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Pseudoparabolic equations with convection
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The existence of solutions of pseudoparabolic equations with convection by using discretization along
characteristics is shown. The uniqueness of the solution of a pseudoparabolic equation is proved for a
linear elliptic part and for a space dimensiNn< 4.
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1. Introduction

The pseudoparabolic equations are used to model fluid flow in fissured porous Bedialattet al.,
1990, two-phase flow in porous media with dynamical capillary pressure (Ceesla 1999 Gray &
Hassanizade 993 and heat conduction in two-temperature syste@isef & Gurtin 1968. Pseu-
doparabolic equations can be used also as regularization of ill-posed transport prddéamblatt
etal, 1993.

To discretize a pseudoparabolic equation, Crank—Nicolson approximation in time combined with
finite-element or finite-difference scheme is usBding, 1975ab, 1978 Ford & Ting, 1974 Wahlbin,
1975 Gilbert & Lundin, 1983. A predictor—corrector Galerkin approximation is considereéand
(1976. The Euler—Galerkin method for quasi-linear pseudoparabolic equation is presertatbid
et al. (198)). In special cases, when the differential operator acting upon the time derivative of the
solution is invertible and dominates the elliptic operator, the pseudoparabolic equation is equivalent
to a Banach-space-valued ordinary differential equation. In this manner, the strong convergence of a
Galerkin approximation is proved @ajewski & Zacharia§1973.

Pseudoparabolic equations with convection are obtained by modelling of two-phase flow in porous
media with dynamical capillary pressure. The two phases in this model are water and air. For water in a
homogeneous and isotropic porous medium, we have the momentum balance equation (Darcy’s law)

a=—-K(S(Vpw +p9) 1.1)
and the mass balance equation
¢t (pS) + V- (pq) =0. (1.2)

Here,q denotes the volumetric water flug,the water saturatior (S) the hydraulic conductivitypy

the water pressure,the water densityp the porosity andj a gravity constant. To solve these equations,
an additional relation betweem, and S is needed. For this relation, it is assumed that the air pressure
pa is constant and the static condition holds:

0TO0Z ‘S Ael\ uo usysey H1MY 18p Xauyolgig 1e Bio speuinolpioyxo yewrewi;/:dny woly papeojumod

Pa— Pw = Pc(S),
TEmail: ptashnyk@maths.ox.ac.uk

(© The Author 2007. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.


http://imamat.oxfordjournals.org

PSEUDOPARABOLIC EQUATIONS WITH CONVECTION 913

where pc denotes the capillary pressure. For the processes with slowly monotonically varying water

saturation, this condition can be accepted. For the fast processes, e.g. capillary imbibition, the hysteresis

and dynamical effect are important. To derive the dynamical relation between satBatwpressure

differenceps — pw, Gray & Hassanizadef1993 gave a definition of the capillary pressysg(S) as a
thermodynamic parameter in terms of the free-energy functions of the phases, indepenpdent®f,
and obtain the equation

Pa— Pw = Pc(S) — LGS, (1.3)
Now, from (1.1-1.3), a single equation for the water saturation can be obtained:
¢at(pS) =V - {pK(Spg + pK(SV(=pc(S) + $L&S)}. (1.4)

We consider a simplified version of @) assuming linearity of the pseudoparabolic term

ou— V.- (@x)eVu) +c(t, x,u) - Vu— V- (d(t, x,u)Vu) = f(t, x, u).

The existence of solution of this pseudoparabolic equation with appropriate initial and boundary con-
ditions can be shown using Rothe or Galerkin discretization method. In order to obtain a good numeri-
cal approximation for the convection term, a discretization along characteristics is used. Such type of:

discretization was used for parabolic equation®wuglas & Russel(1982, Dawsonet al. (1994,
Arbogast & Wheele 1995, Bermejo(1995, Barrett & Knabner(1998, Kacur (2001 and Kacur &

Keer 2001). An approximate solution is obtained as a solution to a discretized differential equation
along the approximated characteristics. The change of the solution of the problem with convection alongg
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the characteristics is small compared to the change of the solution in time. Thus, the discretization anngo

characteristics allows for large time steps in the time discretization.

In this article, the discretization along characteristics is applied to a pseudoparabolic equation with
convection. The convergence of approximative solutions to the solution of the original problem is shown.

The uniqueness is proved for a linear elliptic part, for a space dimerni$icg 4 and for Lipschitz
continuous non-linear functions.

