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1. Introduction

Let @ C R3 be a bounded domain, that is, a bounded open connected set, with Lipschitz boundary 92, and suppose that Qs is a
nonempty subdomain of © with Lipschitz boundary 9Qs such that Qs # ©.Then, Qp := ©\ Qs is a bounded open set, not necessarily
connected. We suppose that 2p has Lipschitz boundary. Remark that Q25 N d2p N Q2 is always nonempty, and it is locally a graph of

Lipschitz function. Let I" be a nonempty closed subset of 9Q2s N dQ2p. Then, I might reach 92 or not (See Figure 1).
We want to study the following problem

AV +Vg° =0, dive’=0  inSs,
vD—i—quD =0, divi®=0 in Qp,
v=f ondQs\ T,
vPon=h° ondQp\ I,
Won—v.n=nt, vi:f, onl,

[(-2nDv* + @ l)n]-n= ¢q°+v°-n—g-n onT,

where [ is the identity matrix and
1
Dv = E[Vv + (Vo)']

is the symmetric gradient of v (i.e, also a matrix). Putting ¢° = 15p° and g° = pP/k, we obtain the following coupled
Stokes-Darcy problem:

—AV+Vp =0, divi*’=0 ings, (1

-
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Figure 1. Representative geometry of 2.

W+ VpP =0 diviP=0 inQp, ¥)
v=f ondQs\T, 3)
vP.n=h" ondQp\T, 4)
vD-n—vS-nth, vizf, onl, (5)
n[T(@*.p°)n]-n+p°/k+v° - n=g-n onr. 6)

Here, n and k are positive constants, v® = (v?,v2,v) denotes the Darcy velocity vector, and v* = (v}, v3, v§) represents the Stokes

flow, whereas

T(v,p) = 2Dv —pl,

is the stress tensor. By n = n°, we mean the exterior unit normal vector of Qs. If v is a vector function on dQs, then v - n denotes the
scalar product of v and n, that is, v - n is a scalar function. Denote by v, the normal part of v and by v, the tangential part of v, that is,
v, and vy arevectors, v = v, + V¢, vy = (V-R) R,V =V — vy,

If Qs € Q and dQs = I', then the condition (3) disappears. (For example, if @ = {x € R3|x| < 2}, Qs = {x € R3;|x| < 1},
Qp ={x e R}1 < |x| <2, T = {x € R3%|x| = 1})fQp € Qand dQp = T, then the condition (1) disappears. (For example,
ifQ={x e R%|x| <2}, = {x e R3|x| <1, Qs = {x € R%1 < |x| <2}, = {x € R3%|x| = 1}.) In all other cases,
we have all conditions (3)-(6). The interface I might reach the boundary (2 = {x € R%; -1 < x; < 1}, Qs = {x € Q;x; < 0},
Qp ={x € 20 <x}, I ={x € R"x; = 0,|x2] < 1,|x3s] < 1}) or might not reach the boundary (2 = {x € R3;1 < |x| < 3},
Qs={xeR%2<|x| <3, Q={xeR}1 <|x| <2, ={x eR3%|x| =2,0Q\T ={x eR3|x| =1},0Q\I" ={x €
R3; x| = 3)).

The aforementioned problem arises from the modeling of water flow through a tissue of plant cells [1]. Water flow in plant tissues
takes place in two different physical domains separated by semipermeable membranes, denoted as symplast and apoplast [2]. The
apoplast is composed of cell walls and intercellular spaces, while the symplast is constituted by cell insides, which can be connected
by plasmodesmata. The complex microstructure of the cell walls, composed of polymers and microfibrils, can in simplified form be
represented as a porous medium. The water flow in the cell walls can be modeled by Darcy’s law. The Stokes equations can be used to
describe viscous flow in the cell cytoplasm.

Coupled free fluid and porous media problems have received an increasing attention during the last years both from the
mathematical and the numerical point of view. Well-posedness analysis and numerical algorithms for coupled Stokes-Darcy and
Navier-Stokes—-Darcy problems with Beavers—-Joseph-Saffman transmission conditions between the free fluid and the porous medium
have been investigated in [3-5] and the references therein. Multiscale analysis for the Stokes-Darcy system modeling water flow in a
vuggy porous media with Beavers—Joseph-Saffman transmission condition was considered in [6].

