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Abstract

The existence of solutions of degenerate quasilinear pseudoparabolic equations, where the term ∂t u
is replace by ∂t b(u), with memory terms and quasilinear variational inequalities is shown. The existence
of solutions of equations is proved under the assumption that the nonlinear function b is monotone and
a gradient of a convex, continuously differentiable function. The uniqueness is proved for Lipschitz-
continuous elliptic parts. The existence of solutions of quasilinear variational inequalities is proved under
stronger assumptions, namely, the nonlinear function defining the elliptic part is assumed to be a gradient
and the function b to be Lipschitz continuous.
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1. Introduction

The pseudoparabolic equations are used to model fluid flow in fissured porous media [3], two-
phase flow in porous media with dynamical capillary pressure [7,11], and heat conduction in two-
temperature systems [5]. Memory terms are obtained by modeling the flow in elastic media [6,
12,17]. Pseudoparabolic equations can be used also as regularization of ill-posed transport
problems [2,19]. Pseudoparabolic variational inequalities appear in obstacle problems [20], and
free boundary problems [9]. Degenerate evolution equations of the form d

dt A(u) + B(u) � f ,
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where A and B are maximal monotone operators from a Hilbert space V to its dual V ∗, are
considered in [8]. Existence of a solution is proved by Yosida’s approximation, if one of the
operators is strongly monotone and the other is a subgradient, A : V → V ∗ is compact,
one of the operators is coercive, B : V → V ∗ is bounded, and A : V → W∗ is bounded,
where W is a reflexive Banach space such that V is densely and compactly embedded in W .
Corresponding nonlinear pseudoparabolic variational inequalities were studied in [9]. To prove
the existence of a solution the penalty method is used. The existence is shown if A : V → V is
compact perturbation of the identity and B : V → V is bounded. The uniqueness of the solution
is known if the operator A is linear and self-adjoint and the operator B is strictly monotone.
In [20] existence of a solution of a degenerate linear and in [15] of degenerate quasilinear
pseudoparabolic variational inequality is proved by a regularization method combined with
Galerkin’s method.

In this article the existence of solutions of a system of degenerate quasilinear equations with
memory terms is shown by Rothe–Galerkin’s method. The crucial assumptions to guarantee
existence are monotonicity and potentiality of the nonlinear function b, see [1]. The discretization
of integral operators is used similarly to [13], i.e. we define an approximation as a function,
piecewise constant on a partition of the time interval. The uniqueness follows by the strong
monotonicity of the involved operators and can only be shown for the Lipschitz continuous
elliptic part. To prove existence of solutions of inequalities a penalty method is used.

2. Quasilinear equations

Let Ω ⊂ R
N be a bounded domain with Lipschitz boundary. In QT = (0, T ) × Ω the initial

boundary value problem is given by⎧⎨
⎩

∂t b
j (u) − ∇ · (a(x)∇ut)

j − ∇ · d j (t, x, u,∇u) + M j (u) = f j (u),

u j = 0 on (0, T ) × ∂Ω ,

b j (u(0, x)) = b j (u0(x)) in Ω ,

(1)

where the memory operator M is defined by

〈M j (t)(u), v j 〉 =
∫
Ω

∫ t

0
K j (t, s)g j (s, x,∇u(s, x))ds∇v j (t, x)dx

for all functions u, v ∈ L p(0, T ; H 1,p
0 (Ω)l), for almost all t ∈ (0, T ).

The existence of a solution will be ensured by the following assumptions.

Assumption 1. A1. The vector field b : R
l → R

l is monotone nondecreasing and a continuous
gradient, i.e. there exists a convex C1 function Φ : R

l → R such that b = ∇Φ, and
b(0) = 0.

A2. The tensor field a ∈ L∞(Ω)N×l×N×l , considered as a linear mapping on L∞(Ω)N×l , is
symmetric and elliptic, i.e. for 0 < a0 ≤ a0 < ∞, a satisfies a0|ξ |2 ≤ a(x)ξ ξ ≤ a0|ξ |2 for
ξ ∈ R

N×l and for a.a. x ∈ Ω .
A3. The diffusivity d : (0, T ) × Ω × R

l × R
N×l → R

N×l is continuous, elliptic,
i.e. d(t, x, η, ξ) ξ ≥ d0|ξ |p for ξ ∈ R

N×l , for a.a. (t, x) ∈ QT , d0 > 0, p ≥ 2,
strongly monotone, i.e. (d(t, x, η, ξ1) − d(t, x, η, ξ2)) (ξ1 − ξ2) ≥ d1|ξ1 − ξ2|p for ξ1, ξ2 ∈
R

N×l , η ∈ R
l , and for a.a. (t, x) ∈ QT , d1 > 0, and satisfies the growth assumption

|d(t, x, η, ξ)| ≤ C(1 + |η|p−1 + |ξ |p−1) for η ∈ R
l .
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A4. The function f : (0, T ) × Ω × R
l → R

l is continuous and sublinear, i.e. | f (t, x, η)| ≤
C(1 + |η|) for η ∈ R

l and for a.a. (t, x) ∈ QT .
A5. The matrix field g : (0, T ) × Ω × R

N×l → R
N×l is continuous, satisfies the growth

assumption |g(t, x, ξ)| ≤ C(1 + |ξ |p−1) for ξ ∈ R
N×l and for a.a. (t, x) ∈ QT , and

|g(t, x, ξ1) − g(t, x, ξ2)| ≤ C|ξ1 − ξ2|p−1 for ξ1, ξ2 ∈ R
N×l .

A6. The kernel K : (0, T ) × (0, T ) → R
l is weakly singular, i.e. for 0 ≤ γ < 1/p and

continuous ω : [0, T ] × [0, T ] → R yields |K (t, s)| ≤ |t − s|−γ ω(t, s).
A7. The initial condition u0 is in H 1

0 (Ω)l , b(u0) is in L1(Ω)l and in H −1(Ω)l .

The notion of a solution of the problem introduced above, will be given now.

Definition 2. A function u : QT → R
l is called a weak solution if

1. u ∈ L p(0, T ; H 1,p
0 (Ω)l), u ∈ L∞(0, T ; H 1

0 (Ω)l), b(u) ∈ L∞(0, T ; L1(Ω)l), and ∂t (b(u) −
∇ · (a(x)∇u)) ∈ Lq (0, T ; H −1,q(Ω)l),

2. u satisfies the equality

−
∫ T

0

∫
Ω

(b(u) vt + a(x)∇u∇vt ) dxdt +
∫ T

0

∫
Ω

(b(u0) vt + a(x)∇u0∇vt ) dxdt

+
∫ T

0

∫
Ω

d(t, x, u,∇u)∇vdxdt +
∫ T

0
〈M(u), v〉dt =

∫ T

0

∫
Ω

f (t, x, u) vdxdt (2)

for all v ∈ L p(0, T ; H 1,p
0 (Ω)l), vt ∈ L2(0, T ; H 1

0 (Ω)l) ∩ L1(0, T ; L∞(Ω)l) and v(T ) = 0.

We define the function

B(z) := b(z) · z − Φ(z) − Φ(0) =
∫ 1

0
(b(z) − b(sz)) · z ds =

∫ z

0
(b(z) − b(s))ds.

The properties of the function B can be found in Lemma 14. The function B will be used in the
integration by parts formula, see Lemma 15.

2.1. Existence

Theorem 3. Suppose Assumption 1 is satisfied. Then there exists a weak solution of the problem
(1).

