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ABSTRACT. The Alber equation is a moment equation for the nonlinear
Schrodinger equation, formally used in ocean engineering to investigate the
stability of stationary and homogeneous sea states in terms of their power
spectra. In this work we present the first well-posedness theory for the Alber
equation with the help of an appropriate equivalent reformulation. Moreover,
we show linear Landau damping in the sense that, under a stability condition
on the homogeneous background, any inhomogeneities disperse and decay in
time. The proof exploits novel L? space-time estimates to control the inhomo-
geneity and our result applies to any regular initial data (without a mean-zero
restriction). Finally, the sufficient condition for stability is resolved, and the
physical implications for ocean waves are discussed. Using a standard refer-
ence dataset (the “North Atlantic Scatter Diagram”) it is found that the vast
majority of sea states are stable, but modulationally unstable sea states do
appear, with likelihood O(1/1000); these would be the prime breeding ground
for rogue waves.

2010 Mathematics Subject Classification. Primary: 35Q35, 35B35; Secondary: 81S30.

Key words and phrases. Wigner transform, Alber equation, Landau damping, modulation in-
stability, Penrose condition, ocean wave spectra.

* Corresponding author: Agissilaos G. Athanassoulis.

703


http://dx.doi.org/10.3934/krm.2020024

704 A. G. ATHANASSOULIS, G. A. ATHANASSOULIS, M. PTASHNYK AND T. SAPSIS

1. Introduction. The Alber equation
Orw + 27pkd,w

—qi f e 2miAY [n(x - %,t) —n(x + %, t)]dy P(k — M)d\

A, yeRd

—€qi J e 2miAY [n(x - g,t) —n(z+ %, t)]dy w(z, k — A t)d\ =0,

A, yeR4
ne,t) = [ we&o0de (o k0) = (),
£eRA
see e.g. [1, 4, 13, 23, 28, 29, 32, 36|, is a second moment of the cubic NLS equation
i0pu + gAu + %|u|2u =0 (2)

governing the complex envelope of ocean waves, u(z,t). It is derived by taking the
stochastic second moment of equation 2 and then using a Gaussian moment closure.
Then, passing to Wigner transform coordinates, the initial data is assumed to be
close to a stationary and homogeneous background solution P(k),

Wz, k,t) = P(k) + ew(z, k, t), e« 1.

Observe that the unknown w(z, k,t) in equation 1 is the inhomogeneity w(z, k, t).

The heuristic derivation of the Alber equation 1 from the NLS equation 2 is well-
known, but for completeness it is outlined in Appendix B. The Gaussian closure
means this is not an exact equation for the second stochastic moment. However, in
the ocean waves context ¢ = o(1), 1/p = o(1), i.e. the problem is inherently weakly
non-linear. This is a factor behind the empirical fact that the Gaussian closure is a
meaningful one in this context [18, 22].

The power spectrum P(k) represents the distribution of wave energy over wave-
numbers in a homogeneous sea state. Typically one would expect that inhomo-
geneities disperse, thus preserving the leading-order stationary and homogeneous
character of the wavefield; indeed, this is what we find for the vast majority of
plausible sea states in Section 8. This would be the “Landau damping” / stable
regime. However, in those exceptional cases where the inhomogeneity w(zx,k,t)
is allowed to feed on the (infinite) energy of the power spectrum and grow sig-
nificantly, then localized extreme events such as Rogue Waves become possible
[4, 8,10, 11, 13, 14, 23, 25, 29]. This would be the “modulation instability” (MI) /
unstable regime, and it can be thought of as a generalization of the standard MI of
the NLS [7, 37, 38] to continuous spectra.

The criterion for (in)stability involves only the power spectrum P(k), and is
related to the “eigenvalue relation” which appeared in [1] as a sufficient condition
for instability. Some refinements are required, and the relation between the different
kinds of (in)stability conditions is the object of Theorem 3.5 (see also Remark 3.1).
A key fact here is that the bifurcation from Landau damping to MI involves only the
shape of the power spectrum P(k), and is not sensitive to the initial inhomogeneity,
wo(x, k). Determining whether a power spectrum is stable or unstable is a crucial
question in the oceanographic context, and presents certain challenges [13, 29, 32].
This is discussed in some detail in Section 8, where Theorem 3.5 is used in a novel,
straightforward way to check the stability of a given spectrum P(k).
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While the Alber equation has been used formally for some time, there are still
many open questions related to it. It has only been recently that some works for
well-posedness and stability of related nonlinear equations have appeared. In [20, 19]
the authors work in operator formalism, for a defocusing problem (p- ¢ < 0) with a
regular interaction kernel'. The authors exploited the defocusing character of the
problem by defining a relative entropy which controls the solution in an appropriate
sense; this is a key ingredient of their proof. In [9] a similar argument is used for
the defocusing problem with a § interaction kernel and with a single background
spectrum. Another related work is [34], where the stability of a fully stochastic
problem (no Gaussian closure) is studied, but only in the defocusing case, d > 4
and with a smooth interaction kernel.

More broadly, there are analogies between the classical Landau damping problem
for the Vlasov equation [21, 26] and the stability of the Alber equation. The most
closely related work from that context seems to be [6] where the Vlasov equation
is studied in d = 3 and with mean-zero initial data, as opposed to d = 1 (leading
to weaker dispersion) and general initial data, which is the natural setting for the
Alber equation.

This paper is organized as follows: in Section 2 some definitions and notations are
summarized. The main results are formulated in Section 3. We show well-posedness
and regularity of solutions for any dimension in Theorems 3.1, 3.2, 3.3 below. In
Theorem 3.4 we consider the one-dimensional case and show for the first time that
the inhomogeneities decay in time under a stability condition, using novel L? space-
time estimates (cf. Lemmata 5.4 and 6.3). In Theorem 3.5 we derive the stability
condition, and show it is complementary to the sufficient condition for instability,
the“eigenvalue relation” mentioned earlier. Using Theorem 3.5 we investigate the
stability of sea states in the North Atlantic in Section 8. The proofs of main results
are given in Sections 4-7 and in Section 8 we discuss applications.

2. Mathematical preliminaries. We shall start with summarizing main nota-
tions and definitions used in the statement and proofs of main results.

2.1. Definitions and notations. The normalization we use for the Fourier trans-
form is

A(X) = Foyx[u] = J 2 X () de, 0(X) = FoL o [u] = Jem'Xu(m)dx
rcR4 2ERd

for X € R4,

Definition 2.1 (Spaces of bounded derivatives and moments). Consider a function
on phase-space f(z,k), s € N, p € [1,0]. The ¥*P norm will be defined as

[flser = Y 12K 0508 f ] Lo goay-

0<|a+b+c+d|<s

We will also use the standard Sobolev spaces

[flwer = D3 10508 lews W le = Iflwee.

0<|e+d|<s

One readily checks the following

IThat is, K(z) * n(z,t) appears in the equation instead of n(z,t). Whenever n(x,t) appears
directly, as in equation 1, this is also called a § interaction kernel, since n(z,t) = 6(z) * n(z, t).
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Lemma 2.2 (Embeddings of the X5P). By virtue of the Sobolev embeddings,

Vg,pe[l,x], seN IspeN, C >0 If]

sew < Cf]

Ys+s0,9- (3)

Denoting S(R??) the Schwarz class of test-functions on phase-space, observe that
for any q € [1, 0]

ﬂ Es,q(RQd) _ S(RQd).

seN

Moreover, the spaces %2 are closed under Fourier transforms in the sense that
Flomyo(x.1) 252 = Frog B2 = Folx 2% = £

and similarly for inverse Fourier transforms. Combined with equation 3, this means
that

Ns+sg.p

Vg,pe[l,0], seN dspe N, C >0 such that |f|ssqa <C|FSf|

where F denotes a forward or inverse Fourier transform in the x, k, or (z,k) vari-
ables.

We will also use the Laplace transform, denoted as

+x

U(w) = Lisu[f] = f e “tu(t)dt,

t=0

and the Hilbert transform H and the signal transform S

1 u(t .
(@) = 2o [ S[ul(s) = Hlul(s) —iu(z), ()
teR
respectively.
In the context of the inverse Laplace transform we will also use an alternate
“Fourier transform in time”,

. 1 _
Sima[u(d)] = f e, F A )] = 5 f cist(s)ds
teR seR
Obviously
1
I3[u]ll > = Vor|u| L2, I o]l 2> = |vlres  Fltu(t)] = i0sF[ul.

Var

In the statement and proof of the main results we will also use the following
Definition 2.3 (DxP). For a function P : R — R we will use the notation

P(k+X)-P(h—%)

Pt3)Ph=3) x40
DxP(k) = b )
xP(k) { Pi(k), X =0.