The main difference of our problem to the well-known models coupling free fluid and porous media [6, 7] is that the free fluid and
the porous media domains do not interact directly, as the membrane separates the domains and controls actively and passively the
fluxes of the water and the solutes. Thus, the continuity of the normal forces and the Beavers—Joseph-Saffman transmission condition
between the free fluid and the porous medium does not apply. The regulation of the water flow from the cell symplast into the cell
wall apoplast is represented via the transmission conditions on the boundary I", comprising the normal component of the Darcy
velocity v? - n and a given function g - r, which corresponds to the difference between the solute concentrations in the symplast
and the apoplast, respectively [1]. The transmission conditions at the cell-membrane-cell wall interface and the coupling between
the flow velocity and the solute concentrations via transmission conditions reflect the osmotic nature of the water flow through a
semipermeable membrane.
|
Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014
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The aim of the paper is to study the solvability of the coupled Stokes-Darcy model problem (1)-(6) and to develop an integral
representation of the solution of this problem. It is important for calculation of a solution using the boundary element method [8, 9].
At first, we determine necessary and sufficient conditions for the existence of a solution v° € [H'(Qs)]?, p° € L2(Qs), p° € H'(Qp),
vP e [L2(Qp)]? of (1)-(6) for g € [H™V2(3Q)]3, f € [H2(0K2)]3, and h € H™V/2(3Q2p). We prove the existence of the problem
(1)-(6) by the integral equation method. We show that the velocity fields and the pressures of a solution of the problem (1)-(6) can be
represented in terms of boundary single layer potentials, such that the Darcy pressure p° = Sq, ¥ is a harmonic single layer potential
with density ¥ € H~'/2(3Qp), while the velocity field for the Darcy flow is defined by v° = VSq, . For the Stokes flow, we obtain
that [v°, p°] = Eq, W is a modified hydrodynamical single layer potential with density ¥ e [H~'/2(325)]>.

To derive integral representations for the solutions of the model (1)-(6), we study two auxiliary problems: the Robin problem for the
Laplace equation and the mixed Navier-Dirichlet problem for the Stokes system. It is a tradition to study the Dirichlet and the Neumann
problems for the Laplace equation in different spaces by the integral equation method [10-12]. Later, a solution of the Robin problem
for the Laplace equation has been looked for in the form of a harmonic single layer potential for boundary conditions given by real
measures [13-15] or p-integrable functions on the boundary [16-18]. The classical result of the theory of partial differential equations
says that the Robin problem for the Laplace equation is uniquely solvable in H'(£2) [19]. It was shown in [20-22] that a solution of the
Neumann problem for the Laplace equation in H' () has the form of a harmonic single layer potential with density from H~'/2(32). All
these results enable us to show that each solution of the Robin problem in H' () is representable by a harmonic single layer potential
with density ¥ € H~/2(32), and the corresponding integral operator is continuously invertible.

The potential theory for the hydrodynamics was first developed to study classical solutions of the Dirichlet and Neumann problems
for the Stokes system [23-27]. Later, solutions of the Dirichlet problem, the Neumann problem, and the transmission problem for the
Stokes system have been looked for in the form of hydrodynamical boundary layers also for p-integrable boundary conditions and
for solutions from Sobolev and Besov spaces [28-34]. We have used this theory to study a solution (v,p) € [H'(R)]? x L2(Q) of the
Navier-Dirichlet problem for the Stokes system. We have proved that the Navier-Dirichlet problem for the Stokes system is uniquely
solvable and the corresponding solution can be represented using a modified hydrodynamic single layer potential with density ¥ €
[H~/2(3)]3, and the corresponding integral operator is continuously invertible, too.

2. Single layer potentials

For0 # x € R3 consider the fundamental solution ha of the Laplace equation —Au = 0, defined by

hA(x) = W .

Assume that G C R? is a bounded open set with Lipschitz boundary. Then for y € H~'/2(3G), we can define the harmonic single layer
potential with density ¥ as the convolution S = ha * . In particular, if € L2(3G), then

(Se¥)(x) = /aG ha(x — )y (y) doy for xeG. 7)

If ¥ € H™'/2(3G), then u := S is a solution of the Dirichlet problem for the Laplace equation

—Au=0 in G,
u=tr(Sgy) on 0JG,

where tr(Sgy) € H'/2(3G) denotes the usual trace of Sgyr € W'2(G) (see, e.g., [9, Lemma 6.6]).
Fory € L?(0G) and x € 3G, we set

n(x)-(x —y)

Kevew =tim | oy () doy ®

9G\B(x;r)

with n(x) as the exterior unit normal vector with respect to G and B(x; r) as the ball with radius r > 0 and center at x € R3. This limit is
defined for almost all x € dG, and KGA is a bounded linear operator on L?(3dG), which can be extended to a bounded linear operator on
H™V/2(3G) (see, e.g., [8, Theorem5.6.2]). For a harmonic function u € W'2(G) and g € H~'/2(3G), we have that Vu - n = g if and only if

/ Vu-Vedx = (g, @)y Yo € WG
G
See [19] for details. Thus, we can conclude that for ¢ € H~'/2(3G) it holds

V(Se¥)-n = % — K&y on G 9)
_______________________________________________________________________________________________________________________________________________|
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See [9, Lemma 6.8].