We approximate the differential equation by the time discretization, h = T/n, ti = ih,
i = 0, . . . , n, and obtain the discrete problem⎧⎪⎨

⎪⎩
1

h
(b(ui) − b(ui−1)) − 1

h
∇ · (a(x)(∇ui − ∇ui−1))

− ∇ · d(ti , x, ui−1,∇ui ) + M(ûi−1) − f (ti , x, ui−1) = 0 in Ω ,

ui (x) = 0 on ∂Ω ,

(3)

where the function ûi−1 is defined by

ûi−1 =
{

u j−1, t ∈ [t j−1, t j ), j = 1, . . . , i − 1,

ui−1, t ∈ [ti−1, T ].
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Thus, we obtain elliptic problems, which can be solved by Galerkin’s procedure. Let {ek}∞k=1

be a basis of H 1,p
0 (Ω)l and ek ∈ L∞(Ω)l . We are looking for functions {um

i }n
i=1 in the subspace

Hm , spanned by {e1, . . . , em},

um
i =

m∑
k=1

αm
ik ek,

such that∫
Ω

1

h
(b(um

i ) − b(um
i−1)) ξ dx +

∫
Ω

1

h
a(x)(∇um

i − ∇um
i−1)∇ξ dx

+
∫
Ω

d(ti , x, um
i−1,∇um

i )∇ξdx + 〈M(ûm
i−1), ξ〉 −

∫
Ω

f (ti , x, um
i−1) ξdx = 0 (4)

holds for all ξ ∈ Hm . Here um
0 ∈ Hm is an approximation of u0 in H 1

0 (Ω)l .

Lemma 4. There exists a solution um
i in Hm of the family of discretized Eq. (4).

Proof. The existence will be shown by induction. Since um
0 is given, um

i−1 can be assumed to be
known. The left-hand side of (4) defines a continuous mapping Jhm : R

m → R
m given by

J j
hm(r) = 1

h

∫
Ω

(
b(v)e j + a(x)∇v ∇e j − b(um

i−1)e j − a(x)∇um
i−1∇e j

)
dx

+
∫
Ω

d(ti , x, um
i−1,∇v)∇e j dx + 〈M(ûm

i−1), e j 〉 −
∫
Ω

f (ti , x, um
i−1)e j dx,

where v = ∑m
j=1 r j e j . This mapping satisfies the following estimates:

Jhm(r)r ≥ (d0 − c1δ)

∫
Ω

|∇v|pdx + 1

h

∫
Ω

(
B(v) + a0

2
|∇v|2

)
dx

− 1

h

∫
Ω

(
B(um

i−1) + a0

2
|∇um

i−1|2
)

dx − c2(δ)c(γ )

i∑
k=1

h
∫
Ω

|∇um
k−1|pdx

− c3

∫
Ω

| f (ti , x, um
i−1)|2 dx ≥ c4

∫
Ω

|∇v|2dx + c5

∫
Ω

|∇v|pdx − c6,

as will be shown now. From the assumption on b and the definition of B it follows that

1

h

∫
Ω

(b(v) − b(um
i−1)) vdx ≥ 1

h

∫
Ω

B(v)dx − 1

h

∫
Ω

B(um
i−1)dx .

The assumptions on a and d imply∫
Ω

d(ti , x, um
i−1,∇v)∇vdx ≥ d0

∫
Ω

|∇v|pdx,

1

h

∫
Ω

a(x)(∇v − ∇um
i−1)∇vdx ≥ a0

2h

∫
Ω

|∇v|2dx − a0

2h

∫
Ω

|∇um
i−1|2dx .

Applying Hölder’s and Young’s inequalities yields

〈M(ûm
i−1), v〉 ≤ c1

δ

∫
Ω

(∫ ti

0
K (ti , s) g(s, x,∇ûm

i−1)ds

)q

dx + c2δ

∫
Ω

|∇v|p dx,
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where 1/q + 1/p = 1. The first integral can be estimated by using the assumptions on K and g,
and the boundedness of ω,∣∣∣∣

∫ ti

0
K (ti , s) g(s, x,∇ûm

i−1)ds

∣∣∣∣ ≤
i∑

k=1

∫ tk

tk−1

|K (ti , s)||g(s, x,∇ûm
i−1)|ds

≤ c1

i∑
k=1

(1 + |∇um
k−1|p−1)

∫ tk

tk−1

(ti − s)−γ ds

≤
(

i∑
k=1

h|∇um
k−1|p

) 1
q
(

i∑
k=1

h(ti − tk)
−γ p

) 1
p

+ c2.

Since γ < 1/p we have
∑i

k=1 h(ti − tk)−γ p ≤ 1/(1 − pγ ) =: c(γ ). Due to sublinearity of f
and Poincaré’s inequality,∫

Ω
| f (ti , x, um

i−1)|2dx ≤ c1

∫
Ω

|∇um
i−1|2dx + c2.

Hence, for |r | big enough, J (r)r ≥ 0 for all such r . The continuity of J implies the existence
of a zero of J (r), i.e. a solution of the discretized Equation (4), see [21, Proposition 2.1]. �

Now convergence of um
i to the solution u of the problem (1) for n, m → ∞ is shown. For the

proof a priori estimates, compactness arguments, and an integration by parts formula from [1],
adapted for pseudoparabolic equations, see Lemma 15, are used. At first we obtain the estimates
for um

i .

Lemma 5. The estimates

max
1≤ j≤n

∫
Ω

B(um
j )dx ≤ C, max

1≤ j≤n

∫
Ω

|∇um
j |2dx ≤ C,

n∑
i=1

h
∫
Ω

|∇um
i |pdx ≤ C (5)

hold uniformly in m and n.

Proof. Choosing um
i as a test function in (4) and summing over i yield

j∑
i=1

∫
Ω

b(um
i ) − b(um

i−1)

h
um

i dx +
j∑

i=1

∫
Ω

a(x)∇ um
i − um

i−1

h
∇um

i dx

+
j∑

i=1

∫
Ω

d(ti , x, um
i−1,∇um

i )∇um
i dx +

j∑
i=1

〈M(ûm
i−1), um

i 〉

=
j∑

i=1

∫
Ω

f (ti , x, um
i−1) um

i dx . (6)

Each term will be dealt with separately. From the assumption on b and the definition of the
function B it follows that

j∑
i=1

∫
Ω

(b(um
i ) − b(um

i−1)) um
i dx ≥

∫
Ω

B(um
j )dx −

∫
Ω

B(um
0 )dx .
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By Abel’s summation formula we obtain

j∑
i=1

∫
Ω

a(x)∇(um
i − um

i−1)∇um
i dx ≥ a0

2

∫
Ω

|∇um
j |2dx − a0

2

∫
Ω

|∇um
0 |2dx .

The ellipticity assumption implies

j∑
i=1

∫
Ω

d(ti , x, um
i−1,∇um

i )∇um
i dx ≥ d0

j∑
i=1

∫
Ω

|∇um
i |pdx .

For the integral operator we have the estimate

j∑
i=1

〈M(ûm
i−1), um

i 〉 ≤ c1

δ

j∑
i=1

∫
Ω

(∫ ti

0
K (ti , s) g(s, x,∇ûm

i−1)ds

)q

dx

+ c2δ

j∑
i=1

∫
Ω

|∇um
i |pdx .

Analogously to Lemma 4 by the assumptions on the function g and the kernel K we have

∣∣∣∣
∫ ti

0
K (ti , s) g(s, x,∇ûm

i−1)ds

∣∣∣∣ ≤ c(γ )

(
i∑

k=1

h|∇um
k−1|p

)1/q

+ c1.

The last integral in (6), due to sublinearity of f and Poincaré’s inequality, is estimated by

j∑
i=1

∫
Ω

f (x, ti , um
i−1) um

i dx ≤ c2

j∑
i=1

∫
Ω

|∇um
i |2dx + c3.

By the estimates above, from Eq. (6) we obtain the inequality∫
Ω

B(um
j )dx + a0

2

∫
Ω

|∇um
j |2dx + (d0 − c1δ)

j∑
i=1

h
∫
Ω

|∇um
i |pdx

≤
∫
Ω

B(um
0 )dx + a0

2

∫
Ω

|∇um
0 |2dx + c2c(γ )

j∑
i=1

h
i∑

k=1

h
∫
Ω

|∇um
k |pdx

+ c3

j∑
i=1

h
∫
Ω

|∇um
i |2dx + c4.

Using the discrete Gronwall’s Lemma in the last inequality implies the estimates in Lemma 5.
Gronwall’s Lemma can be applied for all sufficiently small h and δ that satisfy c3h < a0/2 and
c2c(γ )h < (d0 − c1δ). �

To show the strong convergence of the approximation and equicontinuity of u in time with
respect to L2(QT ) the following lemma is needed.