By abuse of notation all constants will be denoted by C,C’, C". To keep track of
dependence on important parameters we will use e.g. C' = C(t, p, q).
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2.2. Reformulation of the problem and heuristics. To study problem 1 it is
helpful to use equivalent reformulations. If we take the inverse Fourier transform in
x of the original Alber equation we pass to the Alber-Fourier equation

o, f—antipk - X f + qi [P(k - %) - P(k: + ;()] A(X, )+

. o Yy 4 _
+ quJRd Ti(y,t) [f(X y, k 2) f(X y, k+ 2)] dy =0, )
A0 = [ CGends = a0,
R4
f(X7k70) = fO(X7 k) = ‘F;;ix[wOL
where
F(X kt) = F 2 [w(a, b, t)] = feQ””'Xw(x, k,t)dz.
R4
To motivate linear stability, let us start from the linearized problem,
X X
— 2, . ) —_ — — n, =
Oy f —4m=ipk Xf—i—qz[P(k 2) P(k—i— 2)]n(X,t) 0,
RO = | FOGE0dE = F Il 0], (®
R
By recasting in mild form we have
FOX by t) e T RN o (X k) =
. t 4n2ipk-X (t—7) X X\ (7)
- —que [P(k - 5) - P(k: + 5)]71()(, 7)dr,

0

and by integrating in k we obtain a closed problem for 7(X,t),

R(X, ) — (X, 1) = f X=X, T)dr =0, .

h(X,t) = 2¢ sin(2r?pX %t) P(2rpXt),

where ny(x,t) is the known “free-space position density”,
ny(z,t) = on(x — 2npkt, k)dk =
“ 5 (9)
= X0 = Pl )] = [ N, dr,
Rd
Now denote for brevity
(X, w) = L[(X,1)], 7np(X,w):=L[A(X, )], ?L(X,w) = L[h(X,t)]; (10)
by taking the Laplace transform of equation 8 and rearranging terms we obtain
(X, w) =i (X,w) + h(X,0)i(X,w) =

h(X,w) (11)

=4 Xn X,w —Xn X,w =~7X7”\i X,w.
(o) = X1y () = 2 X (X )
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This last equation will be the starting point for the proof of Theorem 3.4 in Section
6 (where the Laplace transforms will also be justified). For now it should clearly
motivate the following

Definition 2.4 (Stability condition). We will say that a spectrum P € S(R) with
compact support is stable if there is some x > 0 such that

~

infO 1 —h(X,w)| =k >0. (12)
ew>0,
XeR

R

3. Main results. Here we state the main results of the paper.

Theorem 3.1 (Local well-posedness in L' for the Alber-Fourier equation). Let
foe LY(R2Y), P e LY (RY). Then there exists a mazimal time
T =T(|fol L1 g2y, ¢, € [Pl L1 rey) > 0
such that there exists a unique mild solution f(t) € C([0,T), L*(R??)) of equation
4
J.
Moreover, the blowup alternative holds, i.e.

either T' = 400 or lim Hf(t)HLl(lR?d) = +o0.
t—T—

The proof can be found in Section 4.1.

Theorem 3.2 (Higher regularity for solutions of the nonlinear problem). Denote
f(t) the solution of equation 5 with initial data fo € S(R?*?), and T as in Theorem
3.1. Assume moreover that P € S(R?). Then

f(t)e S(R*)  Vte[o,T). (13)
Moreover,
feCc™([0,T),%%) Vs e N. (14)

Theorem 3.2 is proved in Section 4.2. Combined with Lemma 2.2 it yields local-
in-time well-posedness and regularity of solutions for the Alber equation 1.

Theorem 3.3 (Global well-posedness and exponential bounds for the linearized
problem). Denote f(t) the solution of the linearized Alber-Fourier equation 6 with
initial data fo € S(R??). Assume moreover P € S(R?). Then the mazimal time is
T = 400 for all initial data and for each s € N there exists some C' = C(s,d, q, P) >
0 so that

1)l < Dfolser G, (15)

Moreover, there exist some sy = s3(d) and C = C(s2,d,q, P) so that
17®)| g + 10708 [z +10:F )]z, < [ follgesCe. (16)
The proof can be found in Section 4.2.

Theorem 3.4 (Landau damping for the Alber equation in d = 1). Let P € S(R) be
a background spectrum of compact support which is stable in the sense of Definition
2./. Consider the linearized Alber equation

Orw+2mpk « Opw

o —27iA\y Q _ _y _ _
quyERe [n(x+2,t) n(z 2,t)]dyP(k NaA=0,

n(x,t) = LERw(w,§,t)d§, w(z, k,0) = wo(z, k) € S(R?).
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Then there exists v € N large enough so that the force d.n(x,t) decays in time in

the sense that )
K+
Janlzz, < O o ol (18)

Furthermore, denoting E(t) : wo(x, k) — wo(x —2mpkt, k) the free-space propagator,
there exists a wave operator W so that

tli,n?lg |w(t) — E(t)W(wo)| L= ®2) = 0. (19)
The proof is given in Section 6.

Theorem 3.5 (Equivalent formulations of the stability condition). Let P(k) € S(R)
be the background spectrum. Assume moreover that P is of compact support. Then
the following statements are equivalent:

(A). inf |1 —h(X,w)| =0, ie. the spectrum is not stable in the sense of Defi-

Rew>0,
XeR
nition 2.4.
(B).
IX,eR, Q.eC\R such that H[Dy, PI(Q) = H[Dx, P|(C%) = 222
q
or
47tp
31X, QreR  such that H[Dx,P](Qs) = — and Dx,P(2) =0.
q
(C). d(T,4np/q) = 0, where
Ix = {S[Dx P(1)](1), t € R} u {0},
(20)

Ix ={z € C|z enclosed by T'x}, T := U T'x.
XeR
Moreover, we have the following sufficient condition for stability: if

4
V. such that Dx P(ty) = 0 the condition H[Dx P](t+) < P hoids
q

then P is stable in the sense of Definition 2.4.

The proof can be found in Section 7. An implementation of the criterion (C)
above in the context of ocean engineering is visualized in Figures 3 and 4 and
discussed in Section 8.

Remark 3.1 (Stability condition and Alber’s nonlinear eigenvalue relation). In [1]
a two-dimensional setup is used, but the spectrum is integrated in the transverse
direction, leading to an effective one-dimensional spectrum and a condition on that.
This one-dimensional “eigenvalue relation” in our notation and scalings becomes

X X
Pl + %) - Pl = %)
wy — 4m2ipk X,
If it is satisfied then linear instability follows. To see the relationship between

this condition and (B) of Theorem 3.5 above observe that for X, # 0, Q4 :=
wy/(47piX,) equation 21 becomes

30 # X, eR, Q,eC with sign(Xy) -Im(24) <0 such that

31X, € R, Re(wy) >0 such that qif dk=1. (21)
R

_ Amp

H[Dx, P](Q4) p
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The form (B) in Theorem 3.5 appropriately takes into account the case X, = 0 as
well (equation 21 by construction has no solutions for X, = 0, but stability may still
fail due to what could be called renormalized solutions corresponding to X, = 0).

Remark 3.2 (Compact support assumption for P(k) in the main results). In The-
orem 3.4 the assumption that P(k) has compact support is made. This allows for
Theorem A.3 to be invoked in Section 6 in order to guarantee the integrability re-
quirement of equation 66 in Theorem C.3, itself a central ingredient of the proof.
The same assumption is also needed for Lemma A.2; which is invoked in the proof
of Theorem 3.5. So it seems that in the current version of the proofs the compact
support requirement cannot be removed, although this might eventually be possible
with other techniques.

What does this mean in terms of the physical application in Section 87 Many
widely used ocean power spectra involve power decay at infinity, P(k) = O(|k|™%)
for |k| — oo [22], which technically is not of compact support. Even so, waves with
wavenumber |k| » 1 would carry very little energy — and their physics would be
predominantly surface tension and molecular effects, not hydrodynamics. So, from
an ocean engineering point of view, applying a smooth cut-off to wavenumbers
|k| > K makes very little difference. Note furthermore that all the results would
be uniform in K.

4. Strong solutions for the Alber equation. To simplify notations we can
rewrite equation 5 as

Ouf —An%ipk - X f +B[m, f] = 0,
w0 = [ FOk DAk, FOXER0) = fo(X, k), (22)
]Rd

where
B[m, f] = iq[P(k - g) . P(k + g)]m(X, )+

+eiqud m(y,t)[f(X—y,k— %,t) —f(X—y,k—i— %,t)]dy.

Lemma 4.1 (Bounds on B[m, f]). Let f,g,h e L*(R?*?), m e L*(R?) and consider
B[m, f] as defined in equation 25. Then

(23)

IB[m, f1l 11 r2ay < 2lgl [Pllzra)llmlprray + 2leql [mlpr )l flormeay — (24)

and

o[ ], w1

L@ < 2lq| [Pl pr ey | £l 1 moay + 2leq] [ 171 (gay- (25)

Moreover,

HB”Rd gdk’g] _BUW hdk’h”Ll(R% s (26)

< 2[q| (”PHLl(]Rd) + lel lg] 1 (may + €] ||h||L1(R2d)) lg — Al L1 (r2ay-
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Proof. For inequality 24 observe that

B0 Aoy < ol |[P( = 5) = Pk ) e
— St f

) -

+
RQd)

+|eq|HJRdm(y7t)[ X Yy, k (X y7k+ )]dy

L1(R24)

We will treat each term separately. Firstly,

- 5) ol 2, -
:fde P(k_g) P(’H )i, y)laxr

X
< f P(k - )‘ Im(X, )|dX dk + J
R2d 2 R2

- L[PG )| wmex o+ [

= 2| P| L1 ray|mll o1 (ray-

d P(k + 2)‘ m(X)|dX dk

P(k + X)‘dk|m(X £)|dx

Moreover

[ ) R e 1%

y y
J m(y,t I‘fX Y.k — 2,t)—f(X—y,k+§,t)‘ddedk
X vk =3 )‘dXdklm(% )| dy+

<Ll
g
R3d

= 2| (®)] L2 ey [m(B) | 1 (et -

Combining the above inequality 24 follows. Inequality 25 follows by virtue of the
elementary observation

1., fablusen = |
R4 R4

For inequality 26 we expand

]Ba[fRd gdk, g] — B[ fRd hdk, h] =

- iq[P(k: . %) - P(k: + g)] (Ld 9(X, k)dk — Jh(X, k)dk)

k

+eiqud JRdg(y,k)dk[g(X—y,k—g) —g(X y, k+ )]dy
—ez‘qud JRdg(y,k)dk[h(X—y,k—%) —h(X .k + )]dy
+ eig fRd (fRd gy, k)dk — fRd h(y, k)dk) [h(X k- 5) - h(X oy k+ %)]dy.

