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SOME PSEUDOPARABOLIC VARIATIONAL INEQUALITIES
WITH HIGHER DERIVATIVES

M. B. Ptashnyk UDC 517.95

We consider a pseudoparabolic variational inequality with higher derivatives. We prove the ex-
istence and uniqueness of a solution of this inequality with a zero initial condition.

The process of filtration of liquid in a porous medium with cracks [1] and the process of heat transfer in a
heterogeneous medium [2] are simulated by boundary-value problems for pseudoparabolic equations. Di Bene-
detto and Showalter [3] showed that the solution of the single-phase Stefan problem can be reduced to the solu-
tion of a pseudoparabolic variational inequality.

Scarpini [4] considered a linear pseudoparabolic inequality in the case of a single space variable with sec-
ond derivatives with respect to a space coordinate. Problems with initial and boundary conditions for a pseudo-
parabolic equation with higher derivatives were investigated by Brill [5]. A general theory of pseudoparabolic
equations was considered, in particular, in [6—10].

In the present paper, the well-posedness of a pseudoparabolic variational problem is investigated for the
first time in the case of many space variables with derivatives of order 2n, n =1, with respect to space coordi-
nates and with zero initial condition.

Let Q be a bounded domain in R" with smooth boundary 9€, let V be a closed subspace in (Hl (Q))N

° N
such that (Hl (Q)) cVc (HZ(Q))N and V is continuously and compactly imbedded in (LZ(Q))N, and let

K be a convex closed setin V that contains the zero element.
Let (- -) denote the action of a functional from the space V" on elements of the space V andlet (--)

denote the scalar product in the Euclidean space R,

In the domain Q7= Q X (0, T), we consider the variational inequality

(M(yu,,v—u, Y+ { L(Ou,v—u, y—( F,v—u, ))dt > 0 (1)

S —Aa

with the initial condition

u@) =0, xeQ. (2)
Here, the operators L(t), M(t), and F(t) are defined as follows:

Forevery te (0,7T), wehave L(t): V— v and, for arbitrary u,v € V,
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(Low,v) = | [ Y (A pe 0DPuCx, 0, D*o(x, ) + Y (Cu(x,t)Dau(x,t),v(x,t))]dx.

Q ~lal=[B|s! 1<l

Forevery te (0,T), we have M(t): V— v and, for arbitrary u,v e V,

(Mt v) = [ 3 (Byp(x, nDPu(x, 1), Dv(x, 1)) dx.
Qlal=Ipls!

For every v € V and arbitrary ¢ € (0, T), we have

(F,v) = [ 3 (for Du(x, 0)dx.

Qlost

Here, A,5, B,g, and Cy are square N X N matrices, fo =(fo, 15--0 fo,n)> and [2 1.
We introduce the space

W= {w:weL’((0.7):V), w, e *((0.T): V") }
and denote Q. =0, N{r=1}.

Definition 1. A generalized solution of inequality (1) with initial condition (2) is understood as a func-
tion u, uc Lz([O, TIV), u € Lz((O, T);V), u, €K for almost all te(0,T), that satisfies (1) and (2) for
arbitrary T, 0 <1< T, and for an arbitrary function ve W, v e K foralmostall te(0,T).

Assume that the coefficients of the operators L and M satisfy the following conditions:

(A) Agg € L7(Qp), Agg, € L°(Qp). Agg(x.0)=Agy(x,1), and Ayg(x,1) = Alg(x.n) forall a, B,
loo| <1, |B| <1, and (x,1) € Qp, and

z (Aaﬁ(x, 1) DPy, Dav)dx > I(al 2 |Dav|2+ a0|v|2)dx

Q. lofl=[B[<l Q. of=!

for almostall te [0,T], ve V, a;>0, ag>0;

