist(x, ∂Ω
ε
n) > ερ}. The constant c is such that∫

Rd ϕ(x)dx = 1. Then φΩε
n
∈ C∞

0 (Ωε
n) and (3.1) follow from the properties of ϕε.

Notice that ‖∑Nε

n=1 |φΩε
n
− χΩε

n
|‖L2(Ω) ≤ c1ε

r(d−1)ερNε ≤ c2ε
ρ−r.

Another construction of φΩε
n
can be found in [9].
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Example. Let Ω = (0, 1), Y = [0, 1], and the family of cubes Ωε
n = (n − 1, n)εr

with ε = N−1/r for some N ∈ N, and n = 1, . . . , Nε, where Nε = N = ε−r. With
D(x) = ex for x ∈ Ω we obtain the family of intervals Yx = [0, ex]. We consider
ψ(x, y) = x+sin(2πe−xy) in C(Ω;Cper(Yx)) and corresponding ψ̃(x, ỹ) = x+sin(2πỹ)
in C(Ω;Cper(Y )). Then the locally periodic approximation of ψ is given by Lεψ(x) =∑Nε

n=1

(
x+ sin(2πe−xε

nx/ε)
)
χΩε

n
(x), with, e.g., xεn = (n − 1/2)εr, and Lε

0ψ(x) =∑Nε

n=1

(
xεn + sin(2πe−xε

nx/ε)
)
χΩε

n
(x).

Definition 3.1. Let uε ∈ L2(Ω) for all ε > 0. We say the sequence {uε}
converges locally periodic two-scale (l-t-s) to u ∈ L2(Ω;L2(Yx)) as ε → 0 if for any
ψ ∈ L2(Ω;Cper(Yx))

lim
ε→0

∫
Ω

uε(x)Lεψ(x)dx =

∫
Ω

−
∫
Yx

u(x, y)ψ(x, y)dydx,

where Lεψ is the locally periodic approximation of ψ.
Notice that taking a test function ψ independent of y in Definition 3.1 yields

uε(x)⇀ −
∫
Yx

u(x, y)dy in L2(Ω).

The subsequent convergence results for the locally periodic approximation will ensure
that Definition 3.1 does not depend on the choice of xεn, x̃

ε
n ∈ Ωε

n for n = 1, . . . , Nε.
The main results of this section are the compactness theorem for l-t-s convergence

and the characterization of the l-t-s limit for a sequence bounded in H1(Ω).
Theorem 3.2. Let {uε} be a bounded sequence in L2(Ω). Then there exist a

subsequence of {uε}, denoted again by {uε}, and a function u ∈ L2(Ω;L2(Yx)) such
that uε → u in the locally periodic two-scale sense as ε→ 0.

Theorem 3.3. Let {uε} be a bounded sequence in H1(Ω) that converges weakly
to u in H1(Ω). Then the following hold:

◦ the sequence {uε} converges locally periodic two-scale to u;
◦ there exist a subsequence of {∇uε}, denoted again by {∇uε}, and a function
u1 ∈ L2(Ω;H1

per(Yx)/R) such that ∇uε → ∇u +∇yu1 in the locally periodic
two-scale sense as ε→ 0.

The proofs of the main results rely on some convergence results for locally periodic
approximations of Yx-periodic functions.

Lemma 3.4. For ψ ∈ Lp(Ω;Cper(Yx)), with 1 ≤ p <∞, we have

lim
ε→0

∫
Ω

|Lεψ(x)|p dx =

∫
Ω

−
∫
Yx

|ψ(x, y)|pdy dx(3.2)

and for ψ ∈ L1(Ω;Cper(Yx)) we obtain

lim
ε→0

∫
Ω

Lεψ(x)dx =

∫
Ω

−
∫
Yx

ψ(x, y)dy dx.(3.3)

For ψ ∈ C(Ω;Lp
per(Yx)), where 1 ≤ p <∞, we have

lim
ε→0

∫
Ω

|Lε
0ψ(x)|p dx =

∫
Ω

−
∫
Yx

|ψ(x, y)|pdy dx(3.4)

and for ψ ∈ C(Ω;L1
per(Yx)) we obtain

lim
ε→0

∫
Ω

Lε
0ψ(x)dx =

∫
Ω

−
∫
Yx

ψ(x, y)dy dx.(3.5)
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If ψ ∈ Lp(Ω;C1
per(Yx)), with 1 ≤ p <∞, then we have

lim
ε→0

∫
Ω

|Lε∇yψ(x)|p dx =

∫
Ω

−
∫
Yx

|∇yψ(x, y)|pdydx.(3.6)

Proof. We start with the proof of (3.2) for ψ ∈ C(Ω;Cper(Yx)). The translations
of Y = [0, 1]d are given by Y i = Y + ki with ki ∈ Z

d. Then for xεn ∈ Ωε
n and

Dxε
n
= D(xεn) we consider Y

i
xε
n
= Dxε

n
Y i, obtained by the linear transformation of Y i,

and cover Ωε
n, with 1 ≤ n ≤ Nε, by the family of closed parallelepipeds {εY i

xε
n
}Iε

n

i=1:

Ωε
n ⊂

Iε
n⋃

i=1

εY i
xε
n

such that εY i
xε
n
∩ Ω

ε

n �= ∅,

where Iεn is the number of parallelepipeds covering Ωε
n. The domain Mε

n given by

Mε
n = Ωε

n \
( Ĩε

n⋃
i=1

εY i
xε
n

)
,

with Ĩεn as the number of all εY i
xε
n
enclosed in Ωε

n, satisfies Mε
n ⊂ ∪Iε

n

i=Ĩε
n+1

εY i
xε
n
. All

εY i
xε
n
, for i = Ĩεn+1, . . . , Iεn, have the nonempty intersection with ∂Ωε

n and are enclosed
in a ε-neighborhood of ∂Ωε

n. This ensures the estimate

|Mε
n| ≤ C1|∂Ωε

n|ε ≤ C2 ε
(d−1)r+1 for all n = 1, . . . , Nε.

Thus we have εd| detDxε
n
|Ĩεn ≤ εdr and εd| detDxε

n
|Iεn ≤ Cεdr for ε ≤ 1, i.e.,

Ĩεn ≤ Cεd(r−1) and Iεn ≤ Cεd(r−1) for all n = 1, . . . , Nε.

Considering the covering of Ωε
n, we rewrite the integral on the left-hand side of (3.2)

as

∫
Ω

|Lεψ(x)|p dx =

Ñε∑
n=1

Ĩε
n∑

i=1

∫
εY i

xε
n

∣∣∣∣ψ̃
(
xεn,

D−1
xε
n
x

ε

)∣∣∣∣
p

dx

+

Ñε∑
n=1

Ĩε
n∑

i=1

∫
εY i

xε
n

(∣∣∣∣ψ̃
(
x,
D−1

xε
n
x

ε

)∣∣∣∣
p

−
∣∣∣∣ψ̃
(
xεn,

D−1
xε
n
x

ε

)∣∣∣∣
p)
dx

+

Ñε∑
n=1

∫
Mε

n

∣∣∣∣ψ̃
(
x,
D−1

xε
n
x

ε

)∣∣∣∣
p

dx+

∫
Kε

|Lεψ(x)|p dx = I1 + I2 + I3 + I4.

Applying the inequality ||a|p−|b|p| ≤ p(|a|p−1+|b|p−1)|a−b| (see [4]), the assumptions
on D, the continuity ψ, the bounds for Ñε and Ĩεn, and the property

sup
1≤i≤Ĩε

n

sup
x∈εY i

xε
n

|x− xεn| ≤ Cεr,

ensured by the fact that |Ωε
n| = εr for all 1 ≤ n ≤ Nε, we can estimate I2 by

(3.7) 2p‖ψ‖p−1

C(Ω,Cper(Yx))

Ñε∑
n=1

Ĩε
n∑

i=1

|εY i
xε
n
| sup
x∈εY i

xε
n

sup
ỹ∈Y

|ψ̃(x, ỹ)− ψ̃(xεn, ỹ)| ≤ Cδ1(ε)|Ω|,
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where δ1(ε) → 0 as ε→ 0. For I3 and I4 the regularity of ψ, together with the bounds
for |Kε|, |Mε

n|, and Ñε, implies

(3.8) |I3|+ |I4| ≤ ‖ψ(x, y)‖p
C(Ω,Cper(Yx))

(
Ñε∑
n=1

|Mε
n|+ |Kε|

)
≤ C(ε1−r + εr).