The result follows by treating each term as before. O

f(X ke %,t)‘dXdk|m(y,t)|dy

FX, k,t)dk‘ AX < | |f(X, k)| dkdX = [ f]L1 g2a)-

Rd R2d
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Moreover, consider some s € N and the multi-indices |a + 8 + v + d| < s. Let us
denote

foPre = XkP 0% 0p f.
By direct computation one obtains
OpfP0 —an2ipk - X fooBd = Bl 1],

27
FOPIO(X K, 0) = fOP(X k) = XOKPOL 00 fo( X, k). 0

The detailed expression for B(®:#:7:9) [f] can be found in Appendix D, and it contains
terms of the form fo 8" X“lﬁ}m(X, t),fora/ + 8 ++4"+8 <a+B+~v+4.
Furthermore, one can directly — if somewhat tediously — obtain the following

Lemma 4.2 (Bound on the nonlinearity B(®#7:9[f]). Let 1 < s € N, and consider
maulti-indices

o+ B+ +d| < s,

and BP9 £] as in Appendiz D. Assume also that P € S(R?). Then there exists
a C = C(s,d,q,P) >0 such that

IBEO ) 1 aay < C[1+ el f e | 1S
4.1. Proof of Theorem 3.1. Denote
U(t) : g(X, k) > '™ PR Xtg(X k), (28)

sl

the free-space propagator for the Alber-Fourier equation, i.e. g(t) = U(t)go means
that ;g — 4m2ipk - Xg = 0 and g(0) = go. Observe that, by construction,
IU®9glzs, = lglzy, - Equation 22 can now be written in mild form as

t

ﬂKhﬂ=U®h—f

0

Ut - 7)B| G 1) ar. (29)

Define
E:= {g € LI(O,TO; Ll(RQd)) so that ||9HL"*“(0,T0;L1(R2‘1)) < M}

for some M, Ty > 0, to be determined below. Moreover denote

t

G:Eagl—)U(t)fo—J

Ul- T)B[ J]Rd g(T)dk,g(T)]dT.

We will show that the operator G is a strict contraction on E. First we need to
show that GE € E. Direct application of inequality 25 from Lemma 4.1 yields

(alle oo o < ol +To [B[ | a(r)dk o]

< |follzr +Tolal (2Pl lgleerr + 2lellgl oz 1)
< ol + Tolal(2] Pl M + 2]e[M?).

Lol

A (non-sharp) way to guarantee that |Gyl xz1 , < M is to consider

1

. 30
@ Pl A} (I 0

M = 2||fOHL1(]R2d) and Ty <
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Now using inequality 26 from Lemma 4.1, for any g, h € E we obtain

(G — Ghl-1r < Tol B g(r)dk. g(r)] = BL| (r)db. (7))l 1
k k

< 2Tolq] (HPIILl(Rd) + lel gl maay + el HhHLl(R2d)) lg = Al @aay

< 2T0|q| (1P| 1 (ray + 2€M)|lg — |11 (R2a)-
For Tp satisfying condition 30 the Lipschitz constant L < To|g|(|P|lrr + 2eM) of
the mapping is strictly smaller than 1. Therefore, by virtue of the Banach Fixed
Point Theorem, there exists a unique fixed point f € E, f = Gf, i.e. a unique mild
solution of 22 for t € (0, T]. Observe that by construction Gg is continuous in time
as a mapping with values in L!(R??).

Since || f(To)| L1 (r2ay < 00, we can repeat the argument and extend the solution

in time. Thus the blowup alternative follows, i.e. either the solution exists for all
times, or there exists a finite blow-up time 7' < co0 so that lm | f(¢)||;1(gea) = +00.
t—>T—

Whether T is finite or infinite, it will be called the mazimal time for which f(X, k,t)
exists.

To show continuous dependence of solutions of 22 on initial data we consider
f(X,k,t) as above and g(X, k,t) being a solution of 22 with initial data go(X, k).
Take some 77 smaller than both the maximal times of f and g; then there exists
some M; so that

If ) Lo 0,750 (R2ayys [9(E) |0, 1y 01 (R24)) < M.

Now denote h := f — g; by subtracting the equations for f, g and using the same
ideas as above, it follows that for all ¢ € [0, 7]

t
[2(®)] L1 r2ay <[fo = goll L1 mea) + 2L [Tz (1P s may + €l £ (7)1 (roa)
+ellg(7)| 21 (m2ay) dT (31)

t
<[ fo = gollLr w2y + 2(| Pl 1 mey + 26M1)J0 [R(T) ]| 1 (m2aydT.
Applying the the Gronwall inequality yields
1Ll < [fo = golrr (1 +82(| Pl + 2€M1)€t2(”P”L1+26M1)) vt e [0,T1],
and hence the continuous dependence of solutions on initial data. O
4.2. Propagation of regularity and Proof of Theorems 3.2 & 3.3.

Theorem 4.3 (Local well-posedness for the nonlinear Alber-Fourier-I equation
on ¥%1). Denote f(X,k,t) the solution of 22 with initial data fo(X,k) € 351,
T =T(|folzr,q, € |P|r1) the mazimal time for which f(t) € L*(R??) and MO(t) :=
| f ()L (m2ay € C[0,T). Moreover, for each 1 < s < ag denote M*(t) := | f(t)[ss.1-
Then there exists a constant C' > 0 depending on s,d,q,e, P and the background
spectrum P such that

M*(t) < M*(0) + C(s) J’Ot MY (1) M*()dr vVt e [0,T), (32)

and therefore, for all s € N,
M*(t) <o VYte[0,T), f(t) e C([o,T),x%h). (33)
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Proof. Consider multi-indices |a 4+ 8 + v + 6| < s; as was seen earlier, f@#7°0 ;=
XokP 6}62 f satisfies equation 27. By passing to mild form we have

PR = U S50 + f U(t —7)B P70 f(7)]dr.
0

Taking L! norms and using Lemmata 4.1 and 4.2 we have

t
B,,6
1£257 8Os < 152N + € [ e sl fDlsendr. (30
0
Equation 32 follows by summing over all |a + 8 + v + 6| < s. The first part of
equation 33 follows by applying recursively Gronwall’s inequality to equation 32.
The second part of equation 33 follows automatically from the mild form 34 since
the time integrals now are known to exist. O

Proof of Theorem 3.2: For the proof of equation 13 it suffices to observe that the

M X%1(R2%) regularity is propagated in time by virtue of Theorem 4.3, and that it
seN
implies Schwarz-class regularity by virtue of Lemma 2.2.

For the proof of smoothness with respect to the time variable stated in equation
14, observe that upon applying the operator 0! to equation 22, one obtains the
problem

0u(0Lf) — An®ipk - X (01 f) + Blm, 0, f] =By [f],  m(X,t)=| F(X, k,t)dk,
R4
01£(0) = dx*ipk - X (07" f) — B[m, 0, " f] + By_1)[f],

where B(o)[f] = 0 and
1
°B -
” wlf]

_ <;,)JRda§l'm(y,t)[ai’f(X—y,k—g,t)—ag’f(X—y,k+g,t)]dy.

o<i'<l

By working recursively in [ as in the proof of Theorem 4.3, the result follows. [

Proof of Theorem 3.3: We start by recasting equation 27 in mild form and taking
the L' norm. Using the fact that e = 0 and Lemma 4.2 we obtain

,B,77,0
1F2P0 @) ]| 1 zay < | g

t
L1(R2d) T CJ ||f(T)HZS,1(R2d)dT.
0

Summing over all |a + 8 + v + | < s yields

I£ @)l

t
seaguasy < [foleaan +C [ 1) e gy
0

Then estimate 15 follows by Gronwall’s inequality.
By virtue of Lemma 2.2, for any r and for s’ large enough we have | f(t)|gr» <
Clf )l gora < Ce*| fol

ns/,1.