Next, we consider the (4 x 3) fundamental tensor E of the Stokes system, given by

1 XiXk

1 X
00 = g o L

}, Ell,k(;c)zwﬁd3 for0 #x e R3, jk=1,23. (10)

Then for & = [¥,, U5, U5] € [H~"/2(3G)]?, we can define the hydrodynamical single layer potential with density W as the convolution
EcW = E % V. In particular, for ¥ € [L?(0G)]3, we obtain

(EsW)(x) = /3 (= )W) doy. an

By EZW = E" * W, we denote the velocity part of this potential, that is, the three components of the velocity field. Here, the 3 x 3 matrix
E"(z) is obtained from E(z) by eliminating the last row, which corresponds to the pressure part.
If W e [H7'/2(3G)]?, then for v = E2W and p = [E;¥]s, we obtain that v € [W'2(G)]?, p € L2(G) is a solution of the Stokes system

Av = Vp, inG,
dive =0 inG,
v =tr(E2¥) ondG.

See [9, §6.8] or [33, Theorem 4.4] for details.
Forx,y € 0G, y # x andj, k = 1, 2,3 we consider the kernel matrix

30—y 0%~y (x — p) -n°(x)

K (x,y) =
/k(x Y) 47 |x _y|5

1

and for ¥ € [L2(3G)]? and x € 9G, we set

KZW(x) = Iim/ K*(x, y)¥(y) doy.
0 JHG\B(x;r)

The limit in the last equality is well defined for almost all x € dG, and K2 is a bounded linear operator on [L2(3G)]? [29, 33, 35], which
can be extended to a bounded linear operator on [H~'/2(3G)]? [36].
Foru € [W'2(G)]3, p € L2(G),and g € [H~"/2(3G)]?, we have that T(u, p) n = g if and only if

2/ Du:Dvdy —fp divody = (g, v)y-1/24/2 Vo e [H'(G)],
G G

3

see [36] for details, where here and in the following we use A: B = } /',

for U e [H~'/2(3G)]?, we obtain that

A;Bj for 3 x 3 matrices A, B. Thus, using [36, Proposition 4.2],
Yoo
T(EsW)n = 5~ Kz¥  on 0G. (12)

3. The Robin problem for the Laplace equation

We need to study two auxiliary problems and express their solutions in the form of appropriate potentials. The first problem is the
Robin problem for the Laplace equation.

Let G C R3 be a bounded open set with Lipschitz boundary 3G. For a given g € H~'/2(3G) and a given positive constant a, we study
the following Robin problem: Find a function u € H'(G) with

—Au=0 inG,
(13)

d
—u—i-au:g on 4G,
on

that is, with

/Vu Vo dy +/ aug doy = (g, tr(@))y—1/2 45172 Y ¢ e H'(G).
G a6

. ______________________________________________________________________________________________________|
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Concerning the solvability of this problem, we find the following propositions:

Proposition 1
For g € H~'/2(3G), there exists a unique solution u € H'(G) of the Robin problem (13).

See [19] for the proof.

Proposition 2
Letu € H'(G) and —Au = 0in G. Then, there exists a unique f € H~'/2(3G) such that u = S¢f.

Proof

If f € H~/2(3G), then Sgf € H'(G) with the trace tr(Sgf) € H'/2(3G). The operator Sg : H~/2(3G) — H'/2(3G) is a Fredholm operator
with index 0 [37, Theorem 4.1], and the kernel of S is trivial [38, Chapter VI]. This implies that Sg(H~'/2(3G)) = H'/2(3G). Therefore, for
any ulsg € H'/2(3G), there exists a unique f € H~'/2(3G) such that u = tr(Ssf) on 9G. Because the Dirichlet problem for the Laplace
equation is uniquely solvable in H' (G) [19], we deduce that u = Ssf in G. O

Proposition 3
The operator % I— KGA + aSg is a continuously invertible bounded linear operator on H~'/2(3G), where | is the identity operator.

Proof

Forf,g € H='/2(3G), we have that Ssf is a solution of the Robin problem (13) if and only if [1/2/— K& + aSg|f = g.On the other hand,
by Proposition 1, for g € H~/2(3G), there exists a unique solution u € H'(G) of the problem (13). Then, because of Proposition 2, there
exists a unique f € H~'/2(3G) such that u = Sgf. Thus, because the operator (1/2) I — K& + aSg on H~'/2(3G) is onto and one-to-one,
it is continuously invertible [39, Theorem 3.8]. O

4. A mixed Navier-Dirichlet problem for the Stokes system

The second auxiliary problem we consider is a mixed Navier-Dirichlet problem for the Stokes system. Suppose that G C R? isa bounded
domain with Lipschitz boundary. Let I" C 3G be a closed part of the boundary. For given f € [H'/2(3G)]?, g € [H™"/2(3G)], and a
positive constant a, we look for a weak solutions (v, p) € [H'(G)]?® x L2(G) of the problem

Av = Vp, divv =0 ingG,
v=f ondG\T,
v = fr onrl,
[Tw,p)n+avl]-n=g-n onl,

(14)

that is, the boundary conditions v = f on dG\ I", vy = f; on I" are fulfilled in the sense of traces, and it holds

Z/Dv:DdDdy—/p div®dy +/ av-®doy = (g, ®)y-1/2p12
G G 96

forall ® € Vi (G), where

Vr(G) ={®e[H'(G)]: ®=00ndG\ I, d; =0on I'}.

