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NUMERICAL ANALYSIS OF A TIME-STEPPING METHOD FOR
THE WESTERVELT EQUATION WITH TIME-FRACTIONAL
DAMPING

KATHERINE BAKER, LEHEL BANJAI, AND MARIYA PTASHNYK

ABSTRACT. We develop a numerical method for the Westervelt equation, an
important equation in nonlinear acoustics, in the form where the attenuation
is represented by a class of nonlocal in time operators. A semi-discretisation
in time based on the trapezoidal rule and A-stable convolution quadrature
is stated and analysed. Existence and regularity analysis of the continuous
equations informs the stability and error analysis of the semi-discrete system.
The error analysis includes the consideration of the singularity at ¢ = 0 which
is addressed by the use of a correction in the numerical scheme. Extensive
numerical experiments confirm the theory.

1. INTRODUCTION

We consider the attenuated Westervelt equation modelling wave propagation
through lossy media in cases where the wave propagation is poorly approximated
by linear wave models. A typical application is in medical ultrasound, where the
attenuation depends on a fractional power of the frequency with the fractional
exponent determined by the type of tissue; see [32] Chapter 4]. This leads to
models of the form

O2u — Au+ aLu = k02 (u?),
where a, k are positive constants and the attenuation iS represented by a nonlocal
differential operator L. In this paper we consider Lv(t) = — fo B(t — s)0;Av(s)ds
with B chosen as either

1
Ba(t) = —— "1™, e (0,1), 7 >0

or
Be(t) = —€éu(t), en(t) = Epa(—t"),
where, see [24], E,, , is the Mittag-LefHler function

(1.1) ZF k)
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Note that, for 3 = s and r = 0, L = —3, "A, where 8, " is the Caputo
fractional derivative of order 1—p. The value of u depends on the tissue [10, Chapter
4.3] and is used to model the frequency dependence of attenuation [2, Chapter
3]. See also the recent [18], which includes other choices of nonlocal attenuation
operators L. The case § = Pp is of interest in modelling viscoelastic materials
[19,28]. In [33] a similar system is investigated under trapezoidal disretisation,
where the operator L does not contain a time-derivative.

In this work we develop and analyse a numerical method for the time-discretisation
of the attenuated Westervelt equation stated above. The time-discretisation of the
nonlocal operator is done by convolution quadrature [20,21] whose ability to trans-
late a positivity property of the continuous operator to the discrete case allows a
full stability and convergence analysis. It further allows for fast and memory effi-
cient implementation [4] that is not addressed further in this paper. The full time
discretisation is a variation of the discretisation used in [3] for a related linear model
and is based on the trapezoidal (Newmark with v =1/2, 8 = 1/4 [10]) scheme.

There are several results on the well-posedness and regularity for quasilinear
wave equations and for the Westervelt equations, see e.g. [O[I7.26]. In [19L[30],
semigroup techniques and the Galerkin method are used to prove well-posedness
results for linear integro-differential equations modelling dynamics of fractional or-
der viscoelasticity. For equations with fractional integrals the semigroup techniques
can be applied in the same way as in the case of equations of linear viscoelasticity
[I1.12]. However similar approach cannot be used to prove existence results for
equations with nonlocal differential operators, which include fractional time deriv-
ative as a special case, considered in this work. The Galerkin method, together
with the fixed point argument, is applied in [I8] for the well-posedness analysis of
fractional Westervelt equations. Galerkin approximation, together with the energy
estimates, is also used in [28] to prove existence of weak solutions to the fractional
Zener wave equations for heterogeneous viscoelastic materials. In the proof of ex-
istence and uniqueness results for the nonlocally attenuated Westervelt equation
considered here we follow similar ideas as in [18], and hence include only the main
steps of the proof.

The literature on the numerical methods for the case of local strong damping, i.e.,
L = —AJ; includes the semi-discretisation by continuous [27] and discontinuous [I]
Galerkin finite element methods. Let us also mention the recent approach via semi-
groups to the analysis of the spatial discretisation of a large class of quasilinear wave
equations [I5]. Analysis of a fully discrete scheme for nonlinear elastic waves with
the finite element method in space and rational approximation in time is presented
in [25].

In the linear case (k = 0), the literature also includes the numerical analysis
of full discretisations of nonlocal attenuations. Namely a weaker form of nonlocal
attenuation than we are interested in (Lv(t) = — fot B(t—s)Auv(s)ds) is investigated
in [I9] where a continuous Galerkin semi-discretisation is analysed. In the already
mentioned work [3] a fully discrete scheme is investigated with again weaker atten-
uation L = 9], v € (0,1). The fully discrete scheme in [3] consists of continuous
Galerkin method in space and leapfrog combined with convolution quadrature in
time. This was extended to the strongly damped nonlocal case (still with & = 0) in
the thesis [2, Chapter 6] with the explicit leapfrog scheme replaced by the implicit
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TIME-FRACTIONAL WESTERVELT EQUATION 2713

trapezoidal time-stepping. This numerical approach we now extend to the non-
linear case to give what we believe to be the first analysis of a time-discretisation
of the nonlocally attenuated Westervelt equation. The analysis also includes re-
alistic assumptions on the regularity of the solution including the possible lack of
smoothness at ¢t = 0.

The paper consists of six sections, the first being this introduction. In the next
section we give the formulation of the mathematical model and prove an important
property of L. Section [J] briefly gives the well-posedness of the nonlinear system
with some of the technical details of the proof relegated to the appendix. In Section
[ we state the numerical scheme and show its stability. This leads to the proof of
convergence estimates in Section Bl Finally, the results are illustrated by numerical
experiments in one and two spatial dimensions in Section

2. FORMULATION OF MATHEMATICAL MODEL

We start with the formulation of the mathematical model. In the damping
term we shall consider a class of convolution kernels which includes fractional time
derivative as a special case.

Let Q c R?, with d < 3, be a C"! domain, or for d = 2 a polygon with edge
opening angles w < 7 and for d = 3 a polyhedron with w < 7/2. We consider

(2.1) O*u — Au — aff * Adyu = k02 (u?),

where a, k > 0 are constants,

fglt) = / f(t = 7)g(r)dr

denotes the one sided convolution, and [ is chosen as either

1

2.2 Ba(t) == thle™™ r>0, pe(0,1),
(22) 0= 1 0.1)
or
(2.3) Be(t) == —éu(t),  eu(t) = Eua(=t"),  pe(0,1),
with E, - the Mittag-Leffler function (II). In both cases
1
B(t) ~ —t+ L as t— 0T,
O )

When a result holds for both kernels, we will use 3 to denote either of the kernels.
Note that for 84 and r =0,

Baxf=1I¢f and PBax0f=0 "
where I/' denotes the Riemann-Liouville fractional integral of order p € (0,1) and
A} ™" the Caputo derivative of order 1 — p € (0,1) [29].
We will need two properties of 8. First of all, denoting by f := Z{f} the

Laplace transform of § we have that

(2.4) Ba) = (1), Bn(z) = —
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The expression for BB( ) is obtained from the fact that the Laplace transform of
see [24], and the calculation

. zH 1
L{—¢éu}(z) = — 11 -1)= TR

e, is given by £ “+1’

where we used that e,(0) = 1.
Thus, a property we will require later, follows:

(2.5) ReAl > (o +r)*, ReA1 >1 VRez >0 > 0.
pa(z) fs(2)

The second property we need is stated as a lemma.

Lemma 2.1. For any v € L*(0,T) we have

[l vis)ds = 5 min (1= 5)+9(s) [ |5 xo(s)Pds, e .1,
0 S 0
where for = [Ba

i
= e T ¢ _r / T e "Tdr
(1 —p) I'(1—p) Jo

and for B = Bp

Proof. Note that + is chosen so that 1 = 4§(z )B(z) and hence

(2.6) /Otv(s)dSZ/ (t—7) / B(r — n)o(n)dndr,

for any sufficiently smooth v.
Denoting w = § * v, we have, by differentiating (2.6), multiplying by w and
integrating, that

[ wnons = [ [ ats - rutrras.