ALBER EQUATION AND STABILITY OF SPECTRA 715
Now for the position density observe that
)] gy = sup | [ FCX.E 0]
XeRd  JRd

dg d+1
= (1 - £y 1 X,€,
< JRd )S(lé%(l F €[ Xf’?e%d [(1+ €177 f(X,6,1)]

< Ol f ()| gasr» < O fol

ns/,1.
Moreover, considering equation 6 and using assumptions on P we obtain
100 ()| Lo (2ay < k- X f ()] pon r2ay + CIRE)| L (rey < C[F ()]

for some s; € N large enough. Similarly

231'1(R2d)7

ot = | 0uf(X, ki t)dk
Rd
— 4x2ip fRd k- X fdk —iq fRd [P(k - %) - P(k + %)]dk fRd FX, €, 1)de

implies

[0()]| L= ray < CHIKI2|X1£ ()] o (20 + CI) |ty < CLF O gt 1 nay

for some s} € N large enough. Thus estimate 16 follows by selecting
so = max{s’, s1,s1}. O

5. The free-space position density. In this Section we will establish some prop-
erties of the free-space position density n;(x,t), defined in equation 9, that we will
use for the proof of Theorem 3.4.

Lemma 5.1 (Alternative expression for 7y.).

fp(X,t) = Fo L o [ng(z,t)] = wo(X, 27ptX), (35)
where Wo(A, B) = }"(;%k)_)(A,B) [wo(zx, k)]

Proof. Simple calculations yield

(X, 1) =J

2™ X (x,t)da = f ™ Xwo(x — 2mpkt, k)dkdx
R

R2

_ J e2miz X—2mi[A (x—27pkt)+ B k]mO(A’ B)dk‘d:{:dAdB
R4

= j J 2w [X=Al2mik RaptA=Bl gy q1: 50 (A, B)dAdB = o (X, 2rpt X).
R2 JR2
O

Lemma 5.2 (Uniform bound for X7s.). Assume that there exists some D > 0 such
that

D
1+ |X]2+|K]?
and Ny (X,w) as in equation 10. Then, there exists a constant C > 0 such that for
all X eR

|0 (X, K)| <

sup |Xns(X,w)| <CD.

Rew>0
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Proof. Using Lemma 5.1 one readily checks that

o8] o0
sup |X7ns(X,w)| = sup J le ' X7, (X,t)|dt < f | X7 (X, t)|dt
Rew>0 Rew>0J0 0

o8]
_ f | Xao (X, 2mpt X)|dt
0

oL D v e D
< f X ‘dt < f ¢
0

—————dt.
14| X2+ |27pt X |? o 1+ |2mpt|?
Observation 5.3. We will use assumptions of the form

D
o (X, K)| < . r
[0 ) 1+|X| +|K|

in the sequel, which are weaker versions of Wy € L% (R??). By virtue of Lemma
2.2 it follows that, for some r' large enough

Dy < [0 |50 2ty < Cllwo] 5o (aay-

Lemma 5.4 (Space-time L? estimates for the free-space position density). Let

D,

To(X, K)| € ———"
| 0( )| 1+|x|r+|K|r

for some large enough r and constant D, > 0. Assume moreover r — % >a>b0=20
(a,b,r don’t have to be integer.) Then

2

(J | X7 (X, t)[?dXdt | < C(a,b)D,.
t

Proof. We will break up the norm as follows:

0 05 1 15 2 25 3 35 4 45 5

FIGURE 1. The domains of integration for the integrals I, j = 1,...,6.
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X807, (X, )] 3 = J X by (X, 2mpt X ) 2d X dt
e
=h +L+I3+1,+ 15+ 1

- [+ ]
[ X|<1,0<t<1l |X|<1,1<t<1/|X]| |X|>1,0<t<1/|X]|
| X|>1,1<t 1/t<|X|<1l,1<t |X|>1,1/|X|<t<1

see Figure 1. One readily observes that

I :J J | X ¢ tbo (X, 2mpt X ) [PdtdX < CD?,
| X|<1 J|t]<1
1/|X| 1/1X]
I = J J | Xtb50( X, 2npt X)) [2dtdX < D2C f X |2“J 1 dtdX
Ix|<1J1 X<t !
< chf IX[2%2-14X < D2C,
| X]<1

11X
@,:f J | X ¢ tbg (X, 2mpt X) P dtd X
[X|>1Jo

1 2 e

X |2 ,

< DEJ J | |2 dtdX = CD?J X=X < CD2.
x[>1Jo [ X[ 1

2a,2b 2a,2b
4 =%t 2(a—r)42(b—r)
TFer+@yn? S @ — % ¢

By using the elementary observation that i
for t > 0, x = 0, we have

I, = f J' | X b0 (X, 2mpt X) | dtd X
1 J|X|=1

oC
< CD?J f | X 22t grd X < CD?
1 J|X|=1
and

O 1
I = J f | Xt (X, 2mpt X)) |2d X dt
1 J|IX|=1/t
x pl
< COD? ,[ f | X P2 g X dt
1 Jix|=1t
e 1 o
= CD? f 2(0=7) J |X [P dXdt < C'D? J 2= (1 — g2la=n) =gy
1 |X|=1/¢

1
v el s}
< C’D?( J $2(0-)=1 gy 4 J tQ(b_r)dt) < COD2
1

1

Finally, by using the elementary observation that frit(z:ty,)? < xi;ﬂ% — gp2la—r)420

we have

w pl « prl
Is = f J | X 2t (X, 2mpt X)) [2dtd X < CD?J f 12 X Pl dtd X
1 Jiyx 1 Jo

s} 1
= CDEJ’ |X|2(“_T)dXJ, t?*dt < C'D2.
1 0
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Collecting all above estimates yield the result stated in the lemma. O

We will see that, in the stable case, the position density for the linearized problem
inherits these estimates in an appropriate sense.

6. Proof of Theorem 3.4.

6.1. The Laplace transform picture. Theorem 3.3 implies that the Laplace

transforms n(X,w), f(X, k,w) are well-defined and analytic for Re(w) large enough.
Moreover we can apply Fubini to the effect that 71 = L[| fdk] = § L[f]dk, for
R4 R4

Re(w) large enough. The same follows for 77 (X,w) by setting P(k) = 0.

Thus if we first take the Laplace transform of equation 6,

~ ~ X X

W — fo(X, k) — dn%ipk - X [ + qz‘[P(k - 5) - P(k n 5)]5(}(, w) =0,

re-arrange terms

FolX, ) i [P — ) = P(k + $)] (X, )
w — 4n2ipk - X ’

f(X kw) =

and integrate in k we obtain

N fo(X, k) .JP(k—é?)—P(Héf)
Xow) = | L)
(X, w) f w — 4m2ipk - Xdk @ w — 4n2ipk - X
R R

dk - W(X,w). (36)

This is exactly the first expression in equation 11. From this alternative derivation
we obtain that for X # 0 and d =1

~ fo(X, k) 1
X,w) = dk —
g (X, w) fR w — 4dn2ipk - X AmipX

H(X ) () (87)

4m2ipX
and
~ Plk+ %)= Plk—2) q w
X,w) =qi 2 2 gk = L H[DxP()|(~——).
MX,w) = gi JR ik x| = X ()](47r2ipX) (38)

Observation 6.1 (Case X = 0). For X = 0 we have h(0,w) = 0, and np(0,w) =
%SR fo(0, k)dk, which is of course consistent with Lemma 5.1 and its consequence
n7(0,t) = w(0,0). Thus it follows that 1(0,t) = 7ip(0,t) = we(0,0) for all t.

Observation 6.2 (Domain of analyticity & Sokhotski-Plemelj). From the above

explicit expressions it follows that, for each X € R, the Laplace transforms fNL(X,w)7
(X, w), p(X,w) are analytic in w for all Re(w) > 0.
Moreover, for X # 0, we have

H(X,s) ;:g%%(xm +is)

, 39)
. q n+1s q S (
= lim - L H[Dy P = L sipyr)(—2—
nlg%)élmp [Dx ](47T2ipX) 47rpS[ X ](47T2pX)
and
Nf(X,s) D= lin%)ﬁf(X,n+is)
n—
) 40)
1 n+1s 1 ] (
= HI fo (X, - = S (X, I(—2
70 AmipX Lfof ’)](47r2¢px) AmipX [fol ’)](47r2pX)
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by virtue of the Sokhotski-Plemelj formula, cf. Theorem C.2 in the Appendiz. More-
over, observe that

~

1-h(X,w)| >k VXeR Re(w)>0 = [I—H(X,s)|>r VX,seR. (41)

6.2. Inverting the Laplace transform. Recalling now equation 11, we set

~ . iNL(X,w) ~ o):
I(Xaw) = 1—E(X,M)X f(X7 )a

then

XX, t) — Xip(X,t) = L35, [T(X,w)].

w—t

Observe also that equations 39 and 40 imply

I(X,s) := lim T(X,n—l-is)zm

= XN(X,s).
n—0+ 1—-H(X,s)

We will use Theorem C.3 from the Appendix to compute £,%,,[I(X,w)] for each
0 # X € R. To that end, we will need to check that its assumptions are satisfied,
namely that I(X,w) is bounded and analytic on {Re(w > 0}); that |I(X,w)| decays
uniformly as |w| — o0; and that I(X,-) € L'(R) n CO(R) for all X € R;

First of all, Observation 6.2 directly implies that I(X,w) is bounded and analytic
on the open half-plane {Re(w > 0}). Moreover,

lim sup |[[(X,w)| < sup | X7ip(X,w')| - lim sup |h(X,w)] =0
PP Re(w)>0 Re(w’)>0 PPL Re(w)>0
|w|>p |w|>p
where in the last step we used Lemma A.2 from the Appendix.
Finally, the expression for I(X, s) implies that it is continuous in s. To show that
I(X,-) € L}(R) uniformly in X observe that

1 ~ ~
[ s < - sup XN (6] [ 1Y s)lds < C.
R K s'eR R

where we used property 41, Lemma 5.2 for X N t, and Theorem A.3 for H (observe
in particular that, by construction, Dx P is a function of compact support with
integral {, Dx P(k)dk = 0 for all 0 # X € R, hence Theorem A.3 indeed applies).

