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Gene regulatory networks, i.e. DNA segments in a cell which interact with each other
indirectly through their RNA and protein products, lie at the heart of many important
intracellular signal transduction processes. In this paper, we analyze a mathematical
model of a canonical gene regulatory network consisting of a single negative feedback loop
between a protein and its mRNA (e.g. the Hesl transcription factor system). The model
consists of two partial differential equations describing the spatio-temporal interactions
between the protein and its mRNA in a one-dimensional domain. Such intracellular
negative feedback systems are known to exhibit oscillatory behavior and this is the case
for our model, shown initially via computational simulations. In order to investigate
this behavior more deeply, we undertake a linearized stability analysis of the steady
states of the model. Our results show that the diffusion coefficient of the protein/mRNA
acts as a bifurcation parameter and gives rise to a Hopf bifurcation. This shows that
the spatial movement of the mRNA and protein molecules alone is sufficient to cause
the oscillations. Our result has implications for transcription factors such as p53, NF-xB
and heat shock proteins which are involved in regulating important cellular processes
such as inflammation, meiosis, apoptosis and the heat shock response, and are linked to
diseases such as arthritis and cancer.

*This is an Open Access article published by World Scientific Publishing Company. It is distributed
under the terms of the Creative Commons Attribution 3.0 (CC-BY) License. Further distribution
of this work is permitted, provided the original work is properly cited.
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1. Introduction

A gene regulatory network (GRN) can be defined as a collection of DNA segments
in a cell which interact with each other indirectly through their RNA and protein
products. GRNs lie at the heart of intracellular signal transduction and indirectly
control many important cellular functions. A key component of GRNs is a class of
proteins called transcription factors. In response to various biological signals, tran-
scription factors change the transcription rate of genes, allowing cells to produce
the proteins they need at the appropriate times and in the appropriate quantities.
It is now well established that GRNs contain a small set of recurring regulation
patterns, commonly referred to as network motifs,>® which can be thought of as
recurring circuits of interactions from which complex GRNs are built. A GRN is
said to contain a negative feedback loop if a gene product inhibits its own produc-
tion either directly or indirectly. Negative feedback loops are commonly found in
diverse biological processes including inflammation, meiosis, apoptosis and the heat

1,12,41

shock response, and are known to exhibit oscillations in mRNA and protein

levels.15:38:54

Mathematical modeling of GRNs goes back to the work of Goodwin,'? where
an initial system of two ordinary differential equations (ODEs) was used to model
a self-repressing gene. In the final part of the paper a system of three ODEs was
shown to produce limit cycle behavior. This work was continued by Griffith?! who
demonstrated that the introduction of the third species was necessary for the oscil-
latory dynamics. An analysis of theoretical chemical systems whereby two chemicals
produced at distinct spatial locations (heterogeneous catalysis) diffused and reacted
together was carried out by Glass and co-workers.!”-61 Their results showed that
the number and stability of the steady states of the system changed depending
on the distance between the two catalytic sites. The authors concluded that “These
examples indicate that geometrical considerations must be explicitly considered when
analyzing the dynamics of highly structured (e.g. biological) systems.”5' Mahaffy
and co-workers®44+45 developed this work further by considering an explicitly spa-
tial model and also time delays accounting for the processes of transcription (pro-
duction of mRNA) and translation (production of proteins). Tiana et al.5” proposed
that introducing delays to ODE models of negative feedback loops could produce
sustained oscillatory dynamics and Jensen et al.3? found that the invocation of an
unknown third species (as Griffith had done?!) could be avoided by the introduction
of delay terms to a model of the Hesl GRN (the justification being to account for
the processes of transcription and translation). The Hesl system is a simple example
of a GRN which possesses a single negative feedback loop and benefits from having
been the subject of numerous biological experiments.?”33:3739 A delay differential
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equation (DDE) model of the Hesl GRN has also been studied by Monk and co-
workers.?®2 More recently, a spatio-temporal model of the Hes1 GRN considering
diffusion of the protein and mRNA was developed by Sturrock et al.% and then
later extended to account for transport across the nuclear membrane and directed
transport via microtubules.%6

A key feature of all mathematical models of the Hes1 GRN (and other negative
feedback systems) is the existence of oscillatory solutions characterized by a Hopf
bifurcation. In the Hopf, or Poincaré—Andronov—Hopf bifurcation (first described
by Hopf?®), a steady state changes stability as two complex conjugate eigenvalues of
the linearization cross the imaginary axis and a family of periodic orbits bifurcates
from the steady state. Many studies are devoted to the existence and stability of
Hopf bifurcations in ordinary and partial differential equations.”-25:35:36,40,46 The
question of the existence of global Hopf bifurcation for nonlinear parabolic equations
has also been considered.'314:31 There are many results concerning the stability of
constant (i.e. spatially homogeneous) steady states and the existence of periodic
solutions bifurcating from such constant steady states. There are some results on
the stability of spike-solutions and the existence of Hopf bifurcations in the shadow
Gierer-Meinhardt model,10,55:69:70
reaction-diffusion system with four morphogens™ and of cluster solutions for large
reaction-diffusion systems.” In the analysis of the stability and Hopf bifurcations
in systems with spike-solutions as stationary solutions, the properties of the cor-

as well as on the stability of spiky solutions in a

responding nonlocal eigenvalue problem were used. Perturbation theory has been
applied to analyze the stability of non-constant steady-states for a system of non-
linear reaction—diffusion equations coupled with ordinary differential equations.'®
In considering the relation between the spectrum of a linearized operator for singu-
larly perturbed predator—prey-type equations with diffusion and the limit operator
as the perturbation parameter tends to zero, Dancer® analyzed the stability of
strictly positive stationary solutions and the existence of Hopf bifurcations.

In this paper, we analyze a mathematical model of the Hesl transcription fac-
tor — a canonical GRN consisting of a single negative feedback loop between the
Hes1 protein and its mRNA. The format of this paper is as follows. In Sec. 2, we
present our mathematical model derived from that first formulated by Sturrock
et al.%® First, we demonstrate the existence of oscillatory solutions numerically,
indicating the existence of Hopf bifurcations. Next, applying linearized stability
analysis, we study the stability of a (spatially inhomogeneous) steady state of the
model and prove the existence of a Hopf bifurcation. The main difficulty of the
analysis is that the steady state of the model is not constant. In a similar manner
9 we show the existence of a Hopf bifurcation by considering a limit prob-
lem associated with the original model. The method of collective compactness®? is
applied to relate the spectrum of the limit operator to the spectrum of the original
operator. To show the stability of periodic solutions and to determine the type of
Hopf bifurcation, we use a weakly nonlinear analysis, see, for example, Matkowski,*”
and normal form theory, see, for example, Hassard, Haragus.242® The techniques

to Dancer
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8,11,42,58 24,25

and normal form theory,
to study the nonlinear behavior of solutions near bifurcation points.

of weakly nonlinear analysis are widely used

2. The Mathematical Model of the Hesl Gene
Regulatory Network

The basic model of a self-repressing gene®? describing the temporal dynamics of
hesl mRNA concentration, m(¢), and Hesl protein concentration, p(t), takes the
general form:

om
o = omf () = pmm, (2.1)
dp

5¢ = %™ ~ HpP: (2.2)

for positive constants oy, p, fim, ftp and some function f(p) modeling the sup-
pression of mRNA production by the protein. It can be shown using Bendixson’s
Negative Criterion (cf. Verhulst,% Theorem 4.1) that, irrespective of the function
f(p) (e.g. a Hill function), there are no periodic solutions of the above system. In
order to account for the experimentally observed oscillations in both mRNA and
protein concentration levels,?” a discrete delay has often been introduced into such
models being justified as taking into account the time taken to produce mRNA
(transcription) and produce protein (translation).5? Applying a discrete delay 7 to
(2.1), (2.2), a delay differential equation model is obtained of the form:

om
rrie amf(p—T) = pthmm, (2.3)
dp

o7 = O™ LD (2.4)

Such a system is observed to exhibit oscillations for a suitable value of the delay
parameter 7 representing the sum of the transcriptional and translational time
delays. This delay differential equation approach has also been used to model other
feedback systems involving transcription factors such as p53*16:67 and NF-xB.%*
Other papers have used a distributed delay to model this effect,?® which in fact is
equivalent to the original three ODE model of a self-repressing gene proposed by
Goodwin'® and Griffith.?!

Here, we study an explicitly spatial model of the Hesl GRN originally formu-
lated by Sturrock et al.9%:%6 and investigate the role that spatial movement of the
molecules may play in causing the oscillations in concentration levels. The model
consists of a system of coupled nonlinear partial differential equations describing
the temporal and spatial dynamics of the concentration of hesl mRNA, m(x,t), and
Hesl protein, p(x,t), and accounts for the processes of transcription (mRNA pro-
duction) and translation (protein production). Transcription is assumed to occur in
a small region of the domain representing the gene site. Both mRNA and protein
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also diffuse and undergo linear decay. The non-dimensionalized model is given as:

om 9?m . .
v —DW + am f(p)ds,, () — pmm in (0,7) x (0,1),
ap _ Pp .
i D@ + apg(x)m — ppp in (0,7) x (0,1), 25)
om(t,0) _om(t1) _ opt.0) _oplt) _
or  Odxr 0 or  Oxr 0 in(0.7),
m(O,x) = m0($), p(07x> = po(ﬂ?) in (07 1)a

where D, uy,, p, pm and i, are positive constants (the diffusion coefficient, tran-
scription rate, translation rate and decay rates of hesl mRNA and Hesl protein
respectively). Full details of the non-dimensionalization can be found in the papers
of Sturrock et al.%%66 Here [ denotes the position of the nuclear membrane and
therefore the domain is partitioned into two distinct regions, (0,1) the cell nucleus
and (1,1) the cell cytoplasm, for some [ € (0,1). The point z)s € (0,1) is the posi-
tion of the center of the gene site and by 07 =~ we denote the Dirac approximation
of the d-distribution located at xps, with € > 0 a small parameter and d  has
compact support.