We complete the proof by noticing that v satisfies the conditions of the kernel & in
[28, Lemma 3.1] with the lemma thus implying

[ [ ot = mtar| wisias = 5 [ ote=) 4200 o s

1 . i 2
> 5 min Bt = 5)+5(5)] [ fuls) P

Finally note that since 8 € L'(0,T), Young’s inequality for convolutions implies
that both sides of the above inequality are well-defined for v € L?(0,T) thus com-
pleting the proof. |

Remark 2.2. An application of Plancherel’s formula as in [5, Lemma 2.2] shows
that from (Z3)) it follows that

| e > o) [ e s s
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TIME-FRACTIONAL WESTERVELT EQUATION 2715

foro > 0and C(o) = (o +7r)* for § = fa and C(o) = 1 for § = . While it would
be possible to develop the theory in the next section based on this inequality, it is
easier to use Lemma 211
We rewrite equation (1)) as
(1 — 2ku)d?u — Au — aff * 0;Au = 2k(0yu)* in (0,T) x Q,
(2.7) U=up on (0,T) x 09,
uw(0) =ug, Oru(0) =1y in Q

and make the following assumptions on the smoothness of the data:

up —up(0) € H*(Q) NH(Q), wvo € HX(Q) N HY(Q),

(2.8)
up € H*(0,T; H*(Q)) N L>(0,T; H3(Q)),

where H? = D((—~Ap)3/?u) with the norm ||w| s = ||(—=Ap)*/?w]|g2 and Ap is
the Laplace operator in L?(£2) with the zero Dirichlet boundary conditions, i.e. with
domain D(Ap) = H2(Q) N H ().

Definition 2.3. A weak solution of (2.7 is function v € up + H(0,T; Hi (%)),
with u € L>®((0,T) x Q) and d?u € L*((0,T) x ), satisfying

T T
(2.9) /0 [((1 = 2ku)0fu, ¢) + (Vu + af x 0, Vu, V)| dt = /0 (2k(0,u)?, p)dt,

for ¢ € L?(0,T; H}(Q)), and initial conditions are satisfied in the L?-sense.

For the simplification of the presentation, we shall consider up = 0, however all
results hold for non-zero Dirichlet boundary conditions by considering & = u — up,
resulting in

(1 — 2kup) — 2k0)020 — Ad — af x O At = 2k(0,0)* + f(t,x)
+4kOyudyup + 2kadtup,

where f(t,2) = 2k(0yup)? + (2kup — 1)0?up + Aup + af * O Aup. For up inde-

pendent of ¢, the difference between (Z7) and (2I0) is in the presence of function

f(t,z), which is regular for regular up and the analysis below holds for all suffi-

ciently regular up with [lupl|ze(n) < 1/(2k). In case up depends on ¢ we obtain
additional linear terms, which can be treated in the same way as in the case up = 0.

(2.10)

3. EXISTENCE AND UNIQUENESS RESULTS

We shall apply the Banach fixed-point theorem and the Galerkin method to show
existence and uniqueness of solutions of (ZX). Similar approach was considered
in [18], however for completeness we present here the short outline of the main ideas.
Also we have a more general convolution kernel, compared to the one considered
in [18].

For Q € Ob! the elliptic regularity theory, see e.g. [I3, Theorem 9.15, Lemma
9.17], ensures

(3.1) lwllwzr@) < CallAwl|Lr (),

for w € H}(Q) with Aw € LP(Q) and p € (1,00), and some positive constant
Cq, depending on the domain 2. For polygons estimate ([B.]) holds for 1 < p <
2w/(2w—m), see e.g. [14, Theorem 4.3.2.4, Remark 4.3.2.5]. For polyhedral domains
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we have estimate ([B.]) for p = 2 and convex domains or for p > 6/5, with p # 2
and satisfying

(3.2) 2-2/p<w/w, 2-3/p<A,

where A = min{—1/2 + /A1 + 1/4,2}, with A; the smallest positive eigenvalue
of the Laplace-Beltrami operator on the spherical caps spanning the corners; see
e.g. [8l Theorem 3.2, Corollary 3.7]. For polyhedra with w < 7/2 conditions (3:2))
are satisfied for any 3 < p < oo, [8, Corollary 3.12, Corollary 3.13].

Thus, the assumptions we made on 2 ensure that (3] is satisfied for p > d. We
shall also use the Sobolev embeddings, combined with 1) for p = 2,
[wl[z @) < Callwllr2@) < CallAwl|L2(q),

3.3
(33) [VwllLa) < Callwl|lgz(q) < CollAwl|L2(0),

where by Cq we denote the generic constant in the embedding inequalities, and
(3.4) IVulLe < Collullw2» < CollAullLr < CollAullgr,

for d < p < 6. The first and the last inequalities in ([B.4) follow from the Sobolev
embeddings, whereas the second inequality is ensured by (B.1]).

By C we shall denote a generic constant that is allowed to change from line to
line. For shortness of notation we denote ||- || zr(q) by [|-[|zr and || || gx (o) by || ||z,
with 2 < p < oo and k = 1,2,3, and the L2-inner product is denoted by (-,-). The
semi-norm ||V - ||z is denoted by | - |g1.

Consider

IC:{u € L0, T; H2(Q)) N Wh>(0, T; H()) :
ue L®(0,T; H3(Q)), 0u € L=(0,T; H*(Q)), d?u € L*(0,T; H(Q)),
[Aull Lo (0,7522(02)) < b, HVAUH%OO(O,T;L?(Q)) + ”|\Aatu||%oo(o,T;L2(Q)) < RQ},
for some fixed 0 < Cob < (1 —k)/2k, with 0 < k < 1 and Cg, being the constant in
the embedding inequality of H2(Q2) in L*°(£2), and R? = Cr[(1+2kCqb)| Avol3. +
[V Auqg||3.] for some constant Cr > 1.

Themap 7 : 4 — u = T(a), for & € K, is defined via the solution of the following
linear problem

(1 — 2ka)0?u — Au — af * 0;Au = 2kO;udsi in (0,T) x Q,
(3.5) u=0 on (0,T) x 09,
u(0) =g, u(0) =vo in Q.
First we show the existence of a unique solution of (3. Then by showing that

the map T, for some T > 0, is a contraction we obtain the existence of a unique
solution of ([2.7).

Theorem 3.1. For ug € H3(Q), vy € H2(Q) N HA(Q) and @ € K there exists a
unique solution u € L>®(0,T; H3(Q)) of BH), with u € L>(0,T; H3(Q)), du €
Lo°(0,T; H2(Q)) and 82u € L2(0,T; H'(Q)).

Proof. The existence of a unique solution of (B3] can be shown using the Galerkin

approximation
[

ub(t,z) = Z cﬁ(t)qj(a:),

j=1
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TIME-FRACTIONAL WESTERVELT EQUATION 2717

where {q;};jen is a basis of eigenfunctions of —A on H{ (), orthonormal in L2

and orthogonal in H', with eigenvalues {\;}. The coefficient vector ¢/ = (ct)¢

j=1
satisfies the following system of ODEs o
@ , ¢ d o d o
(3.6) 72C + A(t)c" + aA(t)B = prs —A(t)ac =0,
where
1 2koyu(-, t)
Ati*:- (4), qi (- , A)).. = (| — - (4), qi (- .
8005 =0 (g a0 ) (A, = (80,4
Writing v¢ = ;—;cf we have that
! d
(3.7 ct(t) = / (t — s)v¥(s)ds + tacé(O) + ¢%(0)
0
and
d g _ ' d g
i (t) —/O vi(s)ds + i (0),

with the initial data c‘(0) and %CZ(O) given by the orthogonal projections onto
the basis {¢;} of the initial data uy and vy respectively. Thus the original problem
B9 is transformed to the Volterra integral equation

ve(t) + A(?) / (t— s)vz(s)ds + aA(t)By * vz(t) - A(t)/ VZ(S)dS = g(t),
0 0

where (3 is the inverse Laplace transform of

and

g(t) == —A(t)c*(0) + A(t)%cZ(O) - (t + a/o ,B(s)ds) A(t)%ce(O).

Thus the Volterra integral equation can be written as

Vz ' S Ve S S =
() + / K(t, s)v!(s)ds = g(t)

with
K(t,s) = A(t)(t —s+aBi(t —s)) — A(t).

From the behaviour of its Laplace transform, we know that /3 is analytic for ¢t > 0
with a singularity of the type t* at ¢t = 0, thus the kernel K (¢, s) is continuous and
so is the right-hand side g. The existence of a unique continuous solution follows
from [7, Theorem 2.1.7]. The C2[0,T]-solution c’ of the original problem (B.6)) is
then obtained from v* and (B.7).