So all the assumptions of Theorem C.3 are satisfied, and we can apply it to the
effect that

= > Yo H(Xs)
Xn(X,t)—an(X,t)=J et ————"—XN; (X, s)ds. (42)
—n 1-H(X,s)

Remark 6.1. If one tries to use Theorem C.3 directly on X7(X,w) then the only
way to guarantee the L'-property required in equation 66 seems to be requiring
Soer fo(X,E)dk = 0 for all X € R. Here instead we only require that the limit as
n — 07 of the difference X7i(X,s + in) — X7is(X,s +in) is in L(R) uniformly in
X, avoiding any extra assumptions on the initial data.

6.3. Space-time estimates for the force. First we use equation 42 to prove the
following estimate

Lemma 6.3. Let a > 1, b > 0, and moreover recall that, since fo € S(R?),

[wollssr.co

o (X, K)| € —
5o NS T3 X + 1K
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for any r, in particular for r > max{a+ %, b+ %} Then there exists a C = C(a,b, P)
so that
C(a,b, P)D,

K
for all 0 # X € R. Note that, by virtue of Observation 5.3, D, < Cllwo|
some ' sufficiently large.

ax by
[t1X1°7 ] s, + X Pl L, <

s for

Proof. First we will bound X%t*% norms from appropriate quantities involving 7 ¥
Using the alternate Fourier transform §, introduced in Section 2.1, on 42 it follows
that

XA(X, ) — Xip(X,t) = §,, lXﬁf(XLs)ﬁ(X,s)] .

1-H(X,s)
Thus
XPNy(X,s)H(X, s)

—1

by bx _
X" = X", = |

s—t l 1— ]?[(X7 8) ‘| Lg(,t
| XNy (X, 5)H(X, 5)
1- I‘T[(X,S) L%(,s
1 ~ ~
< C su ~7‘ su H X7s XbN .
<x,5 1- H(X,s) ) (X,£’| ( )|) [X*Nellzs ,

For the first factor we use equation 41. For the second factor observe that, by virtue
of Theorem C.1, we have

~ q
sup |H(X,s)| = |—|sup |S[D¢P](t
up A (X, 5)] = |72 sup [SLD; PYt)

(43)
< Csup [S[D¢P| g < C'sup | D¢ Pl g < C”,
¢ ¢
so finally
|X°7ls, , < CIX"Nylps, = O X Tiglis, , (44)
since ny = S’l[ﬁ 7]- Now working similarly and using equation 42 we have
L e XON(X,s)H(X
XH[H(X, ) — g (X, 1)] = ZJ gistg, X Ng (X ) H(X, ) )
—0 1— I{()(7 S)
which implies
o o XN X,s H X,s
XX 1)~ (61 g, = O T LK)
X 1-H(X,s) ez,
- H(X,s)
L CO||6s XNyl 72 su ‘~7"
I rlez WP | F(X.5) (45)

[N

+C (JR2 | XN (X, s)|2[su

ryd

_GHX ) szst>
(1— H(X, )2

Now, observe that
l0,X Rl = Xyl
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by virtue of a Fourier transform; |H (X, s)/(1 — H(X,s))| < C" /2 by virtue of 41
and 43; and

0.H(X,s)

e O
oA c’ s 1 ol s (46)
= 2 PSP (5 ) | = o S P (3,5 )|

so that by collecting all this and inserting it back in 45 we get

C
ap(x ~ ay
[ XX, 1) = 72p (X, ) g , < (8 X sl g,
S/

4m2pX

S[Dx P'](

C 1x
+ g s Ixe s,

Using our assumptions on P we have

!
sup [S[D P'(si) < sup [S[De P'](7)] < sup | De P || g1z < C,
81e§| [Dx P'] X | C,Fl [DeP)(7)] <Engll Pl w)

and therefore

ax~ 1 1 ax a—1x~
xeilus,, <€ (54 ) (00, +1X Yl ) D)

Then the result of the lemma follows by combining estimates 44 and 47 together
with Lemma 5.4. O

Applying now Lemma 6.3 we obtain estimate 18 stated in Theorem 3.4.

6.4. Construction of the wave operator. Equation 7 implies
6747T2ipk.th(Xa k7 t) - fO(X’ k) = J(X7 kv t)7
b PR+ E) = P(k- %) (48)
J(X, k,t) :=qi f e~ dmTipk X7 Xn(X,7)dr
0 X
For any 0 < 0 < 1/2 and vy > 1 using the Cauchy-Schwarz inequality we have

t
J 1Tk, X, )] dX < C’sup|D¢P(s)|JJ XA(X, 7)|drdX
R ¢ys 0
R

+xx pt 1 Xg 2 ng7
sc’f f VI IXPrP 4 IXPY o o) jarax
o Jo 1+ (X072 +[X[>

t
gc"\/fj (14 (119r)2 + [X 7] X RI(X, ) PardX
R JO

+C t 1
X.
* J J{)1+<|X|97>2+|X|27d7d

The first factor in the last estimates is estimated by

+w pt
¢ [ [ [+ xim 4 1 i nypardx < 10+ X0+ X)X,
0 0 ’

< Xillog, + 1XT g, + X[ Lz, < C(0,5, P)wo]lse.o

Xt
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for some ' large enough by virtue of Lemma 6.3. For the other factor we break the
integral up over the contributions from different regions,

+o0 ot
1
drdX =1 I 1 ") 1 I
LL1+(|X|07>2+|X|2“ S

where we use the same breakdown as in Figure 1. Without loss of generality we
assume t > 1. Then the first integral is estimated as

1 et
I1<J J drdX = 1.
0 Jo

For the second integral we have

o pl/t 1 6 1t
I <J f —gzdrds = f T2 J v drdzx
1 Jo XTTT 1 -

20
=Cf T = o1+ 1) < O
1

Here we used —20 > —1 <= 6 < 1/2 for the integral with respect to x to exist
and —3+ 260 < —1 <= 0 < 1 for the integral with respect to 7 to exist. Moreover

o©r rl/z ’'e
I3 < J f = Vdtdr = f 2 Mz = C,
1 0 1

where we used —2y — 1 < —1 <= ~ > 0. For I; we refer to Lemma A.1l in the
Appendix, where setting ¢ = 3/4 leads to

1 1 _3 _2_3p
(207)% + 227 ~ (207)223 '

o pt
_3 _a2_3 _1
IL,<C TT2pT2 29d7da:=0(72

t oL
1 3
) (xl’zyze
1 J1 1

1

) —C'(1+1t7),

where we used the fact that, by assumption, v/2+360/2 > 5/4 > 1. The next integral
is estimated as

1 pxc 1 1 e
I5 < cf f —ggdtde =C | =% f 7 %drdy
0 Jijz ¥ 0 1/x
1 o 1
= C’f xz 2 (Tl‘ ) de = CJ 22y = O,
0 1z 0
since 1 — 260 > —1 <= 6 < 1/2. Finally,
oC 1 o
Is < CJ J ™Y drdx < J ™2 dr < C.
1 Jija 1

So we showed that
J |J(k"X7 t)|dX § OHwO||Z""’=D'
R
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Since J(X,k,t) is an absolutely convergent integral in ¢, the uniform-in-¢t bound
automatically implies the existence of

J7 (X, k) = lim J(X, k1)

v, Plk+X)-P(k-%
—qi J e dm iph X7 ( 2)X ( Q)X%’L(X,T)dfeL”’*(R;Ll(R)).
0

Now equation 48 can be recast as

U0~ fo=J0) = Jim (U0f() = fo) ="

t—o0
By setting W(wg) := Fx—z[fo + J*], we have
lw(t) — E()W(wo)|L»@e2) <[FE) = U®)(fo+ ) re @i r)
=|U(=t)f(t) = fo — T Lo @ ®))>
hence equation 19 follows.

Remark 6.2. Observe that by collecting the above it follows that

[W(wo)lzz, < lwollzz, + 17 L1 < C'lwolgr .-

7. Proof of Theorem 3.5. In this section we present the proof of the last main
theorem. We split the proof into four parts.

7.1. Elaboration and symmetry of (A). Assuming condition (A) holds, there
exists a sequence (X,,,wy,) = (X, an + ib,) € R x {Re(z) > 0} such that

lim 7(X,,w,) = 1.

n—%L

Without loss of generality we can assume X,, # 0 for all n € N (it suffices to observe
that (0, w) = 0 for all w). Note that X, can still be zero.
Symmetry: The expression for h(X,w) in 38, namely

P(k+5)— P(k— %)

(X, w) = gi J

dk
R w — 4m2ipk X ’

yields that, for X,,, a,, b, € R as above, we have the following equivalence

lim h(Xn,an +iby) =1 < lim h(X,, —an +ib,) = 1,

n—ow n—o
1.€.

