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Abstract

The aim of this thesis is to prove existence and uniqueness of weak solutions for some types
of quasilinear and nonlinear pseudoparabolic equations and for some types of quasilinear
and nonlinear variational inequalities. The pseudoparabolic equations are characterized by
the presence of mixed third order derivatives. Here the existence theory for degenerate par-
abolic equations is extended to the pseudoprabolic case, and degenerate pseudoparabolic
equations with nonlinear integral operator are treated. Furthermore, quasilinear equations,
posed on time intervals of the form (—oo, T], are considered. Some nonlinear pseudopara-
bolic equations are obtained as reduced form of systems of equations. To show existence,
the Galerkin and Rothe methods are used. The system of the degenerate equations, where
the term o0;u is replace by 0;b(u), is solved using the monotonicity and gradient assumptions
on the nonlinear function b. The discretization along characteristics is applied to equations
with convection. The existence of solutions of variational inequalities is proved by a penalty
method; here an inequality is replaced by an equation with an added penalty operator. The
uniqueness follows from the monotonicity of the differential operators. In the case of non-
linear pseudoparabolic equations, the uniqueness can be shown for regular solutions only.

The needed regularity is shown for two dimensional domains.

Zusammenfassung

Thema dieser Arbeit sind sowohl quasilineare und nichtlineare pseudoparabolische Glei
chungen als auch solche Variationsungleichungen. Pseudoparabolische Gleichungen sind
durch Auftreten von gemischten Ableitungen von dritter Ordnung charakterisiert. Fiir ei-
nige Typen solcher Gleichungen bzw. Ungleichungen wird in dieser Arbeit die Losbarkeit
gezeigt. In fast allen Fillen kann auch die Eindeutigkeit bewiesen werden. Die Existen-
ztheorie fiir entartete parabolische Gleichungen wird auf den Fall pseudoparabolischer
Gleichungen erweitert. Entartete Gleichungen mit nichtlinearen Integraloperatoren wer-
den ebenfalls behandelt. Aufserdem werden quasilineare Gleichungen fiir Zeitintervalle
der Form (—oo, T] betrachtet. Einige nichtlineare pseudoparabolische Gleichungen erhalt
man durch Reduktion von Systemen. Fiir den Beweis der Existenz werden die Rothe- und
Galerkin-Methoden benutzt. Die Existenz von Losungen des Systems entarteter Gleichun-
gen ist unter Annahme der Monotonie und der Rotationsfreiheit der nichtlineare Funktion
gezeigt; genauer, die nichtlineare Funktion ist ein Gradient. Die Gleichungen mit Konvek-
tion werden hier entlang der Charakteristiken diskretisiert. Die Existenz von Losungen fiir
Variationsungleichungen ist mit Hilfe der Strafterm-Methode gezeigt. Die Eindeutigkeit
der Losung folgt aus der Monotonie der Operatoren. Die Eindeutigkeit der Losung der
nichtlinearen Gleichungen ist nur fiir reguldre Losungen bewiesen, wobei schwache Losun-

gen in zwei Dimension schon diese Regularitét besitzen.






Contents

Introduction 1
1 Models Leading to Pseudoparabolic Equations 7
1.1 Fluid Flow in Fissured Porous Media . . . . ... ... ... .......... 7
1.2 The Two-Phase Flow in Porous Media with Dynamical Capillary Pressure . . 9
2 Rothe’s Method for Quasilinear and Nonlinear Equations and Inequalities 11
2.1 Degenerate Quasilinear Pseudoparabolic Equations with Memory Terms . . 11
2.2 Quasilinear Pseudoparabolic Inequalities . . . . ... ... ... ... .. ... 27
2.3 Doubly Nonlinear Equations . . . . . ... .................... 38
2.4 Pseudoparabolic Equations with Convection . . ... ... ... ... .. ... 46

3 Quasilinear Equations and Variational Inequalities in Unbounded Time Intervals 55

3.1 Quasilinear Equations in Unbounded Time Intervals . . . . . . ... ... ... 55
3.2 Quasilinear Variational Inequalities in Unbounded Time Intervals . . . . . . . 69
4 Nonlinear Pseudoparabolic Equations and Variational Inequalities 81
4.1 Nonlinear Pseudoparabolic Equations . . . . .. ... ... ... ........ 81
4.2 Nonlinear Pseudoparabolic Variational Inequalities . . . . ... ... ... .. 100
Conclusion 105
A Appendix 107
Al Auxiliary Lemmata and Theorems for Chapter2 . . . ... ........... 107
A.2 Auxiliary Lemmata and Theorems for Chapters3and4 . . . . ... ... ... 112
Notations 115

References 117






Introduction

The pseudoparabolic equations are characterized by the occurrence of mixed third order

derivatives, more precisely, second order in space and first order in time, for example
ur — Auy — Au = f(u).