(B) Bop € L7(Qr). By, € L°(Qp). Byp(x,1)=Byy(x.1), and Bug(x,1) = Byg(x.1) forall a, B,
loo| <1, |B| <1, and (x,1) e Qp, and

z (BaB(x, 1 DPy, Dav)dx > j(b, 2 |Dav|2+ b0|v|2)dx

Q. la|=|Bl<l Q. N o=l

for almostall te [0,T], ve V, b;>0, by>0;
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(©) C,eC([0.T]L7(Q)).
According to the corollary presented in [11, p. 27], we can use the norm

”””iﬂ(g) - J( 2 |DOL”‘|2+ |u|2)dx

Q Moal=1
N
in the space (HI(Q)) . Let A be a square matrix, A(x,7)= [ a;(x,t) ]N . By |A]l . we denote the
U i, j=1 L™(Qr)
quantity esssupg,_ [ Z;ijl ajj(x, 1)
Theorem 1. Suppose that conditions (A)—(C) are satisfied. Then problem (1), (2) has at most one solu-

tion.

2

1andu,we

Proof. Assume that there exist two solutions u' and u? of inequality (1). Then, for u

have

j(<M(t)u,1,v—ul1>+<L(t)ul,v—utl>—<F,v—u,1 >)dt =0,
0

3)
T
I (<M(t)u,2,v—ut2 > +<L(t)u2,v—ut2 > —<F, U—u,2 >)a’t > 0.
0
In the inequalities obtained, we set v = (utl + utz) /2 and add them together. As a result, we get
} [(M@)(uf —uy).u? —uy )+ { L)@ =), uf =y ) |dt < 0. 4)
0

Denoting u(x, t) = u’ (x,t)—u ! (x, t) and performing certain transformations in inequality (4), we obtain

g, = j(Mut,u,Mt = J 2 (B(XBDBut,Dau,)dxdt > I[b, 2 |D°°ut |2+ bolu, [* ]dxdt,
0

Q. lo|=|pl<] o - lal=l
<, = T[(L(I)M,M,)dt = j D (A(XBDBu,DO‘u,)dxdt+J‘ Y (CocDa”’Mt)dth
0 Q. lal=[B|=<! 0, 1<|al<I
= éj[az > | D%l + ao|”|2]dx —% j[af > (Dl + ag|u|2]dxdt

Q, lo|=1 0, la|=1

~ a5, I [0 S [l s waa? Jaxar <5 [lupavar >0
OQ‘E ‘(x‘:l Q‘r
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where C = maXlS‘(X‘Sl” CO( ”LN(QT)

elements of the matrices AO!B’ A(XB’[, BOLB, and B 0p, ¢ are bounded and, by virtue of Theorem 1.17 in [12,

and W, and [, are constants dependent on €, /, and n, because the

p. 177], the formula of integration by parts is valid in ? . Moreover, by virtue of the corollary presented in [11,
p- 27], we have

J. z ( ap (X 1)D%u, DB dx < J(al |Dau| + a(1)|u|2)dx,

Qlof=[p[<l

J‘ z (ocﬁz(XI)DuDB deJ.
Q

Qlal=|B|<!

&)

Qlof=[B[<l

z ( OCB(x 1)D%u, DB dx < J(b |Dau| + b(l)|’4|2)dX,
Q

z (aﬁt(xl‘)DuDB dx<'[

|Da + b§|u|2de.
Qlo|=[B[<l

lo|=1

By using the estimates of the integrals &, and T,, we get

j[bl D |D°‘ut|2+(b0 80)|u,| }dxdt + J[a, > |p® u| + ao|u|2]

0, lal=! Q.- lal=t

where 8 < b(. By using the Gronwall-Bellman lemma, we establish that ||u(z)|,, <0 for almost all e
(0,T). Hence, u; =u, almost everywherein Q7.

Theorem 2. Suppose that the conditions of Theorem 1 are satisfied and f, € C([ 0,T], (LQ(Q))N) for
all |o|<1. Then a solution of problem (1), (2) exists.