~ ~

IX,eR, w,€C : h(Xp,wp) »1 <= 3IX,€R, Re(w,) =0 : h(X,,wn) — 1.

Indeed all the conditions (A), (B) and (C) have this symmetry.
Claim I: The sequence (X,,wy) is bounded.

Proof. It | X,,| + |wy| = 00, then

P(k+%2)— P(k— %z
Gt ) =P =) g1,

i Psin) = ai fiy | = X,
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Thus (X, wn) has accumulation points in R x {Re(z) = 0} and from now on we
will denote

(Xy,ayq +iby) = (Xy,wy) = lim (X, wp), (49)

n—>a

up to extraction of a subsequence.

Claim II: Denote
. Wn b, — ia,
C dmpiX,  4npX,

(50)
Then €,, is bounded.

Proof. First of all observe that 2, is well-defined since, as we saw above, X,, # 0.
By virtue of equation 38,

B( X, wh) = ﬁH[DXﬂP](Qn). (51)

Clearly, if |2,,| — oo then (¢/4mp)H[Dx, P](€2,) — 0 # 1. Thus, by extracting yet
another subsequence if necessary, we have (X,,,Q,) — (X4, Q) € R x C. O

7.2. Proof of (A) <= (B). We will examine separately the following two cases:

Case 1: If Im(2,) # 0 then, by continuity,

%(Xnawn) -1 ﬁH[DX*P](Q*) =1
Case 2: If Im(Q,) = 0 then, by the Sokhotski-Plemelj formula (cf. Theorem C.2),
for X, > 0 we have

~ — 4 _ 4TrPH[DX* ](Q*): ’
(X, wn) > 1 = 47TpS[DX*P](Q*) l = { i35 Dx, P(Q) =

while for X, < 0 we have S[Dx, P](€2:) = 1, leading to the same end result. For

X, = 0 observe that both one-sided limits Im(£2,,) — 0%, yield the same result as
well.

Checking that (B) implies (A) is obvious.

7.3. Proof of (B) < (C). Denote Fx(2) := H[Dx P](2). Like before, if
+X, > 0 we have £Im(Q) < 0, and for X, = 0 we should take each one-sided
limit separately. All these cases follow the same steps, so without loss of generality
we only present the case X, > 0.

Assume Case 1 of (B) above holds, i.e. 3X, > 0,Im(Q,) # 0 such that
H[Dx, P]() = 47mp/q.

Then by virtue of the argument principle [26], for any contour « within the lower
half-plane containing Q,, its image Fx, (v) := {z[3w € v : 2 = Fx(w)} is enclosing
4mp/q. Let us select 7, the closed contour comprised by parts of the horizontal
line R — in and the semicircle {%, 0 € (—m,0)}. Clearly, Q, will eventually be
enclosed by 7, for n small enough, thus Fx,(v,) is enclosing 4mp/q for n small
enough. Using the decay properties of Fx, (w) as |w| — 00 (cf. Lemma A.2 in the
Appendix) and the Sokhotski-Plemelj formula, it follows that 7%1_1)% Fx,(wm) =T'x

(o]
as defined in equation 20, i.e. 47p/q e T'x,.
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If Case 2 of (B) above holds, denote €2,, a sequence of points on I',, such that
Q, — Q; then by construction lim Fx, (€,) = 47p/q and therefore 4mp/q €
n—ox0

To prove that (C) = (B), first we need to observe that, since | l}m |DxP|g: =
X|->x

0, there exists M > 0 such that for | X| > M all points of I'x are inside {z € C| |z| <

27p/q}. Thus 4mp/q € T implies 3X,, € [-M, M] such that d(47p/q,T'x, ). One now

readily checks that there exists €, with Im(£2,) < 0 such that QEIS* Fx,(Q) =
Im(2)<0

dmp/q.

7.4. Sufficient condition for stability. This follows from the elementary obser-
vation that, for the curve I'y on the complex plane, which starts and ends at 0,
to be winding around the real number 47p/q, it is necessary to intersect the real
axis somewhere on the right of 47p/q. The argument can be easily adapted for the
limiting case 4mp/q € 'x. See also Figures 3, 4 for a visualization of this point.

The proof is completed by observing that, according to equation 20, I'y =
{S[Dx P](t),t € R} intersects the real axis only for those ¢, that are quasi-critical
points, Dx P(ty) = 0.

8. Applications.

8.1. The question: Are realistic sea states modulationally (un)stable?
Landau damping for the Alber equation (i.e. dispersion of inhomogeneities in the
presence of a homogeneous background) has been conjectured at least since [23], but
no precise results existed before the one presented here. In this paper we establish
rigorously the decay of inhomogeneities in the stable case, but for ocean engineers
the most immediate question is a practical and reliable way to investigate whether
a given spectrum is stable or not.

Alber’s “eigenvalue relation” is a system of two (real valued) nonlinear equa-
tions in three (real) unknowns, which in general has one-dimensional manifolds of
solutions. Determining whether such a system has solutions or not is not straight-
forward, and has attracted a lot of attention in the ocean waves community [13,
23, 29, 32]. In [13] a state-of-the-art investigation of this question is presented,
describing the challenges. We will show that criterion (C) of Theorem 3.5 provides
a reliable and more straightforward way to investigate the modulational stability
of any given spectrum. But first let us go over how we choose the spectra to be
investigated.

8.2. JONSWAP spectra and the North Atlantic Scatter Diagram. While
the power spectrum of a sea state can in principle be directly measured, in practice
often parametric spectra are used. A widely used such parametric spectrum is
the so-called JONSWAP spectrum (the initials stand for “Joint North Sea Wave
Project”, and some typical profiles can be found in Figure 2),

Svmy s (k) = S(k) = e () yeapl=(1—y/k/ka)*/26%]

e
oo 007, K<k,
6 =0(k) = { 0.09, k> ko.

This was introduced in [16] following extensive study of measured nonparametric
spectra, and it incorporates several physical insights: it is effectively zero in a

(52)
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neighbourhood of k£ = 0, it has a power-law decay for k£ » 1, and it is unimodal.
The free parameters are a > 0, which increases with the power of the sea state (i.e.
larger « leads to larger significant wave height H,), v > 1 which increases with
the “peakiness” of the spectrum (i.e. larger v leads to more peaked spectra, with
larger Hy as well), and kg stands for the peak wavenumber. Very often a JONSWAP
spectrum is fitted to a time-series of point measurements for the frequency w (instead
of the wavenumber k) but, assuming unidirectional propagation, the conversion
between a wavenumber-resolved and frequency-resolved spectra is standard [22]. Tt

FIGURE 2. Some common profiles of JONSWAP spectra.

is widely used in the study of realistic sea states, e.g. [13, 29, 10, 39], as it offers an
intuitive and plausible parametrization of spectra in terms of power, peakiness and
carrier wavenumber.

Now the question becomes, what are some realistic values for «,~ and kg cor-
responding to various plausible scenarios in the ocean? A canonical data set has
been created precisely in this context; it is called the North Atlantic Scatter Di-
agram [39, p. 244], and it includes measured statistics from 100000 sea states
in the North Atlantic, along with the likelihood for each sea state. A JONSWAP
spectrum (i.e. «,v and ko values) can then be fitted to each sea state using state
of the art engineering practice [39, Section 3.5.5]. The fact that parameter values
are fitted and not measured directly has a few implications: for example, several
sea states end up having v = 1 (smallest allowed value) or v = 5 (largest allowed
value). More importantly, it is a priori possible that we could end up with some
modulationally unstable spectra through this route. In contrast, if power spectra
were measured directly, it doesn’t seem likely that an “unstable spectrum” could
be robustly measured at all.

So now it should be clear how we choose the spectra to investigate: we will work
with JONSWAP spectra, fitted to the North Atlantic Scatter Diagram according
to the state of the art [39]. Ultimately each blue star in Figure 5 corresponds to
one such JONSWAP spectrum, and it has a known likelihood of being observed at
a random point in the North Atlantic, at a random time of the year (this likelihood
is not plotted here, but can be found in [39]).
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8.3. Implementation. One should start with the important observation that, for
the question of modulation instability of JONSWAP spectra, ko happens to play
no role?. This is well-known [13, 29], but we will demonstrate it for completeness.

Let us begin with Alber’s eigenvalue relation for some JONSWAP spectrum S(k),
e.g. as in equation (2) of [13]:

Sth+5)—Sk=%)
O+ J5kX

4k2

INeC, XeR 1+w0k§f dk =0 (53)

keR

Recall that the existence of such §2, X means the spectrum is unstable. By rescaling
X" = X/ko, ¥ := —Q4ko/(Xwo), and changing variable k¥’ = k/kg problem 53 is
seen to be equivalent to

1
I'eC, X'eR  HDxPIQ) = (54)
I8
where
_ X5k eap[-(1-vER)?/26%] _ _ ) 007, k<1,
Pk) = gpze 4 v o 0=0k) =9 go9 k>1 9

is the JONSWAP spectrum with ky = 1 and the original «, . So the original value
of ko will play no further role in checking stability.

To actually do the checking, we recall part (C) of Theorem 3.5: instability exists
if and only if

1
IXeR : o is on, or enclosed by, the curve I'x := lim+ H[Dx P](t —in). (56)
7 n—0

So instead of checking for the existence of solutions of a system of nonlinear equa-
tions, we simply check whether 1/47 is on, or enclosed by, a curve in the complex
plane. The computation of the curve itself is somewhat demanding, since it involves
a very nearly singular integral. Still, it can be done much more reliably and quickly
than checking for existence of solutions of 53.