The existence of a solution of () is obtained by taking the limit as £ — oo in
the Galerkin approximation and using a priori estimates, uniformly in ¢, similar to
the ones in Lemma O
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2718 K. BAKER, L. BANJAI, AND M. PTASHNYK
Lemma 3.2. For solution of [B.AH) we have the following a priori estimates

AU Z e 0,712 (02)) + KOVl Foo (0.7 12(02)) < [I1AU0172(0) + ElVV0ll T2 (0]
< exp {72 [0l ) + 1068 07,12
19l ) (19 2 2r) + 180V w0 0200) ] |
(3.8) HVAUH%W(O,T;LQ(Q)) +H||atAu”2L°°(O,T;L2(Q)) < [HVAUOH%%Q)
+ €l Auol3aey) exp {72 (108 1o 1,220 + (| AV w0 70700
+ V|| oo () (1 + 1AE] Lo 0,7 220)) ] (L4 10:VE| Lo (0,7:22(0)))
+ %HAVQH%OC(&T;LQ(Q)) (1+ HAQH%OC(OE;L?(Q)))} },
together with
18+ Adl3a gy < [1800l3a0y + ENT00l 200y (TE2 [ 19
(39 10 o2y [ LIV exp {72 (Ll
o o] [1+ LI Villen] ) + ),
and
K107 VullZz ) + 18 * AVOulT2 (o, < [[IVAUO[T2q) + &l AvollE2 (o))
x [T0a (14~ [0l m 2200 + - IVl @y (14 18 2 0 7,22
+ 1AV Lo (0,522 ] [1 + 110: V| o (0,522 (02 ] + %”AVQH%OO(O,T;L%Q)) 1

C
T8
K

_ _ 1 _
+ ”AUH%OO(O,T;Lz(Q))]]) eXp{ [HatAUHLw(o,T;LZ(Q)) + n [||AVU||L°°(0,T;L2(Q))

+ IVl oo () (1 + | A@]| Lo (0,7:0202))) ] (1 + 10: V] oo 0,722 (2)))

1 - - 1
+ §||AVU||%°°(0,T;L2(Q))(1 + ||Au||%w(o,T;L2(Q)))}} + 5}7

where £ = 14 2kCqb, 4 € KC, b and k as in the definition of K, Qr = (0,T) x Q,
and the constant Cq > 0 includes constants from the embedding inequalities and
hence depends on the domain €.

Proof. Considering d;u as a test function in the weak formulation of (B3] yields

K110l e 0 1:22 () + VUl F e (0,712 (02))

2k, -
< [+ 2kCab)llvol}a o) + Vuollfe(ey] exp { T 10kl o) -

where 1 — 2| o (0,1yx0)) > 1 — 2kCqb > k and we used Lemma 211 in the
simpler form f(f B 0;Vu-0,Vudr > 0.
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TIME-FRACTIONAL WESTERVELT EQUATION 2719

Considering —Ad;u as a test function for (B3] and using estimates in Lemma 2]
we obtain

’@HatVUHQLx(o,T;L?(Q)) + ||AU'||2L‘>°(O,T;L2(Q)) < [§\|VU0||2L2(Q) + HAUOH%P(Q)}
C . -
X exp {Tf [IlatUIILoo(nﬂ +10:Va| Lo 0,7:24(2))

1 _ 5 1 N
+ ;HVUHLOO(QT) (1 + |0t o< (0,514 (02)) + ;HVUHLOO(QT))} }

and

Ca
18 % Adyul3a gy < [E1V00 32 + 1 Auol32(0)] [T

K

(1009 2 074y
5 1 - N 1 B
+ [|0¢tt]| Lo () + ;HVUHLOC(QT) (14 1104l oo 0,7:24(02)) + ;IIVUHLOO(QT)D

C . -
X exp {T%) (||atu\|L°°(szT) F10:V | Lo 0,752 ()
1 - - 1 5 1
+ IVl [+ 106~ oz + IVl o] )} + 2]
Applying A to [B.3) and taking Ad,u as a test function in the weak formulation of
the problem implies

KO AUl T e (0,7;12(0)) + 1AV T (0712 (0)) < [EIAVONI72(0) + 1AV 0|72 ()]

C
T8
K

5 1 . .
X exp{ (llatAU||L°°(o,T;L2(ﬂ>> + - {HAUHLOC(O,T;L%Q)) (10:Vall os (0,7:22 (2))

+ 1) + ||V&||Loo(QT)(HV&||LQ<>(07T;L4(Q)) + 1) (\|6tVﬂ||Loo(01T;L2(Q)) + 1):|

1 - - -
+ pe) [HAUH%m(o,T;m(Q)) + ||VU||%ao(QT)(1 + ||VU||2L<><>(0,T;L4(Q)))D}-

Using the Sobolev embedding inequality yields the second estimate in (8]). From
those estimates, using the weak formulation of the problem, we also obtain the
estimate for B * AVO,u in L?((0,T) x Q). The strong formulation of the equa-
tion in B3], see (69) in Appendix, together with the estimates for VAuw in
L>(0,T; L3(S2)), Opu in L>=(0,T; H*(R)), and B * AVd;u in L*((0,T) x Q), im-
plies the estimate for 92Vu in L2((0,T) x ). See appendix for more details on the
derivation of a priori estimates. O

Remark 3.3. For simplicity of presentation we have skipped the Galerkin approxi-
mation step in the above proof. Note that in the Galerkin approximation, using the
notation from Theorem .1l 9,Au’ satisfies the zero Dirichlet boundary condition
and hence boundary integrals vanish when integrating by parts. Notice that the
limit as ¢ — oo in H'-norm of the Galerkin approximation Au’ yields Au = 0 on
0% and in the estimates in Lemma [3.2] the equivalence between the H'-norm of Au
and the semi-norm ||VAul|r2 is used.

Using a priori estimates proven in Lemma and applying the Banach fixed
point theorem yield local existence of a unique solution of nonlinear problem (27).

Theorem 3.4. For ug € H*(Q) and vy € H*(Q) N HL (), with
[Aug|72 0y + (1 + 2kCab) | Vuol| 72y < nb?,

for any n € (0,1), there exists time interval T = T(R,b,n) > 0 such that u € K is
a unique solution of (27).
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2720 K. BAKER, L. BANJAI, AND M. PTASHNYK

Proof. For R? = CR[HVAUOHQLQ(Q) +(1+ 2kCQb)HA'U0H%2(Q)] and T'= T(R,b,n)
such that

exp{TCq(R+ R?)} <1/n and exp{TCq(R+ R*+ R®+ R*)} < Cg,

estimates in (B8)) imply u = T (a) € K for @ € K.

To show that 7: K — K is a contraction we consider (B.H) for @; and g in K
and, taking —Ad;(u; —uz) as a test function for the difference of the corresponding
equations, obtain

K[|V O (u1 — U2)||2Loo(o,T;L2(Q)) + [ Aur — u2)H%°°(O,T;L2(Q))

1 - -
< Co( [10:8u232 0y + 10Tz 32 ) V01 i = 52) I3 072200
1 .
+ P [”AVUQHQLQ(QT) + ||3tvu2\|%2(o,T;Hl(Q)) + ||Au2||?'-11(0,T;L2(Q))

+ 18 % Adyua | 0,111 () (1 + ||Vﬁ2||L°°(QT))} a1 — ﬂQ”%OO(O,T;Hz(Q)))
Ca _ 1 2 2

x exp { =2 (1021 |1 0.:220) + 1 | IV izl E o ) 10 V2l F2 0

+ 118 % Adyuz|l 0,10 () (1 + | Vitzl L (o) + T (1 + [V 7= oy

+ a2l ) + 10ua| T ) + ”v'&lnL‘x’(QT)Hatv'&IHLl(O,T;L%Q))}

1 . 1
+ S IVl rae @) ) | < CalTRE +TH(R+ RY)
x exp {Cq[T(1 + R+ R? + RY) + T2 (R® + R*) exp{CaT(R + R*)}]}
X (KlIVO: (a1 — )17 (0.7 12(c)) + 1A (01 — @2) | F o0 0,712 (02))) -

Then for T such that Co[TR?+T7% (R+R?)] exp {Co[T(1+R+R?+R*)+T= (R +
R exp{CoT(R + R*)}]} < 1 we have that 7 : K — K is a contraction. Thus

applying the Banach fixed point theorem, and iterating over time, yields existence
of a unique solution of the nonlinear problem (2.7). O

