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Abstract

The existence of solutions of degenerate quasilinear pseudoparabolic equations, where the term o;u
is replace by 9;b(u), with memory terms and quasilinear variational inequalities is shown. The existence
of solutions of equations is proved under the assumption that the nonlinear function b is monotone and
a gradient of a convex, continuously differentiable function. The uniqueness is proved for Lipschitz-
continuous elliptic parts. The existence of solutions of quasilinear variational inequalities is proved under
stronger assumptions, namely, the nonlinear function defining the elliptic part is assumed to be a gradient
and the function b to be Lipschitz continuous.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The pseudoparabolic equations are used to model fluid flow in fissured porous media [3], two-
phase flow in porous media with dynamical capillary pressure [7,11], and heat conduction in two-
temperature systems [5]. Memory terms are obtained by modeling the flow in elastic media [6,
12,17]. Pseudoparabolic equations can be used also as regularization of ill-posed transport
problems [2,19]. Pseudoparabolic variational inequalities appear in obstacle problems [20], and
free boundary problems [9]. Degenerate evolution equations of the form %A(u) + B(u) > f,
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where A and B are maximal monotone operators from a Hilbert space V to its dual V*, are
considered in [8]. Existence of a solution is proved by Yosida’s approximation, if one of the
operators is strongly monotone and the other is a subgradient, A : V — V* is compact,
one of the operators is coercive, B : V — V™* is bounded, and A : V — W* is bounded,
where W is a reflexive Banach space such that V is densely and compactly embedded in W.
Corresponding nonlinear pseudoparabolic variational inequalities were studied in [9]. To prove
the existence of a solution the penalty method is used. The existence is shownif A : V — V is
compact perturbation of the identity and B : V — V is bounded. The uniqueness of the solution
is known if the operator A is linear and self-adjoint and the operator B is strictly monotone.
In [20] existence of a solution of a degenerate linear and in [15] of degenerate quasilinear
pseudoparabolic variational inequality is proved by a regularization method combined with
Galerkin’s method.

In this article the existence of solutions of a system of degenerate quasilinear equations with
memory terms is shown by Rothe—Galerkin’s method. The crucial assumptions to guarantee
existence are monotonicity and potentiality of the nonlinear function b, see [1]. The discretization
of integral operators is used similarly to [13], i.e. we define an approximation as a function,
piecewise constant on a partition of the time interval. The uniqueness follows by the strong
monotonicity of the involved operators and can only be shown for the Lipschitz continuous
elliptic part. To prove existence of solutions of inequalities a penalty method is used.

2. Quasilinear equations

Let 2 ¢ RY be a bounded domain with Lipschitz boundary. In Q7 = (0, T) x {2 the initial
boundary value problem is given by

b/ () — V- (a(x)Vu)) =V - d/(t,x,u, Vu) + M/ () = f/(u),
u =0 on(0,T) x a0, (1)
b (0, x)) = b’ (up(x)) in £2,

where the memory operator M is defined by
1
(M7 (t)(u), v/) =/ / K7(t,5)g’ (s, x, Vu(s, x))ds Vv’ (¢, x)dx
7Jo

for all functions u, v € LP(0, T Hol’p(ﬂ)l), for almost all t € (0, T).
The existence of a solution will be ensured by the following assumptions.

Assumption 1. Al. The vector field b : R* — R’ is monotone nondecreasing and a continuous
gradient, i.e. there exists a convex C! function ¢ : R/ — R such that b = V&, and
b(0) = 0.

A2. The tensor field a € L®(2)N*!>*NxI considered as a linear mapping on L®(2)N*! s
symmetric and elliptic, i.e. for 0 < ag < a® < o0, a satisfies ag|£]? < a(x)& &€ < a°|€|? for
£ e RV and for a.a. x € 2.

A3. The diffusivity d : (0,7) x 2 x Rl x RVl — RN 5 continuous, elliptic,
ie. d(t,x,n,&)& > dolg|? for &€ € RV*! for aa. (r,x) € Qr,dy > 0, p > 2,
strongly monotone, i.e. (d(t, x, n,&1) —d(t, x, 1, &)) (61 — &) > di1§1 — &|F for &1, 6 €
RN, n e R!, and for a.a. (t,x) € Qr,d; > 0, and satisfies the growth assumption
ld(t,x,n,6)| < CA+ P~ + 1§71 forn € RL.
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A4. The function f : (0, T) x 2 x Rl — R’ is continuous and sublinear, i.e. | f(z, x, n)| <
C(1 + |n|) for n € R! and for a.a. (t,x) € Or.

AS5. The matrix field g : (0,7) x 2 x RV*/ — RN*! is continuous, satisfies the growth
assumption |g(r,x,£)] < C(1 + |&|P~") for &€ € RV*! and for a.a. (f,x) € Qr, and
lg(t, x,61) — g1, x, £2)| < Clg1 — &|P~" for &1, & € RV

A6. The kernel K : (0,7) x (0,T) — R is weakly singular, i.e. for 0 < y < 1/p and
continuous w : [0, T] x [0, T] — R yields |K (¢, s)| < |t —s| Y w(t,s).

A7. The initial condition ug is in H] (2)!, b(uo) isin L' (22)! and in H~1(2)".

The notion of a solution of the problem introduced above, will be given now.

Definition 2. A functionu : Q7 — R/ is called a weak solution if

l.ueLP,T; Hol”’((l)’), u € L0, T; H (), b(u) € L0, T; L'()), and 8, (b(u) —
V- (a(x)Vu)) € L10, T H 1)),
2. u satisfies the equality

T T
—f / (b)) vy +a(x)VuVu,) dxde + f f (b(ug) v + a(x)VuoVu,) dxdet
0 N 0 0

T T T
+ / / d(t,x,u, Vu)Vodxdr +/ (M (u), v)dt = / / f@, x,u)vdxdr (2)
0 Jn 0 0o Jo

forallv e LP(0, T; Hol’p(())’), v € L¥0, T; HL () N LY(0, T; L>®°(2)!) and v(T) = 0.

We define the function

1 z
B(z) =b(z) -z — ®(z) — ¢(0) = / (b(z) — b(sz)) - zds = f (b(2) — b(s))ds.
0 0

The properties of the function B can be found in Lemma 14. The function B will be used in the
integration by parts formula, see Lemma 15.