After some numerical testing, it is found sufficient to approximate

Px (1) = lim H[Dx P()](t —in) ~ H[Dx P()](t — ito1),  tol=te-4.

In all relevant cases here we observe that condition 56 is satisfied if and only if it is
satisfied for X = 0 (and this seems to be the case for any unimodal spectrum). Once
we generate an approximation to I'x, the built-in MATLAB function inpolygon is
then used to determine if the target 4mp/q is contained in I'x U {0}.

Application to individual spectra is vizualized in Figures 3 and 4. Synoptic plots
showing the stable and unstable regions of the v — a plane can be found in Figure
5. There is broad agreement with [13, 29], but we find somewhat fewer unstable
sea states. Modulationally unstable sea states are the prime suspects for rogue
waves [8, 4, 10, 11, 14, 25], and we find that such sea states are very unlikely but
nevertheless they do exist, with an estimated total likelihood of ~ 2-1073. This is
broadly consistent with the record of observations of rogue waves.

2We would like to thank A. Babanin and O. Gramstad for their helpful insights on this point.
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8.4. The bifurcation from Landau damping to modulation instability. An-
other aspect of practical interest is to understand the bifurcation from stability to
instability e.g. as « or < increases. This has been thought of as a violent change
in behavior once a borderline stable spectrum became unstable. Such a change in
behavior is the object of numerical experiments in [17], where it is noted that in-
stead only a gradual transition is found. In fact, the lack of a dramatic bifurcation
was seen as a challenge for the validity Alber equation in the aformentioned works.
However our proof here (and the heuristic results of [4] for the unstable case) show
that indeed the Alber equation only predicts a gradual transition.

For example, assume 7, ay are exactly on the separatrix of the stable/unstable
regions as in Figure 5. Also take (Y, ) & sequence of points in the stable re-
gion with nlbiingo(fym,am) = (Vs,%). Now denote Sy (k) = Say yu.ko(k), Sm(k) =

St v ko (k). For each S, (k) we have Landau damping, and dispersion of inhomo-
geneities over a timescale controlled by k,,. However, as m — oo it takes longer
and longer for the inhomogeneities to disperse; this can be seen e.g. by considering
equation 11, which in this case becomes

~

P (X, w)
1 — (X, w)
assuming the same initial inhomogeneity for all m. So when m — oo we have k,, — 0
and the force decays more and more slowly, until it ceases to have any time decay
at all.

On the other hand, in the unstable case a very slow rate of growth would make the
instability irrelevant; moreover, a very small bandwidth of unstable wavenumbers X
would make the resulting extreme events supported over unrealistically large regions
(e.g. thousands of wavelengths) [4]; but there are no energy transport mechanisms
to support such events. In other words, to really observe the modulation instability
a fast enough rate of growth and a large enough bandwidth of unstable wavenumbers
are required.

So a barely stable and a barely unstable spectrum would lead to very similar be-
haviour over physically relevant timescales and lengthscales, reconciling the findings
of [17] with the analysis of the Alber equation.

X (X, w) — X0 p(X,w) = Xnp(X,w),

8.5. 1 versus 2 spatial dimensions. It must be noted that in the original paper
[1] a two-dimensional setup is used, with the Davey-Stewartson equation for the en-
velope instead of the NLS equation 2. However, while technically two-dimensional,
the Davey-Stewartson equation has unidirectional propagation built in, and the
second dimension is merely the “transverse direction”. This leads to Alber’s “ei-
genvalue relation” eventually being one-dimensional: an effective spectrum is used,
that results from appropriate integration of the two-dimensional spectrum along
the transverse direction. In that sense, Theorem 3.5 can be used in 1 + 1 dimen-
sional scenarios automatically, as the effective stability condition is one-dimensional
anyway and of the exact same form as the one treated here.

In genuinely two-dimensional settings (e.g. crossing seas), things are more com-
plicated: the NLS equation 2 is no longer an appropriate model. Systems of NLS
equations [24, 30, 31] or systems of other dispersive equations [14] have been pro-
posed. In any case the departure point is no longer a single scalar NLS equation.

8.6. Other problems. More broadly, it must also be mentioned that combining
NLS-type equations with stochastic modelling is natural in many different contexts,
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FIGURE 3. Numerical investigation of the stability condition for a
stable JONSWAP spectrum, cf. Section 8 for more details. We are
using a target of 1/47 as in equation 54. Left: Plots of the curve
I'x on the complex plane for different values of X. Since 1/4w is
always outside the I'x, this spectrum is stable. Right: The span
of the real parts of I'x for different values of X.
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FIGURE 4. Numerical investigation of the stability condition for
an unstable JONSWAP spectrum. Left: Plots of the curve I'x on
the complex plane for different values of X. Since 1/4r is contained
in some curves 'y, the spectrum is unstable. Right: The span
of the real parts of 'y for different values of X. In this case it
highlights clearly the bandwidth of unstable wavenumbers X.

not only ocean waves. It is thus natural that variants of the Alber equation are
being independently rederived in different branches of physics, including optics [15]
and many-particle systems [12]. Thus the main results of this paper are, in principle,
applicable and/or generalizable to other problems as well.

Acknowledgments. We would like to thank C. Saffirio, O. Gramstad and A.
Babanin for helpful discussions on various aspects of this work.

Appendix A. Auxiliary lemmata.

Lemma A.1. Let A,B >0, (€ (0,1). Then
1 1
<
A+ B ~ ACBl-¢
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FIGURE 5. A number of points on the (v,a) plane are tested
for stability of the corresponding JONSWAP spectrum, cf. equa-
tion 52. « controls the power of the sea state (larger o means
larger significant wave height) and + controls the effective band-
width (larger v means more narrowly peaked spectrum). The car-
rier wavenumber kg can easily be seen not to affect the (in)stability
of the spectrum. (v, ) points found to be stable are marked with
a full square, while points found to be unstable are marked with
an empty square. For reference the proposed separatrices of [29]
and [13] are shown (they are of the form « - v/ = C, where S is
the mean wave steepness and C' = 0.77 [13] or C = 0.974 [29]).
More details can be found in Section 8. Top: Linear scaling in
both axes. Bottom: Log scaling in the « (vertical) axis.

5.5
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Proof. The well-known Young’s inequality for products implies that, for a,b > 0,
pE(].,OO)v %—i_%:lv

P

ab< =+ = <al b7,

p q

Now setting A = aP, B = b? we have
1 1
< .

A+ B ~ AlY/rBl/e
By setting ¢ = 1/p and observing that 1/¢ = 1 — 1/p = 1 — ( the conclusion
follows. O

AYPBYI<A+B =

Lemma A.2. Let h(X,s) be as in equation 35. Then
lim sup |h(X,w)|=0.

PP Re(w)>0
|w|>p
Proof. Recall that P € S(R) is of compact support. Hence by construction X D x P(k)
= P(k+%)—P(k—%) is also of compact support for each X € R. Let M = M(X)
be such that supp XDx P € [—-M, M]. Then for all p large enough we have

~ XDxP(k
G(p) == sup |h(X,w)|< sup |q| |X—2()|
Re(w)>0 Re(w)>0 R |w L szk|
lw|>p lw|>p
= |q| sup JM —|XDXP(k)|
Re(w)>0J—-M |OJ - 47T22pXk|
lw|>p
1

équD P(k)|dk  sup ————.
| | ]R| X ( )| Re(w)>0 |w—47r21pXk|
|w|>p, |k|<M
Clearly lim G(p) = 0. O
p—©L
Theorem A.3 (Conditional integrability of the Hilbert transform). Let f € S(R)
be a function of compact support with St ft)dt =0. Then

LAz () < 0.

Proof. Choose an M > 0 so that the support of f is contained in [—M, M], i.e.
f(z) = 0 V|z| = M. We will also use the “double” interval, J := [-2M,2M] and
its complement J¢ = R\J. By an elementary estimate we have

IHL 1 22y < AM|HLf]] Lo m) + LC |H[f](z)|dx < 4CM|H[f]] 1 ()

+ | H@d

where C is the constant of the Sobolev embedding H'(R) — L*(R). Moreover,

using the fact that {; f(t)dt = 0 we have
I:= f \H[f](z)|dz = lfc &dt‘daz - lfc JR (Qf(_’f)t - f?) dt‘dm -
M t
LM O dt‘d:z:,

us RT—1 0
_1f
T e x(x

Joro (5 -3) o=,




732 A. G. ATHANASSOULIS, G. A. ATHANASSOULIS, M. PTASHNYK AND T. SAPSIS

where in the last step we also used the fact that f is supported inside [—M, M].
Now observe that for any « ¢ [-2M,2M] and t € [-M, M ]

1 2
t|<|lz—t| = |z|=lz+t—t|<2z-t = —— <.
|z —t] |l
Hence
t 2M 2M (1 M
- <= = I<— —dxf |f(t)]dt < .
z(x —1t) x? T Jje a2 M

Appendix B. Derivation of the Alber equation.