2. Pseudoparabolic equation with convection

Let @ c RN be a bounded domain with Lipschitz continuous boundar@+n= (0, T) x €, the initial

boundary-value problem is given by
ou— V- (@x)evu) +c(t, x,u) - Vu— V- (d(t, x,u)Vu) = f(t, x, u),
u(0, x) = up(x), xe Q, (2.1)
ut,x)=0, (t,x)e(0,T)xoQ.

The existence of a solution will be ensured by the following assumptions.
ASSUMPTION2.1

Al. The matrix fielda € L= (Q)N*N is symmetric and elliptic, i.e. for sorma anda’, 0 < ag <
al < 0o, a satisfiesag|¢|2 < a(x)¢ ¢ < aP|¢|? fora.a.x € Q and foré € RN,

A2. The functionc: (0, T) x 2 x R — RN is continuous and boundéd(t, x, )| < ¢ < cc.

A3. The matrix fieldd: (0, T) x 2 xR — RN*N js continuous, elliptic, i.e. there exists sote> 0
such thatd satisfiesd(t, x, )& > dol¢]? for & € RN, and bounded, i.e. for son#® < oo,
|d(t, x, z)| < d° for almost all(t, x) € QT andz € R.

e 6l
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A4. The functionf: (0, T) x 2 x R — R is continuous and sublinear, i|d.(t, x, 2)| < C(1+|z])
for almost all(t, x) € Q1 and forz € R.

A5. The initial conditionug is in H3 (2).

DEFINITION 2.1 A functionu: Qr — Ris called a weak solution oR(1) if u € H1(0, T; H}(Q)),
u satisfies the initial condition, i.ew(t) — ugin Hol(Q) ast — 0, andu satisfies the equality

/utudxdt+/ a(x)Vuthdxdt+/ c(t, x, u)Vuo dx dt
Qr Qr Qr

+ d(t, x,uyVuVo dxdt:/ f(t, x, uyo dx dt (2.2)
QT Qr

for all test functions € L2(0, T; H}(Q)).
The main theorem of this section contains the existence of such a solution.
THEOREM2.1 (Existence). Under Assumpti@nl, there exists a solution of Problem.p).

At first, we explain the discretization method.
Equation 2.1) is of the form

gu+ov-Vu—A(u) = f(t,x,u) inQrT,
u=0 on(0,T) x 02, (2.3)
u(0, X) = up inQ,

whereo(t, X) = c(t, X, u(t, x)). Due to the characteristic method, the basic structure of the in-time
discretized equation reads

Ui —Uj—10¢'

: — A(uj) = f(ti, x, ui—1),

whereg' (x) = x — ho(t;, x) is an approximation oK (t _1, tj, x) forh = T/n,t; = ih,i =0,...,n,
and X satisfies

aX(, s x) =o(t, X(t,s,X)), X(s,8,X) =X

To make this idea work, there are some subtleties to be considered.
It is substantial that the characteristisdo not intersect; otherwise, neither the backward transport
X(ti—1, ti, X) nor¢' (x) can be shown to exist. Provided

IVo(t)llLe(oy <c forallt e (0, T),

and therefore déD¢' (x)) > 1 — hc > 0, the backward transport exists. However, this estimate may
not be satisfied. To circumvent this problem, we considet ferh®, 0 < o < 1, the smoothed version
of v (X) := v(ti, X) by of 1= w, * vj, wherew, (x) = }Nwl(f)

X2
K ex |X||2—|_1), for [x| < 1,

and / w1(X)dx = 1. (2.4)
0, otherwise RN

w1(X) = {
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This concept will guarantee th#ivo/ || =) will be uniformly bounded int = 1,...,n for each
fixed z.
Choose

Qn = {x e RN, dist(x, 2) < h[[v]|Lo0m)}-
Then, @ = Np-o@h. Fix someh* > 0 andQ* = Q.. Let Qj = ¢ (Q). The boundedness of
yields Q; ¢ Qn c Q* for h < h*. Sinceh* > 0, there exists an extensia@n_; of uj_; from Q to
Q*, satisfying||Gi -1/l y1(g+) < CllUi-1lly1o) uniformly in u. The functionu; —; from H3(Q) can be
extended by zero to a functiaR_1 € Hol(Q*) and||ﬂi_1||H&(Q*) < ||“i—1||H(}(Q)- This construction

allows us to assume thét_ is defined on alk2;. Especiallyfij_1 o ¢>i is well defined.
We approximate the differential equatioh 1) by the time discretizatiorh = T/n,tj = ih,i =
0,...,n, and obtain

%(ui —Gi_10¢ )=V (a(x)%V(ui - ui_l)) — V- (d(t, X, u_1)Vu)) = f(t;, X, Ui_1),
uxX)=0 onoR, (2.5

whereg! (x) := x — ho! (x) andoj (x) = c(tj, X, uj_1). Itis equivalent to

-V ((a(x)% +d(t, x, Ui—l))VUi) + %Ui = f(ti,x, ui_1) + %Ui—10¢i - %V -(@x)Vui_y).