2.1. Existence

Theorem 3. Suppose Assumption 1 is satisfied. Then there exists a weak solution of the problem

(D).
We approximate the differential equation by the time discretization, h = T/n, t; = ih,
i =0,...,n, and obtain the discrete problem

1 1
z(b(”i) —b(ui-1)) — EV “(a(x)(Vu; — Vui_1))

=V d(ti, x,ui1, Vug) + M(@i1) — £t x,ui—1) =0 in £, @)
u;(x) =0 onaf?,

where the function ;1 is defined by

~ Uj—1, te[t];],tj),jZI,...,i—l,
ui—1, tefti—, Tl
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Thus, we obtain elliptic problems, which can be solved by Galerkin’s procedure. Let {ex};2

be a basis of Hol’p(Q)l and e; € L (). We are looking for functions {uf"}!_, in the subspace
H,,, spanned by {eq, ..., en},

m
uj' = Zaﬁ( ex,
k=1
such that
1 1
/Q E(b(u;") — b)) &dx + /Q Ea(x)(Vu;” — Vul' )VEdx
+ /;Zd(t,',x, ui |, Vul )VEdx + (M@ ), &) — /;2 fi,x,uf" )Edx =0 4)
holds for all £ € H,,. Here ug € H,, is an approximation of uq in HO1 (.Q)l.

Lemma 4. There exists a solution u?" in Hy, of the family of discretized Eq. (4).

Proof. The existence will be shown by induction. Since ug' is given, u}" | can be assumed to be
known. The left-hand side of (4) defines a continuous mapping Jp,,; : R™ — R™ given by

Jr) = l/ (b(w)ej +a(x)VvVe; — bl ej —a(x)Vu!" Ve;) dx
hm _h 0 J J i—1/%J i—1 J

+ /Q d(ti, x,uj" |, Vv)Ve;dx + (M@} ), e;) — /;2 fi, x,u" )ejdx,
where v = Z’j":l rj ej. This mapping satisfies the following estimates:

1 ao 2
T () > (do —c18) | [VolPdx + — (B(v) + 209y ) dx
0 h Jo 2

_Efg (B(u;"1)+ 7|vu;’11| ) dx—cQ(a)c(y)];th|wk’"]|de

—63/ |f(ti,x,u;7‘_l)|2dx 26‘4/ |Vv|2dx+05/ |Vv|Pdx — cg,
0 0 0

as will be shown now. From the assumption on b and the definition of B it follows that

%/Q(b(v) — b)) vdx > %/QB(v)dx — %/QB(ulm_l)dx.

The assumptions on a and d imply
/ d(ti, x,uj" |, Vv)Vvdx zd()/ |Vu|Pdx,
i) 0
1 m a0 2 a’ m 2
— a(x)(Vv—Vu;” )Vvdx > — [Vu|*dx — — [Vu;” (|7dx.
hJo 2h Jo 2h Jo
Applying Holder’s and Young’s inequalities yields

t; q
(M@ ), v) < C—l/ </ K(t,-,s)g(s,x,Vﬁ;"])ds) dx+cz8/ |Vv|? dx,
s Jo\Jo 0
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where 1/q + 1/p = 1. The first integral can be estimated by using the assumptions on K and g,
and the boundedness of w,

IA

73
/ |K (i, 5)|1g (s, x, Vai" )|ds

k-1

ti
/ K, s)g(s, x, Vi |)ds
0

i
2
k=1

i 1
ay (+ |wk’"_1|l’*‘)f (t; — )77 ds
k=1 Tk—1

IA

1
i q i P
(Z hVul | |P> (Z h(t; — tk)yp> + .
k=1 k=1

Since y < 1/p we have Z};zl h(t; — t)"YP < 1/(1 — py) =: ¢(y). Due to sublinearity of f
and Poincaré’s inequality,

IA

fglf(ti,x,u?il)deSC1/Q|VM}"_1|2dx+cz.

Hence, for |r| big enough, J(r)r > 0 for all such r. The continuity of J implies the existence
of a zero of J(r), i.e. a solution of the discretized Equation (4), see [21, Proposition 2.1]. [

Now convergence of u]" to the solution u of the problem (1) for n, m — oo is shown. For the
proof a priori estimates, compactness arguments, and an integration by parts formula from [1],
adapted for pseudoparabolic equations, see Lemma 15, are used. At first we obtain the estimates
for u”".

]

Lemma 5. The estimates

max / B(uT)dx <C, max / |Vu;’-1|2dx <C,
[0} (0}

I<j<n 1<j<n

n
Zh/ |Vu|Pdx < C (5)
i=1 /9
hold uniformly in m and n.

Proof. Choosing u!" as a test function in (4) and summing over i yield
J bw™ —bu™ ;) J u™ —u"
Zf PUT) DD g Z/ (VI gy gy
i=1 Y12 h i=17{2 h

J J
+ and(n,x, W,V Valdr + 3 (M@ ), ul)

i=l

J
:ZAZf(ti’x’uT—l)qux' (6)
i=1

Each term will be dealt with separately. From the assumption on b and the definition of the
function B it follows that

J
Z/ (i) —b(u" ) ui'dx Z/ B(uT)dx—f B(ug)dx.
i=1 74 2 Q
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By Abel’s summation formula we obtain

j a@ L .
a()V!" —u HVu'dx > — | |Vu?"dx — — [ |Vul|"dx.
i i—1 i 0
i=1 7% 2Jo 2 Ja

The ellipticity assumption implies

J J
Z/ d(ti, x, u? |, Vu?)Vu]'dx deZ/ [Vul'|Pdx.
i=1 Y0 i=1 Y82

For the integral operator we have the estimate

q

J t;
<M(a¢_l),u¢>5%2/0</o K(ti,s>g(s,x,w;"_l>ds) dx
1 i=1

j
+czazfn |Vu|Pdx.
i=1

Analogously to Lemma 4 by the assumptions on the function g and the kernel K we have

i 1/q
<c() (Zhwu;"_m) +e1.

k=1

J

1

t
'/ K, s)g(s, x, Vi )ds
0

The last integral in (6), due to sublinearity of f and Poincaré’s inequality, is estimated by

J J
Zf f(x,ti,uﬁ"_l)u;"dxiczzf |Vl *dx + c3.
i=179 i=1 78

By the estimates above, from Eq. (6) we obtain the inequality

J
ao 2 m
B(u")dx + —/ |[Vu'!|"dx + (do — c198) h/ [Vu|Pdx
/xz ! 2Jo ; o
0 J i
5/ B(ug)dx—i-%/ |Vu81|2dx+czc(y)2h2h/ |Vull|Pdx
o) 2 i=1 k=1 Y%

J
+c3 Zh /Q |Vu§"|2dx + c4.
i=1

Using the discrete Gronwall’s Lemma in the last inequality implies the estimates in Lemma 5.
Gronwall’s Lemma can be applied for all sufficiently small # and § that satisfy c3h < ag/2 and
cac(y)h < (dp —c16). O

To show the strong convergence of the approximation and equicontinuity of u in time with
respect to L%(Q7) the following lemma is needed.