4. TRAPEZOIDAL DISCRETIZATION

In this section we present analysis for the numerical scheme for problem @27).
The time semi-discretization considered here is based on trapezoidal time-stepping
with uniform time-step At >0 and n=1,2..., N, with T'= NAt,

(4.1) (1 = 2k{u}n)D*up — Au}, — af xar DA, = 2k(Du,)?,
where u,, € Hi () N H?(Q2) and

1 1
= E(Um—l — Up—1), D?u,, = F(un—i—l — 2Up, + Up—1),

Du,

1 ~ 1
{u}n = Z(un+1 + 2u, + un—l)a Du, = A_t(un+1 - Un)v

with Dug := vg, and [8 *a¢ g], (with the square brackets in most places left-
out) a convolution quadrature approximation of fg B(tn, — T)g(T)dr. We will use
convolution quadrature based on the second order backward difference formula

Licensed to Heriot-Watt University. Prepared on Mon Oct 21 09:45:19 EDT 2024 for download from IP 137.195.27.23.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TIME-FRACTIONAL WESTERVELT EQUATION 2721

(BDF2) [20H22] which results in the discrete convolution

B*Atv § Wp—;V5,

with convolution weights w; given by the generating function
) > 1
5(H) =T we,  s0=a-0+ja-cr
7=0

For v that is sufficiently smooth and with sufficiently many zero derivatives at ¢t = 0,
we have that [S%a¢v], = B*v(t,) + O(At?), whereas for v(t) = t* and real @ > —1

CtrIALYT for —1<a<1
42 ‘ n - tn S " -
(4.2) (B *ar v]n — Bxv(ty) {Ctﬁ+a_2At2 for o > 1,

forn=1,...; see [23, Theorem 2.2].
Alternatively, we can use the corrected CQ formula
(43) [B’T‘Atv]n = [B kAL v]n + Wn,O”Ov

where w,, o is chosen so that the formula is exact for constant function, i.e.,

tn tn n
Wno 1= /0 B(r)dr — [B *at 1] = /0 B(r)dr — j;owj.

Note the trivial but useful fact that S¥av = 8 *a¢ v if vg = 0. From ([@2]) and the
definition of wy, o it follows that we have the stability bound

(4.4) |lwn.o| < CtE1AL

for n > 1. The first correction weight is w9 = —wo, where wy = B(6(0)/At) =
B(%) ~ (2/3)*At* as At — 0. In the estimates below, we will only require the
fact that w, o are bounded by a constant independent of At for all n > 0. The
semi-discretisation with the corrected CQ formula reads

(4.5) (1 — 2k{u},)D*u, — A{u}, — af*ar; DA, = 2k(Du,)>.

When using the corrected scheme, we will further assume that vy € H3(2).
A crucial property of (the non-corrected) convolution quadrature, see [B]
Lemma 2.1] and [6, Theorem 2.25], is that (Z5]) implies

oo

(4.6) 0% (v, B *a¢ v]; >05292f|\ B xar vl;l2e,
j=0 7=0

for o = e~ 72t with o > 0, and
Cp:=(a+r)" (if B=pa), Cp:=1 (if = Pg),

where ¢ = Comin(1l,0). Thus, if 8 = S5 with r > 0 or 8 = g, we can set 0 =0
(i.e,, o =1 and & = 0) and still obtain positivity of the left-hand side in (6.
For the corrected version, all we can say is that

(4.7) Z 0™ (vj, [BFarv];) > Cp Y 0™ [[[Bxat vljll7z + Y 0¥ wjo (v), v0) -

Jj=0 =0
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2722 K. BAKER, L. BANJAI, AND M. PTASHNYK

To initiate the iterations in (1)) we set

1
(4.8) ur = ug + Aty + §At28t2u(0),
where we can determine 972u(0) from the equation (Z.7)
1
2 2
Lemma 4.1. Under the assumptions on the initial data (Z8)), along with ug €
H*(Q) and
up + Uy u1 — ug ||? 2
|a® ] + (14 2kCgb)||V | <
L2(Q) L2(Q)

where 0 < Cob < (1 — k) /2k, with 0 < k < 1, and the constant Cq is the constant
in BI) and B3), we have the following stability estimates for the scheme (4.1)

Kk sup ||Dvun||2L2(Q) + sup ||A(U)n||2L2(Q) <p?,
(4.10) 1<n<N-1 1<n<N-1
£ sup [DAuy|72g)+  sup [VA(W)all72) < R,

1<n<N-1 1<n<N-1

where (u)y, = (Upt1 + uy)/2 and R = C’R[HAV( )o ||2LQ +(1+ 2kCQb)||DAu0||2L2]
with Cg > 1.

Proof. In order to analyse the system we need that 1 — 2k{u}, > k > 0 for some
(fixed) k € (0,1). Thus similarly to the continuous case, we consider the fixed-point
iteration

(4.11) (1 — 2kd,,)D*u,, — A}, — af ¥a; DAu, = 2kv, Duy,,

where d,, = {i}, and v, = D, for @, € H>(Q) N H}(Q) satisfying @I0) (with
uy, replaced by ).

To derive the stability estimates we first test (@II) with ¢*"Du,,, 0 = e 2Y/7T,
and estimate each term separately. For the first term we have

At Z 0*"{(1 — 2kd,,) D*uy,, Duy,)

1 un —un_1\° 1 up — ug\ 2
> [ 2WNU(1 = 2kdy_,) [ N ——/ 1-2k L _0) ¢
—2/99 ( dn-1) At de =5 | ( Ly *

N—
+k ZQ 2(n+1)(d —d )(Un—i-l - ’UJn)de
0 0 n+1 n At
n=1
2J5,° N-1 At 2 Jq VT A

+ha [ Z P (%) (Dun)*da.

The last term in the estimate above can be bounded by

N—-2
KLY [ D(@)a| o [ DI

n=1
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TIME-FRACTIONAL WESTERVELT EQUATION 2723

Using 1—2kd,, > k > 0, together with the estimates for the convolution quadrature,

yields
En_y
N-1 )
< By — CgAt Z (anlﬁ *At Dun|H1
n=1
N—2 N-1
+ kALY PO D) ||| Duun |5 + 2628 Y 07| D] | Dt |50
n=1 n=1
N-1 V-l
SEo—CﬂAtZQQn’B kAL Dun’ifl +C sSup HDﬂ"HLOOAtZQ2HHDU”H2L?’
— 0<n<N-—1 ne0
where for n > 1
B, = 1 on | Un+1 + Up + 1/ QQn(l _ 2kdn)|Dun’2dI
2 H! 2 Q
and
1wy + g |? 1 =

Then the discrete Gronwall inequality ensures

o
1 2kd,

3

When considering the corrected convolution quadrature, we will have the adi-
tional term

N—1
En_1 < Ejexp {COSSE%A HDﬂnHLwAt nz::() 0*"

Lo

N-1
At Z an}wm(,(VDun, VDu0>|

n=1

(4.12) N~ [0 ) 2 2
<At Y @ [S(IV@hnsalie + IV (@alz) + Csllvol |

n=1

< §sup HV(U),LH%2 +C,

for any fixed § > 0. Then the first term can be subtracted from the corresponding
term on the left-hand side.

Taking —0*"ADu,, as a test function in (@II)) and integrating by parts in the
first term on the left-hand side and in the right-hand side yield

N-—1
NI [((1 — 2kdy) D>V, DV, + (A{u},, ADuy,)
n=1

(4.13) +<aﬁ «n; DA, DAunﬂ
N—1

= 2kAt Y 0”"(Duyp Vv, + DVunv, + Vdy D*uy, DV, ).
n=1
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2724 K. BAKER, L. BANJAI, AND M. PTASHNYK

Using equation (£I1)) we rewrite the last term on the right-hand side as

1

T Vi (A + a8 xa DAW, ). DV, )

(Vdy D?uy, DY) = (

+2k< Vd, Duyyvn, DVun>.