Lemma 6. The estimates

n−k∑
j=1

h
∫
Ω

(b(um
j+k) − b(um

j ))(um
j+k − um

j )dx ≤ Ckh,
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n−k∑
j=1

h
∫
Ω

|∇um
j+k − ∇um

j |2dx ≤ Ckh (7)

hold uniformly with respect to m and n.

Proof. Summing up the Eq. (4) for i = j + 1, . . . , j + k, then choosing um
j+k − um

j as a test
function, and finally summing up over j = 1, . . . , n − k yields

n−k∑
j=1

∫
Ω

1

h
(b(um

j+k) − b(um
j ))(um

j+k − um
j )dx

+
n−k∑
j=1

∫
Ω

1

h
a(x)∇(um

j+k − um
j )∇(um

j+k − um
j )dx

+
n−k∑
j=1

j+k∑
i= j+1

(∫
Ω

d(ti , x, um
i−1,∇um

i )∇(um
j+k − um

j )dx + 〈M(ûm
i−1), um

j+k − um
j 〉
)

=
n−k∑
j=1

j+k∑
i= j+1

∫
Ω

f (ti , x, um
i−1)(u

m
j+k − um

j )dx .

Due to the growth assumption on d we have

n∑
i=1

∫
Ω

|d(ti , x, um
i−1,∇um

i )|qdx ≤ c1

n∑
i=1

∫
Ω

|∇um
i |p dx + c2

n∑
i=1

∫
Ω

|um
i−1|p dx + c3.

The operator M and the function f can be estimated similarly to the last lemma. Then we obtain
the following inequality

n−k∑
j=1

∫
Ω

1

h

(
(b(um

j+k) − b(um
j ))(um

j+k − um
j ) + a0|∇um

j+k − ∇um
j |2
)

dx

≤ c1

n∑
i=1

∫
Ω

(
|∇um

i |2 + c2(T )c(γ )|∇um
i |p + |∇um

i |p
)

dx

+ k
n−k∑
j=1

∫
Ω

(
|∇um

j+k|2 + |∇um
j+k|p + |um

j+k|2 + |∇um
j |2 + |∇um

j |p + |um
j |2
)

dx .

This, by using Lemma 5, implies the asserted estimates. �

Proof of Theorem 3. We define for t ∈ (ti−1, ti ] and x ∈ Ω the step functions by

ūm
n (t, x) := um(ti , x),

where the initial conditions are ūm
n (0, x) = um

0 (x). From (5) we obtain

sup
0≤t≤T

∫
Ω

B(ūm
n (t))dx ≤ C, sup

0≤t≤T

∫
Ω

|∇ūm
n (t)|2dx ≤ C,

∫ T

0

∫
Ω

|∇ūm
n |pdxdt ≤ C. (8)
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The growth assumptions on d , g, and f imply

‖dn(t, x, ūm
n,h ,∇ūm

n )‖Lq (QT )N×l ≤ C, ‖ fn(t, x, ūm
n,h)‖L2(QT )l ≤ C,

‖M(ûm
n−1)‖Lq (0,T ;H−1,q (Ω)l) ≤ C, (9)

where ūm
n,h(t, x) := ūm

n (t − h, x) for t ∈ [h, T ] and ūm
n,h(t, x) := um

0 (x) for t ∈ [0, h],
dn(t, x, s, z) := d(ti , x, s, z) for t ∈ (ti−1, ti ], for i = 1, . . . , n, and dn(0, x, s, z) :=
d(0, x, s, z).

From (7) we have∫ T −τ

0

∫
Ω

(
b(ūm

n (t + τ )) − b(ūm
n (t))

) (
ūm

n (t + τ ) − ūm
n (t)

)
dxdt ≤ C τ,

∫ T −τ

0

∫
Ω

|∇ūm
n (t + τ ) − ∇ūm

n (t)|2dx dt ≤ C τ, (10)

where for k ∈ {0, . . . , n − 1}, kh ≤ τ ≤ (k + 1)h.
The second estimate in (10) and Poincaré’s inequality imply

‖ūm
n − ūm

n,h‖L2(0,T ;H1
0 (Ω)l ) ≤ C√

n
. (11)

From the Eq. (4) we obtain

‖∂h
(
b(ūm

n ) − ∇ · (a(x)∇ūm
n )
) ‖Lq (0,T ;H−1,q (Ω)l) ≤ C. (12)

Then the estimates in (8), (9) and (12) imply convergence of a subsequence of {ūm
n }, again

denoted by {ūm
n }

ūm
n → u weakly in L p(0, T ; H 1,p

0 (Ω)l),

ūm
n → u weakly- ∗ in L∞(0, T ; H 1

0 (Ω)l),

d(t, x, ūm
n,h,∇ūm

n ) → χ weakly in Lq(QT )N×l ,

∂h
(
b(ūm

n ) − ∇ · (a(x)∇ūm
n )
) → ζ weakly in Lq(0, T ; H −1,q(Ω)l),

M(ûm
n−1) → μ weakly in Lq(0, T ; H −1,q(Ω)l)

as m, n → ∞. The weak convergence of {ūm
n } in L p(0, T ; H 1,p

0 (Ω)l) and the second estimate in
(10) imply, by Kolmogorov’s Theorem [18], the strong convergence of {ūm

n } in L2(QT )l , and also
the convergence a.e. in QT . Then we have also, due to (11), ūm

n,h → u strongly in L2(QT )l and
a.e. in QT . Thus, since |b(ūm

n )| ≤ δB(ūm
n ) + sup|σ |≤ 1

δ
|b(σ )| [1] or [14], and sublinearity of f ,

due to the Dominated Convergence Theorem [10], and continuity of b in u and of f in t and u, we
obtain the convergences b(ūm

n (t)) → b(u) in L1(0, T ; L1(Ω)l), and fn(t, x, um
n,h) → f (t, x, u)

in L2(QT )l . From the continuity of B follows B(ūm
n ) → B(u) a.e. in QT . Since {B(ūm

n )}m
n is

bounded in L∞(0, T ; L1(Ω)) and B(ūm
n ) is non-negative we obtain, by Fatou’s Lemma,

1

τ

∫ t

t−τ

∫
Ω

B(u)dxdt ≤ lim inf
m,n→∞

1

τ

∫ t

t−τ

∫
Ω

B(ūm
n )dxdt ≤ C

for all t, t − τ ∈ [0, T ] and small τ , and, hereby, B(u) ∈ L∞(0, T ; L1(Ω)). Due to the estimate
|b(u)| ≤ δB(u) + sup|σ |≤ 1

δ
|b(σ )| we have b(u) ∈ L∞(0, T ; L1(Ω)l).
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Passing to the limit for m, n → ∞ in the Eq. (4) yields∫ T

0
〈ζ, v〉dt +

∫ T

0

∫
Ω

χ∇vdxdt +
∫ T

0
〈μ, v〉dt =

∫ T

0

∫
Ω

f (t, x, u) vdx dt . (13)

Since b(ūm
n (0)) = b(um

0 ) and um
0 → u0 in H 1

0 (Ω)l , we have that∫ T

0

∫
Ω

∂hb(ūm
n ) vdxdt +

∫ T

0

∫
Ω

a(x)∂h∇ūm
n ∇vdxdt

= −
∫ T −h

0

∫
Ω

(
(b(ūm

n ) − b(um
0 ))∂−hv + a(x)∇(ūm

n − um
0 )∂−h∇v

)
dxdt

→ −
∫ T

0

∫
Ω

(b(u) − b(u0)) vt dxdt −
∫ T

0

∫
Ω

a(x)∇(u − u0)∇vt dxdt

as m, n → ∞, for v ∈ L p(0, T ; H 1,p
0 (Ω)l) ∩ L∞(QT )l , vt ∈ L2(0, T ; H 1

0 (Ω)l), vt ∈
L∞(0, T ; L∞(Ω)l), and v(T ) = 0. Since such v form a dense subspace of L p(0, T ; H 1,p

0 (Ω)l)

and the boundedness (12), we obtain ∂t (b(u) − ∇ · (a(x)∇u)) = ζ as functions in Lq(0, T ;
H −1,q(Ω)l).