Lemma 6. The estimates

n—k
th bW — b)) Wy —u)dx < Ckh,
j=1 79 '
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n—k
th VU, — Vu""|?dx < Ckh (7
' ol j

hold uniformly with respect to m and n.

Proof. Summing up the Eq. (4) fori = j + 1,...,j + k, then choosing u’l."+k — uj’" as a test
function, and finally summing up over j = 1, ...,n — k yields '

n—k 1
Z /Q F (00 = by —u)dx

k
an—a(x)V(qu WhHV T, —u)dx
j=1

—k j+k

Z Z (/ d(ti,x,uf"_l,vM;?’)V(uj".’+k—u;f’)dx+<M(:2§”_1),uj".’+k—u7>>
n— j+k

= /f(tl,x ui 1)(u]+k u; "Mdx.
j:ll j+1

Due to the growth assumption on d we have

n
> [ it l,wm”qumzf v |pdx+622/ Wl 1P dx + 3.
i=1

The operator M and the function f can be estimated similarly to the last lemma. Then we obtain
the following inequality

n—k
I
3 fn - (G = i)ty = uh + aolValy, — Vit |?) de
=
n
<) [ (1VarP o+ e vt + 197 d
=179

N
+k2:/Q (IVMT+I<I2 + VU 1P+ |MT+k|2 + W”T'z VTP + |u,}1|2> "
i=1

This, by using Lemma 5, implies the asserted estimates. [
Proof of Theorem 3. We define for r € (t;—1, t;] and x € {2 the step functions by
iy, (t,x) = u" (t;, x),

where the initial conditions are i (0, x) = ug (x). From (5) we obtain

sup / By (r))dx < C,  sup / |Vﬁf(t)|2dx§C,
0<t<T J 2 0<t<T J 2

T
//Qwﬁwdxdtgc. (8)
0
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The growth assumptions on d, g, and f imply

”dn(t’ -xa ﬁ:’:ha Vﬁ:’:)”L‘I(QT)NXl S C7 ||fl’l(t7 -xa ﬁ:’:h)”LZ(QT)l S C,

||M(ﬁ:',1_1)||Lq(o,T;Hfl~q(Q)l) <C, 9
where ', (t,x) = uy (t — h,x) fort € [h,T] and u),(¢t,x) = ug (x) for t € [0, ],
dy(t,x,s,z) = d(t,x,s,z) fort € (ti_1,t], fori = 1,...,n, and d,(0,x,s,2) =
d0,x,s,z2).

From (7) we have
T—1
f f (b)) (t + 7)) — by 1)) (@) (t + ) — iy (1)) dxdt < Cz,
0 0

T—1
/ / |V (t + 1) — V™ (1)|*dx dt < Ct, (10)
0 0

where fork € {0,...,n — 1}, kh <t < (k+ 1)h.
The second estimate in (10) and Poincaré’s inequality imply

_ _ C
lliy — ur,h”Lz(O,T;HOl(Q)l) = n (11)
From the Eq. (4) we obtain
[l 0n (b(ﬁnm) -V (a(x)Vﬁnm)) a0, 7; 519002y = C. (12)

Then the estimates in (8), (9) and (12) imply convergence of a subsequence of {it)'}, again
denoted by {u!"'}
@" — u weaklyin L”(0, T; Hy'P(2)"),

n

" — u  weakly-* in L=(0, T; HJ (2)),

n
d(t,x, iy ,, Vi) — x  weakly in L1(Qr)N¥,
I (b — V- (a(x)Vih)) — ¢ weakly in LI(0, T; H~"4(2))),
M@™ ) — u weaklyin LI(0, T; H ()

asm,n — 00. The weak convergence of {u)'} in L? (0, T; Hol’p(Q)l) and the second estimate in
(10) imply, by Kolmogorov’s Theorem [18], the strong convergence of {iz]'} in L2(Q7)!, and also
the convergence a.e. in Q7. Then we have also, due to (11), ’/_‘Z,h — u strongly in L2(QT)I and
a.e.in Qr. Thus, since |b(ul’)| < §B(ul) + sup‘a‘f% |b(o)| [1] or [14], and sublinearity of f,
due to the Dominated Convergence Theorem [10], and continuity of » in # and of f in ¢ and u, we
obtain the convergences b(ii”" (t)) — b(u) in L'(0, T; L' (£)!), and f, (¢, x, wy ) = f(t,x,u)
in L2(Qr)'. From the continuity of B follows B(#") — B(u) a.e. in Q7. Since {B(#™)}" is
bounded in L>®(0, T; L'(£2)) and B(u]'") is non-negative we obtain, by Fatou’s Lemma,

1 [ 1 [
—/ f B(u)dxdr < liminf —f / B(ﬁnm)dxdt <C
T Ji—cJ02 mn—=00 T Ji_rJ

forallt,t — v € [0, T] and small 7, and, hereby, B(u) € L*°(0, T; LI(Q)). Due to the estimate
|b(u)| < 6B(u) + Sup|, <1 |b(o)| we have b(u) € L0, T, LI(Q)I).
=4
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Passing to the limit for m, n — oo in the Eq. (4) yields

T T T T
/ <;,v>dt+/ /XVvdxdt+/ (;L,U)dt:f ff(t,x,u)vdxdt. (13)
0 0 0 0 0 0]

Since b (0)) = b(uf’) and ufl — ug in Hy (12)!, we have that

T T
/ / b (u))') vdxdt +/ / a(x)o, Vit Vudxdt
0 N 0 N

T—h
= —/0 /Q (B = buh)o—pv + a(x)V @y — ug)o_,Vv) dxd

T T
— —/ f (b(u) — b(ug)) vydxdr — f f a(x)V(u — ug)Vuydxdr
0 0 0 0

as m,n — oo, for v € LP(0,T; HyP(2)) N L¥(Qr), v € L0, T; H{(2)), v €

L0, T; L®(2)!), and v(T) = 0. Since such v form a dense subspace of L?(0, T; Hol’p(())l)
and the boundedness (12), we obtain 9; (b(u) — V - (a(x)Vu)) = ¢ as functions in L4(0, T;
H=4(2).