Proof. We seek a solution of the variational inequality (1) with initial condition (2) by the penalty method
and the method of hyperbolic regularization.
Consider the sequence of functions

w(x,t) = Zzi(t)(pk(x), s=1,2,...,

k=1

where (pk (x) is a basis of the space V, and zj,...,z; is a solution of the Cauchy problem
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ey 0F ) + (Mu, o) + (Lu', o) + §<B(u,s>, oF) = (o), ©)
720) =0, 2,0 =0, k=1,..,s (7)

Here, B is the penalty operator [13, p. 370], Bu =J (u — PKlu), where J is the duality operator between the
spaces V and v, Py is the operator of projection to the set K, and € is a positive parameter.
Multiplying equality (6) by z; ,(¢) and integrating the result with respect to ¢ over the interval (0, 1), 0

<1< T, we obtain

| [e(u;;,uf)+ Y (Bl Du )+ Y (AggDPuf, DOu)
[0) lo|=|Bl<? lo|=|B|<!

T

v Y (el )+ Y (fa,DO‘uts)]dxdt + é { (B(w}).u )dt = 0. (®)

I1<|of<l o<1
Taking (5) into account, we estimate each term of the last equality as follows:

S
Uy

2
dx,

&

3 = 8,[ (uft,uf)dxdt = g_[
Q‘t QT

T, = J. 2 (AOLBDBMS,Dauf)dxdt = ! j 2 (A(XB(X, t)DBus,Daus)dx

0. 101 =[B! Q.lal=[Bl!
_lJ. 2 (AocB,t(x’ t)DBMS,DauS)dxdt
2QT\0L\=H3\51

us|2:|dx—l J[alz D |Daus|2+ a§|u‘y|2:|dxdt,
oL el 2oL jals

\Y
N | =
—
1
&
)
Q
<
i)

+
Q
=

Y= [ Y (ByDu Do) 2 j[bl S | 0% [* + bo|uf |2]dxdt,
o, lal=IBl=sl 0, - lal=1

T = I 1<2<Z(CaDaus,uf)dxdt < 5?()-””5 |2dxdt + % U, z |Daus |2+ u2|us |2 dxdt,
QT S|os QT Q‘r

[ 3 (fur Dw)dxar < %j S | fyPdxdr + %j uy Y |D%; |2+ Mgl [ |dxd,

Q. lal<! IQT\(X\SZ 0.~ lal=l
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T
zs = J.<B<uf),u;>dt, 60 > 0, 81 > 0.
0

Using these transformations, we get

S‘HMf |2dx + j(al D |Daus |2+ ao|us |2de + J(2b1—81u3) D |Dauts |2dxdt
Q. Q. \ la|=! 0, lo|=1

T
. Qj (2 — 8,14 — 80| [ dxals + :: { (B(), uf )dr

cu s12 cu SR 1
< j[(alz + 8—1) Y [ D[+ (aé + 8_02)|u | :|dxdt + = é[ Oéllf“ *dxd:. 9)

Choosing 6, and 9, so that the corresponding terms are positive and using the Gronwall —-Bellman lemma and

inequality (9), we obtain the following estimates for u’(x,1):

j u; 2a’x < ve, te [0,T],
QT
j[ 3 |0 [+ |us|2:|dx <v, 1el0T], (10)
Q. Hal=1
J.[ Z |D°°uf g u; 2]dxdt < vy,

lof=1

Or

(B(uy ). uf Yt < ev,.

S —

The condition f, € C([ 0, 7] (LZ(Q))N) and estimates (10) yield

j|uf|2dx35u, J. Z|D°Lusz+ u’

QB Qs ‘(X‘=l

? :|dx < ou.