The nonlinear reaction term f : R — R is a Hill function f(p) = 1/(1 +p"),
with h > 2, modeling the suppression of mRNA production by the protein (nega-
tive feedback). More precisely, as noted by Monk,*? the Hill coefficient h measures
the degree of cooperativity of nuclear import and binding of Hesl protein to the
promoter region of the hesl gene. Since there are three Hesl binding sites, with
cooperative interactions between the sites likely, and Hesl acts as a dimer, it has
been estimated®? that the value of h should lie between 2 and 10 ie. 2 < h < 10.
The function g is a step function given by

0, ifx<l,
g(x) = ,
1, ifx>1,

since the process of translation only occurs in the cytoplasm. A schematic diagram
of the domain is given in Fig. 1.
First we demonstrate existence and uniqueness of solutions to (2.5).

Theorem 2.1. For ¢ > 0 and non-negative initial data mo,po € H?(0,1), there
exists a unique non-negative global solution m,p € C([0,00); H*(0,1)), dym,Op €

0 Ty [ 1
Fig. 1. (Color online) Schematic diagram of the one-dimensional spatial domain for the system

(2.5), showing the spatial location of the gene site xj; and the nuclear membrane [. The cell
nucleus is shown in blue, while the cell cytoplasm is shown in green.
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L2((0,T) x (0,1)), and m,p € COTV/29+1([0, T] x [0,1]), for some v > 0 and any
T > 0, of the problem (2.5) satisfying

Ml Lo 0,138 (0,1)) + 1Pl oo (0,755 (0,1)) < C
( (0,1)) ( (0,1)) (2.6)

10sm| 20,7y %(0,1)) + 10ep ]| L2(0,7 11 (0,1)) + 102Dl L2((0,7) % (0,1)) < C,
for any T € (0,00) with the constant C' independent of .

Proof. Since f(p) is Lipschitz continuous for p > — 6@, with some 0 < < 1, we have
that for non-negative initial data mg, pg the existence and uniqueness of a solution
of the problem (2.5) in (0,7p) x (0,1), for some Ty > 0, follows directly from
the existence and the regularity theory for systems of parabolic equations, see e.g.
Henry,2¢ Lieberman.*3 Using the definition of the Dirac sequence, for F,(m,p) =
am f(p)d5,, () — pmm and Fj(m,p) = apg(x)m — pyp, we have

Folm=0>0 forp>0, Fylp=0 >0 form >0,

Fonlm=am /(ume) <0 for p >0, Fplp—a, ap/(umpye) <0 for m <, /(pme).
Thus applying the theorem of invariant regions, e.g. Theorem 14.7 in Smgller,%3
with G1(m, p) = —m, Ga(m,p) = —p, G3(m,p) = m — ay/(tme), and Ga(m,p) =
P — am@yp/ (Umpipe), we conclude that 0 < m(t,z) < ay/(tme) and 0 < p(t,z) <
om0 [ (mppe) for all (¢, x) € (0,Tp) x (0, 1), whereas the bounds for m and p are
uniform in Ty. This ensures global existence and uniqueness of a bounded solution
of (2.5) for fixed e.

Using the property of the Dirac sequence, i.e. [|05, |[z1(0,1) = 1, continuous
embedding of H'(0,1) in C(]0,1]), and considering m and p as test functions for
(2.5) we obtain

Otllm()1Z2(0.1) + 10em(B)1Z2(0.1) + 1M Z20.1) < CUF DL (0.1 x (0.1)):
Oellp()|72(0,1) + 10=p()IZ20,1) + IP(B)Z2(0,1) < CllmB)IZ2 (0,1

Integrating over time and using the uniform boundedness of f(p) for non-negative
p ensure the estimates in L>°(0,T; L%(0,1)) and L?(0,T; H*(0,1)).

Testing the first equation in (2.5) with dym and the second equation with d¢p
and 92p, as well as differentiating the second equation with respect to t and testing
with 9yp, and integrating over (0,7) for 7 € (0,7) and any T > 0 imply

Hath%%(o,r)x(o,l)) + Haxm(T)H%%o,l) + Hm(T)H%%o,l) < 5||m(7')||2L°°(0,1)

+ Clllm(O0)1F20,1) + 1701720, 7s 1o 0,1)) + 191 20,725 (0,1)) + Cb)s
186211720,y x (0,1)) + 1822172 0,1y < CllImlIT2 (0.1 % 0,1y + 12O 71 0,1
Hamp(T)H%Q(O,l) + HaipH%Q((O,T)X(O,l)) < C[”mH%Q((O,T)X(O,l)) + ||P(0)||%r1(o,1)],
Hatp(T)Hiz(O,l) + Hax@tpHiz((o,r)x(o,m) < 5Hatm\\%2((o,r)x(o,1))

+ 510011720, % 0,1)) + 1182 (0)[72(0,1)]-
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This together with the continuous embedding of H'(0,1) in C([0,1]), the esti-
mate [|0;p(0)|z2(0,1) < C|[p(0)[|r2(0,1), regularity of initial data and estimates in
L>(0,T;L?(0,1)) and L*(0,T; H'(0,1)) shown above ensures estimates (2.6). O

Remark 2.1. The a priori estimates (2.6) imply the uniform in € boundedness of
solutions of (2.5) for every T' > 0.

For the subsequent analysis of (2.5) we consider the following parameter values
in the model equations: the basal transcription rate of hesl mRNA is given by
oy, = 1 and the translation rate of Hesl protein is o, = 2; the Hill coefficient in
the function f is taken to be h = 5, as in the original model of Monk®? (however,
we note that the same analysis can be conducted for A > 3 and oscillations are
still obtained); based on the original experiments of Hirata et al.?” the degradation

x10 m(t,x), D=0.0003 X10 p(t,x), D=0.0003

120 1

1 oo 40
30
20
10

0 x 05 1 0 x 0.5 1
x10 m(t,x), D=0.0003 x10 p(t,x), D=0.0003

120
100 40
30
20
10
0 X

D=0.0003 D=0.0003
30 20 :
=20 s
10 10
% 10 20 %9 o 18
P(t) Pt

Fig. 2. First two rows: Plots showing the spatio-temporal evolution of mRNA level, m(t, z),
and protein level, p(t, z), from numerical simulations of system (2.5) with zero initial conditions,
with ¢ = 1073, D = 0.0003, and ¢ € [10%,2-10%]. The plots show that the solutions tend to
a steady state. Bottom row: The corresponding phase-plots, where M(t) = fo m(t, z)dzr and

fo (t,z)dz. The figure on the left is for ¢t € [0,2 x 10%], and the figure on the right is for

te [104 2 X 104] These show the trajectory converging to a fixed point, equivalent to the steady
state.
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rates of hesl mRNA and Hesl protein p,, = p, = 0.03 (full details of the parameter
values can be found in and references therein, Refs. 3, 27, 30, 52, 64-66). It is
assumed that the region of the cytoplasm where the protein is produced is given by
(1/2,1),i.e. 1 =1/2, and the position of the center of the gene site is at xp; = 0.1.
The (non-dimensional) diffusion coefficient is a variable parameter in the model
and we consider biologically relevant values*®49:69 in the range 107% < D < 1072
The critical values for the Hopf bifurcation are found in this range. We note that
further computational investigations were carried out using values of D without
this biologically relevant range i.e. D € [dy,ds], where d; = 1077 and dy = 0.1,
which numerically indicated the stability of the steady states for the bifurcation
parameter D above 1072 and below 1074

Numerical simulations of the model (2.5) (using the forward Euler scheme in
time and a centered difference scheme in space, as well as the Dirac sequence in

x 10 m(tx), D=0.00082  , 4o* p(t,x), D=0.00032
1.5 :E 150 1.5 = 60
13= 100 13 = 40
TS 50 =
1152 1.1 — 20

0 X 05 1 0 x 05 1

x 10 M(tx), D=0.00032 4 10*p(t,x), D=0.00032

2 2 — 60
18 = 40
= = 20
1.6 —

0 x 05 0 x 05 1

D=0.00032 30, =0.00032
30 20 O
=920 =
= =
10 10
0
% 10 20 0 10 20
P(t) P(t)

Fig. 3. First two rows: Plots showing the spatio-temporal evolution of mRNA level, m(t, ), and
protein level, p(¢, z), from numerical simulations of system (2.5) with zero initial conditions, with
e =10"3, D = 0.00032 and t € [10%,2 x 10%]. The plots show oscillatory solutions. Bottom row:
The corresponding phase-plots, where M (t) = fol m(t, z)dz and P(t) = folp(t7 z)dz. The figure
on the left is for ¢ € [0,2 x 10%], and the figure on the right is for ¢ € [104,2 x 10%]. These show
the trajectory converging to a limit-cycle.
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the form &3, (z) = 2= (1 + cos(w(z — aar)/e)) for |z — xp| < € and 65, (x) = 0
for |z — xpr| > €) reveal that a stationary solution, stable for small values of the
diffusion coefficient D, becomes unstable for D > Df _, with Df _ ~ 3.117 x 1074,
and again stable for D > D5 _, where D§ _ ~ 7.885 x 10~?. For diffusion coefficients
between the two critical values, i.e. D € [Df _, D§ |, numerical simulations show
the existence of stable periodic solutions of the model (2.5). These scenarios are
shown in Figs. 2-5. We note that the same analysis can be carried out with a Hill
coefficient h > 3. For example, in the case h = 3 we obtain the critical values
D .~ 0.0004 and D5 . ~ 0.00139.