Now we prove u! — u strongly in L7 (0, T} H(;’p(.(l)l). We choose in the discretized
equation £ = u!} — v} and integrate over the interval (0, t), where v}’ in L?(0, T; Hy,) is
the approximation of u in L7 (0, T Hol’p(())l), constant in each time interval ((k — 1)h, kh).

/ b (@™ @" — vMdxdt +f a(x)op Vi (Vi — Vo™)dxdr

[ Q¢

T
+/ dn(t, x, ﬁﬁh, VitV (i — vih)dxdt +/ (M@ ), iy — vy )de
0

T

:/ Sa(t, x, IZ:’Z;,)(IZ:’: _U,T)dxdl‘. (14)
O+

By the convergences of {v)}'} and {0 (b(ﬁ”m) -V. (a(x)VﬁZ))} and the integration by parts
formula, Lemma 15, yields

f / (Onb @) (@) — Vi) + a(x)d, Vil V(@) —vl')) dxdr
0 J

> %/:h/QB(ﬁf)dxdt+ %/:h/;za(x)VﬁfVﬁfdxdt
—f B(u(tr))dx — lf a(x)Vu(t)Vu(r)dx + ce.
7} 2Jn

Fatou’s Lemma implies

li 'f1 ' B(u" ! Vul'Vviult ) dxde
mlrl?—gcl)oz —hJ (Mn)-’_ia(X) o Y

Zf B(u(r))dx+lf a(x)Vu(t)Vu(r)dx.
7} 2Jn

Thus, we obtain

T
liminf/ f (Bnb (@) (@ — vy + a(x)dVa V(@ — v") dxdr > 0.
0 0]

m,n— 0o



2662 M. Ptashnyk / Nonlinear Analysis 66 (2007) 2653-2675

Strong convergence of {u!'} to u in L*(Q7)! and of {viytouin LP(0, T; Hol’p(())), continuity
of d, weak convergence of d in LI(Q7)"*!, and the Dominated Convergence Theorem, imply
d,(t, x, ﬁ:’:h, Vo) — d(t, x, u, Vu) strongly in Lq(QT)NXl. Hence, strong monotonicity of d
yields

f At . @ V) (Vi — Voydxdr
= / (2, x, @, V™) = do (1, x, @, VO)(ViE — Vol )dxdr
O

—i—/ dn(t, x, iy 1y, Vo)V (i) — vy )dx dt > dy / V(@ —vh)|Pdxdt — ce.

Q¢

The integral operator satisfies the estimate

T
/ (M@, _)), i, —vy')dt
0

q

T t
SC_I/ / (/ K(t’s)(g(s’wﬁ"ﬁ(s))—g(s,Vv,’,”(s»)ds) deds
3 0 2 0

+ cadllapy — vt ||” |

LPO.T;Hy P ()

Because of the weak singularity of the kernel K and the assumption on g we have

t
/0 K (t,5)(g(s, Vity_ 1 (s)) — g(s, Vvy' (5)))ds

1 1
t o t q
5c<f |K(t,s)|pds)p<f |vlz;"](s)—wg1(s)|f’ds) .
0 0

Combining the last two estimates and the estimate (11) yields

T T t
/ (M@™_ ), a? —v"yde < c(;/ f / |Vi™ — Vo™ |Pdsdxdr
0 0o JJo
=m __ o, m P
+CSIE = I, gy

The strong convergences of {u}'} and { f, (7, x, u;’ )} imply

T
/ / fut, x, 1) )@y — vy )dxdr < ce.
0o J ’

The estimates of all terms in the Eq. (14) give

T T t
(di — ca)f / |V (@" —v™|Pdxdr < C f / f |V (@" —v™)|Pdsdx dr + Cae.
0 2 0 Jo

By Gronwall’s Lemma

T
/ / [Viuy! — Vot |Pdxdt < Ce
0 J

holds. Thus, we have the strong convergence of /" to u in L? (0, T; Hol’p(.(l)l). Continuity of d
and g yield

dy(t, x, ﬁf’h, Vully - d(t,x,u,Vu) ae.in Or
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and
gn(t, x, V' |) — g(t,x,Vu) ae.in Q7.

The weak convergences of d, (¢, x, u”" wns Vi) and M (@)'_,) and the a.e. convergences imply
x =d(,x,u,Vu) and u = M(u). Thus u is the solutlon of the problem (1). O

Remark 7. We can also consider the linear integral operator
t
(M(t)(w), v(t)) = / / K@ —s)Vu(s, x)dsVu(t, x)dx,
2J0

foru,v e L%0, T; H(; () with positive-definite and weakly singular kernel |K (£)| < C|t|~7,
0 <y < 1. The kernel K is positive-definite iff

T t
/ / K(t —s)B(s)ds B(¢)dr > 0.
0 0

This definiteness implies the monotonicity of the operator M. In this case we can weaken the
assumption on d to show existence. Only monotonicity, but not strong monotonicity, is needed
to apply the Minty—Browder theorem.

The existence can also be proved in the case of memory term operators of first order, i.e.

t
(M(t)(w), v(t)) = / / K@t —s)-Vu(s, x)ds v(t, x)dx.
2J0o

It is sufficient to assume monotonicity of d and weak singularity of the kernel K, i.e. |[K(¢)| <
Clt|77,0 < y < 1. The convergence of d,,(t,x,ﬁn”"h, Vul') to d(t, x, u, Vu) follows from
Minty—Browder theorem.

Though we considered the Dirichlet boundary conditions only, the results remain valid
for other boundary conditions, that allow a Poincaré inequality. For more general boundary
conditions we have to assume B(ug) € L'({2), see Remark 16.

2.2. Uniqueness

Theorem 8. Let Assumption 1, p = 2, and

ld(t, x,m1,¢1) —d(t, x,m2, )| < C(n — n2| + 151 — &20),
|f(t7-x7 771) - f(t7x7 712)| S C|771 - 772'

be satisfied for (t,x) € Qr, N1, M2 € R!, and l1, 0 € RN*! Then there exists at most one weak
solution of the problem (1).