The existence and uniqueness of the solutipof elliptic problems 2.5) follow from Lax—Milgram
theorem Evans 1998.
In the proof of thea priori estimates, we use the following lemma.

LEMMA 2.1 (Kacur, 2001). There exists &p > 0 such that' is one to one and

1 . .
§|x -y <l xX) = ()| <2Ix—y|, forallx,yeQ, (2.6)

uniformlyinn,i =1, ..., n, andh < ho.

Proof. Due to||vj [|L>(0) < C < oo, we have
o L) < C
and
[Voi L@y < C/t.
Sincer = h® and 0< w < 1, we obtain forp',

L-h"2C)x =yl < 1¢' (x) — ¢' (y)| < (1 +hC)|x — y|.

Now, we provea priori estimates fou; .
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LEMMA 2.2 The estimates

max/(|uj|2+|Vuj|2)dx<c,
1<j<n /o

n
Zh/ [Vui|?dx < C (2.7)
iz1 Y€

hold uniformly inn.

Proof. Testing @.5) with u; and summing overyield

1 i ~ |
;E/Q(Ui —Ui—1)y; dx+§ﬁ/g(“i—l—ui—10¢)ui dx

j
1
+§H/Q a(X)V(u; — uj_1)Vu; dx

j j
+Z/ dt, X, ui—1)Vu; Vuj dx = Z/ f(ti, X, uj—1)u; dx.
i=174 =179

Due to Assumptior2.1, Abel's summation formula and multiplication with we obtain
i
/ |uj |2dx+ao/ IVu;j |2 dx + dOZh/ [Vui|? dx
Q Q o Je

i j
g/ |uo|2dx+a°/ |Vuo|2dx+2/ |(ui_1—ﬁi_lo¢')ui|dx+clzh/ ui|? dx + cp.
Q Q =179 i=1 79
2.8)

To estimate the third integral on the right-hand side, we use the equality
. 1 ,
U_1—0i_10¢ = / Vii—1(X + s(¢' (x) — x))dsv (x)h.
0

Integration over? and boundedness of yield

. 1 ‘
/|ui_1—ai_1o¢'|2dx<c/ / |V —1(X + S(¢' (X) — x))| dx dsh?.
Q 0 JQ

Changing to the new variable = x + s(¢' (x) — X), usingy € Q; c 2* and the monotonicity of the

integral and applying the estimgetD¢ (x)| > ZiN yield

_ 1
/|ui_1—ui_1o¢'|2dx<crw2// IVGi_1(y)[2dy ds.
Q 0 Q*
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From the boundedness of the extension operator, it follows that
Ui—1 —Gi-10 ¢i 2oy < ChlIVii—1llL 2o+ < C1hlIVUi—1ll 2(0)-

Using this estimate yields

j j j
> [t -tosoghuis<a > h [ vuldcre > h [ uld
i=17/9 i=1 9 i=1 /¢

Then, we obtain the inequality

j j
/|Uj|2dX-|—ao/ |Vuj|2dx+dth/ |Vui|2dx<03+c42h/(|ui|2+|Vui|2)dx.
Q Q i=1 Q i=1 Q

Due to the discrete Gronwall lemma, we obtain the estim&&s. ( O
LEMMA 2.3 The estimate
n
o [ el + v Pk < © (2.9
i—1 7€
holds uniformly inn, wherednu; := “='=L.