In the following sections, we shall analyze the existence and stability of a family
of periodic solutions bifurcating from the stationary solution. We shall show that
at both critical values of the diffusion coefficient a supercritical Hopf bifurcation
occurs.

x 10* P(tx), D=0.0075
5

0 x 05 1 0 x 05 1
10" M(tX), D=0.0075 2X104 p(tx), D=0.0075

22
0.4 6
1.8 03 18 5
—— -— 4
1.6 02 1.6 3
0.1 =
0 x 05 1 0 X 05 1
D=0.0075 D=0.0075
10 0.3
= €0.2 O
=3 =01
0 0
0 30 60 95 01 3 5
P(t) P(t)

Fig. 4. First two rows: Plots showing the spatio-temporal evolution of mRNA level, m(t, x), and
protein level, p(t, z), from numerical simulations of system (2.5) with zero initial conditions, with
e =10"3, D = 0.0075 and t € [10%,2 x 10%]. The plots show oscillatory solutions. Bottom row:
The corresponding phase-plots, where M (t) = fol m(t,z)dz and P(t) = fol p(t, x)dz. The figure
on the left is for ¢ € [0,2 x 10%], and the figure on the right is for ¢ € [10%,2 x 10%]. These show
the trajectory converging to a limit-cycle.
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% 10* M(t.x), DOOO84 10 P(tx), D=0.0084

15 15
025
1.3
1.1 01511
0 x

0 x 05 1
x10 m(t,x), D=0.0084 x10 ptx D00084

025
01516

0 x 05 1 X
D=0.0084 D=0.0084
10 0.2 .
=5 S 0.1
0
0 50 100 % 2 4
P(t) P(t)

Fig. 5. First two rows: Plots showing the spatio-temporal evolution of mRNA level, m(t, z),
and protein level, p(t, z), from numerical simulations of system (2.5) with zero initial conditions,
with ¢ = 1073, D = 0.0084 and ¢t € [10%,2 x 10*]. The plots show that the solutions tend
to a steady state. Bottom row: The corresponding phase-plots, where M (t) = fO m(t, z)dzr and

fo (t,z)dx. The figure on the left is for ¢ € [0,2 x 10%], and the figure on the right is for

te [104 2 X 104} These show the trajectory converging to a fixed point, equivalent to the steady
state.

3. Steady State Solutions

First, we examine the stationary solutions u* = (mZ,p?)T of the system (2.5),
satisfying the following one-dimensional boundary-value problem:

d*m? . .
D a2 + O/mf(ps) atM( ) - HmM = 0 in (O’ 1)7
d*p;
D de + apg(x)ms HpPe = 0 in (07 1)7 (3 1)
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The operators Ay ; = (Dd”l—;2 — 15), for j = m,p, defined on the interval [0, 1] and
subject to the Neumann boundary conditions,

D(Ay ;) = {v e H*(0,1) : v/ (0) = 0,'(1) = 0}

are invertible and solutions of the problem (3.1) can be defined as

1
m?(, D) = o / G (2,9) (07 (9, D)), (4)dy,
0 (3.2)

P (2, D) = amary / 4(2)Gp (1, 2) / G (2 9) (0% (y, D)), (4)dyd,

where
1
(D)) R0y cosh(@(1 —z)) for0<y <z <1,
Gy, ) = ¢ 19 R
(D)7 sinn(gy) (L~ ) cosh(Ge) - for 0 <w <y <1,
J J

with 6; = (1;/D)"/?, for j = m,p, the Green’s function satisfying the boundary-
value problem

DGyy — ;G = -6, in (0,1), Gy(0,2) =Gy(1,2) =0.

Lemma 3.1. For ¢ small there exists a unique positive stationary solution of the
model (2.5) salisfying the estimates

lmZll a0,y + lImZlleqoay + IPEl E20,1) < C, (3.3)

with a constant C independent of €.

Proof. Due to the boundedness of f for non-negative p}, the continuous embedding
of H'(0,1) into C([0,1]) and the properties of the Dirac sequence, we obtain for
non-negative solutions of (3.1) the a priori estimates (3.3).

We rewrite the second equation in (3.2) as the fixed point problem

p:(z, D) = K(p(z, D)), (3.4)

with K(p) = amop(—Aop) " (g(—Aom) " (05, /(7)) where K : C([0,1]) —
C([0,1]) is compact, since (—Ag;)~', j = m,p, are compact. Consider a closed
convex bounded subset @ = {p € C([0,1]) : 0 < p(x) < C + 1 for x € [0,1]} of
C(]0,1]), where the constant C'is as in estimates (3.3). The estimates (3.3) and the
fact that K (p) > 0 for p > 0 imply p — K(p) # 0 for p € 9Q. Thus Leray—Schauder
degree theory, e.g. Chap. 12.B in Ref. 63, guarantees the existence of a positive

solution of (3.1). The linearized equations for (3.1) at the steady state (m?,p:)T
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can be written as
Au =0, (3.5)

where u = (u1,u2)’ and A = Ay + A; with the operator Ay given as

d2
D—— — 0
dz?
Ay = e (3.6)
0 D=5 — to
on the interval [0, 1], subject to the Neumann boundary conditions,
D(Ap) = {v € H*(0,1) x H*(0,1) : v/(0) = 0,v'(1) = 0},
and the bounded operator
/ * €
apg(z) 0

If for a solution u = (uq,u2)T of (3.5) we have us(z) =0 in (zar — &, 20 + €),
then u = (0,0)” and A is invertible. Suppose there exists a non-trivial solution of
(3.5) with ua(z) # 0in (zar —e, zar +€). Using the continuity of ug, we can assume
ug(x) > 0in (xpr —e, 20 +¢) for small e. Then, the properties of f along with the
positivity of (—Ag ;), 7 = m, p, and of the steady state (m*, p:)”

ua(@) = amap(—Aop) Hg(=Aom) (S ()05, u2)) (@) > 0,

ensure

for € (xps — €,z +€). This last inequality implies a contradiction, since ug was
a solution of (3.5). Therefore, A is invertible for every D € [dy,d3]. Thus for every
fixed small € > 0 we have a family in D € [dy, dz] of isolated positive stationary
solutions (m?(x, D), p:(z, D))T € H?(0,1) x H%(0,1) of (2.5).

The a priori estimates (3.3) imply the weak convergences m* — mg, in H*(0, 1)
and p: — pj in H?(0,1) ¢ — 0. Using the compact embedding of H'(0,1) in
C([0,1]) and of H?(0,1) in C*([0,1]), we have also strong convergence in C([0,1])
and in C1([0,1]), respectively, and m{ and pf are defined by

mo(, D) = amG,, (2, 2a0) f (P (221, D)),

1 (3.8)
Py, D) = cimaty f (0 as, D)) / 9(0)Gpy (&, 9)Gp, (201,

i.e. a solution of the model (3.1) with the delta distribution d,,, instead of the Dirac
sequence 0, . Since zpr <[ and g(y) = 0 for 0 < y <[, we have

1
U D)Y/2 sinh(6,,)

Gu,, (Y, M) = ( cosh(0,,(1 —y)) cosh(Opzar), xm <y <1,
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where 6,, = (pm/D)*/? and, using g(y) = 1 for [ <y < 1, we obtain
amoap f(pi(xar, D)) cosh(0mxar)
2/Iim i D sinh(6,,,) sinh(6),)

sinh((0p 4 0m)y — 0m) |* sinh((0p — 0,)y + O
X [Cosh(ﬂp(l—x))< ((2 +9) )" ((2 _9) )
P m l p m

p;(wa) =

m)
! x>

1
b
max{z,l}

— cosh(6,z) (Sinh((@p +0)(1 —y)) n sinh((6), — 6,,)(1 — y)))

Oy + Orm 0, — Orm

and for 0, =0, =0 (i.e. pm = pp = W),

ooy f(p5(2ar, D))
21D sinh?(6)

pS(J),D) = COSh(GZ‘M)

X [cosh(&(l — 1)) (cosh(&)yﬂ” — % sinh(0(1 — 2y)) f) l

1 .
+031(02) (Ve 55 SO0 =~ ) by )|
Using the Bolzano theorem or computing the roots of a polynomial by applying
Maple or Matlab we obtain that the nonlinear equation with respect to pf(zar, D),

0pQty,  cosh(0,2 ) cosh(O,2 1)
2 /Bty D sinh(6,,) sinh(6,)
sinh((6p 4+ 0,,)(1 —1)) = sinh((6, — 6)(1 —1))
{ 6+ Omn + . . (3.9)
for 6., # 0,, and for 0,, = 0,(=0)

po(xar, D) = f(po(znr, D))

apQi, cosh2(0xM)
4 pD@sinh?(0)

po(xn, D) = f(p5(zar, D)) [20(1 — 1) + sinh(26(1 — 1))]

(3.10)

has only one positive solution for all values of D € [d1, da].

Thus, since m{(z, D) and p§(z, D) are uniquely defined by p§(zar, D), for every
D € [dy, d2] we have a unique positive solution of (3.1) with e = 0. Then the strong
convergence of m — mg, pX — p§ as € — 0 in C([0,1]) and the fact that non-
negative steady states (m?,p?)T are isolated imply the uniqueness of the positive
steady state of (2.5) for small £ > 0. |

To better understand the structure of the stationary solutions of (2.5) we can
consider their structure under extreme values of the diffusion coefficient D. For very
small diffusion coefficients D < 1, in the zero-order approximation we obtain

0= anf(pl)og,, () — pmmZ, 0=apg(x)m; — ppp: in (0,1).
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Since g(x) = 0 for « € [0,1), the second equation yields that pf(x, D) = 0 in [0,1)
and thus mZ(z, D) = §=67, (x) in [0, 1]. Using the fact that zs € (0,1) we obtain
for sufficiently small € > 0 that mX(x, D) = 0 for « € [I,1] and thus p*(z,D) =0
n [0, 1]. Therefore for very small D we have localization of mRNA concentration
around x 7, whereas the concentration of protein is approximately zero everywhere
in [0,1].

For large diffusion coefficients, i.e. D > 1 and therefore 1/D < 1, we have

d2m; 1 e L
0= d1‘2 + E(O[mf(ps)(smM ({IJ) - /Jmmg) 1m (07 1),
dpz | 1 . . .
0= dz? + B(apg(x)ms — Upp?) in (0,1),
dmg dm; dp; dp’
£ — £(1) = € — c(1) =
dx 0) dx (1)=0, dx (0) dx( )=0

Thus m?(z, D) ~ constant and p*(x, D) &~ constant.