Let us prove the uniform convergence of the sequence {us (x, t)} in the space C([0,T];V) and the se-

quence {uf (x, t)} in the space C([ 0,7]; (LZ(Q))N). For this purpose, we consider equality (6) for ¢ and ¢+
d and multiply these equalities by z; ,(r+8) — z; ,(r). We have
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e(up (¢ +8), @' (1) ) + ( Mu (t+8). i1 (1) ) + { Au(t +8), & (1) ) + £<B(uf(t+8)), () = (F(t+8).i (1)),

e(uy(0). (1)) + ( Muj (0), @' (1) ) + ( Au’ (1), 35 (1)) + i<B(uf(t)), i) = (F),@®)).

where u’(x,t)=u’(x,t+8)—u’(x,1).
Subtracting the last inequalities and integrating the result with respect to ¢, we obtain

| [ elig. i) + > (Byp(x t+8)DPuf (x, 1+8) = B (x, nDPuy (x, 1), Diif)
0. Jo|=| <1

Y (Mg 3D (x, 1+8) - Ay (x, N DPu’ (x, 1), D)
ol =|B<

+ Y (Culx, t+8)D%’ (x, 1 +8) = Co (x, D™’ (x, 1), ;)

1<]al<!

- 2 (f(x(x’t+8)_f(x(xa t)! D(Xﬁls)}dth

o<1

( B(uy (x, 1 +8)) - Bu (x. 1)), }dt = 0.

+
m | =
O —— A

We perform certain transformations using estimates (5):

zg _ J‘S(ﬁ;,ftts)d)fdt - §j|b~t;|2d _ §J.|uts|2dx,
0 291 295

To=[ X (Bprt+8DPE, D% )dxdr
PACISTIE.

[ Y ((Bupte1+8) = Byg(x, 0)DPu (x, 1), D& (x, 1)) dxdt
0. lal=IBI<!

> j(bl S | 0% [+ bl [ )dxdt

0, laf=m

_ mgﬁ;{\gl“BaB(‘,t+5)—BOLB(', l‘)“Lm(Q) J;(!-%EJ D%} |2 + u7|uts |2 )dxdt

—max [ Byt +8) = B0 - o (ug 3 | D% [* + pol |2)dxdt,

lo| =<1

T

(11)
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Th=] Y (Agpt+8DP (x, 1), D (x,1))dxdr
0. lal=[B|<!

[ Y ((Agpte t+8) = Ay, 0)DPut (x, 1), DPif (x, 1)) dx it
0. ol =IB|<!

[z |D°‘ﬁs|2+a0|ﬁs|2)dx—%é“(a} > [ o afuc Jas
d

Q lo|=1 lo|=1

v

T

[\

Ul S P e 2lat P lavar
J D 0

0, loo|=1

sl | (um 3 [0 )dxdt

- A=At j (um 3 [ e )dxdt,

Tp= | Y ((Culx.1+8)=Cylx, 0)D"u’ (x, 1), it (x, 1)) dxdt
Q. 1]al<!]

+ [ X (Calr D" @), (x, 1)) dxdr

0, 1<]af<l
> _ 2% (um 3| D% [+ s t)|2)dxdt—%° [ |a [ dvar
0 _
Qt ‘OL‘—Z Qr
2 2
— max ||Ca(-,t+8)—Ca(-,t)||Lm(Q)J(um > D[+ | uf (x| )dxdt
I<jo<l 0. lo|=1
2
- max ||C,(,t+8)—-C,(, 1), - i (x,t)| dxdt,
max [1Cot+8)= Gl @ J |80

O

Ty = | X (fulr148) - fu(x, 1), D"t} )dxdt

Q. lalst
1
< o= [ X 1 faet+8) = fy(x, ) dxdt
1

0, lalst

; % j(ulg 3 | 0% [ + ol it} |2)dxdt.
o8 =1

119
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Since the functions Aaﬁ(x, 1), Aaﬁ’t(x, 1), Baﬁ(x, 1), Baﬁ’t(x, 1), Cy(x,t), and f,(x,t) are continuous

with respect to ¢, we conclude that, for any 6 >0, there exists 0 such that

o \TfBX\SIH Aop(+1+8) = Aop (1) ||L°°(Q) =

o \TﬁiX\SIH Bap(.1+0)= By .1) ||L°°<Q) =0,

max ||C,(,t+0)—C,(, )|, < o,
max [, 0l 0

ma S t+0)— fy G D[, < o.
\a\sxl”fa( )= faG D, Q)