1—2kd,

Similar as above for the first term in [@I3]) we have

1
ALY 0 [((1 = 2kdy) D*Vuuy, DVuy)

=1
> 192(N‘1>/ (1—2de,1)vauN,l\2dx—1/ (1~ 2kd, ) |V Duo| da
2 o 2 /o
N—-2
+EAE Y QY / D(@@),,|V Duy|*d.
n=1

For the second and third terms in (£I3]) we have

I |

N-1
ALY 0™ [(Afubn, ADun) + (aB a1 DA, DA, )|

n=1

L

2

2N H A(uy +un-1) ’

2 L2 2 L?
N—1 )
+ CgAt Z QQ”Hﬁ AL DAunHLZ.
n=1

The terms on the right-hand side are estimated as

At Z 0" [< 2kd Ad{u}ly, DVun>

+ a<1_vwﬁ «n; DA, DVun> n 2k<%Dunvn, Dvunﬂ
N-1
<813 61w DB + O Z =g | IV dallis
X 1A {ubalz + 1DVunllfa (1 + oalle + CH — |, IVdallz= )]
where we assume ¢ < Cpg /2, and
N-1
2kAL Y 0% [(DutnVvn, DV} + (DVutyvn, DV, |

n=1

N-1
< 0At Y o (lonllze + 1 Vvall o) [ DV | 7.

n=1
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TIME-FRACTIONAL WESTERVELT EQUATION 2725

Applying the discrete Gronwall inequality we obtain

/ QQ(N_I)(l - 2de,1)|.Dqu,1|2dl‘ + QQ(N_l)HA(’U,)N71H%2
Q

N—-1
+CsAL Y 0% (|8 xa¢ DA 72 < [V]| Duol2a + || A(w)o||.]

n=1

N—1 1
X exp {C’At Z Hl—i

Vel (
T2k,

19l + fonlos

(4.14)

R AZA PR ER EAPY]

N—
[ IV Dugl3 + 1 Ao +ur) /203 exp { T2 Z (120122

S IVAGLIZ: + LIV A + VA3 + ||wn||L2)}}

where v = 1 + k(||to||p + 2||@1]|pe + ||G2]|L)/2. Here we used ([B4) and that
Ad,, = 0 on 9€2. Thus for

K sup  [[AuvnF: 4+  sup VA, |72 < R?,
1<n<N-1 1<n<N-1

and initial conditions
[A(u)ol|72 + (14 2kCab)[[ Vv + (1/2) AtV u(0)[|7. < nb?,

and appropriate T' > 0, such that
exp {CQT(R/KZ + (R+2R%)/k? + R2/Ii3)} < —

we obtain

K sup  [|DVunlZz +  sup  [[A(u),7s < b7
1<n<N-1 1<n<N-1

where 0 < kK <1 — 2kCqb and Cgq is the constant in (31 and ([B3). This ensures

1

Hutallz= < 5Ca(ll(Wallaz + [[(@)n-1l42)
1
“Co (A2 + |AW)p_12) < Cab  for 1<n <N -1

In the case of the corrected convolution quadrature the additional term is esti-
mated in the same way as in [II2), with ADu, and Awvg instead of VDu, and
VU().

Applying the Laplace operator to (LI1]) yields

(1 = 2kd,) D*Au, — 2kAd, D*u, — 4kVd, D*Vu,, — A*{u},

(4.15) )
—af *a; DA u, = 2k(DunAvn + DAu,Lvn) + 4kV Du,,Vv,.
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2726 K. BAKER, L. BANJAI, AND M. PTASHNYK

Considering 0?" DAu,, as a test function in ([@I5]), see Remark B3] we obtain
N-1
At Z 0*" {<(1 — den)DQAumDAun> + <AV{u}n, AVDun>
n=1

+a<6 xa: DAVu,, AVDunﬂ
(4.16) N1
= 2kAt Y 0™ (Ad, D*uy, + 2Vd, D*Vu,,, DAuy,)
n=1
N-1
+2kAt Z 0*" <DunAvn + DAupv, + 2V Du,Vu,, DAun>.

n=1

For the first term in the same way as above we obtain

N-1 N-2
At Z 0*"((1 — 2kd,)D*Auy,, DAu,,) > kAt/ Z *" Y D(@), | DAuy, |*dx
n=1 @ p=1

1 . 1 .
+5 /Q * NV (1~ 2kdy_1) | DAuN_1|*dz — 5/9 (1 — 2kdy )| DAug|*da.

The second and third terms in ([I6) are estimates in the same way as above and
we have

N-1
ALY 0 [(AV{u}n, AVDuy) + (B +ar DAVDuy, AVDu,)|
n=1

> 1 2(N—1)H AV(un +un—1) ‘ 2 1H AV (uy + ugp) ‘ 2
= 2° 2 2 2 2 L2
N-1 )
SO 5 a DAV
n=1
For the last term on the right-hand side of ([@I6]) we obtain
N-1
At S "|(DunAv, + DA, + 2V Du, Vo, DAw,)
n=1
N-1
< Colt Yy o* ([ Avnllze + [lvall + [IVvnlze) [ADun| 7.
n=1

Here we used estimates ([B.I]) and (3.3). To estimate the first term on the right-hand
side of (LI0) we first use the equation (LI1]) to write

D?u,, = (1_7;]{7(1) (A{u}n + B xar DAuy + 2kDu,Lvn>
and
D?Vu,, = ﬁ (AV{u}n + B xar DAVu, + Qk(DunVU,L + DVunv,L))
1
2 — (A DA 2kD .
—+ ka”(l—%dn)Q( {u}n + B *at Uy + 2k unvn)
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TIME-FRACTIONAL WESTERVELT EQUATION 2727

Then, using the Sobolev embedding theorem, yields

N—-1
At Z g2”2k<Aan2un,DAun>
n=1
N-1
Ad,|| 14
con’¥ on LS [ s Dl + 1A (b1 | D1
11— 2kdn]
N-1
2n
o 2 [CHWH A EENE N
— 2n 1
coary s (18I + ol ) I DA
n=1
N-1 N-1
+CALY " P VA{ubnl|72 + ALY ™8 xae DV Au,[7
n=1 n=1

and

N—-1

At 0" {VdnD*Vu,, DAu,)| < CAt —
2n 2n ||VdnHL°°

[ = 2kdn ]

n=1 n=1

+ [ Dunllzee [VonllL2 + | DVun || allon|[s + 118 #ac DAVUnllm]

1AV {u}nls:

[VenllZs

_— b | DA, |
11— 2k [Denle:

(118}l o + 118 2t DAl o + | Dtn < oo

1

2 1 2
n Loc(Hl— n L

N-1
+ [ Vunlli2 ) IDAuA 72 + A 3 & (IIVA{ubnl2 + Il xa¢ DV AU

n=1

N-1
< CqAt Z QQH
n=1

NVdallzs +11Vdallze + Ve 2o

Here we used B1)), (84), and

[Aw||Lr < Col|Aw|[gr < Co|VAw|L2, for 1 <p <6,
where Aw = 0 on 0f2. Choosing ¢ > 0 sufficiently small yields
PN VR DAuN 1|72 + N VAV (u) v 172

N-1
+CpAt Y 0™ %1 DAVuU||7 < v DAug|72 + [|AV (u)o 72
n=1
2
+ CoAt Z " (1AV{ulal2: + H1— 1802 + 19 A3
n=1
+ (14 | | Iadali] 102w ).

Considering T such that

[Vumuouiz + ||AV(u)o||%z} exp {CQTmaX{L RQ%?)HL + f—f}}

S min Q2(n71)R2,
n
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2728 K. BAKER, L. BANJAI, AND M. PTASHNYK

and using the discrete Gronwall inequality, we obtain
0¥ k|| DA, |22 + 0®|AV (u)n |22 < 0*"R*  forall n=1,...,N —1,
and then also
N—1
At ™8 xar DAVu,|[7. < C.
n=1
In the case of the corrected convolution quadrature the additional term is esti-
mated in the same way as in ([@I2]), with VADu,, and VAwvy instead of VDu,, and
V’Uo.
As next we have to show the contraction property for the map u,, — u,. Consid-
ering the equation for w,, = ul —u2, where u/, satisfies (@11 for @/, with j = 1,2,
taking —o?"ADw,, as a test function and summing over n, yields

N—-1
ALY o [((1 — 2kd}) D*Vw,, DVw,) + (A{w},, ADw,)
n=1

+ <a6 xar DAw,, DAwnﬂ

(4.17) N1
= 2kAt Y {f“(DwnW}L + DVw,v} + Vd. D*w,, DVw, )

n=1

+ 0*((d), — d2)D*Vu2 + V(d}, — d2)D*u?, DVw,)
+ 0 {(vh —v2) DV + V() — 0}) D, DVw,) .