Proof. Suppose, there are two solutions u',u?> € L*0,T; H(; (.Q)l). Then their difference
satisfies

T
—/ /((b(ul)—b(u2))vt+a(x)V(ul—u2)Vv,)dxdt
0 2
T
+/ /(d(t,x,ul,Vul)—d(t,x,uz, Vu?)) Vudxdr

+/ (M@u") = M@?), v)dt = f f(f(r x,ul) — f(t, x, u?)) vdxdr, (15)
0
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because b(u}) = b(u}) and Vu} = Vu}. Since 9;(b(u’) — V- (a(x)Vu')) € L*(0, T, H~'())),
we may assume b(u') — V- (a(x)Vu') € C(0, T; H'(2)"). Due tou’ € L*(0, T; H}(£2)!) and
a € L®(2)! we obtain V - (a(x)Vu') € L2, T, H-'(2)") and b(u’) € L2, T: H-'(2)").
We choose fors < T

/s(u] () —u*(x))dr, t<s,

vs(t) = 1 Jt
0, otherwise

and integrate by parts. Notice that vs(s) = 0. Hereby we obtain

S S
/ by —bw?),u' —uz)dt-i—aof f |Vu' — Vu?2dxdt
0 0 9]

$ 1 22 c f* 2
<& [Vu! — Vu?2dxdt + — |V (1)|* dxdt, (16)
o Jo do Jo Jo

where the last term satisfies the following estimate

s s t
f f |Vv3(t,x)|2dxdt§cz/ f / V(@' (z, x) — u*(z, x))|>dxdzdz.
0o Jn 0o Jo J?

Using the monotonicity of the function b and Gronwall’s Lemma for the inequality (16) yields
N
/ / [Vu' — Vu??dxdt = 0
0 J
and u! = u? almost everywhere in Q7. [0
3. Variational inequalities
In this section we prove an existence theorem for the quasilinear pseudoparabolic inequality

/ [0:b(u)(v —u) +a(x)Vu,V(v—u)~+d(t,x, Vu)V(v — u)]dxdt
or

> [, x,u)(v—u)dxds (17
or
with initial condition
b(u(0, x)) = b(uo(x)). (18)

The initial value problem is completed by posing spatial boundary conditions. An intermediate
subspace V, Hol’p(Q)l c V. c H“?(2)}, is chosen such that it is densely and continuously
embedded in L2(£2), is densely and continuously embedded into a closed subspace Vo C
H'(£2)!. The spaces V and V; should satisfy Poincaré inequalities, i.e.

”U”Lp(_Q)l < C”vU”Lp(Q)I forveV
and
”U”LZ(Q)I < C”VU”LZ(Q)I forv e VO.

A further constraint on u is given by the requirement # € K, where K is chosen to be a closed
and convex subset of V containing 0.
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Assumption 9. Al. The vector field » : Rl — R! is monotone nondecreasing, Lipschitz
continuous, and a continuous gradient, i.e. there exists a convex C! function @ : R - R
such that b = V&, and b(0) = 0.

A2. The tensor field a € L®(Q)N**Nx! considered as a linear mapping on L®(2)NV*! | is
symmetric and elliptic, i.e. for 0 < ap < a® < o0, a satisfies a0|<§|2 <ax)£& < a0|§|2 for
£ € RV and fora.a. x € 2.

A3. The diffusivity d : (0,T) x 2 x RVNxI . RNX! ig continuous, elliptic, i.e. dg > 0,
d(t,x,€)& > dol&|P, for £ € RV*! and for a.a. (1,x) € Qr, p > 2, and monotone,
ie. (d(t,x, &) —d(t,x,&)) (& — &) > 0forall &, & € RV*! and satisfies the growth
assumption |d(f,x,£)] < C(1 + ||P71) for & € R¥* and is a gradient, i.e. there is
a continuous function D(¢, x,&) s.t. VeD = d and |D(t,x,0)| < C, |8;D(t,x,§)| <
C(1 + |£|P) for & €e RVN*! aa. (t,x) € OF.

A4. The function f : (0,7T) x 2 x R! — R! is continuous and sublinear, i.e. | f(@, x,n)|
C(1 + |n|) for n € R! and for a.a. (¢, x) € Or.

AS5. The initial condition ug is in K.

IA

Definition 10. A functionu : Q7 — R/ is called a weak solution if

l.u € L®0,T;V), u; € L*0,T; Vo), 9:b(u) € L>(Qr)!, and u(t) € K for almost all
te0,7),

2. u satisfies the inequality (17) for all test functions v € L?(0, T; V) and v(¢) € K for almost
allr € (0,7),

3. u satisfies the initial condition (18), i.e. b(u(t, x)) — b(up(x)) in LZ(.Q)I ast — 0.

Theorem 11. Let Assumption 9 be satisfied. Then there exists a weak solution of the variational
inequality (17) with the initial condition (18).

For positive o we consider the penalized equation
abu) =V - (a(x)Vuy) =V -d(t,x, Vu) + aBu) = f(t,x,u),

where B : LP(0,T; V) — L4(0, T; V*) is the penalty operator, introduced in Definition 17 in
Appendix A.

In the proof of this theorem some of the estimates of Section 2 are reused. By the
Rothe—Galerkin approximation we obtain the family of functions {uz, ;1» satisfying

/ l(b(um ) — by . ) Edx + f a(x)lV(um- —ul . )Védx
0 h o,i o,i 0 h o,i o,i

—i—/ d(ti,x,Vugi)Védx—i—oe(B(uZ‘i),é):/ fl,x,uly ;) Edx (19)
0 ’ ’ (0} ’

for & € H, = span{ey, ..., e}, where {ej};?';] isabasisof Vande; € L®(2)!, and {”Zl,o}m
is an approximation of ug in V. Since the operator B is monotone, the existence of "‘Zl,i can be
proved in the same manner as in Section 2.

Similar to the proof of Lemma 5, using Assumption 9 and the monotonicity of B yields the

estimates

max / B(u) )dx <C, max / [Vul! J2dx < C,
0<j<nJp J 0<j<nJn J

J J
th Vug \Pdx < C, Y h(Bul ). ull;) <C. (20)
i1 Y0

i=1
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For the proof of the existence of a solution of the variational inequality we have to show
that 3,b(u) € L*(Q7)" and u; € L?(0, T; Vo). Since d is a gradient it is possible to prove the

following.

Lemma 12. The estimates

n

1
thg 3 (b ) = bl )y —u; ) dx < C,
i=l

max / |Vuf¥”j|pdx <C
0 ,

1<j<n

m m 2
Vg ; — Vg, dx < C Q21
h f— 9

hold uniformly with respect to m, n, and «.