If I is a set of the surface measure zero (for example, a set consisting from finitely many points), then the mixed problem (14) reduces
to the Dirichlet problem. To avoid this case, we assume that there exists a function ® € [H'(G)]> with® = 00on dG\ I" and ®; = Oon
I’ satisfying

/ ®-ndoy, =1. (15)
aG

(Notice that this condition is fulfilled if I" contains a smooth surface.) If this condition is not satisfied, then v = (0,0,0) and p = 1 would
be a nontrivial solution of the problem (14) with homogeneous boundary condition f = g = (0,0, 0).

In the case G is connected, we shall look for a solution of (14) in the form of a hydrodynamical single layer potential (v,p)" = Ec¥
with an appropriate ¥ € [H™'/2(3G)]3. If 3G is not connected, then solutions of the problem (14) cannot be represented by a pure
hydrodynamical single layer potential. In order to obtain a representation formula for solutions of (14) in this case, we can use some
modifications as follows. We denote by C;, . . ., Cx all bounded connected components of R* \ G and consider forj = 1,.. .,k and fixed
Z € G the functions

o  x—Z [ w(x)
wj (x) = m, w](x) = ( ]0 . (16)
_____________________________________________________________________________________________________
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An easy calculation yields that Aw® = 0 with divw? = 0in R?\ {/}. Now, for ¥ € [H1/2(3G)]3, we define

k
EcW = EgW + ) wi(W,w’) /2072, (17)
j=1

and if 3G is connected, we set EcW = EqW. Because of the definition of E¢ and wj, in both cases, it is ensured that EgW is a solution of
the Stokes system in G.
Denote by V- (0G) the space of traces of V- (G), that is,

Vr(3G) = {u € [H/2(3G)]’;v = 00n 3G\ I", vz = Oon r},

and by V- (0G) the dual space of V- (dG). According to the Hahn-Banach theorem, the space V- (0G) can be interpreted as the space

of restrictions {g, | ; g € [H~"/2(3G)]?}. (We use the usual notation g, = (g - n)n for the normal part of g.) Clearly, V- (0G) C V- (G)
(the dual space of V- (G)). In fact, V- (0G) is the space of all f € V/-(G) supported on 9G.
Denote the space of restrictions

Wr(96) = {[ole ry, vel rliv € [H/2(06)P )
equipped with the norm

lolwrcae = inf {2 o € [H/2(9G),u = von 9G\ I'ug = v on I'}.

Because W~ (3G) is the factor space [H'/2(3G)]3/V - (3G), it is a Banach space.

The operator
T = [EE‘I%G\F, (EE‘P)I Ir] (18)

is a bounded linear operator from [H~'/2(3G)]? to W (3G). We now define a bounded operator T [H~23G))® — Vi-(G) as
(T, @) = 2/ DO -DELW dy — /[EG\I']4div<I>dy +[ ad-Exvdoy, @ eVr(G). (19)
G G 96

Because EW is a solution of the Stokes system, we have (T, ) = 0for ® € [C°°(G)]® with compact support in G. So, TAW is
supported on dG. Hence, 757 : [H_VZ(BG)] — V- (0G) is a bounded linear operator.
For W € [H~'/2(3G)]*, we obtain that £\ is a solution of (14) if TiW = [ f |ae\r, fz || and TA¥ = gu|r.

Proposmon 4
We have E¢([H/2(0G)P) = {f € [H/2(0G)P : [y f -n®doy = 0}.1f v € [H'(G)]?, p € L2(G), and Av = Vp, divv = 0in G, then
there exists a unique ¥ € [H~/2(3G)]? such that [v, p] = Ec¥ and

Wl -172¢0602 < € |:||v||[HV2(8G)]3 + ’/GP dy

where a constant C depends only on G.

Proof
We define the space

X = {f e [H'2(6)]? : / f -ndoy :o} .
aG

The operator EZ : [H_VZ(BG)]3 [H/2(3G)]? is a Fredholm operator with index 0 [40]. Because I::;- —E2 is a finite dimensional operator,
we obtain that EG [H™/2(8G)]* — [H'/2(3G)]? is also a Fredholm operator with index 0 [41, § 16, Theorem 16]. For ¥ € [H_VZ(BG)]3
we have that gV is a solution of the Stokes system in G and EGlIl € X [42, Chapter IV]. Thus, the codimension of the range of EG
is at least 1.