Combining now (3.7) and (3.8) gives

∫
Ω

|Lεψ(x)|p dx =

Ñε∑
n=1

Ĩεnε
d| detDxε

n
|
∫
Y

|ψ̃(xεn, ỹ)|pdỹ + δ(ε)(3.9)

=

∫
Ω

Ñε∑
n=1

−
∫
Yxε

n

|ψ(xεn, y)|pdy χΩε
n
(x) dx

−
Ñε∑
n=1

|Mε
n|−
∫
Yxε

n

|ψ(xεn, y)|pdy + δ(ε),

where δ(ε) → 0 as ε→ 0. The continuity of ψ with respect to x ensures

(3.10)

Ñε∑
n=1

|Mε
n|−
∫
Yxε

n

|ψ(xεn, y)|pdy ≤ C1ε
1−r sup

x∈Ω

∫
Y

|ψ̃(x, ỹ)|pdỹ ≤ C2ε
1−r.

Thus, the continuity of F , given by F (x) = −
∫
Yx

|ψ(x, y)|pdy, in Ω and the limit as

ε→ 0 in (3.9) provide convergence (3.2) for ψ ∈ C(Ω;Cper(Yx)).
To prove (3.2) for ψ ∈ Lp(Ω;Cper(Yx)) we consider an approximation of ψ by a

sequence {ψm} ⊂ C(Ω;Cper(Yx)) such that ψm → ψ in Lp(Ω;Cper(Yx)). Using∣∣∣∣ψ̃(x, D−1
xε
n
x

ε

)∣∣∣∣
p

−
∣∣∣∣ψ̃m

(
x,

D−1
xε
n
x

ε

)∣∣∣∣
p

=
∣∣∣ψ̃(x, D−1

x x
ε

)∣∣∣p − ∣∣∣ψ̃m

(
x,

D−1
x x
ε

)∣∣∣p
+

∣∣∣∣ψ̃(x, D−1
xε
n
x

ε

)∣∣∣∣
p

−
∣∣∣ψ̃(x, D−1

x x
ε

)∣∣∣p + ∣∣∣ψ̃m

(
x,

D−1
x x
ε

)∣∣∣p −
∣∣∣∣ψ̃m

(
x,

D−1
xε
n
x

ε

)∣∣∣∣
p

we obtain the following estimate:∫
Ω

||Lεψ(x)|p − |Lεψm(x)|p| dx ≤
∫
Ω

sup
y∈Yx

| |ψ(x, y)|p − |ψm(x, y)|p| dx

+

∫
Ω

Nε∑
n=1

sup
ỹ∈Y

∣∣∣∣∣∣ψ̃ (x, ỹ)
∣∣∣p − ∣∣∣ψ̃ (x,D−1

x Dxε
n
ỹ
)∣∣∣p∣∣∣χΩε

n
(x)dx(3.11)

+

∫
Ω

Nε∑
n=1

sup
ỹ∈Y

∣∣∣∣∣∣ψ̃m (x, ỹ)
∣∣∣p − ∣∣∣ψ̃m

(
x,D−1

x Dxε
n
ỹ
)∣∣∣p∣∣∣χΩε

n
(x)dx.

The inequality ||ψ|p − |ψm|p| ≤ p(|ψ|p−1 + |ψm|p−1)|ψ − ψm| (see [4]), together with
the Hölder inequality and the boundedness of ψm and ψ in Lp(Ω;Cper(Yx)), implies

∫
Ω

sup
y∈Yx

| |ψ|p − |ψm|p| dx ≤ C

(∫
Ω

sup
y∈Yx

|ψ − ψm|pdx
) 1

p

.
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The assumptions on D and Ωε
n ensure |ỹ−D−1

x Dxε
n
ỹ| ≤ δ2(ε) for x ∈ Ωε

n, ỹ ∈ Y , and
n = 1, . . . , Nε, where δ2(ε) → 0 as ε → 0. Thus, using the continuity of ψ and ψm

with respect to y and the convergence of ψm, and taking in (3.11) the limit as ε→ 0
and then as m→ ∞, we conclude that

lim
m→∞ lim

ε→0

∫
Ω

(|Lεψ(x)|p − |Lεψm(x)|p) dx = 0.

Applying now the calculations from above to ψm ∈ C(Ω;Cper(Yx)) for m ∈ N and
considering the strong convergence of ψm we obtain for ψ ∈ Lp(Ω;Cper(Yx))

lim
ε→0

∫
Ω

|Lεψ(x)|p dx = lim
m→∞ lim

ε→0

∫
Ω

|Lεψm(x)|p dx

= lim
m→∞

∫
Ω

−
∫
Yx

|ψm(x, y)|pdy dx =

∫
Ω

−
∫
Yx

|ψ(x, y)|pdy dx.

The proof for (3.3) follows along the same lines as for (3.2). First we consider
ψ ∈ C(Ω;Cper(Yx)) and write the integral on the left-hand side of (3.3) in the form

∫
Ω

Lεψ(x)dx =

Ñε∑
n=1

Ĩε
n∑

i=1

∫
εY i

xε
n

ψ̃

(
xεn,

D−1
xε
n
x

ε

)

+

[
ψ̃

(
x,
D−1

xε
n
x

ε

)
− ψ̃

(
xεn,

D−1
xε
n
x

ε

)]
dx

+

Ñε∑
n=1

∫
Mε

n

ψ̃

(
x,
D−1

xε
n
x

ε

)
dx+

∫
Kε

Lεψ(x)dx.

Using estimates (3.7), (3.8), and (3.10) with p = 1 we can conclude that

∫
Ω

Lεψ(x)dx =

Ñε∑
n=1

|Ωε
n| −
∫
Yxε

n

ψ(xεn, y)dy + δ(ε),

where δ(ε) → 0 as ε → 0. Thus, the continuity of F (x) = −
∫
Yx
ψ(x, y)dy in Ω and the

limit as ε → 0 provide convergence (3.3) for ψ ∈ C(Ω;Cper(Yx)). To show (3.3) for
ψ ∈ L1(Ω;Cper(Yx)) we approximate ψ by {ψm} ⊂ C(Ω;Cper(Yx)). Then calculations
similar to those in the proof of (3.2) ensure the convergence (3.3).

In the same way as above we obtain the equality

∫
Ω

|Lε
0ψ(x)|p dx =

Ñε∑
n=1

Ĩεnε
d| detDxε

n
|
∫
Y

|ψ̃(xεn, ỹ)|pdỹ(3.12)

+

Ñε∑
n=1

∫
Mε

n

∣∣∣∣ψ̃
(
xεn,

D−1
xε
n
x

ε

)∣∣∣∣
p

dx +

∫
Kε

|Lε
0ψ(x)|p dx.

The second and third integrals can be estimated by

Ñε∑
n=1

Iε
n∑

i=Ĩε
n+1

εd| detDxε
n
|
∫
Y

|ψ̃(xεn, ỹ)|pdỹ ≤ Cε1−r sup
x∈Ω

∫
Yx

|ψ(x, y)|pdy,

Nε∑
n=Ñε+1

Iεnε
d| detDxε

n
|
∫
Y

|ψ̃(xεn, ỹ)|pdỹ ≤ Cεr sup
x∈Ω

∫
Yx

|ψ(x, y)|pdy.
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Then, using (3.10) and passing in (3.12) to the limit as ε → 0 yields convergence
(3.4).