where d), = {@/},, and v}, = DuJ, for j = 1,2. Performing estimates similar as
above we obtain

PNV VD(uk -y —ud )| + PPV VA - ) )3

N-1
+(2C5 — )AL Y 0*"||B xat DA (u), —ul) |7
n=1
N-1
< CoAt Yy o [|DAU |2 + D2Vl | 2] (1A = d2)II3e + V(o) = v2)1l3:
n=1
N-1 1
+ Cat Y- o (I8 (ut —u?), |2 + |1+ 18042 + [V} < V0412
n=1

1 .
+ <5 IV [F (1+ D202 12) + | D2Vl | VD (uh, — u2) 2
N—2 .
+OAL Y P ID (| [V Dy — ) [

n=1
Applying the discrete Gronwall inequality we obtain the contraction property for an
appropriate 7 = NAt. Iterating over the time interval we obtain that there exists
a fixed point of the map given by equation (£II]) and the corresponding stability
conditions. O

5. ERROR ESTIMATE

As next we derive the error estimates for the time-discretization scheme (Z1T]).
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TIME-FRACTIONAL WESTERVELT EQUATION 2729

5.1. Expected smoothness at ¢t = 0. Consider first the linear equation
1
(5.1) C—zafu — Au — aff * Adyu = f,
with smooth f. The choice of 8 (either Sa or fg) implies that for k € Ny
L'(k+1)

t —TTkTNL t — kg =
[ t=mrtar g [ mririr =

Considering similar arguments as in [3, Remark 2.10], we thus expect that the
behaviour at ¢ = 0 of the solution to the linear problem to be given by

thtn ast — 0T,

DPu(t) = ¢? (f + Aug + t* Avy + o(t”)) .

1
L1+ p)
In the nonlinear case, as long as no singularity develops and 2ku < 1 continues
to hold, we expect the singularity at ¢t = 0 to be of the same type

OFu(t) ~ wo + 2ot" + o(tH),

where p € (0,1). This motivates the following assumption on the smoothness of
the solution that will allow us to develop realistic error estimates.

Assumption 5.1. Assume that
w e C2(0,T); HA(R)) N C*((0,T]; HA(R)) 1 CH((0,T]; L2(2))
and that there exist constants ¢ > 0, for k = 1,...,4, such that
0F ull g2y < C(1 + cpt®THF) for t € (0,7) and k=1,2,3,
[0} ullr2() < C(1+ cat”™?) for t € (0,T).
In what follows, for u € C[0,T] we shall use the following notation

U(tng1) — u(tn—1) ~ o U(tng1) — u(tn)
2At 9 Du(tn) - At )
wlin) - 22(:5) + u(t”_l), for t, € [At,T — At],

{u}(tn) = i (w(tns1) +2u(ty) +u(tn—1)), for t,e[At,T — At].

Du(t,) =

D?u(t,) =

We will require Lemma proved in [3] for § = Ba and r = 0.

Lemma 5.2. For u € C3(0,T] and any t,, € [At,T)
(a)
|8 * Opu(ty) — B xar Du(ty,)|
tn
<C {tﬁ_lﬁtu(At)At + At? (afu(At)tg—l +/ (tn — T)”_1|(9t3u(7')|d7'> } .
At
(b)
tn
|8 % Oyu(t,) — B¥asDu(ty,)| < CA <8t2u(At)tﬁ1 +/ (tn, — T)“1|8fu(7')|d7') .
At
Proof. The result for 3 = o and r = 0, ie., 3 = =i~t*#~ is shown in [3]

T(w)
Lemma 4.4] and [3, Lemma 4.5] respectively. Looking closely at the proof as well

as [3, Lemma 4.2] and [23] Theorem 2.1}, it can be seen that the only property of
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the kernel used is |3(2)| < C|z|™#, z ¢ C\ (=00, 0], which holds for both 34 and
Br; see (Z4). O

Theorem 5.3. Let u be the solution of ([@Il) satisfying Assumption Bl and with
mitial data satisfying the conditions of Lemma @1l Let u, be the solution of the
semi-discrete scheme. If the uncorrected CQ is used, the error w, = u, — u(t,)
satisfies the estimate

(5.2) sup ||DwnHL2(Q) + sup HV(w)nHL2(Q) = O(At)
1<n<N-1 1<n<N-1

If the corrected CQ is used the error bound becomes

(5.3) sup  [|[Dwnz2)+  sup  [[V(w)allr2@) = O(ALTH).
1<n<N-1 1<n<N-1

Proof. Consider the difference between the solution and approximation denoted by
Wy, = Uy — u(ty,) to obtain
5.0 (1 = 2k{u}n) D*w,, — A{wn}y — B *a: ADw,, = 2kDw,, (Du,, + Du(t,))

' +2k{w}nD?u(ty) + en + 0 + 0p + Fp + O,

where
= (1 = 2ku(tn)) (D*ultn) — 0} ults))
on = 2k({u}(tn) — u(tn))Dzu(tn),
On = B *xar ADu(t,) — 8 * Adpu(ty),
Kp = A({u}(tn) - u(tn))7
0 = 2k[(Du(t,))* — (Dpu(tn))?].

Considering Dw,, as a test function in a weak formulation of (54)) and summing
overn=1,..., N —1 yield

(5.5)
N—-1
Aty [((1 — 2k {u}n) D*wy, Dw,) + (V{w, }n, vanﬂ
n=1
N—-1 N—
+ At Z a({B *ar VDw,, VDw,) = Z Duw, [Du,, + Du(t,)], Dw,)
n=1
N— N—-1
+ 2kAt Z ({whnD*u(tn), Dwy) + At Y (e + 0 + 0y + kin + O, Dwy).
n=1 n=1

Using the boundedness of Du,, and Du(t,) we obtain
(Dwy, (Duy, + Du(ty)), Dw, ) < C(||Dun | p + [|0pul| L ) || Dwy]|7 2.

Similarly using that D?u(t,) € L*(2), together with the Sobolev embedding in-
equality, we have

({w}nD?u(ty), Dwy) < ClID*u(tn)|ps ({whnllZs + [ DwnlZ2)
< Cllofullpa (IV(w)nllZs + IV (w)n-1ll72 + [ Dwnll72) -
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The last term in (5.3]) we can write as

N-1

At% ‘(sn + 0w+ 6 + i + On, Dwy)| < c[(AtNil ||sn||L2)2 +(aty” Honllm)2

n=1 n=1 n=1

N-—1 2 N—1 2 N—-1 2
+(AY 7 10nllez) + (A Ikallez)” + (A6 10ll2) | +< sup | Dwnlla.
n=1 n=1 n=1

1<n<N—1

Assumption 5] allows us to bound the perturbation terms as in [3] by
N-1 N-1

At lenllze =AY [[(1=2ku(tn)) [D?ultn) —OFultn)] || .2
n=1 n=1

2A¢ r
< C’At/ Ha?UHL%lt-FCAtQ/ 10k ul| 2 dt < CAL(1+ (ca+ca) At*Y),
At

2
AthanuLz AtZH {u}(ta) — u(t,)] D?u(t )HLz:AtZAt 1D%u(t) 2

n=1

< CAtz||at2uHL2(O,T;L4(Q)) < CAP,
where we used that 6?u € L?(0,T; H'(Q2)). Using the assumption that

||Aatzu||L1(O,T;L2(Q))
is bounded yields
N-1 N-1
ALY lrnllze = A8 Y [A{u}(tn) — ultn))| 22
n=1 n=1

< CAt2HAatQUHLl(O,T;L2(Q)) < CA!‘?.

Notice that estimate for ||Aat2u|‘L2((O’T)><Q) can be shown for initial data uy €
H*(Q), vo € H3(Q) in the similar way as the estimate for [[VO7ull12(0,r)x0) in

Lemma
To bound the CQ approximation error we use Lemma[5.2l and [3] Lemma 4.1] to
conclude
N— N-1
(5.6) ALY |0nllze = At > ||A(B #ar Dulty) — B dpu(ty))]] . < CAL.
= n=1

Instead if we are using the correction, then
N—1

N—
(5.7) ALY |dnllze = At > [|A(BFaDu(ty) — B+ u(tn))|| . < CAL.

n=1

The last error term is estimated as

N-1 N-1
ALY 0nllpe = 2kA8 Y [[(Dultn))® = (Gpu(tn))?| 2
n=1 n=1

N-1
(5.8) < OAt Y [ Dultn) = deutn) 2 (|10cu(t)llz= + | Du(tn)] =)
N-1

T
< CAt Z At? (1 + c3/ t“_ldt> < CA#.
0

n=1
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Hence combining all estimates and applying Gronwall inequality yields

k  sup ||l~)wn||%2+ sup HV(w)nHizg(HV(w)OHzL2
1<n<N-1 1<n<N-1

(5.9) + (14 2kCqb) || Dwo| 2 + CAL[1 + (c5 + ) AL2FD] 4 ClAtQ)
X exp {C(H@tuHLm + [|0%ul| s + ) su]pif ) ||Dun||Loo)},

<n<

where 0 < & < 1 — 2k||u|| L, the constant C' may depend on the final time T, and
C7 = 0 when using the corrected CQ scheme.