Then

£j|ﬁf |2dx + J.|:(al—2($l.llo) 2 |D(Xﬁs |2+ (Clo-2(5“11)|1}s |2 :|dx
Q Q lo=1

T T

~s |2 ~s |2
+ [(2bl—2cu8—81u18) > | D%i |+ (2by — 20(1g +1) = 8y = 8y119) iy | ]dxdt
o o =1

< 8“u,s|2dx + j[all D |D°‘us|2+a(l)|us|2]dx

Qs Qs =1

+26 [ | (ia +ite) X [ D% [+ (ys + 41| |2]dxdr
0. - lo|=1

+ ZGI He Y, |Dauf |2+].L7|u,s |2]dxdt + Vo2,
0, lo|=1

The last inequality yields

Sj|uf(x,t+5)—uf(x,t)|2dx < v,0,
QT
(12)

~5
u

J ( 3 |D°‘ﬁ“(x, t)|2 +

2
)dx < v,0, 71el0,T].
Q. Nol=1

It follows from estimates (10) and (12) that there exists a subsequence {up (x, t)} of the sequence {us(x, t)}
such that
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u? > ut  weaklyin  I2((0,T); V),
u? > ut weaklyin L*((0,T); V),
u? - u® uniformlyin C(0,T];V), (13)
u? —uf uniformlyin C ( [0, T]; (LZ(Q))N),
B(u[’ ) —o weaklyin I2((0,T); V")

as p — oo,
Assume that k in Egs. (6) varies from 1 to s,. According to (13), we have

(L', ¢ ) > (Low®, ¢* ) weaklyin  L*(0,T),
(M@, " )= (M(uf. 0" ) weaklyin L0, T),
B(u), 0" )= (0f, ¢ weakly in  L°(0, T),
(B() 0 )= (0, ") :
<uts,(pk>—><uf,(pk> weakly in 120, T)
as s — oo. Therefore,

(.0) = S(u.0" )= (uingt) i D707,

and, taking into account that {(pk(x)} is a basisin V, we get
1
e(uf,v) = —( M@Owf + L(u® - F(1),v ) - £<m8, v)

for arbitrary v € V. This equality and the definition of the operators M, L, F, and B yield the inclusion uj, €
L2((0,T); V"). Since the spaces V c I*(Q) V' are compactly imbedded and u,e I*((0,T);V), we con-

clude that, according to Theorem 1.17 in [12, p. 177], the integral .[(: <uft, v>dt is meaningful for v € W, and
T T

[(ugv)ar = [ (ufv)dx = [ (uf.v, )dr,  el0.T].

0

Q, 0

Hence, u® satisfies the equality
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ef (ut.)ar + j[ S (BDhu D)+ S (gD, D)

o, Lla|=[B|=! lof=|B|<l

+ (CuDu®0) = Y (forr D“v)}dxdt +

<o)<l o<1

oM =

}<w€,v>dt =0 (14)
0

for an any function v € W and any T e (0, T]. Since the operator B is monotone [13, p. 384], one can easily

prove by analogy with [13, p. 171] that ®® = B(u;).
We set v=u; inequality (14). As a result, we get

T

SJl <u§,uf >dt + I z ( aBDB”t ,Dauf) + z (AQBDBMS,DOCM;)

0 o, Llaf=[B[=<! lo|=|Bl=!

I1<|of<! o<

+ Y (CuDuE ) =Y (for DOuf }dxdt ig t=0. (15)

Note that equality (14) for the functions u® coincides with equality (8) for the functions u®. Therefore, by
analogy with the case of the sequence {u®}, for {u®} we get

f[|“£|2+ > ID“uelz]dx < vy, Tel0,T],
Q

. =1

j[|u8(z+6)—u€(z)|2+ Y |Dau€(t+8)—Dau£(t)|2:|dx < v, 1el0,T],
Q

. lo|=1

(16)

2 2

[ [ > |0t o [t ]dxdt < v,
o -la|=1

" 2

I<B(uf) uf>dt = gvs, J|uf| dx < evy, 1€[0,T].