Similar arguments also imply the convergence (3.5).
Applying convergence (3.2) to ∇yψ ∈ Lp(Ω;Cper(Yx)

d) gives

lim
ε→0

∫
Ω

|Lε∇yψ(x)|p dx = lim
ε→0

∫
Ω

Nε∑
n=1

∣∣∣∣D−T
xε
n
∇ỹψ̃

(
x,
D−1

xε
n
x

ε

)∣∣∣∣
p

χΩε
n
dx

=

∫
Ω

−
∫
Yx

|∇yψ(x, y)|pdydx =

∫
Ω

−
∫
Y

∣∣D−T
x ∇ỹψ̃(x, ỹ)

∣∣pdỹdx,
where D−T

x is the transpose of the matrix D−1
x .

To prove the lemma for an arbitrarily chosen x̃εn ∈ Ωε
n we shall consider the shifted

covering Ωε
n ⊂ x̃εn + ∪Iε

n

i=1εY
i
xε
n
with the same properties as above. Then for x ∈ Ωε

n

we have x − x̃εn ∈ εY i
xε
n
for some 1 ≤ i ≤ Iεn and, applying the change of variables

D−1
xε
n
(x− x̃εn)/ε = ỹ, we can conduct the same calculations as for x̃εn = Dxε

n
εk, k ∈ Z

d.

We consider f̃ ∈ Lp
per(Y ) for 1 < p ≤ ∞ and define f(x, y) := f̃(D−1

x y) for x ∈ Ω
and a.a. y ∈ Yx. Applying calculations similar to those in Lemma 3.4 we can show the
boundedness in Lp of {Lεf}, which due to the structure of f coincides with {Lε

0f},

‖Lεf‖pLp(Ω) ≤
Nε∑
n=1

Iεnε
d| detDxε

n
|‖f̃(ỹ)‖pLp(Y ) ≤ C‖f̃‖pLp(Y ),

and the convergence

lim
ε→0

∫
Ω

Lεf(x)dx = lim
ε→0

Ñε∑
n=1

Ĩεnε
d| detDxε

n
|
∫
Y

f̃(ỹ)dỹ =

∫
Ω

−
∫
Yx

f(x, y)dydx.

Thus, in the same manner as for periodic functions we obtain as ε→ 0

Lεf(x)⇀ −
∫
Yx

f(x, y)dy weakly in Lp(Ω) for p > 1, weakly ∗ in L∞(Ω).

Remark. As we can see from the proofs, all convergence results are independent
of the choice of the points xεn, x̃

ε
n ∈ Ωε

n for n = 1, . . . , Nε.
Now we prove the compactness theorem for l-t-s convergence.
Proof of Theorem 3.2. We shall apply ideas similar to those for two-scale conver-

gence with periodic test functions [2, 18].
For ψ ∈ L2(Ω;Cper(Yx)) we consider a functional με given by

με(ψ) =

∫
Ω

uε(x)Lεψ(x)dx.

Using the Cauchy–Schwarz inequality and the boundedness of {uε} in L2(Ω) we obtain
that με is a bounded linear functional in (L2(Ω;Cper(Yx)))

′:

|με(ψ)| ≤ ‖uε‖L2(Ω)‖Lεψ‖L2(Ω) ≤ C||ψ||L2(Ω;Cper(Yx)).

Since L2(Ω;Cper(Yx)) is separable, there exists μ0 ∈ (L2(Ω;Cper(Yx)))
′ such that,

up to a subsequence, με ∗
⇀ μ0 in (L2(Ω;Cper(Yx)))

′. Using convergence (3.2) and
assumptions on D yields

|μ0(ψ)| = | lim
ε→0

με(ψ)| ≤ C1 lim
ε→0

‖Lεψ‖L2(Ω) ≤ C2||ψ||L2(Ω;L2(Yx)).
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Thus, μ0 is a bounded linear functional on the Hilbert space L2(Ω;L2(Yx)). The
definition of L2(Ω;L2(Yx)), the density of L2(Ω;Cper(Yx)) in L

2(Ω;L2(Yx)), and the
Riesz representation theorem imply the existence of ũ ∈ L2(Ω;L2(Yx)) such that

μ0(ψ) =

∫
Ω

∫
Yx

ũ(x, y)ψ(x, y)dydx =

∫
Ω

−
∫
Yx

u(x, y)ψ(x, y)dydx,

with u = ũ|Yx| and u ∈ L2(Ω;L2(Yx)). Therefore, there exists a subsequence of {uε}
that converges locally periodic two-scale to u ∈ L2(Ω;L2(Yx)).

Similarly as for two-scale convergence (see [18]), we can show that it is sufficient
to consider more regular test functions in the definition of l-t-s convergence, assuming
that the sequence is bounded in L2(Ω).

Proposition 3.5. Let {uε} be a bounded sequence in L2(Ω) such that

(3.13) lim
ε→0

∫
Ω

uε(x)Lεφ(x)dx =

∫
Ω

−
∫
Yx

u(x, y)φ(x, y)dydx

for every φ ∈W 1,∞
0 (Ω;C∞

per(Yx)). Then {uε} converges l-t-s to u.

Proof. We consider ψ ∈ L2(Ω;Cper(Yx)) and {φm} ⊂ W 1,∞
0 (Ω;C∞

per(Yx)) such
that φm → ψ in L2(Ω;Cper(Yx)) as m→ ∞. Then we can write

lim
ε→0

∫
Ω

uε(x)Lεψ(x)dx = lim
m→∞ lim

ε→0

∫
Ω

[uε(x)Lεφm(x) + uε(x)(Lεψ − Lεφm)] dx.

Assumed convergence (3.13) and the convergence of φm to ψ ensure

lim
m→∞ lim

ε→0

∫
Ω

uε(x)Lεφm(x)dx = lim
m→∞

∫
Ω

−
∫
Yx

uφm dydx =

∫
Ω

−
∫
Yx

u(x, y)ψ(x, y)dydx.

The boundedness of {uε} in L2(Ω), estimates similar to (3.11) in the proof of Lemma
3.4, the continuity of ψ and φm with respect to the second variable, the convergence
of φm, and the regularity of D imply that the second term on the right-hand side
converges to zero as ε → 0 and m → ∞. Thus, due to the arbitrary choice of
ψ ∈ L2(Ω;Cper(Yx)), we conclude that uε → u in the l-t-s sense as ε→ 0.

If we assume more regularity on the transformation matrixD, the result in Propo-
sition 3.5 also holds for more regular, with respect to x, test functions φ.

In the following we prove a technical lemma on the strong (H1(Ω))′-convergence,
which will be used in the proof of Theorem 3.3.

Lemma 3.6. For Ψ ∈ W 1,∞
0 (Ω;C1

per(Yx)
d) (resp., Ψ̃ ∈ W 1,∞

0 (Ω;C1
per(Y )d)) and

φΩε
n
∈ C∞

0 (Ωε
n) such that

(3.14) ||∇mφΩε
n
||L∞(Rd) ≤ Cε−mρ with 0 < ρ < 1,

for n = 1, . . . , Nε, it holds that

(3.15)

Nε∑
n=1

(
Ψ̃
(
·, D−1

xε
n

·
ε

)
−−
∫
Yx

Ψ(·, y)dy
)
∇φΩε

n
→ 0 in (H1(Ω))′.

In particular, for xεn ∈ Ωε
n and 1 ≤ n ≤ Nε we have

(3.16)

Nε∑
n=1

(
Ψ
(
xεn,

·
ε

)
−−
∫
Yxε

n

Ψ(xεn, y)dy

)
∇φΩε

n
→ 0 in (H1(Ω))′.
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Proof. For Ψ ∈ W 1,∞
0 (Ω;C1

per(Yx)
d) there exists a unique h1 ∈ W 1,∞

0 (Ω;C2
per(Y )d)

with zero Y -mean value such that

(3.17) Δỹh1(x, ỹ) = Ψ̃(x, ỹ)−−
∫
Yx

Ψ(x, y)dy.