Proof. We test £.5) with u; — uj—1, sum up over and obtain the equality
j U —Gi—y0¢ )
Zh/ 2 72T v dx + Zh/ a(x)Vonui Vanu; dx
i=1 /9 h i=1 /¢

j j
+ Z h/g d(ti, X, Ui—1) VU Vopu; dx = Zh/g f(ti, X, Uj—1)0nu; dx.
i=1

i=1

By Assumption2.1, we have the inequality
i i
Zh/ |6hui|2dx+a02h/ [Vanu; |2 dx
i=1 /9 i=1 /9

i 0 | i
cod
gcldg h/Q|Vahui|2dx+zT E h/Q|Vui|2dx+035§ h/Q|ahui|2dx
i=1 i=1 i=1

Ui—1 — Gi—10¢'

2
h ' dx.

j j
C4 2 05
— E h f(t; i—p)|dx + — E h
+5 “ /!Ql (Iaxaul 1)' X+ 5|:l /!2

Similarly to Lemma2.2, we obtain

Ui—1(X) —Gi—10¢ (X)
- -

1 ‘
/O Vai_1(x + (@ (x) — x))dsof
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and
Ui—1 — Oj—10¢'

h S ClIVUi-1ll 20+ < ClIVUi—1ll 2(0)-

L2(2)

Then, we have the inequality

i i i j
Zh/ |ahui|2dx+2h/ |V6hui|2dx<C12h/ |ui|2dx+CZZh/ [Vui |2 dX.
iz1 /€ iz1 Y€ i=1 /@ i—1 /€

Due to the estimates in Lemn®a2, this inequality implies the estimate for the discrete time deriva-
tive onu; . Il

Proof of Theoren2.1 By using thea priori estimates fou; andapu;, we will show the convergence of
an appropriate subsequence of the approximate solutions to a solution of the original péttjem (
Therefore, we define the Rothe functions piecewisé for(tj_1, tj] andx € Q by

u(ti, x) — u(ti-1, x)
h

u(t, x) = u(ti-1, X) + (t = ti—1)
and the step functions by
a"(t, X) = u(t;, X),

where the initial conditions ang" (0, X) = ug(x) andd"(0, x) = up(x). From @.7) and @.9), we have
the estimates

sup [ (1a"? + [vi"?)dx < C, / [va"2dxdt < C, (2.10)
ot<T /@ or

C
/ (Jonu"? + | Vanu?)dx dt < C, / (u" = @7+ |Vu" = Va"Pdxdt < .
QT Qr n
These estimates imply the existence of subsequencgs'pand{0"}, respectively, again denoted by
{u"} and{a"}, respectively, such that
" — u weakly- in L>(0, T; HJ(2)),
a" — uweakly inL?(0, T; H3(2)), (2.11)
anu" — au weakly inL2(0, T; H3(Q)),

whereonhu(t) := w andu"(t —h) = ug fort € [0, h]. Using the compactness Aubin—Lions
lemma (sed.ions, 1969 implies thati” — u strongly inL2(Q7). Due toEvans(1998 Theorem 5.9.2)
andu e H1(0, T; H}(Q)), we obtainu € C([0, T]; H}(2)) andu(0) = uo.

Testing the discrete equatiod.§) with v € L2(0, T; H}(Q)) vields

/ahu”udxdt+/ ohVu"Vo dx dt + dn(t, X, 0p) V0" Vo dx dt
Qr Qr Qr

1 ~
—I-/ = (DR — UE o ¢n) v dx dt =/ f(t, X, Gp)o dx dt, (2.12)
Qr h

Qr
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whereg"\(t, X) = x — hw, = ca(t, x, Op), Gp(t, x) = 0" (t — h, X), ca(t, X, 2) = (t, X, 2), dn(t, X, 2) =
d@j,x,z) fort e (tji_1,t], fori = 1,...,n, andcy(0, X,2) = ¢(0, X, 2), dn(0, X, 2) = d(0, X, 2).
The strong convergence of and the last estimate i2 (10 imply thata] — u strongly in L2(Qt) and
Up — ua.e.inQr. The continuity ofd(t, x, z) in t andz and the convergence af a.e. inQt imply
thatd (t, x, ) — d(t, x, u) a.e. inQr. Due tod" — u weakly inL?(0, T; H}(£2)) and boundedness
of dn(t, x, Op) andd(t, x, u), we obtain strong convergenced(t, x, Gp) to d(t, x, u) in L2(Q7) and
weak convergence ak (t, x, Gp)Va" in L2(QT) tod(t, x, u)Vu since

/ dn(t, X, Op)VO"p dx dt — d(t, X, u)Vug dx dt
Qr Qr

for any smoothy. The convergence of, (t, X, Uﬂ) — f(t, x, u) a.e. inQT follows from the continuity

of f and the a.e. convergenceigfin Qt. Due to the sublinearity of and the dominated convergence

theorem Evans 1998, we obtainfy (t, x, 0p) — f(t, x, u) in L2(Q7). The continuity oft implies that

cn(t, X, 0p) — c(t, x, u) a.e. inQt. From the boundedness gf(t, x, G) andc(t, x, u) in L>(QT)

follows cq(t, X, GR) — c(t, X, u) strongly inL2(Qr) andca(t, X, Gf) converges weakly-in L (Qr).
Now, we have to prove that