Such equations are used to model fluid flow in fissured porous media (Barenblatt, En-
tov, and Ryzhik 1990), two phase flow in porous media with dynamical capillary pres-
sure (Cuesta, van Duijn, and Hulshof 1999), heat conduction in two-temperature systems
(Gurtin 1968a), and flow of some non-Newtonian fluids (Ting 1963). Pseudoparabolic equa-
tions can be used also as regularization of ill-posed transport problems (Barenblatt, Bertsch,
Passo, and Ughii 1993; Novick-Cohen and Pego 1991).

The aim of this thesis is to show existence and uniqueness of weak solutions for some types

of quasilinear and fully nonlinear pseudoparabolic equations and variational inequalities.

To prove the existence of solutions for pseudoparabolic equations Galerkin’s and Rothe’s
methods are used. Using Galerkin’s method, we approximate an infinite dimensional Ba-
nach space by a sequence of finite dimensional spaces and obtain an ordinary differential
equation. From the theory of ordinary differential equations, i.e. the theorems of Peano and
Carathéodory, we get the existence of continuously differentiable or uniformly continuous
solutions. A priori estimates and compactness arguments give us the convergence of ap-

proximate solutions to a solution of the original problem.

Rothe’s method is especially useful if it is applied to equations which are quasilinear in the
time derivative. Kacur describes this method and its implementation in his book. By dis-
cretization in time, the evolution equation is reduced to a family of stationary equations.
These elliptic equations can be solved directly by applying the theory of monotone op-
erators. Alternatively, by Galerkin’s method, we obtain nonlinear functional equations in
finite dimensional spaces. In both cases, the convergence of the nonlinear monotone terms
is shown by applying the Minty-Browder method. For some equations even strong conver-

gence of approximate solutions is obtained.

Pseudoparabolic variational inequalities appear in obstacle problems (Scarpini 1987), and

free boundary problems (DiBenedetto and Showalter 1982).

To prove existence of solutions of inequalities a penalty method is used, i.e. an inequality is
replaced by an equation with an added penalty operator. The penalty operator is basically
defined to be the difference of the identity and a projection on a closed and convex set,

such that the unpenalized elements are exactly the elements of the convex set. Increasing
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the coefficient of the penalty operator yields a sequence of approximate solutions to the

inequality. It will be shown that this sequence converges to a solution of the inequality.

The uniqueness follows by the strong monotonicity of the involved operators. In the case of
degenerate equations, uniqueness can only be shown for a linear or Lipschitz continuous
elliptic part. In the case of fully nonlinear equations, uniqueness can be shown for regular

solutions, though the needed regularity can only be proved in two dimensions.
Various properties of solutions of pseudoparabolic equations are known.

Ralph Showalter uses the theory of semigroups to show existence, (Showalter 1969; 1970;
1972; 1975a; Brill 1977), and regularity, (Showalter 1975b; 1975¢), of solutions.

Sequences of solutions of appropriately chosen pseudoparabolic equations can be used to
approximate a solution of a parabolic equation, see (Showalter and Ting 1970) and (Ting
1969).

The question of regularity of solutions of linear and quasilinear pseudoparabolic equations
is considered in (Showalter 1983) and in (Boehm and Showalter 1985a; 1985b; Boehm 1987a;
1987b). Here it is shown that regularity or singularity of the initial data is preserved. The
Yosida approximation of a solution of a parabolic equation is actually the solution of a pseu-
doparabolic equation. For such equations it is shown that local singularities are stationary.
More precisely, in (Boehm and Showalter 1985b) the existence of a solution is shown for
initial conditions in Wg,p (Q)) and exterior forces in C(0, T; Wg’p (Q)). This solution is found
in C1(0, T; W7 (QQ)). For forces r- integrable in time it lies in W'(0, T; W7 (Q))), provided
r € [1,00], p > 1, and s is sufficiently small. For initial conditions and forces of bounded
variation in space it is in W' (0, T; BV(Q))). In two dimensions the spatial regularity can
be improved. The solution can be found in WL (0, T; W?P) for r € [1,00] and p > 2. In
(Boehm 1987a; 1987b) the existence and Holder-continuity of a solution of the nonlinear
pseudoparabolic equation is shown. The solution is an element of C% (0, T; C*(Q))) and of
C%(0, T, W'P(Q)) for all p > N.

In special cases, the differential operator acting upon the time derivative of the solution is
invertible and dominates the elliptic operator. Therefore, the pseudoparabolic equation is
equivalent to a Banach-space valued ordinary differential equation. In this manner, Gajew-
ski and Zacharias prove strong convergence of a Galerkin approximation in (Gajewski and
Zacharias 1970; 1971; 1973).