Considering (3.17) with ỹ = D−1
xε
n
x/ε we obtain for a.a. x ∈ Ωε

n ∩ Ω and 1 ≤ n ≤ Nε

Ψ̃

(
x,
D−1

xε
n
x

ε

)
−−
∫
Yx

Ψ(x, y)dy = ε∇ ·
(
Dxε

n
· ∇ỹh1

(
x,
D−1

xε
n
x

ε

))

− ε∇x ·
(
Dxε

n
· ∇ỹh1

(
x,
D−1

xε
n
x

ε

))
.(3.18)

Similarly as in [11], we define F1(x, ỹ) = ∇ỹh1(x, ỹ) with F1 ∈ W 1,∞
0 (Ω;C1

per(Y )d×d)

and Fn
1 (x) = F1(x,D

−1
xε
n
x/ε) for x ∈ Ωε

n ∩ Ω. Applying (3.18), we have for a.a. x ∈ Ω

Nε∑
n=1

[
Ψ̃

(
x,
D−1

xε
n
x

ε

)
−−
∫
Yx

Ψdy

]
∇φΩε

n

=

Nε∑
n=1

ε
[∇ · (Dxε

n
Fn
1

)−∇x · (Dxε
n
Fn
1

)]∇φΩε
n

(3.19)

=

Nε∑
n=1

[
∇ · (ε(Dxε

n
Fn
1 )∇φΩε

n

)− ε∇x · (Dxε
n
Fn
1

)∇φΩε
n
− εDxε

n
Fn
1 : ∇2φΩε

n

]
.

The boundedness of
∑Nε

n=1Dxε
n
Fn
1 χΩε

n
and

∑Nε

n=1 ∇x · (Dxε
n
Fn
1

)
χΩε

n
in L2(Ω),

assured by the regularity of F1 and D, and assumption (3.14) imply

Nε∑
n=1

∇ · (ε(Dxε
n
Fn
1 )∇φΩε

n

)→ 0 in (H1(Ω))′,

Nε∑
n=1

ε∇x · (Dxε
n
Fn
1

)∇φΩε
n
→ 0 in L2(Ω).

Then the last convergences, together with (3.19), result in

(3.20)

Nε∑
n=1

([
Ψ̃

(
x,
D−1

xε
n
x

ε

)
−−
∫
Yx

Ψdy

]
∇φΩε

n
+εDxε

n
Fn
1 : ∇2φΩε

n

)
→ 0 in

(
H1(Ω)

)′
.

If ρ < 1
2 , due to (3.14), convergence (3.15) follows from (3.20). If 1

2 ≤ ρ < 1, we have
to iterate the above calculations. The periodicity of h1(x, ỹ) yields −

∫
Y F1(x, ỹ)dỹ = 0.

Thus there exists a unique h2 ∈ W 1,∞
0 (Ω;C2

per(Y )d×d) with zero Y -mean value such
that

Δỹh2(x, ỹ) = F1(x, ỹ).

Defining F2(x, ỹ) = ∇ỹh2(x, ỹ) for x ∈ Ω, ỹ ∈ Y , and Fn
2 (x) = F2(x,D

−1
xε
n
x/ε) for
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x ∈ Ωε
n ∩Ω, we obtain a.e. in Ω

Nε∑
n=1

εDxε
n
Fn
1 : ∇2φΩε

n
=

Nε∑
n=1

ε2∇ ·
(
Dxε

n
(Dxε

n
Fn
2 ) : ∇2φΩε

n

)

−
Nε∑
n=1

ε2∇x · (Dxε
n
(Dxε

n
Fn
2 )
)
: ∇2φΩε

n
−

Nε∑
n=1

ε2Dxε
n
(Dxε

n
Fn
2 ) : ∇3φΩε

n
.

Due to (3.14), there existsm ∈ N such thatm(1−ρ) > 1 and εm−1||∇mφΩε
n
||L∞(Rd) →

0 as ε→ 0. Reiterating the last calculations m times yields convergence (3.15).
To show (3.16) we consider (3.17) with x = xεn and ỹ = D−1

xε
n
x/ε for x ∈ Ωε

n ∩ Ω

and 1 ≤ n ≤ Nε. Then Ψ̃(xεn, D
−1
xε
n
x/ε) = Ψ(xεn, x/ε) and for x ∈ Ωε

n ∩ Ω we have

Ψ
(
xεn,

x

ε

)
−−
∫
Yxε

n

Ψ(xεn, y)dy = ε∇ ·
(
Dxε

n
· ∇ỹh1

(
xεn,

D−1
xε
n
x

ε

))
.

Applying calculations similar to those in the proof of (3.15) yields (3.16).
The convergence in Lemma 3.6 is now applied in the proof of the convergence

result for a bounded in H1 sequence, where φΩε
n
will be the approximations of χΩε

n

with 0 < r < ρ < 1 and n = 1, . . . , Nε. The proof emphasizes the importance of r < 1
in locally periodic approximations of functions with space-dependent periodicity.

Proof of Theorem 3.3. The ideas of the proof are similar to those for two-scale
convergence with periodic test functions [2, 18].

Due to {uε} being bounded in L2(Ω), thanks to Theorem 3.2, there exist u0 ∈
L2(Ω;L2(Yx)) and a subsequence, denoted again by {uε}, such that uε → u0 in the
l-t-s sense. We shall show that u0 is independent of y. We consider approximations
φΩε

n
∈ C∞

0 (Ωε
n) of χΩε

n
satisfying properties (3.1). The boundedness of {∇uε} yields

0 = lim
ε→0

∫
Ω

ε∇uεLεψ dx = lim
ε→0

[ ∫
Ω

ε∇uε(Lεψ − Lε
ρψ) dx−

∫
Ω

εuε∇(Lε
ρψ) dx

]

for ψ ∈ W 1,∞
0 (Ω;C∞

per(Yx)). Due to the convergence of φΩε
n
stated in (3.1) and the

boundedness of {∇uε} in L2(Ω), the limit of the first integral on the right-hand side
is equal to zero. The second integral can be written as the sum of three:

I1 + I2 + I3 =

∫
Ω

uε Lε∇yψ dx+

∫
Ω

Nε∑
n=1

uεD−T
xε
n
∇ỹψ̃

(
x,
D−1

xε
n
x

ε

)(
φΩε

n
− χΩε

n

)
dx

+ ε

∫
Ω

Nε∑
n=1

uε
[
ψ̃

(
x,
D−1

xε
n
x

ε

)
∇φΩε

n
+∇xψ̃

(
x,
D−1

xε
n
x

ε

)
φΩε

n

]
dx.

The properties (3.1) of φΩε
n
imply that limε→0 I2 = 0 and limε→0 I3 = 0. Considering

the l-t-s convergence of {uε} in I1 we obtain∫
Ω

−
∫
Yx

u0∇yψ(x, y)dydx = 0

for ψ ∈ W 1,∞
0 (Ω;C∞

per(Yx)) and can conclude that u0 is independent of y; see [4].
Since the average over Yx of u0 is equal to u and u0 is independent of y, we deduce
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that for any subsequence the l-t-s limit reduces to the weak L2-limit u. Thus the
entire sequence {uε} converges to u in the l-t-s sense.

Applying Theorem 3.2 to the bounded in L2(Ω)d sequence {∇uε} yields the ex-
istence of ξ ∈ L2(Ω;L2(Yx)

d) and of a subsequence, denoted again by {∇uε}, such
that

lim
ε→0

∫
Ω

∇uε(x)LεΨ(x) dx =

∫
Ω

−
∫
Yx

ξΨ(x, y)dydx(3.21)

for Ψ ∈ W 1,∞
0 (Ω;C∞

per(Yx)
d). Now we assume additionally that ∇y · Ψ(x, y) = 0 for

x ∈ Ω and y ∈ Yx, and we notice that

(3.22) ∇ · Ψ̃
(
xεn,

D−1
xε
n
x

ε

)
= ∇ ·Ψ

(
xεn,

x

ε

)
=

1

ε
∇y ·Ψ

(
xεn,

x

ε

)
= 0.