We denote by C;, ..., Cx+1 all components of R \ G, where C+; denotes the unbounded component and consider / = r on G,
whereas n/ = 0 elsewhere. Then, Egn/ = Oforj = 1,...,kand Egn*t' =[0,0,0,—1]in G (see, e.g., [26, §3.2]). Now, we define the space

Y = (W e [H2(06) - / [EsW]s dy = O}.

. ______________________________________________________________________________________________________|
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Because [Eqn*1 "], = —1, the space [H~"/2(3G)]? is the direct sum of Y and {cn*t';c e R"}.
Denote

z= {\p c [H—1/2(aG)]3;(\IJ,wj') —0Vj= 1,...,k},

thatis, Z = {¥ € [H/2(3G) % EgW = EQW}. Letj,/ € {1,...,k},j # I.Because divw® = 0inR3\ C;, Green's formula gives
/ w,'-njdoyz—/ w) -ndoy =— | divw dy =0.
3G aG G

Forr > Osuch that B(z';r) = {y;|y — 2'| < r} C C, applying easy calculation, we obtain

/ w,'~n’day:—/ w,'~ndoy—/ w; -ndoy
lq 3(G\B(z"n) 3B(z;r)

=—/ w; -ndoy # 0.
9B(z'r)

Thus, [H~/2(3G)]? is the direct sum of Z, and the linear hull of {n’, ..., n*}. So, [H~'/2(3G)]? is the direct sum of Y N Z and the linear
hull of {n', ..., n* 1}, .
Suppose now that E.¥ = 0 on dG. Then, we obtain that E;¥ = 0in G [42, Chapter IV]. Because div E*W¥ = 0in R3?\ 3G, we conclude

/ W E*Wdoy, =0, forj=1,...,k+1.
Elq

See [42, Chapter IV].If | = 1,...,k, then

k

| ~®
0= /{)Gn “E;Vdoy = Z(\Il,wj’)/a

w’ -n'doy = (\I/,wf)/ wp -n' doy.
j=1

G G

Because

/ wP -n'doy #0,
36

this forces that (¥, w;’) = 0. Thus, ¥ € Zand l::;qj = E2W, and therefore, EgW = E\W. Because E2 is injective on Y N Z by [40] and the
codimension of Y is equal to 1, we deduce that the dimension of the kernel of l::; is at most 1. Because l::; isa Fredholm operator with
index 0, the dimension of the kernel of EG and the codimension of the range of EG are equal to 1. Because EG([H 1/2(86)] ) C X, we
infer that EG([H_‘/2 (3G)]?) = X.Because the dimension of the kernel of EG is equal to 1, there exists ® € Z\ Y such that EG = 0, that
is, there exists ® such that EG =[0,0,0] and

/G [Es®ls dy # 0.

Because E¢® is a solution of the Stokes system in G, we deduce that [E;®], is constant in G. So, we can choose ® such that Ecd =

[0,0,0, 1] in G. Therefore,

is an injective mapping [H~"/2(dG)]? onto X x R. This mapping is continuously invertible by [39], Theorem 3.8. So, there exists a positive
constant C such that

~
¥ op = € [IEE N naop + ] [iecw dyH.

Let us now assume that v € [H'(G)]?, p € L2(R) is a solution of the Stokes system in G. Then, we obtain that the trace of v is in X
(see [42], Chapter IV) and there exists U € [H~'/2(3G)]? such that E;\IJ = v on 3G. Because (v, p) — EgW is a solution of the Dirichlet
problem for the Stokes system with the zero boundary condition, we have v = I::;LI' in G and p — [EgV]4 is constant in G. Therefore,
there exists a constant ¢ such that (v, p) = Eg(¥ + c®). O

. ______________________________________________________________________________________________________|
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Proposition 5
Suppose that there exists ® € [H'(G)]? suchthat ® = 00n 3G\ I", ®; = 0on I', and the assumption (15) is satisfied.

e Then, 7 : ¥ — [T ¥, T,7W] is a continuously invertible bounded linear operator from [H_Vz(‘()G)]3 onto W (9G) x V1~ (9G).
o If f € [HJ/Z(BG)]B, g€ [H_1/2(86)]3, then there exists a unique solution v € [H' (G)]3, p € L%(G) of the problem (14). Moreover,
(v, p) = Eg\V, where W is a unique solution of the integral equations 7, ¥ = [f|36\1", fr |1"] and TW¥ = gyulr.