As wy = 0, it remains to estimate |[Vw || and || Dwo|z> = At |luy — u(ty)]| g2
The choice of u; in [J]), Taylor expansion and Assumption [l ensure that the
two terms are of size O(At*™) and O(At' ™) respectively. O

Remark 5.4. Notice that Dwy = 0, thus we do not have any additional contribution
for corrected CQ.

Remark 5.5. In Theorem 5.3 we obtained the estimate in the natural discrete energy
norm. If instead of testing by Dw,,, we test with At Z;V;nl(w) j we can obtain an
estimate on

N—1 2

At Z V(w),

n=1

lww |72 +

L2

In doing this, lower regularity assumption in space of the solution could be made
in Assumption [5.1] namely H'(f2) instead of H?(12).

6. NUMERICAL EXPERIMENTS

Coupling the time discretization ([1]) with the piecewise linear Galerkin finite
element space discretization we obtain a fully discrete scheme. Denoting by V" C
HZ () the space of piecewise linear finite element functions we have that the fully
discrete solution u* € V" satisfies

61) ((1 = 2k{u"}n) D?ult, v) + (V{u"}n, Vo) + a(B xa: DVul:, Vo)
6.1
= 2k<(DuZ)2,v>,
for all v € V* n =1,.... The initial data is set to
1
ug = Phuo, u? = ug + AtPh’Uo + §At2Phatzu(O),

where Py, : L?(Q) — Vj, is the L? orthogonal projection and P,07u(0) is obtained
from ([@9). Throughout the numerical experiments we set 5 = 4.

6.1. 1D Experiments. We first report on a series of experiments in 1D. To solve
(1) at each time step for u,y; we use a Newton iteration as described in [2]
Chapter 7.1.2]. In space we use a uniform mesh with spatial meshwidth A > 0.
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FiGURE 1. Convergence of the maximum energy error for the nu-
merical scheme without the correction term for p = 0.25 and
1= 0.75. Predicted convergence order of O(At) is also shown.

6.1.1. Test 1: Convergence. In this numerical experiment we solve (2.1I) on Q =
(—1,1) with initial data given by

ug = sin(rz) and vy = sin(wz),
choose the parameters k = 0.09, » = 0 and a = 30 and set the final time to 7' = 1/2.
As error measure we use the maximum over time of the discrete energy error:

ex ex h h
error = max Un = Un-1 Un T Un-y
1<n<N At At 12
(62) USX + 4 L uh + uh L
+ max ||[V2 n—- v "o .
1<n<N 2 2 L2

As the exact solution is not available, for u®* we use a numerical solution on a fine
mesh with spatial mesh-width A = 1.7 x 1072 and At®™ = 3.1 x 10~4. The same
spatial-mesh is used for u with a range of time-steps At. Theorem .3 predicts
O(At) convergence of the error if no correction is used and O(At**#) for the scheme
with the correction.

The numerical results for the version without the correction are shown in Fig-
ure [Il We see that similar rate of convergence is seen for both values of u shown
and that it is close to the predicted linear convergence. In Figure 2, where the
convergence of the corrected scheme is shown, we see better convergence for larger
1 closely following the predicted order O(At' ™).

6.1.2. Test 2: Changing k. For the remaining 1D experiments we solve (21]) on
2 = (0,20) and, unless otherwise stated, consider the example with initial data
given by a Gaussian

(z—10)2
(6.3) ug =5e~ 2 and v =0.
Note that while strictly speaking ug ¢ Hg(£2), ug is zero close to machine precision
on the boundary of Q.
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FiGURE 2. Convergence of the maximum energy error for the nu-
merical scheme with the correction term included for p = 0.25 and
1= 0.75. Predicted convergence order of O(At**#) is also shown.

In Figure[3 we show the solution of (21I) without the fractional derivative (a = 0)
at time T" = 4 for various choices of k. This figure shows that as k gets larger and

(1 —2ku) — 0 the nonlinearity has a stronger effect on the wave form, resulting in
the formation of a sawtooth shape.

3 T T
—+—k=0.09
—e—k = 0.06
251 k =0.03]1
r — — —Linear
ot

051

FIGURE 3. Solution of ZI) at T = 4 approximated with the
scheme (6.I) with a = 0 for various values of k

When we reincorporate the fractional derivative, choosing a = 1, r = 0 and

u = 0.5, we still see the damping from the nonlinearity but no longer observe the
sawtooth formation. Instead the strong fractional damping term controls the form

of the solution, causing more parabolic-like behaviour, i.e, the solution is trying to
disperse rather than form a travelling wave; see Figure [l

6.1.3. Test 3: Changing a. This test investigates how changing the size of the

coefficient scaling the fractional derivative, with p = 0.5 and r = 0, affects the form
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FIGURE 4. Solution of ([ZI) at T = 4 approximated using the
scheme (6.1 with a =1, 8 = Ba, 4 = 0.5, and r = 0, for various
values of k

of the solution over time. We let k£ = 0.09, since the previous experiment has shown
that this will give a strong effect from the nonlinearity without causing shocks to
form, at least up to time T = 4.

In these experiments we consider @ = (0,40) and the initial data

_ (2—20)2
ug = be 2 and vg =0.

Figure [l shows the progression of the wave up to time T = 4 over regular
intervals for different values of a. For a = 10 a travelling wave does not form,
rather the solution attempts to disperse, and after the initial damping from ¢,, = 0
to t,, = 0.8 the solution is minimally damped. For a = 0.1 the nonlinearity has
more control, since it appears almost identical to the solution with no involvement
of the fractional derivative (¢ = 0). Lastly, the case a = 1 shows a balance of
effects from the strong damping and nonlinear terms. Finally, for a = 0, letting the
experiment run until 7' = 8, a shock seems to begin to form; see Figure

6.1.4. Test 4: Changing p. These experiments demonstrate the effect the order of
the fractional operator has on the solution over time. In Figure [{] we show the
solution at T' = 4 with different values of u, with and without the nonlinearity.

6.1.5. Test 5: Changing r. In this experiment we vary the value of r, recalling that
we choose 8 = fa and that Sa(2) = (z 4 r)H.

Considering the previously stated initial conditions (63)) and fixing a = 1, p =
0.5, we compute the approximate solution up to final time 7' = 4. The solutions for
various values of r at the final time T for the nonlinear (k = 0.09) and linear (k = 0)
cases are presented in Figure [§ where we see that as r gets larger the fractional
operator displays weaker dispersive behaviour and the solution looks more like a
travelling wave solution.
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FIGURE 5. Solution of (2] at various time points up to T = 4
approximated with the scheme (6.1l with £ = 0.09, u = 0.5, and
r = 0, for various values of constant a

25

FIGURE 6. Solution of (2I) at 7' = 8 approximated with the
scheme (G1)) with & = 0.09 and fixing a = 0 to remove the frac-
tional derivative
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FIGURE 7. Solution of (2]) at the end time T' = 4 approximated
with the scheme (6 with @ = 1, » = 0 and varying values of
ne(0,1)
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FIGURE 8. Solution of (2]) at the end time T' = 4 approximated
with the scheme (G.I)) with a = 1, 4 = 0.5 and varying values of r

6.2. 2D Experiments. In this section we present results of numerical simulations
for () in 2D, where = (—1,1)? is a square. We let the exact solution be

(6.4) u(z,t) = (sin(24t) 4 cos(12t)) sin(rz) sin(my),
and choose a corresponding source term f so as to obtain the fully discrete system
((1- Qk{uh}n)DQUZ,@ + <V{uh}n, Vo)+a(B *a DVul, Vo)

= 2k‘<(DuZ)2,v> + (f",v),

where standard CQ without the correction term is used. We again use § = S5 and
the various parameters are set to

k=10.09, pw=0.5 r=0.