We rewrite the integral on the left-hand side of (3.21) in the form

I =

∫
Ω

∇uε(LεΨ− Lε
0Ψ)dx+

∫
Ω

∇uε
Nε∑
n=1

[
Ψ
(
xεn,

x

ε

)
−−
∫
Yxε

n

Ψ(xεn, y)dy

]
φΩε

n
dx

+

∫
Ω

∇uε
Nε∑
n=1

[
Ψ
(
xεn,

x

ε

)
−−
∫
Yxε

n

Ψ(xεn, y)dy

]
(χΩε

n
− φΩε

n
)dx +

∫
Ω

∇uε−
∫
Yx

Ψ(x, y)dydx

+

∫
Ω

∇uε
Nε∑
n=1

[
−
∫
Yxε

n

Ψ(xεn, y)dy −−
∫
Yx

Ψ(x, y)dy

]
χΩε

n
dx = I1 + I2 + I3 + I4 + I5.

The boundedness of {uε} inH1(Ω) and the continuity of Ψ andD ensure limε→0 I1 = 0
and limε→0 I5 = 0. Now we integrate by parts in I2 and apply equality (3.22). Then
the H1-boundedness of {uε} yields

|I2| =
∣∣∣∣∣
∫
Ω

uε
Nε∑
n=1

[
Ψ
(
xεn,

x

ε

)
−−
∫
Yxε

n

Ψ(xεn, y)dy

]
∇φΩε

n
dx

∣∣∣∣∣
≤ C

∥∥∥∥∥
Nε∑
n=1

[
Ψ
(
xεn,

x

ε

)
−−
∫
Yxε

n

Ψ(xεn, y)dy

]
∇φΩε

n

∥∥∥∥∥
(H1(Ω))′

.

Applying now convergence (3.16) from Lemma 3.6 we obtain limε→0 I2 = 0. The
convergence in (3.1), the regularity of Ψ, and the boundedness of {uε} in H1(Ω)
imply limε→0 I3 = 0. Finally, the integration by parts and the L2-convergence of {uε}
give

lim
ε→0

I4 = −
∫
Ω

u(x)∇ ·
(
−
∫
Yx

Ψ(x, y)dy

)
dx =

∫
Ω

−
∫
Yx

∇u(x)Ψ(x, y)dydx.

Thus, for any Ψ ∈W 1,∞
0 (Ω;C∞

per(Yx)
d) with ∇y ·Ψ(x, y) = 0, we have∫

Ω

−
∫
Yx

(
ξ −∇u(x))Ψ(x, y)dydx = 0.

The Helmholtz decomposition [2, 16, 25] yields that the orthogonal to solenoidal fields
are gradient fields, i.e., there exists a function u1 from Ω to H1

per(Yx)/R, such that
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ξ(x, ·)−∇u(x) = ∇yu1(x, ·) for a.a. x ∈ Ω. Then, using the integrability of ξ and ∇u
we conclude that u1 ∈ L2(Ω;H1

per(Yx)/R).
Analogous to the two-scale convergence with periodic test functions [2, 18] we

show, under an additional assumption, the convergence of the product of two l-t-s
convergent sequences.

Lemma 3.7. Let {uε} ⊂ L2(Ω) be a sequence that converges locally periodic
two-scale to u ∈ L2(Ω;L2(Yx)), and assume that

(3.23) lim
ε→0

‖uε‖2L2(Ω) =

∫
Ω

−
∫
Yx

|u(x, y)|2dydx.

Then for {vε} ⊂ L2(Ω) that converges locally periodic two-scale to v ∈ L2(Ω;L2(Yx))
we have

uε(x)vε(x)⇀ −
∫
Yx

u(x, y)v(x, y)dy weakly in D′(Ω) as ε→ 0.

Proof. Let {ψk} be a sequence of functions in L2(Ω;Cper(Yx)) that converges to
u in L2(Ω;L2(Yx)). Convergence (3.2) for L

2(Ω;Cper(Yx))-functions, the definition of
l-t-s convergence, and assumption (3.23) ensure

lim
ε→0

∫
Ω

[uε(x)− Lεψk(x)]
2
dx =

∫
Ω

−
∫
Yx

[u(x, y)− ψk(x, y)]
2dydx.

The limit as k → ∞ in the last equality and the strong convergence of ψk to u imply

(3.24) lim
k→∞

lim
ε→0

∫
Ω

[uε(x) − Lεψk(x)]
2
dx = 0.

For φ ∈ D(Ω) we consider now∫
Ω

uε(x)vε(x)φ(x)dx =

∫
Ω

Lεψk(x)v
ε(x)φ(x)dx +

∫
Ω

[uε(x) − Lεψk(x)] v
ε(x)φ(x)dx.

Applying the l-t-s convergence and L2-boundedness of vε in the last equality we obtain∣∣∣∣ limε→0

∫
Ω

uε(x)vε(x)φdx −
∫
Ω

−
∫
Yx

ψk(x, y)v(x, y)φdydx

∣∣∣∣ ≤ C lim
ε→0

∫
Ω

|uε − Lεψk|2 dx.

Then, letting k → ∞ and using (3.24) we obtain the convergence stated.
We shall refer to l-t-s convergent sequence satisfying (3.23) as strongly l-t-s con-

vergent.

4. Homogenization of plywood structures. Now we return to our main
problem (2.3). Results in this section require us to introduce some standard regularity
and ellipticity constraints on the given vector functions G, g and tensors E1, E2. We
assume g ∈ H1(Ω), G ∈ L2(Ω) and E1, E2 are symmetric, i.e., Em,ijkl = Em,klij =
Em,jikl = Em,ijlk for m = 1, 2, and positive definite, i.e., E1ξ : ξ ≥ α|ξ|2, E2ξ : ξ ≥
β|ξ|2 for all symmetric matrices ξ ∈ R

3×3 and α, β > 0.
Definition 4.1. The function uε is called a weak solution of the problem (2.3)

if uε − g ∈ H1
0 (Ω) and satisfies

(4.1)

∫
Ω

Eε(x) e(uε) e(ψ) dx =

∫
Ω

G(x)ψ dx for all ψ ∈ H1
0 (Ω).
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Due to our assumptions, the tensor Eε, given by (2.4), satisfies the Legendre
conditions. Since E1 and E2 are constant, we also have the uniform boundedness of
Eε. Thus, there exists a unique weak solution of the problem (2.3) (see [3]), and we
have the following lemma.

Lemma 4.2. Any solution of the model (2.3) satisfies the estimate

||uε||H1(Ω) ≤ C,

where C is a constant independent of ε.
Proof sketch. Considering uε − g as a test function in (4.1) and applying the

regularity assumptions on G and g, the coercivity of Eε, and the Korn inequality for
functions in H1

0 (Ω), we obtain the stated estimate.
To define the effective elastic properties of a material with plywood microstructure

we shall derive macroscopic equations for the microscopic model (2.3) using the notion
of l-t-s convergence, introduced in section 3.

In the locally periodic plywood structure the rotation angle is constant in each
layer Lε

k and the characteristic function of the domain occupied by fibres can be
defined considering an additional division of Lε

k into cubes of side εr with r ∈ (0, 1).
Notice that the microstructure is give by the rotation around the fixed x3-axis with a
rotation angle dependent only on x3. Thus the rotation of a corresponding set of cubes
will reproduce the cylindrical structure of the fibres. Regarding a possible change of
enumeration, we consider the layers Lε

k such that Ω ⊂ ∪Kε

k=1L
ε

k and Lε
k ∩ Ω �= ∅.