Proof
O
Suppose first that (v, p) is a solution of the problem (14) with f = g = (0,0, 0). Then,
0= (g, o)amn =2 [ 1D dy + [ alof? .
G a6
Denote the inner product
(w,u)=2/Dw~Dudy+/ aw-udo,. (20)
G a6

Then, |w|| = /(w, w) is an equivalent normin [H'(G)]? (see, for example, [43, Theorem 5.2]). Thus, v = 0in G. Hence, Vp = Av = 0in
G and p = c with some constant c [44, Lemma 6.4]. Therefore, T(v, p)n + av = —cn, and using boundary condition in (14), we obtain

0= ((T(v,p)n +av)-n,B) = —c

andc = 0.
We consider now g [H*VZ(aG)]3 and f ¢ [HVZ(BG)]3 and define

o= f-n®doy .
a6

Then for f = f — a®, there exists a solution v € [H1'2(G)]3, p € L?(G) of the Stokes system in G such that & = f on dG [42, Chapter
IV]. Considering v = ¥ + u and p = p + g, we can conclude that (v, p) is a solution of the mixed problem (14) if and only if (&, q) €
[H (G)]3 x L2(G) is a solution of the mixed problem

Au=Vqg, divu=0 inG,
u=0 ondG\ I,

21
u; =0 onl, )

[T(w,q)n +aul-n= g-n onl,

where g = g — [T(9,p)n + ai].

Denote

Xr = {v € Vr(aG);/ v'nGday = 0}_
G

Clearly, V- (9G) and X~ are closed subspaces of [H1/2(BG)]3, and V- (0G) is the direct sum of X~ and {c®; c € R}. We denote also the
spaces

Yr = {xp c [H—W(aG)T;E;\p exp}, Yo = {\p c Yp;/ [Esw], dy = o}.
G

For f € X, there exists a unique solution v € [H1 (G)]3 and p € L%(G) of the Stokes system in G such that v = f on dG and

/pdy:O.
G

See, for example, [42, Chapter IV]. Proposition 4 implies that I::; is a bounded continuously invertible operator from Y% onto X . Thus,
(EeW; W e Yr) =Xr.

|
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If W € Y, then EgW is a solution of the mixed problem (21) if and only if T;¥ = gnlr.Because V- (3G) is the dual space of V- (9G),
we have T/W = g,|r ifand only if (TW, w) = (g, w) forallw € V- (9G) (i.e, forw = ®and w = E;@ with @ € Yr).
Denote

Zr = {E;‘MG,‘P [S YF} .

Then, Zr is a closed subspace of [H1 (G)]3. Because the inner product (, ) given by (20) defines an equivalent norm in [H'(G)]?, the
Riesz representation theorem implies that there exists a unique w € Z such that (w, w) = (g, w) forallw € Z,.Fix ¥ € Y such
that w = I::;lIJ. Then, (¥, w) = (g, w) forallw = I:::;CD with ® € Y. Denote by w the unbounded component of R \ G. Then,
Egn® = [0,0,0,1] in G (see, for example, [26, §3.2]) and Egn® = [0,0,0,1]in G. If ¢ € R, then E';(\Il + cn®) = w, and therefore,
(T3 (¥ + cn®),w) = (g, w) forallw = l::;@ with ® € Y. Now, we choose ¢ € R such that (7,7 (¥ + cn®), 0) = (g, ®). We have
proved that there exists a solution of the problem (14).

If f € [HVZ(BG)]3 and g € [H“/Z(E)G)r, then there exists a unique solution v € [H'’ (G)]3, p € L2(R) of the problem (14).
According to Proposition 4, there exists a unique ¥ € [H_VZ(E)G)]3 such that (v,p) = EgW. Remark that EgW is a solution of the
problem (14) if and only if T¥ = [f|;)G\[', frlr. gn |1"]. Thus, the operator 7 is a continuous injective operator from [H_VZ(aG)]3
onto W (9G) x V- (3G). Therefore, according to [39, Theorem 3.8], the operator T is continuously invertible.

5. Stokes-Darcy problem

Let 2 C R? be a bounded domain and suppose that Qs is a subdomain of © with Lipschitz boundary such that Qp = Q \ Qs has
Lipschitz boundary. Let I" be a nonempty closed subset of 925 N d2p. Let k and 1 be positive constants. For given g € [H_1/2(8S25)]3,
f e [H1/2(8QS)]3, and h € H='/2(32p), we shall look for a solution (v°,p°) € [H! (Qs)]3 x [2(s) and (v2,pP) € [LZ(QD)]3 x HY(Qp)
of the coupled Stokes-Darcy problem (1)-(6). Here, n = n° on 925, n = —n® on dQp. We suppose that there exists ® € [H1 (Qs)]3
suchthat® = 00on 92 \ I" with ®; = 0on I" and satisfies

/ ®-ndoy =1.
r

Notice that this condition is fulfilled if I" contains a nontrivial smooth surface.