Proof. Choosing & = (”Zl, i— uz ;,_1) as a test function in (19) and summing over i yields
I
S [ b~ b0, ) d
ioJah

J
1
+ Z a0V ug ; —ug; IV (g ; —ug;_)dx
oJah
J

J
+ Z/Q dt, x, VuZl’i)V(uZl’i - Mﬁi,l)dx + o Z(B(ufx’l,,')» MZl,,' - Mﬁp])

i=1
j
= ng Flx Dl —ult,_dx. (22)
i=1

Due to the assumption on d the third integral on the left can be rewritten in the form
J
I = Zf d(ti, x, Vu YV (™, —u™,_)dx z/ D(tj, x, Vuly )dx
—Jo ’ ’ ’ Q ’
i=1

j
—/ D(O,x,Vug')dx—Z/ (D(t;, x, Vu™, ) — D(t;i—1, x, Vu™,_|))dx.
2 i=1 714 ’ ’

Applying the assumed growth bounds of d to | D (¢, x, z)| < foz |d(t, x,&)|dé+|D(¢, x, 0)| yields
D0, x, Vul} )| < C(1 + |Vuy, (|”). The ellipticity assumption on d implies

1

1
D(t,x,€) — D(t, x, 0) =/ VD(t,x,sé)éds:/ d(t, x,s&) s € s \ds
0 0

1
d
> do|5|f’/ s = Qe
0 P

Since |D(t,x,0)] < C, we obtain D(f;, x, Vuy ;) > do/p|Vuy ;P — C. Then, due to
|0; D(t, x,z)| < C(1+ |z|P), we have
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i j
I> —0/ |Vug'€j|pdx—01/ |Vug|pdx—cz2h/ [Vuy ; |Pdx — c3.
pla 0 —~ Jo

The penalty operator can be estimated by

J
m m m — m m m m
(B(ua,i)’ Ui — ua,i—l) = Z(‘,(ua,i — Pguy ), Pruy; — PKMa,i—l)

1 i=1

J
i=

+ Z(J(”Z’,i - PK“m,‘)v (”Z',i - PK”o"f,i) - (”31,1'—1 - PK“ZJ—Q)

J
> (el — Prull 15 — k) — Prul?,_1117)

v

= ;||(ug,,. — Pguly DI}, = 0.

Here ug € K and the property of Pk are used. Due to estimates for d and B we obtain from (22)

the inequality

g
> [ ot — bl - u s
i=1

J
a0—3/ m m 2 do m
+ E IV —u._7dx + — | |Vu |Pdx

P h 0 a,l a,i—1 » Jo o, ]

j j
§cs;h/9|f(ti,x,uo"zi])|2dx+2h/9|Vuo"zi|pdx+/(2|Vu81|pdx.
= 1=

Using the bounds (20) and sublinearity of f in the last inequality implies the assertion of the
lemma. O

Since b is Lipschitz continuous we have

J
Zh/ |anb 2 H|* dx < C.

i=1 Y12
Proof of Theorem 11. We define the Rothe functions piecewise for ¢t € (fi—1, t;] and x € {2 by

m lg, __m t_ ,
“Z",n(t,x)=u3”(ti71,x)+(t—ti71)u°‘(’ a2l h”“(’ L)

(23)

and the step functions by
g (2, X) = ug (i, X),
where the initial conditions are uy/ , (0, x) = ug (x) and uy/ , (0, x) = ug (x).

From (20), (21) and (23) we obtain

sup /QB(IZZ"n)dx <C, sup / |Vity P dx < C,

0<t<T 0<t<T

0]
T T
//|8hVu$n|2dxdt§C, f/lahb(ﬁfx"’n)Fdxdth. (24)
0 (0} 0 (0}
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The growth assumption on d implies

lldn (2, x, Vitg )l g (opyv<t < C,

where d, (t,x,z) = d(t,x,z) fort € (ti_1,t;]fori = 1,...,n,and d,(0, x,z) := d(0, x, 2).

The penalty operator is bounded, hence
1By Iizao,r:v+) < C.

The third estimate in (24) and the Poincaré inequality imply

—m —m
N, = g nnllL2.1;vp) = P

(25)

where i}, , (¢, x) = Uy ,(t —h,x)fort € [h, T]and uy , n @t x) =ull (x) fort € [0, h].
From (24) follows the existence of a subsequence of {ﬁo"z ,,} and of {"‘Zl, . }» T€SP., again denoted

by {itg ,} and {ug, ,}, resp., such that

iy, —> Ug weakly — *in L0, T; V),
o = g weakly in L2(0, T; Vo),
b @@ ,) — ne weakly in L2(Qr)’
dn(t, x, Vil ) — xo weakly in LI(Qr)V,
By, ) — 6 weakly in LI(0, T; V™),

opu

as m,n — oo. The strong convergence of {ug, ,} in L%(Q7)! follows from the Compactness
Lions—Aubin lemma [16]. This and the estimate (25) imply the strong convergence of

{ul) , ,} in L%(Q7)!. The Lipschitz-continuity of » and b(0) = 0 imply 1bGag 2oy =

c||ﬁg1,n||Lz(QT)z < C. From the strong convergence of {"‘Z’,n} in L2(QT)I, the continuity of b
and f, and the sublinearity of f, due to the Dominated Convergence Theorem [10], follows
b@l,) — bug) in L2(Q7) and ny = 8b(ug), and f, (1, x, iy, ) = flt,x,uy) in
L%(Q7)'. From the continuity of B follows B(iy,) — B(ug) a.e. in Q. Since {B(uy ,)}
is bounded in L*°(0, T; Ll (£2)) and B(ﬁfx"’n) is non-negative we obtain, by Fatou’s Lemma, that

B(ug) € L®(0, T: L1(12)).

Using uy € LP(0,T;V), diuy € L2(0, T; Vp) and [10, Theorem 5.9.2], imply u, €

C([0, T]; Vo) and uy(0) = ug. Due to the Lipschitz-continuity of b we obtain
/ b (1o (1)) — b(ug(s))Pdx < c1llua(t) — ua(s)y, forallz,s € [0, T].
(0}

This implies b € C([0, T1; L2(2)!) and b(u4(0)) = b(ug) in L*>(12)".
Passing to the limit as m, n — oo in the discretized Eq. (19) yields

/ 0rb(uy) vdxdt—i—/ a(x)BtVuaVvdxdt—i—/ Xo Vudxdrt
or or or

T
+a/ 0,v)dr = f(t, x,uy) vdxdr.
0 or

Due to the monotonicity of d and B we will show

T T
/ XaVvdxdt+ozf (9,v)dt=/ d(t,x,Vua)Vvdxdt+af (B(ug), v)drt
or 0 or 0

(26)

27)
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for all functions v € LP(0, T; V). Fatou’s Lemma implies

1
]iminf/ a(x)d,Vuly ,Vuy ,dxdt = liminf —/ a(x)Vul, ,Vul  dx
0. . . 0 . .

m,n— 00 m,n—00 2

1
—5/ a(x)VugVuoedx 2/ a(x)0;VugVugdxdz.
9]