Then the number of layers having a nonempty intersection with Ω satisfies Kε ≤
(diam(Ω) + 2)ε−r. We can divide each layer Lε

k into open nonintersecting cubes Ωε
n

of side εr and consider a family of cubes {Ωε
n}N

k
ε

n=Nk−1
ε +1

such that

Ω ∩ Lε
k ⊂

Nk
ε⋃

n=Nk−1
ε +1

Ω
ε

n and Ωε
n ∩ (Ω ∩ Lε

k) �= ∅,

where N0
ε = 0 and Nk

ε ≤ (diam(Ω)+2)2ε−2r for k = 1, . . . ,Kε. In this way we obtain

a covering of Ω by the family of cubes satisfying the estimates on Nε =
∑Kε

k=1N
k
ε ,

Ñε, and Kε, stated in section 3. Then for k = 1, . . . ,Kε and for any n,m ∈ N with
Nk−1

ε + 1 ≤ n,m ≤ Nk
ε we choose xεn ∈ Ωε

n and xεm ∈ Ωε
m such that xεn,3 = xεm,3; i.e.,

the points xεn have the same third component if they belong to the same layer Lε
k.

For x ∈ R
3 we consider now the deformation matrix given by the rotation matrix

R−1
x3

= R−1(γ(x3)), with R and γ defined in section 2, and obtain a continuous family
of rotated cubes Yx3 = R−1

x3
Y . Due to the regularity of γ, i.e., γ ∈ C2(R), and

| detR−1
x3

| = 1 for all x ∈ R
3, the matrix R−1

x3
fulfills assumptions posed in section 3.

Using the notion of the locally periodic approximation introduced in section 3,
the characteristic function χΩε

f
, defined in (2.2), can be written as

χΩε
f
(x) = Lε

0η(x)χΩ(x),

where η(x, y) = η̃(Rx3y) for y ∈ Yx3 and η̃ given by (2.1). Here we choose x̃εn = R−1
xε
n
εk

for some k ∈ Z
3 and R−1

xε
n
= R−1(γ(xεn,3)). The function η̃ is constant with respect to

ỹ1, and we can introduce formally the periodicity with respect to the first variable.

Now, each Ωε
n can be covered by a family of closed cubes Ωε

n ⊂ ∪Iε
n

i=1εY
i
xε
n
such

that εY i
xε
n
∩ Ω

ε

n �= ∅, where Y i
xε
n
= R−1

xε
n
(Y + ki) with ki ∈ Z

3. The number Iεn, the
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subset Mn
ε = Ωε

n \ ∪Ĩε
n

i=1εY
i
xε
n
, and the number Ĩεn of all cubes enclosed in Ωε

n satisfy
the estimates stated in Lemma 3.4.

We consider the sequence {uε} of solutions of (2.3). The a priori estimate in
Lemma 4.2 ensures the existence of u ∈ H1(Ω) and of a subsequence, denoted again
by {uε}, such that uε ⇀ u in H1. Thanks to Theorem 3.3 there exist another
subsequence of {∇uε}, denoted again by {∇uε}, and u1 ∈ L2(Ω;H1

per(Yx3)/R) such
that

uε → u and ∇uε → ∇u+∇yu1

in the l-t-s sense. We consider

ψ = ψ1(x) + ε(Lε
ρψ2)(x)

as a test function in (4.1), where ψ1 ∈ C∞
0 (Ω) and ψ2 ∈ W 1,∞

0 (Ω;C∞
per(Yx3)). The

regularity assumptions on ψ1, ψ2, and φΩε
n
ensure ψ ∈ H1

0 (Ω). Then (4.1) reads as

(4.2)

∫
Ω

(Lε
0A)(x)e(u

ε)
(
e(ψ1) + εe(Lε

ρψ2)
)
dx =

∫
Ω

G(x)
(
ψ1 + εLε

ρψ2

)
dx,

where A(x, y) = E1η(x, y) + E2(1 − η(x, y)). Notice that A ∈ L∞(∪x∈Ω{x} × Yx3)
and A ∈ C(Ω;Lp

per(Yx3)) for 1 ≤ p <∞. Since the dependence on x in A occurs only
due to its Yx3-periodicity, we have that Lε

0A(x) = LεA(x) a.e. in Ω.
To apply the l-t-s convergence in (4.2) we have to bring the test function in

the form involving the locally periodic approximation, i.e., replace φΩε
n
by χΩε

n
. We

rewrite the left-hand side of (4.2) in the form

∫
Ω

(Lε
0A) e(u

ε)

[
e(ψ1) + ε

Nε∑
n=1

(
e(ψn

2 )χΩε
n
+ e(ψn

2 )
(
φΩε

n
− χΩε

n

)
+ ψn

2 �∇φΩε
n

) ]
dx,

where ψn
2 (x) = ψ̃2

(
x,Rxε

n
x/ε
)
and a� b =

(
1
2 (aibj + ajbi)

)
1≤i,j≤3

for a, b ∈ R
3.

Considering ε∇ψn
2 (x) = ε∇xψ

n
2 + RT

xε
n
∇ỹψ

n
2 and using the regularity of ψ2 to-

gether with convergences in Lemma 3.4 applied to Lεey(ψ2) we obtain

lim
ε→0

∫
Ω

Nε∑
n=1

|εe(ψn
2 )|pχΩε

n
=

∫
Ω

−
∫
Yx3

|ey(ψ2(x, y))|pdydx for 1 ≤ p <∞.

Convergence (3.4) in Lemma 3.4 implies

lim
ε→0

∫
Ω

|Lε
0A(x)|pdx =

∫
Ω

−
∫
Yx3

|A(x, y)|pdydx for 1 ≤ p <∞.

Then, for a sequence {Φε} ⊂ L∞(Ω) given by

Φε(x) = Lε
0A(x)

[
e(ψ1(x)) + ε

Nε∑
n=1

e(ψn
2 (x))χΩε

n
(x)

]

we can conclude that {Φε} is bounded in L2(Ω) and satisfies assumption (3.23) of the
strong l-t-s convergence stated in Lemma 3.7, i.e.,

lim
ε→0

∫
Ω

|Φε(x)|2dx =

∫
Ω

−
∫
Yx3

∣∣A(x, y)[e(ψ1(x)) + ey(ψ2(x, y))
]∣∣2 dydx.
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Boundedness of {uε} in H1(Ω), L2-convergence of φΩε
n
, and regularity of ψ2 give

lim
ε→0

ε

∫
Ω

Lε
0Ae(u

ε)

Nε∑
n=1

e(ψn
2 )(φΩε

n
− χΩε

n
)dx = 0.(4.3)

The assumption ||∇φΩε
n
||L∞(Rd) ≤ Cε−ρ, where 0 < r < ρ < 1, ensures

(4.4) lim
ε→0

ε

∫
Ω

Lε
0Ae(u

ε)

Nε∑
n=1

ψn
2 �∇φΩε

n
dx = 0.

The regularity of ψ2 and G imply that the second term on the right-hand side of (4.2)
convergences to zero as ε→ 0.

Thus, taking into account convergences (4.3) and (4.4), the strong l-t-s conver-
gence of {Φε}, and the l-t-s convergence for a subsequence of {∇uε}, denoted again
by {∇uε}, we can pass to the limit as ε→ 0 in (4.2) and obtain∫

Ω

−
∫
Yx3

A(x, y)
(
e(u) + ey(u1(x, y))

)(
e(ψ1) + ey(ψ2(x, y))

)
dydx =

∫
Ω

G(x)ψ1dx.

Then coordinate transformation F : Yx3 → Y , i.e., ỹ = F(y) = Rx3y, yields

(4.5)

∫
Ω

−
∫
Y

Ã(ỹ)
(
e(u) + eRỹ (ũ1)

)(
e(ψ1) + eRỹ (ψ̃2)

)
dỹdx =

∫
Ω

G(x)ψ1dx,

where

(4.6) eRỹ,kl(v) =
1

2

([
RT

x3
∇ỹv

l
]
k
+
[
RT

x3
∇ỹv

k
]
l

)

and Ã(ỹ) = E1η̃(ỹ) + E2(1− η̃(ỹ)) for ỹ ∈ Y .
By a density argument, (4.5) also holds for ψ1 ∈ H1

0 (Ω) and ψ̃2 ∈ L2(Ω;H1
per(Y )/R).