Denote by A'/2(3$25\ I') the closure of infinitely differentiable functions with compact supportin 925\ I" and by H=/2(3Qp\ I") its
dual space. Suppose that h® € H=1/2(3Qp \ I') and h!" € H='/2(3Qp) supported in I'. Denote by Pyq,\ 1~ the orthogonal projection
of H'/2(3Qp) onto H'/2(3Qp \ I'). Define h = h° o Py \r + h’". Then, h € H='/2(3Qp). Because h!" is supported on I, we have
hlaqonr = hP.If @ € H/2(dQp, ¢ = 0in dQp \ I', then (h,¢) = (hT", ). Thus, h| = h!".Leth € H='/2(32p). We prove that there
existh® € H='/2(3Qp \ I') and h'" € H7"/2(3Qp) such thath = hP o Pyq\ - + h!". Define (h°, @) = (h, o) for ¢ € H'/2(dQp \ I").
Then, h® € H='/2(3Q2p \ I'). If we define hT" = h — hP o Pyq,\ -, then h? € H=1/2(dQp) is supported on I.

Suppose now that (v°,p°) € [H' (Qg)]3 x L2(Qs), (v°,p°) € [LZ(Q)]3 x H'(Qp) is a solution of the problem (1)-(6). We notice that
ApP = divVpP = —divv® = 0in Qp. According to Proposition 2, there exists i € H~'/2(3Qp) such that p? = Sy, where Sy = Sgvr
and G = Qp.

If 3§25 is connected, we denote EW = EgW with G = Q. In the case 32 is not connected, we denote by C;, ..., Ck all bounded
components of R3 \ Qs and consider fixed points Z/ € ;, forj = 1,...,k. Then, as in (16) and (17), for ¥ € [H™'/2 (8525)]3, we can
define EW := g with G = Qs. According to Proposition 4, there exists a unique W € [H~1/2 (895)]3 such that (v, p°) = EW. Thus,
for integral representation of the solutions of (1)-(6), we shall look for a solution in that form.

Now, we denote by K2 the operator KGA defined by (8) for G = Qp. Let W (0Qs), VI (0Qs) and V- (0K2s) be spaces from the
Section 4. We consider 77 the bounded linear operator from LH_1/2(BQS)]3 to W (0925) given by (18) for G = Qs. Fora constanta € R,
we denote by 75 the bounded operator from [H~'/2(382s)] to V}-(3S2s) defined by (19) with G = Q.

Fory € H/2(3Qp) and W € [H~/2(3Q2)]?, we define

T, ) = [W/2— KAy — g EW T 0TI +K7'SY +9/2 - K2y,

where y - is the characteristic function of I".

Proposition 6

Ify € H7V/2(0Qp), ¥ € [H*VZ(E)QS)]s, hP = h|yao\r, h' = h|r, then (v5,p°) = EW,and p° = Sy, v° = —VpP is a solution of the
problem (1)-(6) ifand only if 75 (¥, ¥) = [h, f laear. fz|r. gnlr ] The operator 75 : H='/2(3Qp) x [/—/—1/2(395)]3 — H™2(3$2p) x
Wr (0Qs) x V- (3R2s) is a Fredholm operator with index 0.

Proof

Fory € H~'/2(3Qp) and ¥ e [H_1/2(8QS)]3, easy calculation ensures that (v%,p°) = EW, and p° = Sy, v° = —VpP is a solution of
the problem (1)-(6) if and only if 73(, ) = [h, f laes\r. f|r. gnlr]-
e
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Fory € H/2(3Qp)and W € [H_1/2(8S25)]3, we define the operator
Ta(y, V) = [w/z — KA + SY, T T + k' Sy + 92 —KAW]

and shall show that 7; is a continuously invertible bounded linear operator from H='/2(3$2p) x [H_VZ(BSZS)]3 to H=2(382p) x
W]“(afzs) X V;«((')QS)

Forh € H'V2(Qp), f € [H‘/2(8S25)]3, and g € [H7'/2(3Qs)]%, because of Proposition 3, there exists a unique ¥ €
H™'/2(3Qp) such that KAy — Iy — Sy = h. Then, Proposition 5 ensures that there exists a unique ¥ € [H‘”z(BQS)]3 such
that ¥ = [f|aQs\r,fr|r] and TV = gp — kT'SY — %w + K24, Because T4 is an injective bounded linear operator
from H=V/2(3Qp) x [H_1/2(3S25)]3 onto H='/2(3p) x W (3S2s) x V- (3S2s), applying Theorem 3.8 in [39], we obtain that 7 is
continuously invertible.

Fory € HV/2(3Qp) and ¥ € [H_1/2(3S25)]3, we have that

(75 =Tl () = [~Sv = yrn-E°w,0,—E"w].