-26

x10
o 3000 0 6
o o
T 2000 ~ 4
o [a]
£ 1000 52
T & 0
0 0.5 1 0 0.5 1
X X
0.2 4
8 S
11 'ﬁ
Q 0.1 a o
= 3
*EO -x-Q_O
% 05 1 % 0.5 1
X X
0.09652 3.217
= o
© =)
i W
2 0.09651 0 32168
= 3
*\E/C) 'X'Q_o
0.0965
5 05 ’ 32166 05 1
X X

Fig. 6. Plots showing representative stationary solutions of the system (3.8), i.e. mRNA (left
plot) and protein (right plot) steady-state concentrations, for D = 10~% (top row) and D = 100
(middle row, bottom row). The bottom row shows the stationary solution for D = 100 at higher
resolution. All other parameter values as given in Sec. 2.
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Representative stationary solutions, calculated numerically from (3.8), in the
cases D = 1075 < 1 and D = 100 > 1 can be seen in Fig. 6, confirming the
preceding analysis.

4. Linearized Stability Analysis

To study the linearized stability of the positive steady-state solution of the nonlinear
model (2.5) we apply Theorems 5.1.1 and 5.1.3 in Ref. 26. We write the system (2.5)
in the Hilbert space X = L?(0,1) ® L?(0,1) as

Ay = Aou + f(u), (4.1)
where u = (m,p)T, the operator Ay is defined in (3.6) and f(u) = (am f(p)ds,, (x),
apg(x)m)T. The operator —Ag is sectorial with o(Ag) C (—o0, —pu], where p =
min{f,, p1p}, and we can introduce interpolation spaces X° = ((—Ag)®), each of
which is a Hilbert subspace of H*¢(0,1) x H?%(0,1). The function f:R? — R? is

smooth and admits the representation

fly+2)=f(y)+By)z+1(y,2),

where the remainder satisfies the estimate

Ir(y; 2)llz2 < Ce(y)ll2lZ,

in a neighborhood of any point y € Ri, and
0 m ' (y2)05 )
B(y) = ( )
) apg(z) 0

For a non-negative steady state u?(x, D) = (mZ(z, D), p:(x, D))T, with u’ €
H(0,1) x H%(0,1), we obtain that B(u?) is a bounded linear operator from X* to
X for each s € (0,1). The estimate for the remainder implies

Ir(uz, 2)llx < Cellzlk < Cellzl%s = o(llzllx:) = 0 as [z x: — 0,

for every fixed ¢ > 0. Notice that for s € [5/6,1), due to the properties of the
Dirac sequence and the embedding of H'(0,1) into C([0, 1]) and of H°/3(0,1) into
C1([0,1]), we have the estimates for B and r independent of ¢, i.e.

1B(ub)zllx < Cllellxss  llru, 2)llx < Cllzll%-,

with a constant C' independent of ¢.

Thus, all assumptions of Theorems 5.1.1 and 5.1.3 in Ref. 26 are satisfied and
to analyze the linearized stability of the stationary solution of the system (2.5) we
shall study the eigenvalue problem:

N = Ding, + am f'(pE (2, D)5, ()5 — pmm®  in (0,1),

Ap° = Dp;, + apg(x)m® — ppp° in (0,1), (4.2)
m5(0) =mg(1) =0, pz(0) =p5(1) =0,
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or in operator form
Aw® = Aw®, (4.3)

where w® = (m®, p°)T and A = Ay + A;, with A; defined in (3.7).

We can consider A as the perturbation of the self-adjoint operator 4y with
compact resolvent by the bounded operator A;. Thus the spectrum of A consists
only of eigenvalues. Also the notion of relative boundedness®* can be applied to
Ao and Ay. Let T and S be operators with the same domain space H such that
D(T) C D(S) and

[Sull < allull + 6| Tul|, ueD(T),

where a, b are non-negative constants. We say that S is relatively bounded with
respect to T', or simply T-bounded. Assume that T is closed and there exists a
bounded operator T!, and S is T-bounded with constants a, b satisfying the
inequality

al| T +b< 1.

Then, T+ is a closed and bounded invertible operator by Theorem 1.16 of Ref. 34.
With |f/(pi(z, D))| < 10a, for D > 1 and |f'(pi(z, D))| < 10c,, D for D < 1,

where 2 < h < 10, and |g(z)| < 1 for all # € (0,1) we have the estimate for

u e D(Ao):

[Avullx < oy sup |g(@)llmllz2o,1) + am sup [f(pZ(x, D)lIpl s/ 0,)

z€(0,1 z€(0,1
< aplullx + 10am, min{ D, 1}ul| gs/3(0,1) < Kllullx+1/4[(Ao — Ao D)ul|x,
(4.4)

for Re(Xo) > —p, with g = min{ g, 1p}, and constant x independent of € and D.
Thus, we obtain that A; is relatively bounded with respect to Ag — Aol with a = k
and b = 1/4. Since Ay is self-adjoint, we have
1

dist(Ao, o(Ap))’
and conclude that A — Aol = Ag + A1 — Aol is bounded and invertible for all g
such that Re(Ag) > —p and |Ag| > 2k. Therefore we have uniform boundedness of
eigenvalues A of the operator A with Re(\) > 0.

For A € C such that Re(X) > —p or Zm(A) # 0 we can solve the first equation
in the eigenvalue problem (4.2) for m®:

M () = am(M — Aom) (' (0% (z, D)p ()35, (x)),

(Ao — Xod) M| =

and obtain
25€ B
L~ b + g @ = Aon) T PDF,) i (0,1),

75(0) = pE(1) = 0.

Apf =D
b (4.5)
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To determine the values of the parameter D for which the stationary solution
becomes unstable, i.e. the spectrum of A crosses the imaginary axis, we shall con-
sider A € o(A) such that Re()\) > —p, with g = min{ i, g, }. Thus X ¢ o(Ag,)
and eigenvalue problems (4.2) and (4.5) are equivalent.

To analyze the eigenvalue problem (4.5) further we consider the limit problem
obtained from (4.5) as € — 0:

&y o . ,
Ao = DI — b+ g (@) G, (2, 200) f (B (s, DYplaas)  in (0,1),

dp dap

—(0) = —(1)=0. 4.6

Lo)= L) (4.6)
As in Ref. 9 we show that for small ¢ the stationary solution of (2.5) is stable

if the limit eigenvalue problem (4.6) has no eigenvalues with Re(A) > 0.

Lemma 4.1. If there exist eigenvalues of (4.2) with non-negative real part then
such also exist for the limil eigenvalue problem (4.6).

Proof. Assume it is not true. Due to the upper bound for the spectrum of the
operator A, shown above, we have that a subsequence )., of eigenvalues of (4.5),
with Re(A:;) > 0 and €; — 0 as j — oo, converges to A as j — oo and Re(A) > 0.
For ¢ > 0, since p} € H?(0,1), pi(x,D) > 0 for z € [0,1] and D € [dy,ds],
and f(p) is smooth and bounded for non-negative p, the regularity theory implies
that (m<, p°) € H?(0,1)? and we can normalize the solutions so that |[m?]|2(0,1) +
21| L2(0,1) = 1. Considering in Eq. (4.2) such A that |A| < 2, using the normaliza-
tion and continuous embedding of H'(0,1) in C([0, 1]), we obtain the estimates

1Pl e 0,1y < Cry 102 (0,0) < Coy 1M H100,1) < C3(1 4 ([P (| 52 (0,1)),

where C1, Cy and C3 are independent of . Using the compact embedding of H'(0, 1)
into C([0,1]) and of H?(0,1) into C1([0,1]), we conclude the convergences (up to
a subsequence):

m® —m weakly in H'(0,1) and strongly in C([0,1]),
p° —p weakly in H*(0,1) and strongly in C*([0,1]).

Additionally for A with Re(A) > 0, taking Re(m®) —iZm(m*) as a test function in
the first equation in (4.2), using the regularity and boundedness of the stationary
solution and considering the real part of the equation we obtain

dme ||?

dx

DH T [Re) + ]l ag0.1) < oo 7m0y (47)

L2(0,1)

The continuous embedding of H'(0,1) into C([0,1]) implies

Im= [ L (0,1) < ClD [l Lo 0,1)- (4.8)
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Considering the strong convergence of p= and p in C ([0,1]) and taking the limit
as j — oo in (4.5) we obtain that (X,p) satisfies the eigenvalue problem (4.6).
Since A with Re(\) > 0 does not belong to o(Ap,) we obtain from (4.5) that
[p°(z)] > 0 in (zps — €,2p + €). Then, due to the strong convergence of p% in
C1(]0,1]) we have that p(zps) # 0. Otherwise, since for XA with Re(X) > 0 yields
A ¢ o(Aop,p), we would obtain p(z) = 0 for all z € [0,1]. The last result together
with the estimate (4.8) and convergence of m® and p® contradicts the normalization
property ||| z20,1) + 1Pl £2(0,1) = 1. Thus p(z) # 0 in (0,1) and the problem (4.6)
has non-trivial solution for A with Re()) > 0. Therefore, if there are eigenvalues of
(4.5) with non-negative real part (equivalently eigenvalues with non-negative real

part of (4.2)) then such also exist for (4.6). O
We define
d2 / *
(Do i 05, D)) (@)
apg(x) D@ — Hp

In a manner similar to Theorem 3 in Ref. 9, we show for the eigenvalue problem
(4.2) the following result:

Theorem 4.1. (cf. Ref. 9) For small ¢ > 0 we have that if \ is an eigenvalue of

(4.6) with Re(\) > —p, where p = min{py,, pip}, then there is an eigenvalue Ae of
(4.2) with Ac near A and A\; — X\ as € — 0.

Proof. The proof follows the same steps as in Theorem 3 and Lemma 4 of Ref. 9.
In a manner similar to Refs. 2 and 9, the collective compactness of a set of operators
is used to show the result of the theorem. Note that for A with Zm(\) # 0 or for
real A with A > —pu the operator flo,m — A= D% — lm — A with zero Neumann
boundary conditions is invertible. Thus, we have that X is an eigenvalue of problem
(4.2) if it is an eigenvalue of (4.5). We denote

W.(\h = apamg(z) / Gt (2,9) £ (0705, (9)h(y)dy — A
for h € E = C([0,1]),

and shall prove that for A € T = {A € C,Re(A) = —p + 9, [A] < ©}, for some
O >2k,0 <9< p/2, and € > 0 small, (—Ag,) ' W.(A) is a collectively compact
set of operators on E and converges pointwise to (—Ag ) tWy(\) as e — 0, i.e.