Remark B.1. Technically, the Alber equation does not govern any moments of
solutions of NLS. It is derived heuristically, assuming the existence of a stochas-
tic solution for the NLS with a certain kind of autocorrelation function and then
applying a Gaussian closure to the resulting infinite moment hierarchy. So while,
in certain situations, it may well turn out to be a reasonable approximation for
certain second moments of solutions of the NLS equation, we don’t study such an
approximation in this paper.

In what follows in this Section we describe systematically the steps for the heuris-
tic derivation of the Alber equation from the NLS equation. In particular, we use
exact properties of certain Gaussian processes which are natural in the linear theory
of water waves in order to motivate and justify the Gaussian closure used.

It is important to note that other equations of a similar character can be derived
using different assumptions, cf. e.g. [2, 33], and the results of this paper could
motivate analogous advances for those equations as well.

To explain the derivation of the Alber equation 1 as a second moment of the NLS
2, first consider the algebraic (deterministic) second moment: denoting

Rl (CY, Ba t) = U(Oé, t)ﬂ(ﬁa t)7

a straightforward computation leads to
10+ (Do = Ag) B+ 5 Ra(o, B.0) [Ra(o,0) = Ra(8.8)] =0 (57)

for the evolution in time of R;. Thus, despite taking a second moment of a nonlinear
equation, the exact algebraic moment closure

|u(a, t) |2U(Oé, t)ﬂ(ﬂa t) = Rl (Oé, «, t)Rl (aa ﬁ7 t)

allows one to have a closed, exact second moment equation. The same equation is
called the “infinite system of fermions” in statistical physics [9]. Now consider the
stochastic second moment,

R(a, 8,t) := E[u(a, t)u(B,t)].

Obviously now the algebraic closure is not enough, as E[|u(a, t)[2u(a, t)u(3,t)] is a
fourth order stochastic moment, and not exactly expressible in terms of second order
moments in general. However, for Gaussian processes (under additional assumptions
described below) it can be seen that

E[|u(a, t)*u(a, t)u(3,t)] = 2R(a, a, t)R(a, B, t). (58)
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This is reminiscent of the well known real-valued Isserlis Theorem; the difference
is that here w is complex valued (and the factor 2 is an artifact of the complex-
valuedness of u). So the Alber equation 1 and the deterministic Wigner transform
of the Schrodinger equation 2 differ only in terms of this factor of 2.

The precise result we invoke here can be summarized as follows:

Observation B.1 (A complex Isserlis theorem). A moment closure result is proved
in [27], and a special case of it is the following:

Let z(x) be a Gaussian, zero-mean, stationary process with the additional property
that

Elu(x)u(z")] =0 Vz,z' € R. (59)
Then
Elz(z1)2(x2)2(23)2(24)] =
= Elz(x1)z(23)| El2(x2) 2(24)] + El2(22)2(23) | El2(21)2(24)].

This result directly implies the closure relation

Elu(a, hu(B, t)u(a, tyu(a, t)] = 2E[u(e, t)u(a, )] E[u(B, thu(a, )], (60)
which is exactly equation 58.
Moreover, the condition 59 is equivalent to circular symmetry, i.e. to the condi-
tion that

{ewu(m)}(;e[o’%) are identically distributed for all 6 € [0, 27) (61)
by virtue of a result by Grettenberg [35].

Remark B.2 (Physical meaning of the Gaussian closure). Assuming that, for each
to the wave envelope u(x,tp) is a Gaussian process, with mean zero, stationary
in x (i.e. spatially homogeneous) and gauge invariant, e’u(z,ty) ~ u(z,tg), is
in line with standard modelling assumptions for linearized ocean waves [22]. In
other words, the Gaussian moment closure of equation 58 can be thought of as a
linearization of the probability structure of the wave envelope.

By using the Gaussian closure 58 we see that R(«, §,t) satisfies the equation
108+ (Ao = Dg) R+ qR(a,8,1) [R(a,0) ~R(3.0)] =0, (62)

which is structurally the same as the infinite system of fermions, the only difference
being an effective doubling of the coupling constant, ¢/2 +— g¢. Introducing the
assumption

R(O‘7B7t) = F(O{ - ﬁ) + 6p(0[,ﬂ,t),
we postulate that R is in leading order homogeneous in space, and we set up an
initial value problem for the inhomogeneity p(«, 3, t),

i0rp + 5 (Ao = Ag) p + q [T = B) + ep(e, B)] [p(er, ) — p(B,8)] = 0. (63)
Now denote R be the rotation operator on phase-space
Y Y
Rlf(z,y)] == f(.%‘+§7$—§), (64)
and consider the average Wigner transform of the wave envelope [3, 5]

W(J;a k? t) = J’Rd e—27riky E [u(x + %’ t)@]dy = fy—»kR[R(x, Y, t)] = (65)
)

= FyorlD) + eple + 5,0 = 2.6)] = P(k) + ew(e, k, ).
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Then the Alber equation 1 is the equation for w(x, k,t), i.e. it results by applying
Fy—kR to equation 63.

So finally the relation between the unknown of the Alber equation, w(zx,k,t),
and the wave envelope, u(x,t), is

FyonElule + 2,670 = 5,01 ~ P(k) + ew(w, k. ),

where the quality of the approximation rests crucially on how accurate the Gaussian
closure is.

Moreover, if SRM wo(x, k)dxdk = 0 we have just an inhomogeneous redistribution
of the energy of the homogeneous sea state, while if {,, wo(z, k)dzdk > 0 we have
a wave-train of finite energy interacting with a homogeneous sea state of infinite
energy.

Appendix C. Background results on Laplace and Hilbert transforms.

Theorem C.1 (Regularity of the Hilbert & signal transforms). Let 1 < p < co.
Then there exist constants C = C(p) such that

]|

r®) < Clulre ), IS[ulllzr ) < (1 + C)|ull Lo (r)-
Moreover, C(2) =1 and for any s € N,
ey = ey ISTllire ey < 2ludlire .
Combining this with the Sobolev embedding H'(R) — C°(R) it follows that
we H'(R) = HJu],S[u] e C°(R).
Theorem C.2 (Sokhotski-Plemelj formula). For u € C(R) n L*(R) and for any

s,ce R
lim H[u] (S — in) = S[u] (f)

n—0+ c c

Theorem C.3 (Inverse Laplace transform, open half-plane). Let F(w) be a bounded

analytic function on an open right half-plane, w € II(M) := {Rez > M}. Assume

moreover that the limit Fy+(b) := lim+ F(M + €+ ib) exists for allbe R and is a
e—0

continuous function in b. Moreover assume that

+o0
im  sup [Fw) =0  and f Fage(s)lds <o, (66)
PO Lell(M) —%0
lw|>p
Then
eMt +a
F(w) = Liou[f(D)] where f(t) = o et Fyr+ (s)ds,
—oC
i.e.
eMt +c ]
LU [F] = — "' Fyr+ (s)ds.

w—t 1t o
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Appendix D. Moments and Derivatives of the Alber-Fourier equation.
Denote

L[P,—Py;m] := [Pl (k — %) —Pz(k + g)]m(X, t) o
N[m; fi—=fs] :=Lm(s,t)[f1(X—s,k—§,t) —f2<X—s7k+§,t)]ds.

The nonlinearity B[m, f] defined in equation 23 is comprised of

B[m, f] = iqgL[P—P;m] + eigN[m; f—f].

Lemma D.1. For any multi-indices o, 3,7,0 € (N U {0})? we have the following
relations

XQL[Pl_‘PQ; m] = L[Pl_'PQ; AX'Q’IH]7

KLIP=Pyym] = ) (é)L[kﬁBlPl—'(—l)BlkﬂB'PQ; (%)B’m],
0<p'<B B

X L[Pi=Pym] = ] (T)L[(—1/2)7—7'VV—V’P1ﬁ(1/2)V—V'V7—W'P2;a}('m],
0svy/'<y

O L[P—Py;m] = L[V° P,—~V° Py;m],

and
XQN[m; fl_'fz] = Z (z') N[Xa*a'm; Xa,fl_‘Xalfz],
0<a’'€a
X\B-8 , '
kP N[m; fi—fa] = 0<;</3 <§,>N[(2) m; k7 fi—=(=1)P"P kP f2],
0x N[m; fi—fa] = N[m; 0y fr =0 f2],
Oy N[m; f1=fa] = N[m; 8} fr—} fa].
Moreover,

XkPo%oh (k- X f) = k-X(XkP0% 05 f)

exee 3 (0)(5) @A @A X ).

0<y <y
0<d'<6

The proof follows from direct computations using the definition of L[P;—FPa;m]
and N[m, .fl _'fg]
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By applying the operator X*k” 6}(6,‘2 to equation 22 and commuting according
Lemma D.1 one obtains equation 27 with right hand side

(5 A _ st o 1ol
BAI[f] = — ) (7) (5) (03730 X - k) P

!
0<y' <y v
0<4'<6

[y +8"|<|v+4]

4 Y (;)w—v'uw(g) (;)

« L[kﬁ—ﬁ”(_1)\7—7’|V7—7’+5P - kﬂ—ﬁ’v’y—'y’+5p; J f"+5"0’71’0dk]
k

o 3 e ()0

0<a'<a
0<p'<B

" N[J oo +B=5000q) . g’ B8 _, (_1)l8=F'| po’ 7,87,
k
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