T

Then from Eq. (19), convergence of {ﬁ(’)’zn}, and Eq. (26) we have

T
lim sup (/Q dn(t,x,v:zg{n)v:zg{ndxdt+a/0 (Ba@", ,:zg{nmt)
T

m,n— 00

< ft,x,uy) ugdxdr — f 0rb(ugy) ugdx dt

or or
T T
- liminff a(x)d,Vuly ,Vup dxdt 5[ (Xa» Vug)dt +oc/ (0, ug)dt.
mn—oo [, ’ ’ 0 0

Since d and B are monotone, we have
T
/ (dn(Vug ) — d(Vw)V (ug, , — w)dxdt + oe/ (B(ug ,) — B(w), uy, , — w)dt > 0.
or 0
Passing to the limit as m, n — oo yields

T
(x¢ —d(t, x,Vw)) (Vug — Vw) dxdr +a[ @ — B(w), ug — w)dt > 0.
or 0

Choosing w = uy — Av forv € L?(0,T; V) and A > 0, continuity of d and hemicontinuity of
B imply the equality (27) by Minty—Browder’s argument.
Then for every « the function u,, satisfies the equation

/ 0rb(uy) vdx dt +/ a(x)0;Vuy,Vudx dt +f d(t,x, Vug)Vudxdt
or or or

T
+ot/ (B(ug), v)dt = f(t, x,uy)vdxdr. (28)
0 or

m we obtain the estimates for u,,

Analogously as for uy, ,,

sup / B(ug)dx < C,  sup / |Vug|Pdx < C,
N N

0<t<T 0<t<T

f |0; Vg |*dxds < C / 10:b(ug)|*dxds < C,
or or

T
/ |d(t, x, Vug)|?dxdt < C, otf (B(ug), ug)dr < C.
or 0

Then there exists a subsequence of {u}, again denoted by {u,}, such that
ug — u weakly—x* in L0, T; V),
Oty — O;u weakly in LZ(O, T; Vo),
ob(uy) — n  weakly in LZ(QT)I,
d(t,x,Vug) — x weakly in LY(Q7)V*!.
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Due to the similar argumentation as for u',, we obtain the strong convergences u, — u,

ft, x,uq) = f(t,x,u), b(ug) — b@u) in L2(Q7)! and n = 3;b(u). Since u € LP(0,T; V)
and u; € LZ(O, T; Vo) we have u € C([0, T]; Vp) by [10, Theorem 5.9.2]. Then uy(0) — u(0)
weakly in Vo yields u(0) = uq. Since b is Lipschitz continuous, we obtain b € C([0, T1; L(£2)")
and b(u(0)) = b(ug) in L2(£2)!, and thus the validity of the initial condition (18).

From Eq. (28) we obtain

T
/ (B(ug), v)dt = 1 ( f(t, x, uy) vdxdt — / 0rb(uy) vdxdt
0 o or or

f a(x) 0;VugVudxdt —/ d(t,x,Vu@Vvdxdt)
or or

forall v € LP(0, T; V). Since all the terms on the right hand side are bounded in L4(0, T'; V*),
Bug) — 0 inL9(0,T;V*) asa — oo.

Applying the monotonicity of B to the sequence {u,} yields
T

T
/ (B(v), ug —v)dr < / (B(ug), ug — v)dr.
0

0

Together with the estimate fOT(B(ua), ug)dt < C/a and the convergence of B(uy) — 0 in
L9(0, T; V*) we obtain for & — oo

T
/ (B(), u —v)dr < 0.
0

We take v = u — Aw for A > O and w € L?(0, T; V). Passing to the limit as A — 0 and using
the hemicontinuity of B imply

T
/ (B(u), w)ydt <0 forallw € L?(0,T; V).
0

Thus, B(u) = 0 and u € K for almostall ¢t € (0, T).
Now we show that u satisfies the inequality (17). We choose u, — u as a test function in the
Eq. (28) and obtain

Orb(ug)(ug —u) +a(x)0;Vue V(g —u) +d(t, x, Vug) V(g — u)) dxdt
or

T
- S, x,uy) (g —u)dxdsr = —Oéf (B(ug) — B(u), ug — u)dt <0,
or 0

since B(u) = 0. Due to Fatou’s Lemma and integration by parts

lim inf/ a(x)0;Vuy V(g — u)dxder > 0.
or

o—>00

Then, by using the convergence of u,, we obtain

limsup/ d(t,x,Vug)V(ug — u)dxdt
or

oa—>00

< lim ft,x,uq)(ug —u)dx dt — lim / 0rb(ug)(ug — u)dx dr = 0.
o—> 00 QT

o—>00 QT



M. Ptashnyk / Nonlinear Analysis 66 (2007) 2653-2675 2671

The monotonicity of d implies

lim sup/ d(t,x,Vuy)V(ug —u)dxdt > lim / d(t,x,Vu)V(uy — u)dxdt = 0.
or ez Jor

oa—>00

Thus, we have

lim d(t,x,Vug)V(ug —u)dxdr = 0. (29)

oa—>00 QT

For the function w = (1 — A)u + Av, where v € L?(0, T; V) and A > 0, the monotonicity of d
implies

0< | (d(t,x, Vug) —d(t, x, Vw)) V(g — w)dxds

or
= d(t,x,Vuy) —d(, x, Vw))V(uy — u)dx dt
or
+ A d(t,x,Vuy) —d(t, x, Vw))V(u — v)dxdz.
or

The first integral on the right hand side converges to zero for « — 00, due to the convergence
of {uy} and (29). Then we divide this inequality by A, pass to the limits as « — oo and A — 0,
and, due to continuity of d, obtain

lim d(t,x,Vug)V(u —v)dxdt > / d(t,x, Vu)V(u — v)dxdr. (30)
T or

oa—>00 Q

Now we choose v — u, as a test function in (28), where v € L?(0, T; V) and v(¢) € K for a.a.
t € (0, T), use the monotonicity of B and obtain

Orb(ug)(v —ug) + a(x)orVug V(v — uy) +d(t, x, Viug) V(v — uy)) dxde
or

T
- f(f,X,Ma)(v—Ma)dxdt=Olf (B(v) — B(ug), v — ug) dt > 0, (€29)]
or 0

since B(v) = 0. By Fatou’s Lemma we have

o—>00

lim inf/ a(x)0;VugVugedxdr > / a(x)0;VuVudx dr.
or or
The equality (29) and the inequality (30) yields

lim d(t,x,Vug)V(v — uy)dxdr

oa—>00 QT

= lim d(t,x,Vug)V(v —u)+d(t,x, Vug)V(u — uy)) dxdt

o—>00 QT

< f d(t,x, Vu)V(v — u)dx dr.
or

Then taking the limit as « — oo in (31) and using the convergence of u, imply that u satisfies
the inequality (17). O
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Remark 13. Assuming the strong monotonicity of d, i.e.