0 Q,

It follows from estimates (16) that there exists a subsequence {u‘c"" (x, t)} of the set {ua(x, t)} such that

u*" —u  weakly in Lz((O, T);,V),
utn —u,  weaklyin  I2((0,T); V),

u®n —>u  stronglyin  I2((0,T); V),
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u*" —u uniformlyin C([0,T]; V),
e, =0 weaklyin 170, T); ()" (17)

as €, — 0. Inequality (14), weset v=w— uf'”, where we W and w e K for almost all € (0, T), and
transform individual terms as follows:

T
Ty = _Smj <u,€m,w,—u,€,'" >dt + €, j<uf‘”’,w—uf”’ >dx
0 Q,

T
€ 2
—Sm'[<uf’”,wt>dt—7m ‘uf’" dx+£mj(uf”l,w)dx,
0 Q, Q,

Tis= | Y (BypDPu, D — D uf)dxadt
o lal=IBl<i

= J. 2 (BO(BDBuf’",DOLw)dxdt—J. 2 (BOCBDBuf’",Duuf'")dxdt,
0. lal=[Bl=! 0, lo|=|B|<1

T = J Z (AO(BDBMS’”,Daw—Dauf'")dxdt
Q. lo|=[B[=!

-1 Z (A(XBDBue’”, Daue"’)dx + 1 I Z (Aocﬁ, IDBug"', Dausm)dxdt
Q. lo|=[B[<l 0, lal=|B|<!

+ J 2 (A(XBDBug’”,Daw)dxdt,
o la|=IBl<l

T, = J Z (C(xDaus’",w—uf’”)dxdt

Q. 1]al<l

J 2 (CaDaus’”,w)dxdt—J Z (CaDaugm,u,e’”)dxdt.

Q. 1s]al<!] Q. 1slal<!]

Since B(w)=0 and (B(u,)— B(w),u, —w) >0, taking into account the expressions for &, ..., &, we get

e s e J(mas o [ 5 (g0t o)
0 Q, 0, “lal=|B|<!

COS (P e S (i) fara

lof=[Bl<! 1<|al<!



124 M. B. PTASHNYK

- f[ >, (BopDluim, D%uin)
0, ~lal=|Bl<!

- Z (AO(B’[DBug’",DOLua"')+ Z (CaDauSm,uf’”)}dxdt
1ol

o= |BI<!
- | ¥ (fo DPw = Dufm)dxdr - % [ Y (ApD%u®, D™ )dx = 0. (18)
ACIEY Q,lol=|B|<!

By virtue of condition (B), we have

—liminf [ Y (ByDPufn, Duir)dxdt < - [ Y (BogDPu, Du,)dxd. (19)
en—0 o |a|=|B|<! 0. lal=[Bl=!

Hence, by using (17) and (19), we determine the lower bound in inequality (18) as €,, = 0. We have

J.[ 2 (BaBDBut,Daw)+ 2 (A(XBDBLL,D“W)+ z (CO(DBM,W)]dxdl
QT

lo|=|Bl<1 lo|=[B|<! I<]ol<!

N | —

- j |: 2 (BaBDB“z’ Dau,) - (Aoc[i, tDBM, Dau) + 2 (CaDau, ut):|dxdt
QT

lo|<|BI<! lo|<|B| < 1<a| <

- J- Z (fa,Daw—Duut)dxdt - 1 J‘ z (A(XBDBu, D(xu)dx >0,
0 lal<i Q,lol=|B|<!

or

Y (Bup0DPu, D" w-u)) + > (ADPu, D*(w-u,))
o Llal=[B[=! lou| =|B|<!

+ (Cole. DD u, w =) + Y, (fa,D“(w—ut)):|dxdt >0

1<al <l o<1

forany we W and we K for almost all #e (0, T). Moreover, by analogy with [13, p. 386], one can prove

that u,e K for almost all 7€ (0, T). Hence, u(x,t) is a solution of problem (1), (2), and Theorem 2 is
proved.
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