Taking ψ1 = 0 and using linearity of the problem we conclude that ũ1 has the form

ũ1(x, ỹ) =
1

2

3∑
i,j=1

(
∂ui(x)

∂xj
+
∂uj(x)

∂xi

)
ω̃ij(x3, ỹ),

where ω̃ij(x3, ỹ) are solutions of unit cell problems

−∇ỹ ·
(
Rx3Ã(ỹ)e

R
ỹ (ω̃ij)

)
= ∇ỹ ·

(
Rx3Ã(ỹ)lij

)
in Y,(4.7)

ω̃ij periodic in Y.

Here lij =
1
2 (li⊗ lj+ lj⊗ li) are symmetric matrices, whereas (li)1≤i≤3 is the canonical

basis of R3. Since Ã is independent of ỹ1 and solutions of the problems (4.7) are unique
up to a constant, we obtain that ω̃ij does not depend on ỹ1. Thus (4.7) can be reduced
to the two-dimensional problems

−∇ŷ ·
(
R̂x3Ã(ŷ)ê

R
ŷ (ω̃ij)

)
= ∇ŷ ·

(
R̂x3Ã(ŷ)lij

)
in Ŷ ,(4.8)

ω̃ij periodic in Ŷ ,
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where Ŷ = Y ∩ {ỹ1 = 0} with ŷ = (ỹ2, ỹ3), Ã(ŷ) := Ã(ỹ), and

(4.9) êRŷ,kl(v) =
1

2

[(
R̂T

x3
∇ŷv

l
)
k
+
(
R̂T

x3
∇ŷv

k
)
l

]
, R̂x3=

(− sin γ(x3) cos γ(x3) 0
0 0 1

)
.

Thus, for locally periodic plywood structure we have the following theorem.
Theorem 4.3. The sequence of microscopic solutions {uε} of (2.3), with the

elasticity tensor given by (2.4), converges to a solution of the macroscopic problem

(4.10)

{
−div σ(x3, u) = G in Ω,

u = g on ∂Ω,

where σ(x3, u) = Ahom(x3)e(u) with A
hom given by

Ahom
ijkl (x3) = −

∫
Ŷ

(
Ãijkl(ŷ) + Ã(ŷ)êRŷ (ω̃ij)kl

)
dŷ

and ω̃ij are solutions of the cell problems (4.8).
Considering the properties of the matrix R(γ(x3)) and the fact that E1 and E2 are

constant, symmetric, and positive definite yields that the homogenized tensor Ahom

is symmetric, positive definite, and uniformly bounded. This ensures the existence of
a unique weak solution of the macroscopic model (4.10) and the convergence of the
entire sequence of solutions of the microscopic problems (2.3).

Now we consider the nonperiodic plywood structure, where the layers of fibres
aligned in the same direction are of the height ε. For the analysis of the nonperiodic
problem it is convenient to define the characteristic function of the domain occupied
by fibres in a different form, equivalent to (2.2) for r = 1. We consider the function

ϑ(y) =

{
1, |ŷ| ≤ a,

0, |ŷ| > a,

with ŷ = (y2, y3) and a < 1/2. For k ∈ Z
3 we define xεk = R−1

k εk with R−1
k :=

R−1(γ(εk3)). Notice that xεk,3 = εk3, the third variable being invariant under the

rotationR−1
k . Then the characteristic function of fibres for nonperiodic microstructure

reads as

(4.11) χΩε
f
(x) = χΩ(x)

∑
k∈Z3

ϑε
(
Rk(x − xεk)

)
, where ϑε(x) = ϑ

(x
ε

)
.

To derive the macroscopic equations for the model (2.3) with elasticity tensor
Eε = E1χΩε

f
+ E2(1 − χΩε

f
), where χΩε

f
is given by (4.11), we shall approximate it

by a locally periodic problem and apply l-t-s convergence. The following calculations
illustrate the motivation for the locally periodic approximation.

We consider a partition covering of Ω ⊂ ∪Nε
n=1Ω

ε

n, as defined in section 3. For
n = 1, . . . , Nε we choose κn ∈ Z

3 such that for xεn = R−1
κn
εκn we have xεn ∈ Ωε

n. We

cover Ωε
n by shifted parallelepipeds Ωε

n ⊂ xεn + ∪Iε
n
j=1εY

j
xε
n
, where Y j

xε
n
= Dxε

n
(Y +mj)

for mj ∈ Z
3 and a matrix D(x) that will be specified later. Then for 1 ≤ j ≤ Iεn we

consider knj = κn +mj and xεkn
j
= R−1

kn
j
εknj . Using the regularity assumptions on γ

and the Taylor expansion for R around xεκn
, i.e., around εκn,3, we obtain

Rkn
j
(x − xεkn

j
) = Rkn

j
x− εknj

= Rκnx+R′
κn
xεnmj,3ε+R′

κn
(x− xεn)mj,3ε+ b(|mj,3ε|2)x− ε(κn +mj)

= Rκn(x − xεn)− W̃xε
n
mjε+R′

κn
(x− xεn)mj,3ε+ b(|mj,3ε|2)x,(4.12)
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Fig. 4.1. Nonperiodic plywood structure.

where W̃xε
n
= W̃ (xεn) with W̃ (x) = (I − ∇R(γ(x3))x); see Figure 4.1. The notation

of the gradient is understood as ∇R(γ(x))x = ∇z(R(γ(z))x)|z=x. Thus for x ∈ Ωε
n

the distance between Rκn(x − xεn) − W̃xε
n
mjε and Rkn

j
(x − xεkn

j
) is of the order of

sup1≤j≤Iε
n
|mjε|2 ∼ ε2r. This will assure that the nonperiodic plywood structure

can by approximated by the locally periodic microstructure, comprising Yxε
n
-periodic

structure in each Ωε
n of side εr with an appropriately chosen r ∈ (0, 1). Here Yx =

D(x)Y with D(x) = R−1(γ(x3))W (x) and

W (x) =

⎛
⎝ 1 0 0

0 1 w(x)
0 0 1

⎞
⎠ , where w(x) = γ′(x3)(cos(γ(x3))x1 + sin(γ(x3))x2).

The definition of R, W , and γ ensures assumptions on D stated in section 3. Since ϑ
is independent of the first variable, we consider in W (x) the shift only for the second
variable. We denote Zx =WxY and consider a Zx-periodic function

ϑ̂(x, y) =
∑
k∈Z3

ϑ(y −Wxk).

Notice that {y ∈ R
3 : ϑ̂(x, y) = 1} is a Zx-periodic set of cylinders of radius a.

Then for xεn ∈ Ωε
n as above and x̃εn = xεn we define a tensor

Eε
n(x) = (Lε

0B)(x)χΩ(x),

where B(x, y) = E1ϑ̂(x,Rx3y) + E2(1 − ϑ̂(x,Rx3y)) for x ∈ Ω and y ∈ Yx. Notice
that B ∈ L∞(∪x∈Ω{x} × Yx) and B ∈ C(Ω, Lp

per(Yx)) for 1 ≤ p <∞.
Now we rewrite (4.1) in the form∫

Ω

Eε
n(x)e(u

ε)e(φ)dx +

∫
Ω

(Eε(x) − Eε
n(x))e(u

ε)e(φ)dx =

∫
Ω

G(x)φdx(4.13)

and shall show that the second integral on the left-hand side converges to zero as
ε → 0. Applying l-t-s convergence in the first term we shall obtain macroscopic
equations for the linear elasticity problem posed in a domain with a nonperiodic
plywood structure.