Now we prove ūm
n → u strongly in L p(0, T ; H 1,p

0 (Ω)l). We choose in the discretized
equation ξ = ūm

n − vm
n and integrate over the interval (0, τ ), where vm

n in L p(0, T ; Hm) is

the approximation of u in L p(0, T ; H 1,p
0 (Ω)l), constant in each time interval ((k − 1)h, kh).∫

Qτ

∂hb(ūm
n )(ūm

n − vm
n )dxdt +

∫
Qτ

a(x)∂h∇ūm
n (∇ūm

n − ∇vm
n )dxdt

+
∫

Qτ

dn(t, x, ūm
n,h,∇ūm

n )∇(ūm
n − vm

n )dxdt +
∫ τ

0
〈M(ûm

n−1), ūm
n − vm

n 〉dt

=
∫

Qτ

fn(t, x, ūm
n,h)(ūm

n − vm
n )dxdt . (14)

By the convergences of {vm
n } and {∂h

(
b(ūn

m) − ∇ · (a(x)∇ūn
m)
)} and the integration by parts

formula, Lemma 15, yields∫ τ

0

∫
Ω

(
∂hb(ūm

n ) (ūm
n − vm

n ) + a(x)∂h∇ūm
n ∇(ūm

n − vm
n )
)

dxdt

≥ 1

h

∫ τ

τ−h

∫
Ω

B(ūm
n )dxdt + 1

2h

∫ τ

τ−h

∫
Ω

a(x)∇ūm
n ∇ūm

n dxdt

−
∫
Ω

B(u(τ )) dx − 1

2

∫
Ω

a(x)∇u(τ )∇u(τ )dx + cε.

Fatou’s Lemma implies

lim inf
m,n→∞

1

h

∫ τ

τ−h

∫
Ω

(
B(ūm

n ) + 1

2
a(x)∇ūm

n ∇ūm
n

)
dxdt

≥
∫
Ω

B(u(τ ))dx + 1

2

∫
Ω

a(x)∇u(τ )∇u(τ )dx .

Thus, we obtain

lim inf
m,n→∞

∫ τ

0

∫
Ω

(
∂hb(ūm

n ) (ūm
n − vm

n ) + a(x)∂h∇ūm
n ∇(ūm

n − vm
n )
)

dxdt ≥ 0.
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Strong convergence of {ūm
n } to u in L2(QT )l and of {vm

n } to u in L p(0, T ; H 1,p
0 (Ω)), continuity

of d , weak convergence of d in Lq(QT )N×l , and the Dominated Convergence Theorem, imply
dn(t, x, ūm

n,h,∇vm
n ) → d(t, x, u,∇u) strongly in Lq(QT )N×l . Hence, strong monotonicity of d

yields∫
Qτ

dn(t, x, ūm
n,h,∇ūm

n )(∇ūm
n − ∇vm

n )dxdt

=
∫

Qτ

(dn(t, x, ūm
n,h,∇ūm

n ) − dn(t, x, ūm
n,h,∇vm

n ))(∇ūm
n − ∇vm

n )dxdt

+
∫

Qτ

dn(t, x, ūm
n,h,∇vm

n )∇(ūm
n − vm

n )dx dt ≥ d1

∫
Qτ

|∇(ūm
n − vm

n )|pdxdt − c ε.

The integral operator satisfies the estimate∫ τ

0
〈M(ûm

n−1), ūm
n − vm

n 〉 dt

≤ c1

δ

∫ τ

0

∫
Ω

(∫ t

0
K (t, s)(g(s,∇ūm

n−1(s)) − g(s,∇vm
n (s)))ds

)q

dxdt

+ c2δ‖ūm
n − vm

n ‖p

L p(0,T ;H1,p
0 (Ω)l )

.

Because of the weak singularity of the kernel K and the assumption on g we have∫ t

0
K (t, s)(g(s,∇ūm

n−1(s)) − g(s,∇vm
n (s)))ds

≤ C

(∫ t

0
|K (t, s)|pds

) 1
p
(∫ t

0
|∇ūm

n−1(s) − ∇vm
n (s)|pds

) 1
q

.

Combining the last two estimates and the estimate (11) yields∫ τ

0
〈M(ûm

n−1), ūm
n − vm

n 〉dt ≤ Cδ

∫ τ

0

∫
Ω

∫ t

0
|∇ūm

n − ∇vm
n |pdsdxdt

+ Cδ‖ūm
n − vm

n ‖p

L p(0,T ;H1,p
0 (Ω)l)

.

The strong convergences of {ūm
n } and { fn(t, x, ūm

n,h)} imply∫ τ

0

∫
Ω

fn(t, x, ūm
n,h)(ūm

n − vm
n )dxdt ≤ c ε.

The estimates of all terms in the Eq. (14) give

(d1 − Cδ)

∫ τ

0

∫
Ω

|∇(ūm
n − vm

n )|pdxdt ≤ C1

∫ τ

0

∫
Ω

∫ t

0
|∇(ūm

n − vm
n )|pdsdx dt + C2ε.

By Gronwall’s Lemma∫ τ

0

∫
Ω

|∇ūm
n − ∇vm

n |pdx dt ≤ C ε

holds. Thus, we have the strong convergence of ūm
n to u in L p(0, T ; H 1,p

0 (Ω)l). Continuity of d
and g yield

dn(t, x, ūm
n,h,∇ūm

n ) → d(t, x, u,∇u) a.e. in QT
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and

gn(t, x,∇ūm
n−1) → g(t, x,∇u) a.e. in QT .

The weak convergences of dn(t, x, ūm
n,h,∇ūm

n ) and M(ûm
n−1) and the a.e. convergences imply

χ = d(t, x, u,∇u) and μ = M(u). Thus, u is the solution of the problem (1). �

Remark 7. We can also consider the linear integral operator

〈M(t)(u), v(t)〉 =
∫
Ω

∫ t

0
K (t − s)∇u(s, x)ds∇v(t, x)dx,

for u, v ∈ L2(0, T ; H 1
0 (Ω)l) with positive-definite and weakly singular kernel |K (t)| ≤ C|t|−γ ,

0 ≤ γ < 1. The kernel K is positive-definite iff∫ T

0

∫ t

0
K (t − s)β(s)ds β(t)dt ≥ 0.

This definiteness implies the monotonicity of the operator M . In this case we can weaken the
assumption on d to show existence. Only monotonicity, but not strong monotonicity, is needed
to apply the Minty–Browder theorem.

The existence can also be proved in the case of memory term operators of first order, i.e.

〈M(t)(u), v(t)〉 =
∫
Ω

∫ t

0
K (t − s) · ∇u(s, x)ds v(t, x)dx .

It is sufficient to assume monotonicity of d and weak singularity of the kernel K , i.e. |K (t)| ≤
C|t|−γ , 0 ≤ γ < 1. The convergence of dn(t, x, ūm

n,h,∇ūm
n ) to d(t, x, u,∇u) follows from

Minty–Browder theorem.
Though we considered the Dirichlet boundary conditions only, the results remain valid

for other boundary conditions, that allow a Poincaré inequality. For more general boundary
conditions we have to assume B(u0) ∈ L1(Ω), see Remark 16.

2.2. Uniqueness

Theorem 8. Let Assumption 1, p = 2, and

|d(t, x, η1, ζ1) − d(t, x, η2, ζ2)| ≤ C(|η1 − η2| + |ζ1 − ζ2|),
| f (t, x, η1) − f (t, x, η2)| ≤ C|η1 − η2|

be satisfied for (t, x) ∈ QT , η1, η2 ∈ R
l , and ζ1, ζ2 ∈ R

N×l . Then there exists at most one weak
solution of the problem (1).