The experiments were performed using the finite element library Netgen/NGSolve
package [31]. In Figure @ we show the projection of the initial data ug onto the

(6.5)

a=1,
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finite element space, as well as the underlying automatically constructed triangular
mesh.

~1.,585e+00 ~7.521e-81 3.262e-64 7.528e-61 1.585e+00

/NN

N\

AN\
JIPARN

F1GURE 9. Projection of the initial data on the space of piece-
wise linear finite elements. The triangulation constructed by Net-
gen/NGSolve [31] is also seen.

To examine the convergence rate we compute the maximum L2-error, given by

(6.6) [l = uta)]

on increasingly finer meshes. In Figure [[0l we see, as expected, O(At) convergence.

—— Max error

100 | oth)
N
2 1ot
£ 10

102{ -~

10-2 10-1
h

FIGURE 10. Maximum LZ?-error of the approximated solution to
1) generated using the scheme ([G.3])
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APPENDIX: ESTIMATION DETAILS FOR THE WELL-POSSEDNESS PROOF

To derive the first estimate in Lemma [3.2] we consider 0;u as a test function in
in the weak formulation of ([B3) to obtain

/ [at(u — 2kii)|0yu)?) + 0|Vl + 208 * atvuatvu} dadt
Q

< / 2|yl | Oyt
2
for 7 € (0,T], where ., = (0,7) x Q. Using the nonnegativity of the third term on
the left-hand side and the regularity of @, and applying the Gronwall inequality we
obtain the first estimate in the proof of the lemma.
Considering —Adu as a test function for (B1) and integrating by parts in the
first term and in the term on the right-hand side we obtain

/ [at(a — 2ki)| 0, Vul?) + ;| Aul? + 205 * atAuatAu] dudt
Q

T

= / [4kV118t2u6‘tVu + 2k0, 1|0, Vu|? + 4k3tVﬂ8tu8tVu} dzdt, for T € (0,T].
Q,
Using that

(6.7) OPu =

— (Au+af =08 + 2k0yidu)

we can estimate the terms on the right-hand side as

/ |vaa§uatvu|dxdtg2i/ Vil (|82 + 0,5 uf? + 4k12,] |0l |0, Vu ) dodt
Q. Kk Ja.

L1 ~12 2 sa? 2
— = |Va|?|0; Vu|*dxdt + — |8 * OpAul|*dxdt
262 < Ja, 2 Jo,
< o [ Il (180l + [1+ il + 4kCal VO] 0:7ul?: )ar
T 28 Jo L kS L L
2

+24 |8 * 0y Aul?dxdt
2 Ja,

and

/ [Qkatmatvuﬁ+4katvaatuatvu}dxdtgzk / [||ata||Loo||atw||iz
0

T

+zcg|\vata||L4||vatu\|§2}dt.

Then using estimate in Lemma 2.1] and applying the Gronwall inequalities yields
the second estimate in the proof of Lemma

Applying A to (33) and taking Ad;u as a test function in the weak formulation
of the problem imply

/ (at (1 = 2ki) |0, Aul?) + 04| AV + 2a 8 * 8tAVu8tAVu) dxdt
Q

(6.8) = / [4kAﬁ8t2u8tAu + 8kVadIVud, Au + 2k, |0, Aul?
Q,
+ 4k:8tA118tu8tAu + 8k8tVﬂ8tVu8tAu dxdt = Il + IQ + Ig.
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Using (6.10) together with

1
_ (Aw + aB % 0,AVu + 2k8,Vidu + 2kataatw)
1 —2ku

2kV i
(1— 2ka)?

O2Vu =
(6.9)
(Au +af *8,Au+ 2k;8t128tu>,

the terms on the right-hand side in ([6:8]) can be estimated as

2k
N < ?/ (2130 | ] |9, A + 4| ][0, 0], Ao )
Qr

+2/€2/(I€2§)/ ||Aﬁ||2L4||3tAuH%2dt—|—2§a2/ 18 * O Aul|? . dt
0 0
2k T ~ 2 2 ~ ~
< = | 180l (Call AVl + 9 Aul22) + 2k (4Ca | At 1+ |0,V 2
0

1 B T
+H—g||Au||i4)\|atAu||iz]dt+2<a209/0 1 O AV U2t

and

4k
| < ?/ \vm[mw?+4k(\vata||atu\+|ata||vatu|+|atAu\)|atAu|]dxdt
Q-
8k?
K2g

16k2 » P
+— (|vu\ | Au||8 Aul + 2k| Vil |8tu\|8tu|\3tAu|)d;z:dt
Q

-

+ /HvauimHatAun?deHga?/ 18+ O, AV ul2dadt
0 Q,

16k

a/ |Va|?| 8 * 0, Aul|0; Au|dzdt < 8§a2/ |8 % 0; AVu||3 2 dt
Q. 0
Ak [T i , i
+— [ IV~ [(1+ 2kCal| Vil ) | AVull: + (1+ 8KV 12
0
2k _ _ 2K
+ I<Q—§||vu||Lao + 2]€CQHVU||L4(1 + 8k||8tVuHLz) + K—CHVUH%A)HatAu”iQ}dt

The last three terms on the right-hand side in (68) are estimated as

Bl <2t [ (10 01 + 200, A o |Orul 9w
0

+4||8tVﬂ||L4\|8tVu||L4||8tAu||Lz}dt <2k CQ/ 10; Adl|| 12 || 0 Aul|2 2 dt.
0

Collecting the estimates from above and applying the Gronwall inequality yields
the third estimate in the proof of Lemma

To show that 7: K — K is a contraction in the proof of Theorem B.4] we consider
@A) for 4; and uy in K and, taking —AQd;(u; — ug) as a test function for the
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difference of the corresponding equations, obtain

/Q [at [(1 = 2kity )|V, (ug — u2) 2] + O A(uy — up)[?

4208 % A, (ur — 1) A, (uy — uz)} dzdt
=k | [V(al — 1) Pus Vi, (w1 — uz) + (diy — 1i2) 2 VsV, (u1 — us)

+ an@f (u1 — ug) VO (uy — uQ)} dxdt
+ 2/@/9 00|V (1 = u2) 2 + 20, Vit (uy — u2) VO (ur — )

20, (@11 — 12) VOua VI, (ur — un) + 20,V (1 — 1in)yuaV, (ur — UQ)} dzdt,

where Qr = (0,T) x Q. Using ([6.7) and (69), the terms on the righ-hand side of
the last equality are estimated as

L o
|11 S/ |V (a, — u2)8t2u2V8t(u1 — ug)|dzdt < E/ IV (@, — u2)||L4(||Au2||L4
Qr 0

+ CLHﬁ * 8tA’U,2||L4 + 2/<;||6tu2||,;s ||8ta2||L8) HV&g(ul — ’LLQ)HLZdt,

_ 1T
|I2] < / [(t1 — ug)afVugvat(ul — ug)|dzdt < ;/ [|t1,2]| Lo (a||ﬂ * AV Osua|| 12
Qr 0

+ | AVuz|2 + 2k][ V]| o= [0l 8  Adrusll 2 + 2Kzl pa |0 | s + || A 2 |
+ 2001 Vel | s | Ovta | s + 28100 V| 4|0 | £ ) IV (r — o) | 2,

where @1 9 1= U5 — Ug,

| < / V@102 (4 — us) VO (us — uz)|dedt
Qr

R _
<o | 19l ([2H100wal 0 T0u G = )l + all 04 us = )
0
+ 1A = )|z | [V (ur = wa) |2 + 2kl| i | 14 [ Ve (s = 2) 3
+ 2KV (i1 — ) | 2 0P| 14 VO (1 — w2) |2 ),

where ||0%uz||zs is estimated as in I, and

T
<2k [ (10~ + 21991 ) [Tok( - w)l:
0
+2([IVOuzllzs + |Bruall i ) [V (i = o) |22 VO (ur — uz) | 2] de.

Then using that @; € IC, for j = 1,2, and estimates for u; in Lemma [3:2] we obtain
the contraction inequality in Theorem [B.4] which, by applying the Banach fixed
point theorem, ensures the existence of a unique fixed point of the map 7 and
hence the existence of a unique solution of the nonlinear problem (Z7).
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