In the following calculations we shall use the next estimate, proven in [9].
Lemma 4.4 (see [9]). The characteristic function of a fibre system satisfies

||ϑr(x+ τ) − ϑr(x)||2L2(Ω) ≤ CrL|τ |,
where L is the length and r is the radius of fibres.
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Since in each Ωε
n the length of fibres is of order εr, applying Lemma 4.4, equality

(4.12), and the estimates Nε ≤ Cε−3r and Iεn ≤ Cε3(r−1) we conclude that

(4.14)

Nε∑
n=1

∫
Ωε

n

Iε
n∑

j=1

∣∣∣ϑε(Rkn
j
(x− xεkn

j
)
)− ϑε

(
Rκn(x− xεn)−Wxε

n
mjε

)∣∣∣2 dx ≤ Cε3r−2.

Considering the definitions of Eε and Eε
n, estimate (4.14), and the fact that

χΩε
f
(x) = χΩ(x)

Nε∑
n=1

Iε
n∑

j=1

ϑε
(
Rkn

j
(x− xεkn

j
)
)

for Nε, I
ε
n, and k

n
j as defined above, we obtain∫

Ω

|(Eε(x)− Eε
n(x))e(u

ε)e(φ)|dx ≤ Cε3r−2‖uε‖H1(Ω)‖φ‖W 1,∞(Ω),(4.15)

which for 2/3 < r < 1 and {uε} bounded in H1 converges to zero as ε → 0. Thus in
the definition of a locally periodic approximation we shall consider a covering of Ω by
cubes of side εr with 2/3 < r < 1.

Now we take ψ(x) = ψ1(x) + ε(Lε
ρψ2)(x) as a test function in (4.13), where

ψ1 ∈ C∞
0 (Ω) and ψ2 ∈ W 1,∞

0 (Ω;C∞
per(Yx)). Applying to the first integral in (4.13)

calculations similar to those for the locally periodic problem (4.2) and using (4.15)
and l-t-s convergence of a subsequence of {∇uε}, we obtain∫

Ω

−
∫
Yx

B(x, y)
[
e(u) + ey(u1(x, y))

][
e(ψ1) + ey

(
ψ2(x, y)

)]
dydx =

∫
Ω

G(x)ψ1 dx,

where Yx = DxY . The transformation F : Yx → Zx, i.e., ỹ = F(y) = Rx3y, gives∫
Ω

−
∫
Zx

B̃(x, ỹ)
(
e(u) + eRỹ (ũ1)

)(
e(ψ1) + eRỹ (ψ̃2)

)
dỹdx =

∫
Ω

G(x)ψ1 dx,

with B̃(x, ỹ) = E1ϑ̂(x, ỹ) + E2(1− ϑ̂(x, ỹ)), and eRỹ as in (4.6).

We notice that ϑ̂ is independent of ỹ1, and, similarly as in the locally periodic situ-
ation, we can conclude that the corresponding unit cell problems are two-dimensional.

Theorem 4.5. The sequence of solutions {uε} of microscopic model (2.3) with
the nonperiodic elasticity tensor Eε, determined by the characteristic function (4.11),
converges to a solution of the macroscopic problem

−div (Bhom(x)e(u)) = G in Ω,

u = g on ∂Ω,

where the homogenized elasticity tensor is given by

Bhom
ijkl (x) = −

∫
Ẑx

(
B̃ijkl(x, ŷ) + B̃(x, ŷ)êRŷ (ω̃ij)kl

)
dŷ

and ω̃ij are solutions of the cell problems

−∇ŷ ·
(
R̂x3B̃(x, ŷ)êRŷ (ω̃ij)

)
= ∇ŷ ·

(
R̂x3B̃(x, ŷ)lij

)
in Ẑx,(4.16)

ω̃ij periodic in Ẑx.



LOCALLY PERIODIC TWO-SCALE CONVERGENCE 115

Here ŷ = (ỹ2, ỹ3), lij = 1
2 (li ⊗ lj + lj ⊗ li), where (li)1≤i≤3 is the canonical basis of

R
3, the matrix R̂x3 and êRŷ are given by (4.9), and Ẑx = Zx ∩ {ỹ1 = 0}.

The same arguments as for the locally periodic problem imply the existence of a
unique solution of the macroscopic problem and the convergence of the entire sequence
of solutions of the microscopic models.

We notice that for nonperiodic plywood structure, where r = 1, the space-
dependent periodicity and the unit-cell problem (4.16) differ from those obtained
for the locally periodic microstructure with 0 < r < 1; cf. (4.8). We also emphasize
that in the case of locally periodic microstructure the form of the macroscopic model
is the same for every r ∈ (0, 1); see Theorem 4.3.

5. Conclusion. In this paper we investigate the concept of l-t-s convergence.
Similarly to the periodic case, we use the idea of oscillating test functions, which are
synchronous with oscillations in either the microstructures or in coefficients of micro-
scopic problems. However, we extend the theory to the nonperiodic case; in particular
we focus on locally periodic structures. We derive the macroscopic equations for a
linear elasticity problem, posed in a domain with a “plywood structure,” a prototyp-
ical pattern in many biomaterials, such as bones or exoskeletons. The nonperiodic
microstructure can be approximated by a locally-periodic one, provided the transfor-
mation matrix is twice continuous differentiable. The techniques developed here are
not restricted to the equations of linear elasticity and can be applied to a wide range of
stationary or time-dependent problems. For example, a heat conduction problem was
considered in [11] and a macroscopic equation was derived using the H-convergence
method. Our results would lead to the same macroscopic equation, and it appears that
the derivation would follow in a much more direct manner. Moreover, our approach
allows multiscale analysis in domains with more general microscopic geometries than
those considered in [1, 21]. In the context of the definition of a microstructure given
by the transformation of the centers of spherical balls (see Figure 5.1), considered in
[1, 11], we have the relation θ−1(x) = D−1(x)x, where θ is the C2-diffeomorphism
defining the transformation of the centers of balls.

Another example of a locally periodic microstructure is the space-dependent per-
foration in concrete materials (see Figure 5.1), where a heterogeneity of the medium
is given by areas of high and low diffusivity [27]. For ρ ∈ C1(R3), such that 0 < ρ1 ≤
ρ(x) ≤ ρ2 < 1 for x ∈ R

3, we consider Y -periodic function

χ(x, y) =

{
1 for |y| ≤ ρ(x),

0 for |y| > ρ(x).

Then the characteristic function of a domain with low diffusion is given by χΩε
l
(x) =

(Lε
0χ)(x). In the notation of [27], the corresponding level set function reads as

D(x)

Fig. 5.1. Transformation of centers of spherical balls. Space-dependent perforations.
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S(x, y) = |y|2 − ρ2(x). Showing that the locally periodic problem provides a cor-
rect approximation for the nonperiodic model and applying the l-t-s convergence with
D(x) = I, we should obtain the same macroscopic equations, as derived in [27] using
formal asymptotic expansion. The main step of the approximation involves the fol-
lowing calculations. For εκn ∈ Ωε

n and knj = κn+mj, with j = 1, . . . , Iεn and mj ∈ Z
3,

considering Taylor expansion for ρ(x) around εκn, we have

Nε∑
n=1

∫
Ωε

n

Iε
n∑

j=1

∣∣∣χ(εκn, x
ε

)
− χ

(
εknj ,

x

ε

)∣∣∣2dx
≤

Nε∑
n=1

Iεn sup
1≤j≤Iε

n

∥∥∥χ(εκn, x
ε

)
− χ

(
εknj ,

x

ε

)∥∥∥2
L2

≤ c1

Nε∑
n=1

Iεn sup
1≤j≤Iε

n

∣∣∣∣∣ερ(εκn)∣∣3 − ∣∣ερ(εκn)± ε‖∇ρ‖L∞|εmj|
∣∣3∣∣∣ ≤ c2 sup

1≤j≤Iε
n

|εmj | ≤ cεr.
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