(—Aop) " We(Ae)h — (= Aop) " Wo(A)h,
as € — 0, for every h € E, if \. — X as ¢ — 0. Here

Wo(Mh = apamg ()G, (2, 2a0) f' (05 (xar)) W@ ar) — Ah.
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From the definition of W, () and the properties of the function f and the Dirac
sequence, as well as positivity of the stationary solution p}, follows the boundedness
of W. on F, i.e.

[W-(A\h|g < C||h||p forall A €T,

with a constant C' independent of €. Then the compactness of (—flo,p)’l implies
the collective compactness of (—Ag,,) "W () for A € T. For h € E and \. — X as
¢ — 0, using strong convergence of p% in C([0, 1]), we have that W.(A:)h — Wy(A)h
weakly in L2(0,1). By the regularity of Ay, we have that (—Ag,) 'W.(\)h —
(= Aop) "Wy (A)h weakly in H?(0,1) and thus, by the compact embedding of
H?(0,1) into C([0,1]), it follows that (—Ag,) 'We(A)h — (=Agp) ' Wo(A)h
strongly in E. Notice that W.(\) and Wo()), for Re(A) > —u or Zm(\) # 0,
depend analytically on A, i.e. as products and compositions of analytic functions
in A\

Since (—Ap,) " 'Wo(\) is compact, we have that I — (—Ag,) "Wo()) is a
Fredholm operator with index zero, see e.g. Ref. 5. Using the theory of Fred-
holm operators, for A such that I — (—Aom)*lWo(N) is not invertible, there exist
closed subspaces M and Y of E such that E = N @& M and £ = R Y,
where N' = N(I — (= Aop,) " Wo(\)) and R = R(I — (—Ag,,) " "Wo(N)), for which
dim(Y) = dim(N). Let @ : E — R be the projection onto R parallel to Y.

Now we shall prove that Q(I — (—Ap,) " 'W.()\)) : M — R is invertible if \ is
near A and ¢ is small. Since Q(I — (—Ap ) " We(N) = QI — (= Ao ) "Wo(N)) —
Q((—App) TWo(N) — (—Ag,p) " 'Wo(N)), this is a compact perturbation of a Fred-
holm operator of index zero and hence is a Fredholm operator of index zero, see
e.g. Ref. 5. Then invertibility will follow if we show that Q(I — (—Ag,) ' W.()\))
has no kernel on M for small ¢ and A near A\. We shall prove this by contradiction.
Suppose that for a sequence (e;, A¢;) such that A\, — A and gj — 0asj — oo,
there exists 2., € M with |z,[| =1 and

QU — (—Aop) ' WL, (A:,))2e, = 0. (4.10)

Due to the collective compactness property, (— Ao ) " We, (Ae,) — (—Ao,p) " Wo ()
is compact and thus a subsequence of [(—Ay,) " We, (Ae,) — (—Aop) " Wo(N)]ze,
converges strongly in E. The latter together with the equality (4.10) ensures
that Q(I — (—Ag,p)_lwo(;\))zsj converges in E. By invertibility of Q(I —
(=Ao,) " 'Wo(N)|ar we have that 2, — zin E as j — oo and, since M
is closed, 2 € M with ||z|| = 1. We can rewrite (—j07p)_1W5j(/\5_7.)zs_7. =
(= Aop) W, (A;)z + (—Aop) W, (A, ) (2, — 2). Using the convergence of z.,,
and the uniform boundedness and collective compactness of (—j07p)_1W5j (Ae;) we
obtain that (—jo7p)_1W5j(/\s_7)zs_7. — (= Aop) " "Wo(N)z in E as j — co. Thus we
can pass to the limit in (4.10) and obtain that z € A. This implies the contradiction
since z € M and ||z|| = 1. Therefore Q(I — (—Ap,p) *W-(\))|ar is invertible for A
close to A and small e.
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The convergence of Q(I— (—Ag,p)_lwsj (Ae;))ze,; as well as invertibility of Q(1—
(—Ao,p) ' We, (A))|ar and of Q(I—(—Aop) " Wo(X))|ar ensure that there exist p > 0,
jo > 0and § > 0, independent of € and A, such that

nf{|Q(I — (= Aop) " We,(\)zll, 2 € M, 2] = 1,5 > jo, |\ = A| < 6} > p.

Thus we have uniform boundedness of operators (Q(I — (—flo,p)’lWEj()\)))’l
mapping from R to M by p~! for A close to X and j > jo. The col-
lective compactness property of (—Aom)*lWEj and uniform boundedness of
QI — (—flo,p)leEj()\)))*l imply also that for h € R we have (Q(I —
(—Aop) " We, (M)t — (QUL — (—Ao,) T Wo(A))~th as j — 00, & — 0 and
Ae; — ), see Theorem 1.6 in Ref. 2.

Now for p°* = k + ¢ € E with k € N and ¢ € M we rewrite the eigenvalue
equation in (4.5) as (I — (—,Zlo,p)*lWEj (M)(k 4+ ¢q) = 0 and applying projection
operator to obtain Q(I — (—Ao@)*lWEj()\))q =—-Q — (—Ao,p)flwsj()\))k. The
invertibility of (Q(I — (—Aop) Wz, ()))) on M implies

g =—1QU — (= Aop) ' We, V)] HQU — (= Aop) ' We, (W)k) = S, (k.

By arguments from above S, ()) are uniformly bounded with respect to ¢; and A for
all A close to A and j > jo. Additionally, for each k € N we have S¢, (A, )k — So(N)k
if \e; = Aand ¢; — 0 as j — oo.

Thus the eigenvalue problem (4.5) is reduced to

Z.,(Nk=0 for ke N, where Z-(\)= (I —Q)(I — (=Aop) " W(A\)(I +S:(\))).

Due to collective compactness of (—Ay ) "' We, (\) and convergence of S., (\.,) we
have that Z. (A;;)k — Zo(Mk if A;; — XA and €5 — 0 as j — oo for each fixed
k € N. Since N is finite-dimensional it follows that

1Z:,(Ae;) = Zo(N)|| = 0 as j — oo.

Now the equation for eigenvalues is given by det Z.,(A\) = 0. The analyticity of
Wo(XA) implies that Zo(\) is analytic in X. Since A has compact resolvent as rel-
ative bounded perturbation of the operator Ay with compact resolvent, we have
that spectrum of A is discrete and consists of eigenvalues, see e.g. Ref. 34. This
implies that Zy(\) is invertible for some A € T and, thus det Zy(A) does not vanish
identically on T and its zeros are isolated, i.e. )\ is an isolated zero of the analytic
function det Zo(\). Therefore the topological degree®® of det Zy()\) is positive in
the neighborhood of A. Using the uniform convergence det Z;(Ae;) — det Zo(N)
as j — oo and homotopy invariance of the topological degree, this implies that
the degree of det Z., (A, ) is equal to the degree of det Zy(A) and is positive in the
neighborhood of A and small ;. Thus for small € it follows that det Z.(\.) has a
solution near A and hence A has an eigenvalue near A

Since We(A) and Wy(A) are analytic in A, the sum of multiplicities of the eigen-
values of A near \ is equal to the multiplicity of the eigenvalue X of (4.6).7 O
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5. Hopf Bifurcation Analysis

In this section, we shall prove the existence of a Hopf bifurcation for the model (2.5)
by showing that all conditions of the Hopf bifurcation theorem are satisfied, see e.g.
Refs. 7, 31 and 36. For ease of calculation and presentation, here we consider the
special case ft,, = pp = p and p > 0. However, the approach can be modified for
the general case fi,, # pp, With fm, 1y > 0, and the results hold also for this case.

Theorem 5.1. For e > 0 small there exist two critical values of the parameter D,
i.e. DS and D5 ., for which a Hopf bifurcation occurs in the model (2.5).

Proof. For ¢ > 0 small using Lemma 4.1 and Theorem 4.1 or Theorem 3 in Ref. 9
we obtain that for an eigenvalue A of (4.6) with Re()\) > —u or Zm(X) # 0 there
is an eigenvalue of (4.2) near A. Also, if (4.2) has an eigenvalue A with Re(\) > 0,
then also (4.6) has an eigenvalue with positive real part.

Therefore, if for some D € [dy, ds] the problem (4.6) does not have eigenvalues
with non-negative real parts, then so also for the eigenvalues of (4.2). And, if for
some D € [dy,dy] problem (4.6) has an eigenvalue A with Re(X) > 0 then for small
£ > 0 we have in a neighborhood of  eigenvalues of (4.2) with positive real part.

First we analyze the eigenvalue problem (4.6) (with ., = pp, = p > 0) for small
and large values of the bifurcation parameter D. We rewrite (4.6) as

A_ @ p
pP= @2 D
+ @Pgmg(x)GMu(x,xM) x f'(pi(xar, D))p(zar) in (0,1), (5.1)

For Ay = % — &1, we have that

(Ao = Ao) € —— = 2D all A with Re(hg) > — 2=
dlSt(AmO’(Ao)) M 2D

Since 2x); < 1 for small D we have the estimate

ap, cosh? (Ozar)

6+ sinh(6)] < e 91D F
4 uDGsinhQ(H)[ sinh(6)] < e

po(@ar, D) + (p5(xar, D))") =

with some constant d;. Using the fact that g(x) = 0 for x € (0,1) and zp < | we

obtain
[Pl z20.1) = || 75 0@) Gl 2an) £/ (05 e, D))
1P{lL2(0,1) D Ap Ly LM o\t M M £2(0,1)
—1
p* T ,D h—1 B C 6—52D 2 B
< o B DN oy < B o

o 1, 4 _
< EHPHB(OJ) + ZH(AO = X0)PllL2(0,1)
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for sufficiently small D, Re(A\o) > —g5 and h > 1. Hence, the operator Ay is
(Ao — Xo)— bounded with a = 4p and b = i. Therefore, flo + Ay — Ao is invertible
for all Ao with Re(Xo) > —57. Hence, for D sufficiently small Ay + A1 — Al is
invertible for all A with Re(\) > —4§.