1 _
/ = (Gﬂ — Oy, o¢>”) vdxdt — / c(t, X, u) Vup dx dt
Qr h Qr

forn — oo, whereh = I. The equality

1 ~ L
/Q = (Gﬂ —{po ¢“) vdxdt = /Q /0 Viin (X + s(@"(t, X) — X))dSw, * Cn(t, X, G1)o dx dt
T T

holds. Sinceeq(t, x, Op) — c(t, x, u) a.e. inQt, we havew, x cy(t, X, Gp) — c(t, X, u) a.e. inQr as
n— oo.
The assumed boundednessgields
llwe * Ca(t, X, G [ILe(qr) < €.

We need to show thatz, — Vu weakly inL2(QT), where

1
Vzy(t, X) = / Vﬁﬂ(t, X 4+ s(g"(t, X) — x))ds.
0
Due to

/ |Vzn|?dx dt < Cy,
Qr

there exists g € L?(Qt) such thatVz, — y weakly in L?(Qt). Now, we show that, — u in
L2(Qr). Integrating the difference

b
Zn(t, X) — GI(t, X) =/0 (Gh(t, X + s(p"(t, X) — X)) — al(t, x)) ds

1 1
:/ / Vﬁﬂ(t,x+sr(¢”(t,x) — X))dsdr w, = cq(t, X, Gp)h
o Jo
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over Q1 and using the boundednessmgfimply that
1,1 - 2
/ |Zn(t, X) — G (t, X)|? dx dt < c°h2/ / / ‘Vﬂh(t, X + sr(¢"(t, x) — x))| dxdtdsdr.
Qr 0 JO JQr
From the boundedness of the extension operator ana phieri estimates fodip, it follows that

=N
|75

< Cy|va? < Ca.
Laomxen S G2V UnllLaQn < Cs

Then, we have
T
/ / |Zn(t, X) — GP(t, X)|?dx dt < Ch?.
o Jo

Due to the fact thafi) — u in L?(Qr), we obtainz, — u in L2(Qr). Then,Vz, — x weakly in
L2(Qr) implies thaty = Vu. PassingZ.12 to the limit asn — oo, it follows that the functioru is a
solution of ProblemZ.1). O

THEOREM2.2 (Uniqueness). Let Assumpti@ril be satisfied, where depends only on time and space.

LetN < 4 and

1f(t.x, 2 = f(t,x, )| < Clz' = 7|, le(t,x, z") —c(t, x, 2)| < C|z' = 2|
for z, 2 € R and(t, x) € Qt. Then, there exists at most one weak solutior2of)(
Proof. Suppose thati; anduz solve ProblemZ.1). Then, the differenc& = u; — uy satisfies the
equality

/ uto dx dt + / a(x)Vu; Vo dx dt + / (c(t, X, u1)Vuz — c(t, X, u2) Vuo)o dx dt
T T - Q‘[
+/ d(t, x)VuVo dx dt =/ (f@, x,uy) — f(t,x, uz))o dxdt. (2.13)
Q: Q.

We choose the test functian= u. The third integral in the last equality is estimated by

/ (c(t, X, u1)Vug — c(t, X, u2) Vuz)u dx dt
Q:

:/ c(t, X, u)Vu udx dt +/ (c(t, x, ug) — c(t, X, u2)) Vusu dx dt
Q- Q.

1 1
2 2 4 2 2 z
< [ul“dx dt + ¢ [Vu|©dx dt + c3 [u]™ dx dt [Vuo|cdxdt ) .
T Q‘[ Q‘[ QT

Sobolev’'s embedding theorem yields

%
(/ |u|4dxdt) < 04/ |u|2dxdt+c5/ |Vul|? dx dt
T QT QT
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sinceu € L*(, T, H(}(Q)) and N < 4. Applying these estimates, ellipticity af andd and the
Lipschitz continuity off to (2.13 implies that

/(lU(T)|2+IVu(r)|2)dx < c/ (lul? + [Vul?)dx dt.
@ Q
Due to Gronwall's lemma, we obtain
/ (lu@)I? + [Vu(x)Pdx < 0
Q

andu; = up almost everywhere iQr. O

REMARK 2.1 Here, the zero Dirichlet boundary conditions were considered. This restriction is not
essential and the results can be obtained also for other boundary conditions.
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