Proof. Suppose, there are two solutions u1, u2 ∈ L2(0, T ; H 1
0 (Ω)l). Then their difference

satisfies

−
∫ T

0

∫
Ω

(
(b(u1) − b(u2)) vt + a(x)∇(u1 − u2) ∇vt

)
dxdt

+
∫ T

0

∫
Ω

(d(t, x, u1,∇u1) − d(t, x, u2,∇u2)) ∇vdxdt

+
∫ T

0
〈M(u1) − M(u2), v〉dt =

∫ T

0

∫
Ω

( f (t, x, u1) − f (t, x, u2)) vdxdt, (15)
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because b(u1
0) = b(u2

0) and ∇u1
0 = ∇u2

0. Since ∂t (b(ui )−∇ · (a(x)∇ui )) ∈ L2(0, T, H −1(Ω)l),
we may assume b(ui)−∇ · (a(x)∇ui) ∈ C(0, T ; H −1(Ω)l). Due to ui ∈ L2(0, T ; H 1

0 (Ω)l) and
a ∈ L∞(Ω)l we obtain ∇ · (a(x)∇ui) ∈ L2(0, T, H −1(Ω)l) and b(ui) ∈ L2(0, T ; H −1(Ω)l).
We choose for s ≤ T

vs(t) =

⎧⎪⎨
⎪⎩
∫ s

t
(u1(τ ) − u2(τ ))dτ, t < s,

0, otherwise

and integrate by parts. Notice that vs(s) = 0. Hereby we obtain∫ s

0
〈b(u1) − b(u2), u1 − u2〉dt + a0

∫ s

0

∫
Ω

|∇u1 − ∇u2|2dxdt

≤ δ0

∫ s

0

∫
Ω

|∇u1 − ∇u2|2dxdt + c1

δ0

∫ s

0

∫
Ω

|∇vs(t)|2 dxdt, (16)

where the last term satisfies the following estimate∫ s

0

∫
Ω

|∇vs(t, x)|2 dx dt ≤ c2

∫ s

0

∫ t

0

∫
Ω

|∇(u1(τ, x) − u2(τ, x))|2dxdτdt .

Using the monotonicity of the function b and Gronwall’s Lemma for the inequality (16) yields∫ s

0

∫
Ω

|∇u1 − ∇u2|2dxdt = 0

and u1 = u2 almost everywhere in QT . �

3. Variational inequalities

In this section we prove an existence theorem for the quasilinear pseudoparabolic inequality∫
QT

[∂t b(u)(v − u) + a(x)∇ut∇(v − u) + d(t, x,∇u)∇(v − u)] dxdt

≥
∫

QT

f (t, x, u)(v − u)dxdt (17)

with initial condition

b(u(0, x)) = b(u0(x)). (18)

The initial value problem is completed by posing spatial boundary conditions. An intermediate
subspace V , H 1,p

0 (Ω)l ⊂ V ⊂ H 1,p(Ω)l , is chosen such that it is densely and continuously
embedded in L2(Ω)l , is densely and continuously embedded into a closed subspace V0 ⊂
H 1(Ω)l . The spaces V and V0 should satisfy Poincaré inequalities, i.e.

‖v‖L p(Ω)l ≤ C‖∇v‖L p (Ω)l for v ∈ V

and

‖v‖L2(Ω)l ≤ C‖∇v‖L2(Ω)l for v ∈ V0.

A further constraint on u is given by the requirement u ∈ K , where K is chosen to be a closed
and convex subset of V containing 0.
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Assumption 9. A1. The vector field b : R
l → R

l is monotone nondecreasing, Lipschitz
continuous, and a continuous gradient, i.e. there exists a convex C1 function Φ : R

l → R

such that b = ∇Φ, and b(0) = 0.
A2. The tensor field a ∈ L∞(Ω)N×l×N×l , considered as a linear mapping on L∞(Ω)N×l , is

symmetric and elliptic, i.e. for 0 < a0 ≤ a0 < ∞, a satisfies a0|ξ |2 ≤ a(x)ξ ξ ≤ a0|ξ |2 for
ξ ∈ R

N×l and for a.a. x ∈ Ω .
A3. The diffusivity d : (0, T ) × Ω × R

N×l → R
N×l is continuous, elliptic, i.e. d0 > 0,

d(t, x, ξ) ξ ≥ d0|ξ |p , for ξ ∈ R
N×l and for a.a. (t, x) ∈ QT , p ≥ 2, and monotone,

i.e. (d(t, x, ξ1) − d(t, x, ξ2)) (ξ1 − ξ2) ≥ 0 for all ξ1, ξ2 ∈ R
N×l , and satisfies the growth

assumption |d(t, x, ξ)| ≤ C(1 + |ξ |p−1) for ξ ∈ R
N×l , and is a gradient, i.e. there is

a continuous function D(t, x, ξ) s.t. ∇ξ D = d and |D(t, x, 0)| ≤ C , |∂t D(t, x, ξ)| ≤
C(1 + |ξ |p) for ξ ∈ R

N×l , a.a. (t, x) ∈ QT .
A4. The function f : (0, T ) × Ω × R

l → R
l is continuous and sublinear, i.e. | f (t, x, η)| ≤

C(1 + |η|) for η ∈ R
l and for a.a. (t, x) ∈ QT .

A5. The initial condition u0 is in K .

Definition 10. A function u : QT → R
l is called a weak solution if

1. u ∈ L∞(0, T ; V ), ut ∈ L2(0, T ; V0), ∂t b(u) ∈ L2(QT )l , and u(t) ∈ K for almost all
t ∈ (0, T ),

2. u satisfies the inequality (17) for all test functions v ∈ L p(0, T ; V ) and v(t) ∈ K for almost
all t ∈ (0, T ),

3. u satisfies the initial condition (18), i.e. b(u(t, x)) → b(u0(x)) in L2(Ω)l as t → 0.

Theorem 11. Let Assumption 9 be satisfied. Then there exists a weak solution of the variational
inequality (17) with the initial condition (18).

For positive α we consider the penalized equation

∂t b(u) − ∇ · (a(x)∇ut) − ∇ · d(t, x,∇u) + αB(u) = f (t, x, u),

where B : L p(0, T ; V ) → Lq(0, T ; V ∗) is the penalty operator, introduced in Definition 17 in
Appendix A.

In the proof of this theorem some of the estimates of Section 2 are reused. By the
Rothe–Galerkin approximation we obtain the family of functions {um

α,i}, satisfying∫
Ω

1

h
(b(um

α,i) − b(um
α,i−1)) ξdx +

∫
Ω

a(x)
1

h
∇(um

α,i − um
α,i−1)∇ξdx

+
∫
Ω

d(ti , x,∇um
α,i )∇ξdx + α〈B(um

α,i ), ξ〉 =
∫
Ω

f (ti , x, um
α,i−1) ξdx (19)

for ξ ∈ Hm = span{e1, . . . , em}, where {e j }∞j=1 is a basis of V and e j ∈ L∞(Ω)l , and {um
α,0}m

is an approximation of u0 in V . Since the operator B is monotone, the existence of um
α,i can be

proved in the same manner as in Section 2.
Similar to the proof of Lemma 5, using Assumption 9 and the monotonicity of B yields the

estimates

max
0≤ j≤n

∫
Ω

B(um
α, j )dx ≤ C, max

0≤ j≤n

∫
Ω

|∇um
α, j |2dx ≤ C,

j∑
i=1

h
∫
Ω

|∇um
α,i |pdx ≤ C, α

j∑
i=1

h〈B(um
α,i), um

α,i 〉 ≤ C. (20)
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For the proof of the existence of a solution of the variational inequality we have to show
that ∂t b(u) ∈ L2(QT )l and ut ∈ L2(0, T ; V0). Since d is a gradient it is possible to prove the
following.

Lemma 12. The estimates
n∑

i=1

h
∫
Ω

1

h2 (b(um
α,i) − b(um

α,i−1))(u
m
α,i − um

α,i−1) dx ≤ C,

n∑
i=1

h
∫
Ω

∣∣∣∣∇um
α,i − ∇um

α,i−1

h

∣∣∣∣
2

dx ≤ C,

max
1≤ j≤n

∫
Ω

|∇um
α, j |pdx ≤ C

(21)

hold uniformly with respect to m, n, and α.