(d(t,x, &) —d(t, x, &) (& — &) = di|§ — &P ford; > 0,&, & € RV

ensures the strong convergence of u, — u in L? (0, T; V).

Appendix A. Integration by parts lemma
Lemma 14 ([14]). The estimates

!
(1) B(z) = f (b(z) = b(oz))zdo = 0,
0

(@) B(z) — B(zo) = (b(z) — b(z0))z0,
() b@) — P(2) + 2(0) = B(z) = b(2)z,
4 1b(2)| =8B(z) + sup |b(o)l,

lol<}
hold true for all z, zo € R!, and for positive 8.

Lemma 15. Suppose u € LP(0,T; H(}’P(fz)l), u € L0, T; Hi(D), bw) €
L0, T: LY(2))), Bu) € L®(0, T; L'(2)), 0:(b(u) =V - (a(x)Vu)) € L1(0, T; H~11()"),
ug € Hol(.Q), b(ug) € L'(82), and b(ug) € H'(12). Then for almost all t the following formula
holds

t
f (3 (b(u) — V - (a(x)Vu)), u) d =f (B(u(t))—l—%a(x)Vu(t)Vu(t)) dx
0 0

—f (B(uo) + la(x)VroMo> dx.
0 2

Proof. For almost all (z,x) € (h,T) x {2, where u(t — h,x) = ug(x) fort € (0,h) and
b(u(t — h,x)) = b(up(x)) fort € (0, h), we have the inequalities

Bu(t)) — B(u(t — h)) + %a(x)Vu(t)Vu(t) — %a(x)Vu(t —h)Vu(t —h)
< O@() = but —h))u@) +a@x)(Vu(t) — Vu(t — h)Vu(t)
and
Bu(t)) — B(u(t —h)) + %a(x)Vu(t)Vu(t) — %a(x)Vu(t —h)Vu(t —h)
> b @) — b —h))u(t —h) +a(x)(Vu(t) — Vu(t — h))Vu(t — h).

Now we multiply the first inequality by 2~! and integrate over (0,7) x 2. Due to u €
LP(0, T; Hol’p(())’) and b(u) € L9(0, T; H=149(2)!), we obtain

l/t / (B(u) + la(x)VuVu) dxdr — / (B(Mo) + la()c)Vrouo) dx
h —h J 2 2 0 B

s/wlwwa»—bwa—h»munm
o h

+ftf la(x)V(u(t)—u(t—h))w(t)dxdt-
o Jaoh
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Multiplying the second inequality by #~! and integrating over (%, T) x {2 implies

‘ h
%/rfh /;2 (B(u) + %a(x)VuVu) dxdr — %fo /_(z (B(u) + %a(x)VuVu) dxdr

t—h
> f % <(b(u(t +h)) —b(t)),u()) + f a(x)V(u(t+h) — u(t))Vu(t)dx) dr.
0 0]

Since 3, (b(u) — V - (a(x)Vu)) = + [T, S(b(u) — V(a(x)Vu))dt, we obtain

T
fh 1n(b() — V- @OV, 1y 000
T 1 h
S —
|l
1 h T
=il
hJo Jo

Then 8, (b(u)—V-(a(x)Vu)) — x in LI(0, T: H=14(2)}). Due to d; (b(u)—V-(a(x)Vu)) €
L0, T; H %4(2)") and

q
dzdr

i(b(u(z +t—h)—V-(@x)Vu(z+1t—h)))
dZ H_I*‘I(Q)

%(b(u) — V- (a(x)Vu))

q
drds < C.
H-1:4(2)

/ op(b(u) — V- (a(x)Vu))vdxdt = — (b(u) — V- (a(x)Vu))o_pv dxdt
or or

forv e LP(0, T; HP(2)!) N L®(Qr)', v, € L2(0, T; Hy(2))) and v(t, x) = 0 for t € (0, §)
andt € (T —6,T),0<8 <T,x € {2, we have

(b)) — V- (a(x)Vu)) = 8 (bw) — V - (a(x)Vu)) in L0, T; H-9(2)h.

Since u € L?(0, T; H"P(£2)) we can take the limit as 7 — 0 and obtain

/ <B(u(r)) + la(x)Vu(r)Vu(r)) dx — f (B(uo) + la()c)VMoVuo) dx
n 2 0 2
< /0 (0 b(u(@)) = V - (a(x)Vu(?))) , u(r))dz,
/ (B(u(r)) + la(x)Vu(r)Vu(r)) dx — f (B(uo) + la()c)VMoVuo) dx
n 2 0 2

Zfo (3 (b(u(r)) = V- (a(x)Vu(r))), u(t))dr.

These two inequalities imply the assertion of the lemma. By passing to the limit in the second
inequality we used that

1 (h 1 1
liminf—f / B(u) + —a(x)VuVu ) dxdt > / B(ug) + —a(x)VuoVug ) dx.
0 hJo Jo 2 0 2

Due to 9;(b(u) — V - (a(x)Vu)) € L4(0, T; H=19(£2)") and the second estimate in Lemma 14,
we obtain
1

h

1 1

liminf—f / B(u) + —a(x)VuVu — B(ug) — —a(x)VuoVug | dxdr
=0 h Jo Jo 2 2

1
> liirlni(r)lfh/ (3 (b(u) — V - (a(x)Vu)), ug)dt = 0.
- 0
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Thus, we have the needed inequality. [

Remark 16. As was shown by Brezis and Browder [4], the assumptions uq € HO1 (12), b(ug) €
LY(2), b(ug) € H'(12), and b(uo)ug > 0 yield B(ug) € L'(12).

Definition 17 (/16]). Let V be a reflexive Banach space and K a closed convex subset in V.
Then a penalty operator B : V — V* related to K is a monotone, bounded and hemicontinuous
operator such that {vjv € V, B(v) =0} = K.

Such an operator B is given by B = J(I — Pg), where J : V — V* the dual mapping and
Px : V — K is the projection operator on K. In the case V = H!7({2), for some p > 1, the
dual mapping J is defined by

(J (), v) = f (u|?"%uv + |Vu|P2VuVv)dx
0]

and the projection operator Pk satisfies

(J(u — Pgu), Pku —v) >0 forve K.
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