S is a bounded linear operator from H~'/2(3$2p) to H'/2 (0€2p) (see, for example, [37, Theorem 4.1]), and therefore, a compact operator
on H=/2(3S2p). Similarly, £° is a bounded linear operator from [H‘VZ(E)SZS)]3 to LH1/2(8S25)]3 [36, Proposition 4.10] and a compact
operator on [H_1/2(8525)]3. Thus, x n-E* is a compact operator from [H/2(3Qs)] toH™/2(dQp). Altogether, [T; — Ta] is a compact
linear operator from H~'/2(3$2p) x [H_VZ(BQS)]3 to H'/2(3Q2p) x W (3S2s) x V]~ (R2s). Because Ty is invertible, 75 is a Fredholm
operator with index 0 [41, § 16, Theorem 16]. O

Proposition 7

Let (v5,p%) € [H'(25)]’ x L2(Rs) and (v, p°) € [L2(Rp)]’ x H'(Qp) be a solution of the problem (1)-(6) with f = 0,h° = 0,h” =0,
and g = 0.Then, there exists a constant c such thatp® = ¢, v° = 0, v? = 0,and p® = knc. On the other hand, if p* = ¢, v* = 0,v° = 0,
pP = knc for some constant ¢, then (v®, p*, vP, pP) is a solution of the problem (1)-(6) with f = 0,h® =0,h!" = 0and g = 0.

Proof

Because v° - n = v°

-n = —03pP/on® = 9pP/9n®, we have, using Green's formula,
0= / (v* - n) {n[T@?* p*)n’] - n + pP/k + v° - n} do,,
r

+/ vy [nT(v*,p°)n®], doy +/ nv® - T (v°,p°) n® doy,
r A\ I”

+/ (vD~n)id0y = / n® - T (v5,p°) n® doy, +/ ﬁaiz doy
9Qp\I" k a9 aq, k on

(22)

S, 2 _ s|2 |Vp°[? S P2
+ [v>-n|“doy = 2n|Dv’|“dy + dy + [v>-n|“doy.
r Qs Q K r

Therefore, v° -n = 0on I",Dv° = 0in Qs, and VpP = 0in Qp. According to (3) and (5), we have v° = 0 on 9. Because Dv° = 0,
we obtain that the functions vf, forj = 1,2, 3 are affine [45, Lemma 6] and therefore harmonic. The maximum principle for harmonic
functions gives that v*l.9 = 0,forj = 1,2,3.Because Vp° = Av® = 0, there exists a constant ¢ such that p* = c. Because Vp® = 0in

Qp, the function p® is constant on each component of Qp. Therefore, v2 = —VpP = 0. Using the boundary conditions 0 =
n[T (s, p°)n®]-n + pP/k + vP -n = —nc + pP/k on I", we can conclude that p° = knc. 0O
Theorem 1

Forg e [H—1/2(395)]3’ f € [H1/2(asz$)]3, h € H=2(3Qp), h'" = h|r, and h® = h|yqo\ 1, there exists a solution of the problem
(1)—(6) if and only if

(h,1) :/ n® - f doy. (23)
IQ2\I"

Proof
Let (v%,p°) € [H' (Qs)]3 x [2(Qs) and vP ¢ [LZ(QD)]3,pD € H'(p) be a solution of the problem (1)-(6). Because Ap® = 0for ¢ = 1,
we obtain that

(0pP/anP, 1) = /Q VpP - Ve dy = 0.

D

Considering div v° = 0, Green’s theorem gives

/ n®-v°doy, =0,
025

. ______________________________________________________________________________________________________|
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compare [42, Chapter IV]. Because n = n° on 925, n = —n® on 9Qp, and dp®/dn® = —nP - v° = n - v°, we have

0= (@°/on°, 1) = (h1) + [
r

=(h,1)_/ f-n*do,.
FIYAVA

Now, for ¥ € H~V/2(3Qp) and ¥ € [H—1/2(aszs)]3, we consider (v5,p°) = E¥ and p? = Sy, v® = —VpP. Then by Proposition 6,
(v*,p*) and (v®, pP) are the solutions of the problem (1)-(6) if and only if 75 (y, W) = [h, f laqs\r fz |, gn|r]- Suppose now that
T:(¢, ¥) = 0. According to Proposition 7, there exists a constant ¢ such that E¥ = [0,0,0,c] and S¥ = knc. This, together with
Propositions 2 and 4, yields that the dimension of the kernel of 73 is at most 1. The condition (23) forces that the codimension of the
range of T3 is at least 1. Because 75 is a Fredholm operator with index 0, we infer that codim 73 (H_1/2(3§2D) X [H_1/2(8525)]3) =
dim Ker 73 = 1. Hence, the Stokes-Darcy problem is solvable if and only if the compatibility condition (23) holds true. O

ns-vsday—/ v n’ doy
a<2s
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