Proof. Choosing ξ = (um
α,i − um

α,i−1) as a test function in (19) and summing over i yields

j∑
i=1

∫
Ω

1

h
(b(um

α,i) − b(um
α,i−1))(u

m
α,i − um

α,i−1) dx

+
j∑

i=1

∫
Ω

1

h
a(x)∇(um

α,i − um
α,i−1)∇(um

α,i − um
α,i−1)dx

+
j∑

i=1

∫
Ω

d(ti , x,∇um
α,i )∇(um

α,i − um
α,i−1)dx + α

j∑
i=1

〈B(um
α,i ), um

α,i − um
α,i−1〉

=
j∑

i=1

∫
Ω

f (ti , x, um
α,i−1)(u

m
α,i − um

α,i−1)dx . (22)

Due to the assumption on d the third integral on the left can be rewritten in the form

I =
j∑

i=1

∫
Ω

d(ti , x,∇um
α,i )∇(um

α,i − um
α,i−1)dx ≥

∫
Ω

D(t j , x,∇um
α, j )dx

−
∫
Ω

D(0, x,∇um
0 )dx −

j∑
i=1

∫
Ω

(D(ti , x,∇um
α,i−1) − D(ti−1, x,∇um

α,i−1))dx .

Applying the assumed growth bounds of d to |D(t, x, z)| ≤ ∫ z
0 |d(t, x, ξ)|dξ+|D(t, x, 0)| yields

|D(0, x,∇um
α,0)| ≤ C(1 + |∇um

α,0|p). The ellipticity assumption on d implies

D(t, x, ξ) − D(t, x, 0) =
∫ 1

0
∇D(t, x, sξ) ξds =

∫ 1

0
d(t, x, sξ) s ξ s−1ds

≥ d0|ξ |p
∫ 1

0
s p−1ds = d0

p
|ξ |p.

Since |D(t, x, 0)| ≤ C , we obtain D(ti , x,∇um
α, j ) ≥ d0/p|∇um

α, j |p − C. Then, due to
|∂t D(t, x, z)| ≤ C(1 + |z|p), we have



M. Ptashnyk / Nonlinear Analysis 66 (2007) 2653–2675 2667

I ≥ d0

p

∫
Ω

|∇um
α, j |pdx − c1

∫
Ω

|∇um
0 |pdx − c2

j∑
i=1

h
∫
Ω

|∇um
α,i−1|pdx − c3.

The penalty operator can be estimated by

j∑
i=1

〈B(um
α,i), um

α,i − um
α,i−1

〉 = j∑
i=1

〈
J (um

α,i − PK um
α,i ), PK um

α,i − PK um
α,i−1

〉

+
j∑

i=1

〈
J (um

α,i − PK um
α,i ), (u

m
α,i − PK um

α,i ) − (um
α,i−1 − PK um

α,i−1)
〉

≥ 1

p

j∑
i=1

(‖um
α,i − PK um

α,i‖p
V − ‖um

α,i−1 − PK um
α,i−1‖p

V

)

= 1

p
‖(um

α,i − PK um
α,i )‖p

V ≥ 0.

Here u0 ∈ K and the property of PK are used. Due to estimates for d and B we obtain from (22)
the inequality

j∑
i=1

1

h

∫
Ω

(b(um
α,i ) − b(um

α,i−1))(u
m
α,i − um

α,i−1)dx

+
j∑

i=1

a0 − δ

h

∫
Ω

|∇(um
α,i − um

α,i−1)|2dx + d0

p

∫
Ω

|∇um
α, j |pdx

≤ cδ

j∑
i=1

h
∫
Ω

| f (ti , x, um
α,i−1)|2dx +

j∑
i=1

h
∫
Ω

|∇um
α,i |pdx +

∫
Ω

|∇um
0 |pdx .

Using the bounds (20) and sublinearity of f in the last inequality implies the assertion of the
lemma. �

Since b is Lipschitz continuous we have

j∑
i=1

h
∫
Ω

∣∣∂hb(um
α,i )
∣∣2 dx ≤ C. (23)

Proof of Theorem 11. We define the Rothe functions piecewise for t ∈ (ti−1, ti ] and x ∈ Ω by

um
α,n(t, x) = um

α (ti−1, x) + (t − ti−1)
um

α (ti , x) − um
α (ti−1, x)

h
and the step functions by

ūm
α,n(t, x) = um

α (ti , x),

where the initial conditions are um
α,n(0, x) = um

0 (x) and ūm
α,n(0, x) = um

0 (x).
From (20), (21) and (23) we obtain

sup
0≤t≤T

∫
Ω

B(ūm
α,n)dx ≤ C, sup

0≤t≤T

∫
Ω

|∇ūm
α,n|p dx ≤ C,

∫ T

0

∫
Ω

|∂h∇um
α,n|2dxdt ≤ C,

∫ T

0

∫
Ω

|∂hb(ūm
α,n)|2dx dt ≤ C. (24)
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The growth assumption on d implies

‖dn(t, x,∇ūm
α,n)‖Lq (QT )N×l ≤ C,

where dn(t, x, z) := d(ti , x, z) for t ∈ (ti−1, ti ] for i = 1, . . . , n, and dn(0, x, z) := d(0, x, z).
The penalty operator is bounded, hence

‖B(ūm
α,n)‖Lq (0,T ;V ∗) ≤ C.

The third estimate in (24) and the Poincaré inequality imply

‖ūm
α,n − ūm

α,n,h‖L2(0,T ;V0)
≤ C

n
, (25)

where ūm
α,n,h(t, x) := ūm

α,n(t − h, x) for t ∈ [h, T ] and ūm
α,n,h(t, x) := um

α,0(x) for t ∈ [0, h].
From (24) follows the existence of a subsequence of {ūm

α,n} and of {um
α,n}, resp., again denoted

by {ūm
α,n} and {um

α,n}, resp., such that

ūm
α,n → uα weakly − ∗ in L∞(0, T ; V ),

∂hum
α,n → ∂t uα weakly in L2(0, T ; V0),

∂hb(ūm
α,n) → ηα weakly in L2(QT )l

dn(t, x,∇ūm
α,n) → χα weakly in Lq(QT )N×l ,

B(ūm
α,n) → θ weakly in Lq (0, T ; V ∗),

as m, n → ∞. The strong convergence of {um
α,n} in L2(QT )l follows from the Compactness

Lions–Aubin lemma [16]. This and the estimate (25) imply the strong convergence of
{um

α,n,h} in L2(QT )l . The Lipschitz-continuity of b and b(0) = 0 imply ‖b(ūm
α,n)‖L2(QT )l ≤

c‖ūm
α,n‖L2(QT )l ≤ C . From the strong convergence of {um

α,n} in L2(QT )l , the continuity of b
and f , and the sublinearity of f , due to the Dominated Convergence Theorem [10], follows
b(ūm

α,n) → b(uα) in L2(QT )l and ηα = ∂t b(uα), and fn(t, x, ūm
α,n,h) → f (t, x, uα) in

L2(QT )l . From the continuity of B follows B(ūm
α,n) → B(uα) a.e. in QT . Since {B(ūm

α,n)}
is bounded in L∞(0, T ; L1(Ω)) and B(ūm

α,n) is non-negative we obtain, by Fatou’s Lemma, that
B(uα) ∈ L∞(0, T ; L1(Ω)).

Using uα ∈ L p(0, T ; V ), ∂t uα ∈ L2(0, T ; V0) and [10, Theorem 5.9.2], imply uα ∈
C([0, T ]; V0) and uα(0) = u0. Due to the Lipschitz-continuity of b we obtain∫

Ω
|b(uα(t)) − b(uα(s))|2dx ≤ c1‖uα(t) − uα(s)‖2

V0
for all t, s ∈ [0, T ].

This implies b ∈ C([0, T ]; L2(Ω)l) and b(uα(0)) = b(u0) in L2(Ω)l .
Passing to the limit as m, n → ∞ in the discretized Eq. (19) yields∫

QT

∂t b(uα) vdxdt +
∫

QT

a(x)∂t∇uα∇vdxdt +
∫

QT

χα∇vdxdt

+ α

∫ T

0
〈θ, v〉 dt =

∫
QT

f (t, x, uα) vdxdt . (26)

Due to the monotonicity of d and B we will show∫
QT

χα∇vdxdt + α

∫ T

0
〈θ, v〉dt =

∫
QT

d(t, x,∇uα)∇vdxdt + α

∫ T

0
〈B(uα), v〉dt (27)
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for all functions v ∈ L p(0, T ; V ). Fatou’s Lemma implies

lim inf
m,n→∞

∫
Qτ

a(x)∂t∇um
α,n∇um

α,ndxdt = lim inf
m,n→∞

1

2

∫
Ω

a(x)∇um
α,n∇um

α,ndx

− 1

2

∫
Ω

a(x)∇u0∇u0dx ≥
∫

Qτ

a(x)∂t∇uα∇uαdx dt .