For large D we have the estimate

. iy, . -
[ Al = |[F5™ 9) G 2 f s rar, DYRas) |,
1 2 || d*p I
< Dlllaion < — [ 22 + P Bl o,
Slrtion < 5| Z] L+ Flolon
Then for sufficient large D we have that Dlﬂ < % and
- _ 1 . w 1
41Dl 22 (0,1) < allllz20,1) + bl[(Ao — Ao)pllL2(0,1) With a = 1D and b= e

where Re(\g) > —45. Therefore, we have a||(Ag — o)~ + b = %% +1<1
and for sufficiently large D the real part of the eigenvalues of A; + Ay is bounded
from above by —£.

This analysis together with Lemma 4.1 and Theorem 4.1 or Theorem 3 in Ref. 9
ensures that for large and small values of the bifurcation parameter D all eigenvalues
A of (4.2) have negative real part, i.e. Re(A) < —%, and the non-negative steady
state solution of (2.5) is stable. We note that a similar analysis can be carried out
in the case n, # tp, with g = min{ i, t,}-

Next we show that there exists a value of D for which the operator A has an
eigenvalue with positive real part. Then the continuous dependence of eigenvalues
on the bifurcation parameter D along with the fact that 0 ¢ o(A) implies that
there exist two critical values of D for which the operator A has purely imaginary
eigenvalues.

Using the fact A ¢ o(Ap) and applying (A\] —Ap) ! in (4.6), where Ay = Ao, =
fiow for pm = pp = p, yields

ﬁ(x)=ap0<mf’(p8(wM,D))ﬁ(xM)/0 9Y) G (2, 9) Gy 2ar)dy. (5:2)

Considering xp; < I, as well as g(z) =0 for z <l and g(z) =1 for I <z <1
implies
amap f'(p5(xar, D))

p(z) = o )\)Dsinhz(G,\) p(zar) cosh(Orzar)

x

1 .
l =10, sinh(0y (1 — 2y))

cosh(0x(1 — z)) (% cosh(fx)y

! >w>l
1

)| es
max{z,l}

1 1

+ cosh(fyx) (—y

5 L sinh (205 (1 — y))

40

max{z,l}
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where 0y = ((u+ \)/D)'/2. Then for x = xps < I, where | = 1/2, we have

plaar) = L plen) (6 (xar, D)

cosh?(0xzr) [

1.
TESSENETN 1+ — Slnh(&,\)} .

O
(5.4)

If p(zp) = 0 and A ¢ o(Ap) we have p(z) = 0 for all z € (0,1). Therefore, in
the context of the analysis of the instability of stationary solutions of the model
(2.5), i.e. for A € o(A) such that Re(A) > 0, we can assume that p(xp) # 0.
Now dividing both sides of Eq. (5.4) by p(xas) we obtain a nonlinear equation for
eigenvalues A in terms of the stationary solution and parameters in the model

R()\) = % F' (05 (war, D))cosh?(Oxzar)[Ox + sinh(63)] — 3D (u + ) sinh?(6;)

=0, (5.5)

where the value of the stationary solution pf(zas, D) is defined by (3.10). We note
that a similar analysis can be carried out for the case p,, # i, which produces a
similar but more unwieldy formula to (5.5).

To show that the limit problem (4.6) has an eigenvalue with positive real part
for some D, we show that for some D there exists a solution of Eq. (5.5) with
Re(\) > 0. We consider R()\) : B,(0) — C, where B.(0) = {z € C : |z] < r},
A=7r+ib+ X and ]%(5\) = R(r +ib+ 5\), and apply the Brouwer degree theory
to R. We show that the winding number®® of ®(t) = R(re'*) = R(r 4 ib 4 re’) for
t € [0, 27] is nonzero. Considering D € [5-107%,5-1073], a large value of the radius
r, e.g. r = 60, and varying b € [0,0.75], we obtain ®(¢) # 0 for ¢ € [0, 2] and the
winding number

21§/
o -k [T,
™ Jo

Thus, since the eigenvalue problem (4.6) has real coefficients and the function
]:2(5\) is complex analytic, for any b € [0, 0.75] there exist exactly two eigenvalues™
Mo, Ao € {z € C: |z| < r} such that R(Xg) = 0 and R(\g) = 0. Hence there exist
Ao and \g with Re()\g) > 0 satisfying R(A\g) = 0 and R(\g) = 0.

Now we show that all criteria for the existence of a local Hopf bifurcation
are satisfied by the system (2.5) for small £ > 0. Since for p > —6, with 0 < 6 < 1,
f is a smooth function with respect to p, we can write (2.5) as

7,31,36

it = Ai + F(a, D),

where 4 = (ﬁ%ﬁ)T with m =m — m:a ﬁ =P _p;7 and F(ﬂaD) = Olm((f(ﬁ—Fp:) -
Fz) = F'(2)p)os,, (x),0)".

We have that A = A(D) is linear in D. Since p} = pX(D) is smooth func-
tion for D > 0, we have FF € C?>(U x (D, D)), for U C R x (—1,00), such that
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uf = (mf,pf) € U, and some 0 < D < dy and D > dy. Additionally we have
F(0,D) =0, 0;F(0,D) =0, and 9;F(0, D) =0 for D € (D, D).

The properties of the operator Ay and the assumption on the function f
ensure that —A, as a bounded perturbation of a self-adjoint sectorial operator,
is the infinitesimal generator of a strongly continuous analytic semigroup T'(¢) on
L2(0,1),2457 and (A —.A)~! is compact for A in the resolvent set of A for all values
of D € (D, D).

From the analysis above and applying Theorem 4.1 or Theorem 3 in Ref. 9, we
conclude that there exist two critical values D{ and DS of the bifurcation parameter
D such that for small e, all eigenvalues A; of (4.2) have Re(\.) < 0 for D < Df
and D > D§ and there exist eigenvalues with Re(A:) > 0 for D < D < D§. As
shown in the proof of Lemma 3.1 we have 0 ¢ o(A). This together with continuous
dependence of eigenvalues on the parameter D implies that for small € > 0 there
are two critical values of D, i.e Df . and D5 _, close to Df and D3, for which we
have a pair of purely imaginary eigenvalues A (D5 .) and E(DJCE) for the original
operator A, i.e. solutions of the eigenvalue problem (4.2). We have also that there
no eigenvalues of (4.2) with positive real part for D < Df _ and D > D5 _.

The fact that \; . (D) are isolated (as zeros of an analytic function with respect
to D and A, see proof of Theorem 4.1) implies that the eigenvalues A{ (D) and
AS (D) of the problem (4.2) cross the imaginary axis with nonzero speed as the

bifurcation parameter D increases from D < Dj. to D > Dj _, where j = 1,2.

Then the theorem by Ref. 31, ensures the existence in the neighborhood of
(mZ,pZ, D§.) of a one-parameter family of periodic solutions of the system (2.5),
bifurcating from the stationary solution starting from (m, p%, D§ ., T}), where T} =
27 /Im(Af ) with j = 1,2, and the period is a continuous function of D.

To determine the approximate values of Df . and D5 . we solve the algebraic
equation (5.5) numerically (with parameters as given in Sec. 2). The estimates
(4.4) for A yield the upper bound for eigenvalues of A, i.e. |A| < 2k for Re(\) >
—p. Considering the structure of the stationary solution we estimate 2k < 35 for
D € [dy,ds]. Since the operator A is real, we can consider only eigenvalues with
positive complex part and the corresponding complex conjugate values will also
be eigenvalues. Using Matlab and applying Newton’s method with initial guesses
in [-5,35] x [0,35] with step 0.001 we solved Eq. (5.5) numerically and found
two critical values of the bifurcation parameter D¢ ~ 3.117109 x 10~% and D§ ~
7.884712 x 1073, for which we have a pair of purely imaginary eigenvalues \§ =~
17.6411537 x 1073i and A{ and A§ &~ 51.2345925 x 1073 and \§ satisfying (5.5).
We showed numerically that for both critical values of the bifurcation parameter
all other eigenvalues of (4.6) have negative real part. From numerical simulations
of Eq. (5.5), we obtain also that there are no eigenvalues A of (4.6) with Re(\) > 0
for D < Df and for D > DS§, and there exist eigenvalues with positive real part
for D¢ < D < D§. We also obtained numerically that for D such that Df < D <
DS and close to the critical values, there is only one pair of complex conjugate
eigenvalues with positive real part satisfying (5.5).
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We verify the simplicity of the purely imaginary eigenvalues by computing the
derivative of R(A) in (5.5) with respect to A, evaluated at A\§ and AS:

R/()\) — O‘mo‘pf/(p* ($M7 D))
8(u+N)zD2

[sinh(20xzpr)x s (05 + sinh(0)y))

4 cosh? (@xzar ) (1 + cosh(6y))] — %[3D9,\ sinh?®(0y) + (u + A) sinh(26,)].

Simple algebraic calculations using Matlab (or Maple) give R'(\§) ~ —3.347 x 10+
9.901 x 10%, R'(A\5) ~ 1.848+0.647i and thus the simplicity of AS, )\_§, with j = 1,2.

To prove the transversality condition we determine the derivative of the eigen-
values with respect to the parameter D. Differentiation of (5.5) implies:

DDy = (f'%psw, D) 2L ooy |1+ L0 4 L0
. lcosh _— la;i?;?e(f;) N cosh2(9,\) L 1)2;:121;()9?)]
— xprsinh(Oxzps)(0x + sinh(0))) ) (f'(pé) [%
[ o) 2
- Sm};(fi”’) (s l“; ;)% + sinh(@k)l ] ) B :

where 0, = (“j{)’\)%. The derivative of the stationary solution with respect to the

bifurcation parameter D evaluated at xjs is as follows:

Opy(xar, D) apauy, cosh(fz ) sinh~2(6)

oD 4uD3 1+ (h+1)(pj(xn, D))"
1
w1z cosh(#) 1 sinh(f)  cosh(#)
. sh(0 Ll A S
(cos (6230) | 5 sinh(f) D3 22 HEEYE:
1
: u?  sinh(6)
_ h(o [l
x ) sin (xM)[D + D} ,
where 0 = (%)%. We evaluate the derivative 4% at the two critical parameter

values D{ and D$§ and the corresponding purely imaginary eigenvalues A{ and A§.
The values obtained are:
d\

dA
75 (DE X)) ~ T0.613 + 471500 and == (D5, X5) ~ ~0.681 + 1.696i.

Thus Re(%\D?,A?) # 0 and the eigenvalues ()\j(D),)\_j(D)) cross the imaginary
axes with nonzero speed, where j = 1, 2.
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The simplicity of eigenvalues A of (4.6), the fact that (4.6) has only one pair
of complex conjugates eigenvalues with positive real part for Df < D < DS, close
to the critical values, continuous dependence of eigenvalues A and A. on D and ¢
together with Theorem 4.1 or Theorem 3 in Ref. 9 ensure the simplicity of Aj . and
X;,s as well as £nA§ ¢ o(A) forn=2,3,4,..., where j =1,2.

Finally, we note that combining the previous analytical and numerical results
yields that all conditions of the Hopf bifurcation theorem, see e.g. Refs. 7 and 36,
are satisfied (i.e. simplicity of the purely imaginary eigenvalues and £nA$ . ¢ o(A)
in addition to the assumptions in the Ize theorem3!). O

6. Stability of the Hopf Bifurcation

In this section, we analyze the stability of periodic orbits bifurcating from the
stationary solution at the two critical values of the bifurcation parameter, DY
and D5 .. The stability of the Hopf bifurcation we show by applying two methods,
i.e. techniques from weakly nonlinear analysis and the central manifold theory.
The method of nonlinear analysis distinguishes between fast and slow time scales
in the dynamics of solutions near the steady state. The fast time scale corresponds
to the interval of time where the linearized stability analysis is valid, whereas at
the slow time scale the effects of the nonlinear terms become important.

Theorem 6.1. At both critical values of the bifurcation parameter, Df . and D5 ., a
supercritical Hopf bifurcation occurs in the system (2.5) and the family of periodic
orbits bifurcating from the stationary solution at each Hopf bifurcation point is
stable.

Proof. We consider a perturbation analysis in the neighborhood of the critical
parameter value D = D7 _ + 020 + - -, where v = %1, and the corresponding small
A,

perturbation of the critical eigenvalues \; . (D) = A5 _ + “55=0%v + - - -, where § > 0

is a small parameter and j = 1,2. As solutions of (2.5) near the bifurcation points
c I j, e
are of the form e*<'¢(x)+ c.c.+u’(x, D) ~ elitt 58 ”52t§(x)+ c.c.+ui(z, D§ +

8?v + --+), where uX = (m?, p)T is the stationary solution, £ is the corresponding
eigenvector and c.c. stands for the complex conjugate terms, we obtain that near
the bifurcation points solutions depend on two time scales — the fast time scale ¢
and the slow time scale T' = §2t. For small § > 0 we shall regard ¢ and T as being
independent. Thus, we consider the solution of the nonlinear system (2.5) near the
steady state in the form:

m(t, T,z) = m:(z, D) + dmq(t,T,x) + 6*ma(t, T, x) + 6*ms(t, T, x) + O(5*),
p(t, T,x) = pi(x,D)+ dp1(t, T, x) + 2po(t, T, z) 4+ 3ps(t, T, z) + O(6%),
(6.1)
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and D = D§_+ §2v, where v = +1 and j = 1,2. We shall use the ansatz (6.1) in
Egs. (2.5) and compare the terms of the same order in §. Using the regularity of
f(p) with respect to p and of the stationary solution u} with respect to D, we apply
Taylor series expansion to f and u? about u?(z,D§_) and Df_, with j = 1,2. For
0 we have:

dymy = DS _0zm1 — pumma + a f' (0% (x, D5 )05, (2)p1,

Op1 = DS 02p1 — ppp1 + apg(x)ma, (6.2)
(‘Lml (t, O) = 8zm1 (t, 1) = O, 8mp1 (t, O) = 8mp1 (t, 1) =0.
The linearity of the equations as well as the fact that the dynamics near the bifur-

cation point is defined by the largest eigenvalues £A§ _, imply that we can consider
my and p; in the form:

my(t, Ty x) = A(T)eNiet€, () + A(T)eNi<€, (z),

pi(t, T,2) = A(T)e =& (e) + AT)eN "G (),
where A(T) € C, £ = (&,&) is a solution of the eigenvalue problem (4.2) for
Aj . = wj, with j = 1,2, and € is the complex conjugate of ¢ (we shall omit the

dependence on ¢ to simplify the presentation). For 62, we obtain equations for mso
and po:

TN

(6.3)

2
c * ¢ : i z
Oyma = Dj,saimz = tmmaz + oo | f/(PE (2, DS .))p2 + f”(pa(x’Dj’s))gl] &

Op2 = DS 02p2 — pippa + apg(x)ma,
8mm2(t7 0) = 8mm2(t7 1) = 0, 833]92(157 0) = 8$p2(t7 1) =0.

Then, due to the quadratic term in (6.3) comprising p1, the functions ms and po
are of the form:

ma(t, T, x) = A(T)?e*itw, (x) + c.c. + |A(T) 201 (z),

. (6.4)
p2(t, T, z) = A(T)?*e**itwy(x) + c.c. + |A(T) P2 (z).

Using (6.4) in Eqs. (6.3), we obtain for the terms with e?*it:

- c c d2w1 * c * c §2
2zij1 - Dj,EW — HmW1 + Qo f/(ps(x? Dj,s))wQ + f//(ps(x7Dj,5))?2 657Ma
Diwstwy — Do L2 (6.5)
iwjwy = Dj o~ = Hpw2 + apg(x)wn, .
dw1 dw1 de d’LUQ

gy = B 1y =0, ) = 2y,




2 Reading

December 22, 2014 8:30 WSPC/103-M3AS 1550030

28 M. Chaplain, M. Ptashnyk € M. Sturrock

as well as the corresponding complex conjugate problem for the terms with e~ 2wit

where j = 1, 2. Considering the terms for ", we obtain that @ = (w1, w2) solves

d?>w _ *
0= D;,ad—gl - UmW1 + Osz/(p:(x, ch',s))(siMwQ + Oémf//(pg ({I?, D;,a))(s;M |§2|27
d?w - -
0=Df —— T 2 — UpWa + apg(x)idy, (6.6)
du~)1 dw1 d’lZ)Q d'uN)2
—_— = — ]_ = _— = — —

Considering the terms of order 63, we obtain the following equations for ms and ps:
dyms + Ormy = DS 02ms — pmms + oo f' (p2(D5 )05, P

+v[dimy + o f" (p2(D5, ))3Dps( )56Mz71]

+om (P2 (D5 )05, p1p2 + f’”( 2(D5 )05, pis

Ovps + Orp1 = DS 02ps — pipps + apg(x)ms + Vamp17
8mm3(t,0) = 8mm3(t, 1) = 0, (9zp3(t,0) = 8mp3(t, 1) = 0

Thus, we obtain that ms(¢,T,x) and ps(¢t,T,x) have the form
mg(t, T,x) = A(T)*e* g1 (x) + A(T)*e**i" 51 (x)
+A(T) AT ry(2) + c.c. + [A(T) i (),
pa(t, T, ) = A(T)? ¥t s (w) + A(T)?e* 55 ()
A AT trs(w) + c.c. + |A(T) Piia(x).

Combining the terms in front of ¢*i*, we obtain equations:

~ 2 -
iwSADE + AT = (D5 = i ) A + AT AP

+amf ()05, [A(T)E + A(T)|A(T) re]

—0rA(T)&: + A(T)v {Cf;i + am " (p2) wM@Dpsfg}
(6.7)
ADIAT) P, | /02w + ne) + 3.7 021656 |
- 2 -
S AT + A1) = (D5 iy ) AT + ATDA(T) )

TE L o g@)AME + ATATD)r]

—0rA(T)é2 + A(T)v
Similar equations are obtained for e ™i? with corresponding complex conjugate

terms. Since iw] is an eigenvalue of A, by the Fredholm alternative, the system
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(6.7) together with zero-flux boundary conditions has a solution if and only if

Or AT)(61.€0) + (€2.5)
o) (€ ) + antr 000005, 6060 + (55,6
— AT AT a7 ()05, (s + i262) )

U0, Il ) =

where £* is the eigenvector for A = —iw{ of the formal adjoint operator A*:
—iwjéy = Dj, dx 251 Hm&T + apg()€3,

. Cex c d * * * c
—iwily = Dj,s@fz — €5 + am f'(pZ(x, D5 )05, 61, (6.8)

Lgo=Lam=0 Leo=Lgm=o
By choosing £* in such a way that (£,£*) = (£1,&F) + (&2,&5) = 1, we obtain the
amplitude equation

d
grAT) = aj v A(T) + b= A(T)|A(T)P?,

where

d2 * * c * c £ * d2 *
e = (60060 ) + 020 D500 D505, 060 + (60,65 )

. 1
bje = am(f"(PE(z, D} )05, (wake + W262) + 5 f" (2 (2, Dj )8, &l&2l?, €1)-

We can calculate the values of b;. for ¢ = 0 which then, using the continuity
with respect to € and convergence of b;. to b as € — 0, ensured by the strong
convergence in C([0,1]) of p¥, wo = w§, we = w5, & = &5 and & = &° as e — 0,
will provide the information on the type of the Hopf bifurcation and the stability of
periodic orbits for the original model (2.5) with small € > 0. Since eigenfunctions
are defined modulo a constant, we can choose £9(zy7) = 1 and obtain

bjo = am | f"(p" (xar, DS)) (w3 (war) + @5 (war)) + %f”’(p*(xm D)) &7 (@u),

where j = 1,2, €9 = (ff’07§;’0) is a Solution of the formal adjoint eigenvalue
problem with ¢ = 0, and w® = (w?,w)) and ©° = (@}, wJ) are solutions of (6.5)
and (6.6) for ¢ = 0, respectively. Since 2)§ ¢ o(A), for j = 1,2, and 0 ¢ o(A), with
A defined in (4.9), there exist unique solutions of the problems (6.5) and (6.6) for
e=0.