Then from Eq. (19), convergence of {ūm
α,n}, and Eq. (26) we have

lim sup
m,n→∞

(∫
QT

dn(t, x,∇ūm
α,n)∇ūm

α,ndxdt + α

∫ T

0
〈B(ūm

α,n), ūm
α,n〉dt

)

≤
∫

QT

f (t, x, uα) uαdxdt −
∫

QT

∂t b(uα) uαdx dt

− lim inf
m,n→∞

∫
QT

a(x)∂t∇um
α,n∇um

α,ndxdt ≤
∫ T

0
〈χα,∇uα〉dt + α

∫ T

0
〈θ, uα〉dt .

Since d and B are monotone, we have∫
QT

(dn(∇um
α,n) − d(∇w))∇(um

α,n − w)dxdt + α

∫ T

0
〈B(um

α,n) − B(w), um
α,n − w〉dt ≥ 0.

Passing to the limit as m, n → ∞ yields∫
QT

(χα − d(t, x,∇w)) (∇uα − ∇w) dxdt + α

∫ T

0
〈θ − B(w), uα − w〉dt ≥ 0.

Choosing w = uα − λv for v ∈ L p(0, T ; V ) and λ > 0, continuity of d and hemicontinuity of
B imply the equality (27) by Minty–Browder’s argument.

Then for every α the function uα satisfies the equation∫
QT

∂t b(uα) vdx dt +
∫

QT

a(x)∂t∇uα∇vdx dt +
∫

QT

d(t, x,∇uα)∇vdxdt

+ α

∫ T

0
〈B(uα), v〉dt =

∫
QT

f (t, x, uα) vdxdt . (28)

Analogously as for um
α,n , we obtain the estimates for uα

sup
0≤t≤T

∫
Ω

B(uα)dx ≤ C, sup
0≤t≤T

∫
Ω

|∇uα|pdx ≤ C,

∫
QT

|∂t∇uα|2dxdt ≤ C
∫

QT

|∂t b(uα)|2dxdt ≤ C,

∫
QT

|d(t, x,∇uα)|qdxdt ≤ C, α

∫ T

0
〈B(uα), uα〉dt ≤ C.

Then there exists a subsequence of {uα}, again denoted by {uα}, such that

uα → u weakly– ∗ in L∞(0, T ; V ),

∂t uα → ∂t u weakly in L2(0, T ; V0),

∂t b(uα) → η weakly in L2(QT )l ,

d(t, x,∇uα) → χ weakly in Lq(QT )N×l .
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Due to the similar argumentation as for um
α,n , we obtain the strong convergences uα → u,

f (t, x, uα) → f (t, x, u), b(uα) → b(u) in L2(QT )l and η = ∂t b(u). Since u ∈ L p(0, T ; V )

and ut ∈ L2(0, T ; V0) we have u ∈ C([0, T ]; V0) by [10, Theorem 5.9.2]. Then uα(0) → u(0)

weakly in V0 yields u(0) = u0. Since b is Lipschitz continuous, we obtain b ∈ C([0, T ]; L2(Ω)l)

and b(u(0)) = b(u0) in L2(Ω)l , and thus the validity of the initial condition (18).
From Eq. (28) we obtain∫ T

0
〈B(uα), v〉dt = 1

α

(∫
QT

f (t, x, uα) vdxdt −
∫

QT

∂t b(uα) vdxdt

−
∫

QT

a(x) ∂t∇uα∇vdxdt −
∫

QT

d(t, x,∇uα)∇vdxdt

)

for all v ∈ L p(0, T ; V ). Since all the terms on the right hand side are bounded in Lq(0, T ; V ∗),

B(uα) → 0 in Lq (0, T ; V ∗) as α → ∞.

Applying the monotonicity of B to the sequence {uα} yields∫ T

0
〈B(v), uα − v〉dt ≤

∫ T

0
〈B(uα), uα − v〉dt .

Together with the estimate
∫ T

0 〈B(uα), uα〉dt ≤ C/α and the convergence of B(uα) → 0 in
Lq(0, T ; V ∗) we obtain for α → ∞∫ T

0
〈B(v), u − v〉dt ≤ 0.

We take v = u − λw for λ > 0 and w ∈ L p(0, T ; V ). Passing to the limit as λ → 0 and using
the hemicontinuity of B imply∫ T

0
〈B(u),w〉dt ≤ 0 for all w ∈ L p(0, T ; V ).

Thus, B(u) = 0 and u ∈ K for almost all t ∈ (0, T ).
Now we show that u satisfies the inequality (17). We choose uα − u as a test function in the

Eq. (28) and obtain∫
QT

(∂t b(uα)(uα − u) + a(x)∂t∇uα∇(uα − u) + d(t, x,∇uα)∇(uα − u)) dxdt

−
∫

QT

f (t, x, uα) (uα − u)dxdt = −α

∫ T

0
〈B(uα) − B(u), uα − u〉 dt ≤ 0,

since B(u) = 0. Due to Fatou’s Lemma and integration by parts

lim inf
α→∞

∫
QT

a(x)∂t∇uα∇(uα − u)dxdt ≥ 0.

Then, by using the convergence of uα, we obtain

lim sup
α→∞

∫
QT

d(t, x,∇uα)∇(uα − u)dxdt

≤ lim
α→∞

∫
QT

f (t, x, uα)(uα − u)dx dt − lim
α→∞

∫
QT

∂t b(uα)(uα − u)dx dt = 0.
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The monotonicity of d implies

lim sup
α→∞

∫
QT

d(t, x,∇uα)∇(uα − u)dxdt ≥ lim
α→∞

∫
QT

d(t, x,∇u)∇(uα − u)dxdt = 0.

Thus, we have

lim
α→∞

∫
QT

d(t, x,∇uα)∇(uα − u)dxdt = 0. (29)

For the function w = (1 − λ)u + λv, where v ∈ L p(0, T ; V ) and λ > 0, the monotonicity of d
implies

0 ≤
∫

QT

(d(t, x,∇uα) − d(t, x,∇w))∇(uα − w)dxdt

=
∫

QT

(d(t, x,∇uα) − d(t, x,∇w))∇(uα − u)dx dt

+ λ

∫
QT

(d(t, x,∇uα) − d(t, x,∇w))∇(u − v)dxdt .

The first integral on the right hand side converges to zero for α → ∞, due to the convergence
of {uα} and (29). Then we divide this inequality by λ, pass to the limits as α → ∞ and λ → 0,
and, due to continuity of d , obtain

lim
α→∞

∫
QT

d(t, x,∇uα)∇(u − v)dxdt ≥
∫

QT

d(t, x,∇u)∇(u − v)dxdt . (30)

Now we choose v − uα as a test function in (28), where v ∈ L p(0, T ; V ) and v(t) ∈ K for a.a.
t ∈ (0, T ), use the monotonicity of B and obtain∫

QT

(∂t b(uα)(v − uα) + a(x)∂t∇uα∇(v − uα) + d(t, x,∇uα)∇(v − uα)) dxdt

−
∫

QT

f (t, x, uα)(v − uα)dx dt = α

∫ T

0
〈B(v) − B(uα), v − uα〉 dt ≥ 0, (31)

since B(v) = 0. By Fatou’s Lemma we have

lim inf
α→∞

∫
QT

a(x)∂t∇uα∇uαdxdt ≥
∫

QT

a(x)∂t∇u∇udx dt .

The equality (29) and the inequality (30) yields

lim
α→∞

∫
QT

d(t, x,∇uα)∇(v − uα)dxdt

= lim
α→∞

∫
QT

(d(t, x,∇uα)∇(v − u) + d(t, x,∇uα)∇(u − uα)) dxdt

≤
∫

QT

d(t, x,∇u)∇(v − u)dx dt .

Then taking the limit as α → ∞ in (31) and using the convergence of uα imply that u satisfies
the inequality (17). �
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Remark 13. Assuming the strong monotonicity of d , i.e.

(d(t, x, ξ1) − d(t, x, ξ2))(ξ1 − ξ2) ≥ d1|ξ1 − ξ2|p for d1 > 0, ξ1, ξ2 ∈ R
N×l

ensures the strong convergence of uα → u in L p(0, T ; V ).

Appendix A. Integration by parts lemma

Lemma 14 ([14]). The estimates

(1) B(z) =
∫ 1

0
(b(z) − b(σ z))zdσ ≥ 0,

(2) B(z) − B(z0) ≥ (b(z) − b(z0))z0,

(3) b(z) − Φ(z) + Φ(0) = B(z) ≤ b(z)z,

(4) |b(z)| ≤ δB(z) + sup
|σ |≤ 1

δ

|b(σ )|,

hold true for all z, z0 ∈ R
l , and for positive δ.

Lemma 15. Suppose u ∈ L p(0, T ; H 1,p
0 (Ω)l), u ∈ L∞(0, T ; H 1

0 (Ω)l), b(u) ∈
L∞(0, T ; L1(Ω)l), B(u) ∈ L∞(0, T ; L1(Ω)), ∂t (b(u)−∇ ·(a(x)∇u)) ∈ Lq(0, T ; H −1,q(Ω)l),
u0 ∈ H 1

0 (Ω), b(u0) ∈ L1(Ω), and b(u0) ∈ H −1(Ω). Then for almost all t the following formula
holds ∫ t

0
〈∂t (b(u) − ∇ · (a(x)∇u)), u〉 dt =

∫
Ω

(
B(u(t)) + 1

2
a(x)∇u(t)∇u(t)

)
dx

−
∫
Ω

(
B(u0) + 1

2
a(x)∇u0∇u0

)
dx .

Proof. For almost all (t, x) ∈ (h, T ) × Ω , where u(t − h, x) = u0(x) for t ∈ (0, h) and
b(u(t − h, x)) = b(u0(x)) for t ∈ (0, h), we have the inequalities

B(u(t)) − B(u(t − h)) + 1

2
a(x)∇u(t)∇u(t) − 1

2
a(x)∇u(t − h)∇u(t − h)

≤ (b(u(t)) − b(u(t − h)))u(t) + a(x)(∇u(t) − ∇u(t − h))∇u(t)

and

B(u(t)) − B(u(t − h)) + 1

2
a(x)∇u(t)∇u(t) − 1

2
a(x)∇u(t − h)∇u(t − h)

≥ (b(u(t)) − b(u(t − h)))u(t − h) + a(x)(∇u(t) − ∇u(t − h))∇u(t − h).

Now we multiply the first inequality by h−1 and integrate over (0, τ ) × Ω . Due to u ∈
L p(0, T ; H 1,p

0 (Ω)l) and b(u) ∈ Lq(0, T ; H −1,q(Ω)l), we obtain

1

h

∫ τ

τ−h

∫
Ω

(
B(u) + 1

2
a(x)∇u∇u

)
dxdt −

∫
Ω

(
B(u0) + 1

2
a(x)∇u0∇u0

)
dx

≤
∫ τ

0

1

h
〈b(u(t)) − b(u(t − h)), u(t)〉dt

+
∫ τ

0

∫
Ω

1

h
a(x)∇(u(t) − u(t − h))∇u(t)dx dt .
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Multiplying the second inequality by h−1 and integrating over (h, τ ) × Ω implies

1

h

∫ τ

τ−h

∫
Ω

(
B(u) + 1

2
a(x)∇u∇u

)
dxdt − 1

h

∫ h

0

∫
Ω

(
B(u) + 1

2
a(x)∇u∇u

)
dxdt

≥
∫ τ−h

0

1

h

(
〈b(u(t + h)) − b(u(t)), u(t)〉 +

∫
Ω

a(x)∇(u(t + h) − u(t))∇u(t)dx

)
dt .

Since ∂h(b(u) − ∇ · (a(x)∇u)) = 1
h

∫ τ

τ−h
d
dt (b(u) − ∇(a(x)∇u))dt , we obtain∫ T

h
‖∂h(b(u) − ∇ · (a(x)∇u))‖q

H−1,q (Ω)
dt

≤
∫ T

h

1

h

∫ h

0

∥∥∥∥ d

dz
(b(u(z + t − h)) − ∇ · (a(x)∇u(z + t − h)))

∥∥∥∥
q

H−1,q (Ω)

dzdt

≤ 1

h

∫ h

0

∫ T

0

∥∥∥∥ d

dt
(b(u) − ∇ · (a(x)∇u))

∥∥∥∥
q

H−1,q (Ω)

dtds ≤ C.

Then ∂h(b(u)−∇·(a(x)∇u)) → χ in Lq (0, T ; H −1,q(Ω)l). Due to ∂t (b(u)−∇·(a(x)∇u)) ∈
Lq(0, T ; H −1,q(Ω)l) and∫

QT

∂h(b(u) − ∇ · (a(x)∇u))vdxdt = −
∫

QT

(b(u) − ∇ · (a(x)∇u))∂−hv dxdt

for v ∈ L p(0, T ; H 1,p(Ω)l) ∩ L∞(QT )l , vt ∈ L2(0, T ; H 1
0 (Ω)l) and v(t, x) = 0 for t ∈ (0, δ)

and t ∈ (T − δ, T ), 0 < δ < T , x ∈ Ω , we have

∂h(b(u) − ∇ · (a(x)∇u)) → ∂t (b(u) − ∇ · (a(x)∇u)) in Lq(0, T ; H −1,q(Ω)l).

Since u ∈ L p(0, T ; H 1,p(Ω)l) we can take the limit as h → 0 and obtain∫
Ω

(
B(u(τ )) + 1

2
a(x)∇u(τ )∇u(τ )

)
dx −

∫
Ω

(
B(u0) + 1

2
a(x)∇u0∇u0

)
dx

≤
∫ τ

0
〈∂t (b(u(t)) − ∇ · (a(x)∇u(t))) , u(t)〉dt,∫

Ω

(
B(u(τ )) + 1

2
a(x)∇u(τ )∇u(τ )

)
dx −

∫
Ω

(
B(u0) + 1

2
a(x)∇u0∇u0

)
dx

≥
∫ τ

0
〈∂t (b(u(t)) − ∇ · (a(x)∇u(t))), u(t)〉dt .

These two inequalities imply the assertion of the lemma. By passing to the limit in the second
inequality we used that

lim inf
h→0

1

h

∫ h

0

∫
Ω

(
B(u) + 1

2
a(x)∇u∇u

)
dxdt ≥

∫
Ω

(
B(u0) + 1

2
a(x)∇u0∇u0

)
dx .

Due to ∂t (b(u) − ∇ · (a(x)∇u)) ∈ Lq (0, T ; H −1,q(Ω)l) and the second estimate in Lemma 14,
we obtain

lim inf
h→0

1

h

∫ h

0

∫
Ω

(
B(u) + 1

2
a(x)∇u∇u − B(u0) − 1

2
a(x)∇u0∇u0

)
dxdt

≥ lim inf
h→0

h
∫ 1

0
〈∂t (b(u) − ∇ · (a(x)∇u)), u0〉dt = 0.
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Thus, we have the needed inequality. �

Remark 16. As was shown by Brezis and Browder [4], the assumptions u0 ∈ H 1
0 (Ω), b(u0) ∈

L1(Ω), b(u0) ∈ H −1(Ω), and b(u0)u0 ≥ 0 yield B(u0) ∈ L1(Ω).

Definition 17 ([16]). Let V be a reflexive Banach space and K a closed convex subset in V .
Then a penalty operator B : V → V ∗ related to K is a monotone, bounded and hemicontinuous
operator such that {v|v ∈ V ,B(v) = 0} = K .

Such an operator B is given by B = J (I − PK ), where J : V → V ∗ the dual mapping and
PK : V → K is the projection operator on K . In the case V = H 1,p(Ω), for some p > 1, the
dual mapping J is defined by

〈J (u), v〉 =
∫
Ω

(|u|p−2uv + |∇u|p−2∇u∇v)dx

and the projection operator PK satisfies

〈J (u − PK u), PK u − v〉 ≥ 0 for v ∈ K .
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