For the subsequent computations arising from the previous analysis, and for
ease of calculation and presentation (cf. Sec. 5), we consider the case i, = p1p = p

and p > 0. However, the results hold also for the case pm # pp, with i, pp > 0.
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Using 2X¢ ¢ o(Ag) and £3(x/) = 1 we can compute

(6771877 * c * c —
wh () = pr"(Po(xM,Dj))gl(xM) X (1= apam f'(p5(xar, DS))G1 (war))
where
cosh? (@axezar) 1+ 2X6 :
= : 14— sinh(faxe) |, Oare = i
Gi(wnr) 2+ 22) D8 sinh2(02,\§) Iox: sinh(f2x:) 20 D

For @)(x), since 0 ¢ o(Ap) and using £9(xps) = 1, we have
W9 (2ar) = o f' (P (war, D5))Ga(xar)[1 — perm f' (0 (ar, D)) Ga(zar)]
where

Ga(xp) = M [1 + lsinh(&)} with 0 = (ﬁ) ’ )

4D sinh®(6) 7 DS

Using the fact that £§(xps) = 1 we can compute

' (p* (221, %))

0(y) —
& (z) ((M_’_)\;)DJC,)%SiDh(e)\;)

[cosh(Oxs @) cosh(bxe (1 — zar))o<a<an

+ cosh(&,\]q(l — 1)) cosh(&,\;xM)wM<x<1]
To define the solution of (6.8) with e = 0 we note that —\§ ¢ o(Ag) and obtain
o f' (P (@1, DY)IE (1)
(= A5)DS§)1/2 sinh(6-x¢)

~[cosh(0-xex) cosh(0-xe (1 — za1))w<an

& (@) = amGoxsul(e, xa) f'(05)ET (wr) =

+ cosh(f—x¢ (1 — x)) cosh(0_xe 1)z r <ol
With [ = 3 we have that &° has the form

"(pt(zar, DS)) cosh(0_ex
sﬁm:%?f%uﬂﬂfz(“Mﬁ%w>
(1 — A)D§ sinh®(6_x¢)

+ [cosh(f-xe(1 — 2)) (cosh(@,\;) |::I; S

1:| - Sinh(e_)\;(l — 2$))w>%>
+

2 20 x
sinh(26_yc [1 — max {z,
+cosh<eM@([l_max{xé}% (2031~ | QW,
J _)\5

H=AS
Dj

where 0_xc = ( )%. We define £ (2,r) in such a way that

(€0,€0) = / (@) (@) + ()60 (2))da = 1,
0
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and, considering that x;; < %, we obtain

T an) o2, [ (3)]? cosh(Bxswar) ] l+sinh(9,\§)
P (e XD sinh® (0 2 20
1/2

. cosh(ﬂijM)/ cosh(fx¢ (1 — x)) cosh(frex)dw

+ cosh(fe (1 — xM))/ cosh2(0>\;:x)dx} + cosh(Oxexar)
0 .

./1 cosh(fh; (1 —)) [Cosh(ox_?l‘) (1 —z+ sinh(20x; (1 — x))>

/2 205
-1
1 sinh(@ye(1 — 2z
+ COSh(e)\C.(l - .’E)) COSh(e)\q) xr— — _ ( )\J( )) dx ’
' ’ 2 20
where 6, = (A% and j=1,2.

Carrying out all calculations in Matlab, for the critical value of the bifurcation
parameter D§ a~ 3.117 x 10~* (and all other parameters as given in Sec. 2) we
obtain by o ~ —0.0418 — 0.0155¢. Thus since Re(b1,0) < 0 we have by continuity
and strong convergence that the Hopf bifurcation at Df _ is supercritical and we
have a stable family of periodic solutions bifurcating from the steady state into the
region D > Df _ where the stationary solution is unstable, i.e. v = 1. For the second
critical value D§ ~ 7.885 x 1073, the calculated value is ba,o ~ —0.0079 — 0.02064¢
and, since Re(bs,0) < 0, the Hopf bifurcation at Ds _ is also supercritical and stable
periodic orbits bifurcate into the region D < Dj . where the stationary solution is
unstable, i.e. v = —1. O

The amplitude equation can also be derived using central manifold theory and
the corresponding normal form for the system of partial differential equations, see
Ref. 24. To apply the known results we shall shift the values of critical parameters
and stationary solutions to zero, i.e. D = D—D5_and m(t,z) = m(t, z)—mZ(z, D),
p(t,z) = p(t,x)—p’(z, D), where m*(x, D) and pZ(z, D) are the stationary solutions
of (2.5). Then (2.5) can be written as:

Oru = Ape_u+ F(u, D), (6.9)
where u(t, ) = (m(t,z),p(t, z))T with
c 82 ! (% c £
Dj,sﬁ — Hm Oémf (ps(x7Dj,s))§zM (.’E)

AD;,E = 82 )
ong(x) D;,E@ — Hp
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and
sy (mlf@+PED) = f(p2(D)) = f'(pE(D5.))PIO,, + DO
Dozp ’

where p#(D) = pZ(D§ . + D). By Theorem 3.3 in Ref. 24, using the results of
Theorem 5.1 and the regularity of f and of the stationary solution u’(z,D) =
(m?(z,D),p:(x,D))T, we conclude that the system (6.9) possesses a two-
dimensional center manifold for sufficiently small D. Equations in (6.9) reduced
to the central manifold can be transformed by the polynomial change of variables

in the normal form?2%25;
dA - -
—r = NjeAtaj DA+ b AlA2 + O(JA|(|D] + |A]?)?), (6.10)
for j = 1,2. The solutions of (6.9) on the center manifold are then of the form
u= A + A+ ®(A,A,D), AeC, (6.11)

where § = (£1,82) is an eigenvector for the eigenvalue A . and for ® a polynomial
ansatz can be made:

(A, A, D) =Y P,y A"A°D,
7,8,9
with @190 = 0, ®p10 = 0 and @,sq = 557,(1. Substituting the form (6.11) for u into
Eq. (6.9), we obtain

(€ +0a0) 20 4 € +0,0) %% = Ape (A€ +AE+ @) + F(AL + AE + @, D).

Considering orders of DA, A%, AA, A2A, implies the equations:
—Ap: Poo1 = d5F(0,0),
@€ + (X5 . — Ap: 101 = 905 F(0,0)¢ + 92 F(0,0)(€, Boor),
(225, — Apg o = 2F(0.0)(€.6).
—Ape P110 = 07 F(0,0)(€, ),

b€ + (N5 — Ape 210 = 95F(0,0)(€, ®a00) + 93 F(0,0)(€, P11o)

1 o=
+ 50.F(0,0)(6,€,9).
We have 05 F(0,0) = (0,0)” together with
d2£1 1"y % De d=n* D¢ )¢
B W +amf (ps(x’ j,s)) ng(x, j,a) a:M(x)52

0.0 F(0,0)¢ = ,

C&

dx?
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and multilinear forms 92F(0,0) and 93 F(0,0) are defined as

o " (0% (2, DS )05, (x)£§>

92F(0,0)(¢,€) = ( ;

and

DF(0,0)(€.6,6) = (amf T (x’Dg’E))‘SiM (x)gg@)
Since 95 F(0,0) = (0,0)” and 0 ¢ o(Ape ), we obtain that ®oo1 = 0. Applying the
Fredholm alternative for the solvability of equations for ®19; and ®219, we obtain
the same expressions for coefficients a;. and b;. as from the weakly nonlinear
analysis.

The relation between the normal form and the amplitude equation obtained from
the nonlinear analysis can be understood by introducing in the normal form (6.10)
the assumption, used in the nonlinear analysis, that the solution near the bifurcation
points depends on the fast time scale ¢ and the slow time scale T', i.e. A = A(t,T).
Taking into account m(t,z) = m(t,x) — mi(z) = 6, p(t,z) = p(t,z) — pi(z) =~ 0,
D~ &%vand T = 5%, implies

0A 0A

il 3757 ¢ .53 37 2 5 212
dar + 0055 = N0A + 0500 A+ % AJAP + 6°O(|A|(v] + [A)?),

Then for the terms of orders § and 6%, we obtain the equations derived using weakly-
nonlinear analysis, i.e.

0A

. 0A
Fr Aj A and — =a;.vA+ b AlA%.

or

7. Discussion and Conclusions

Transcription factors play a vital role in controlling the levels of proteins and
mRNAs within cells, and are involved in many key processes such as cell-cycle
regulation and apoptosis. Such systems are often referred to as gene regulatory net-
works (GRNs). Those transcription factors which down-regulate (repress/suppress)
the rate of gene transcription do so via negative feedback loops, and such intra-
cellular negative feedback systems are known to exhibit oscillations in protein and
mRNA levels.

In this paper, we have analyzed a mathematical model of the most basic gene
regulatory network consisting of a single negative feedback loop between a protein
and its mRNA — the Hesl system. Our model consisted of a system of two coupled
nonlinear partial differential equations describing the spatio-temporal dynamics of
the concentration of hes] mRNA, m(x,t), and Hesl protein, p(x,t), describing the
processes of transcription (mRNA production) and translation (protein produc-
tion). Numerical simulations demonstrated the existence of oscillatory solutions as
observed experimentally,?” with the indication that the periodic orbits arose from
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supercritical Hopf bifurcations at two critical values of the bifurcation parameter DY
and D§. These results were then proved rigorously, demonstrating that the diffusion
coefficient of the protein/mRNA acts as a bifurcation parameter and showing that
the spatial movement of the molecules alone is sufficient to cause the oscillations.

2329 where the longest
delay in several transcription factor systems was due to mRNA export from the

Our result is in line with recent experimental findings

nucleus rather than delays associated with the process of gene splicing. These results
are also in line with other data which suggest that transcripts have a restricted
rate of diffusion according to their mRNP (messenger ribonucleoprotein) compo-
sition.?2:53:62 Tt is not unreasonable to assume that further delays in the export
process could also occur due to docking of transcripts with the pores of the nuclear
membrane, and transcript translocation across the nuclear pores into the cytoplasm.
These experimental observations and the main result of this paper (molecular dif-
fusion causes oscillations) confirm the importance of modeling transcription factor
systems where negative feedback loops are involved, using explicitly spatial models.
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