To discretize a partial differential equation, Crank-Nicolson approximation in time com-
bined with finite element or finite difference scheme can be used, see for example (Ew-
ing 1975a; 1975b; 1978; Ford and Ting 1974; Ford 1976, Wahlbin 1975), and (Gilbert and
Lundin 1983). The approximation scheme for pseudoparabolic equations obtained in such
a way, has the same order of convergence as for parabolic equations, k? + h%. A predictor-

corrector-Galerkin approximation is considered in (Ford 1976). The Euler-Galerkin method
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for quasilinear pseudoparabolic equation in (0, T) x R with a periodic boundary condition

is presented in (Arnold, Douglas, Jr.Thomée, and Thomée 1981).

There is no classical maximum principle for pseudoparabolic equations. For the nonnega-
tivity of a solution not only nonnegative initial data, but also an extra condition on the
elliptic operator is needed, see (Rundell and Stecher 1979; DiBenedetto and Pierre 1981;
Showalter 1983), and (Boehm and Showalter 1985a).

Degenerate pseudoparabolic equations of the form %A(u) + B(u) > f, where A and B
are maximal monotone operators from a Hilbert space V to its dual V*, are considered
in (DiBenedetto and Showalter 1981). Existence of a solution is proved by Yosida’s ap-
proximation, if one of the operator is strongly monotone and the other is a subgradient,
A 'V — V*is compact, one of the operators is coercive, B : V — V* is bounded, and
A : V. — W*is bounded, where W is a reflexive Banach space such that V is densely and
compactly embedded in W. Nonlinear pseudoparabolic variational inequalities of the form
(%A(u(t)) +B(u(t)) — f,v— u(t)) > 0 were studied in (DiBenedetto and Showalter 1982).
To prove existence of a solution the penalty method, described above, is used. The existence
is shown if A : V — V is compact perturbation of the identity and B : V — V is bounded.
The uniqueness of the solution is known if the operator A is linear and self-adjoint and the

operator B is strictly monotone.

In (Scarpini 1987) existence of a solution of a degenerate linear pseudoparabolic variational
inequality is proved by a regularization method combined with Galerkin’s method. The
iteration to solve the inequality numerically is introduced. For pseudoparabolic problems
with an internal obstacle a convergence rate is obtained, however this rate is slower than
that already proved for parabolic inequalities. Regularization and Galerkin methods are
also used to solve degenerate quasilinear variational inequalities, where the term o0;u(t, x)
is replace by b(t, x)o:u(t, x), see (Kenneth and Kuttler 1984).

Some remarks about nonlinear pseudoparabolic equations can be found in the book of
Visintin (1996).

In the last years the existence of traveling waves for pseudoparabolic equations was con-
sidered, see (Cuesta and Hulshof 2001; van Duijn and Hulshof 2001; Cuesta, van Duijn, and
Hulshof 1999), and (Hulshof and King 1998).

The main contribution of this thesis is the generalization of existence and uniqueness re-
sults, known for pseudoparabolic equations, to systems of more general degenerate pseu-
doparabolic equations, which may contain a nonlinear integral operator, to doubly nonlin-
ear equations, and to fully nonlinear equations. Furthermore, more general forms of de-
generate variational inequalities are studied. Without assumptions on the behavior of the
solution at —co the existence and uniqueness of solutions of quasilinear pseudoparabolic
equations and variational inequalities in unbounded time intervals of the form (—oo, T]

were not considered before.
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This work consists of four chapters.

In Chapter 1 physical applications are presented. A model for fluid flow in fissured porous
media, (Barenblatt, Entov, and Ryzhik 1990), and a model for two phase flow in porous
media with a non-static relationship between pressure difference and saturation of wetting
phase are considered. Reasons for this non-static capillary condition can be found in (Baren-
blatt, Garcia-Azorero, De Pablo, and Vazquez 1997; Hassanizadeh and Gray 1993; Beliaev
and Hassanizadeh 1993).

The next three chapters deal with existence and uniqueness of solutions of nonlinear pseu-

doparabolic equations and variational inequalities.

In Chapter 2 Rothe’s method is used. In Section 2.1 a system of degenerate pseudopara-
bolic equations, where the term 9;u is replace by 0;b(u), is considered. We consider fluid
flow in a material with memory. Here the memory effect is described by a nonlinear inte-
gral operator. Its kernel may be weakly singular, i.e. it is dominated by a term of order t~7
for some 0 < v < 1/p, where p > 2. The existence of a solution is obtained by applying
Rothe-Galerkin’s method (Theorem 2.1.3). The crucial assumptions to guarantee existence
and uniqueness are monotonicity and potentiality (Alt and Luckhaus 1983) of the nonlinear
function b, that means, the nonlinear function is a gradient of a convex, continuously differ-
entiable function. Due to these assumptions, the integration by parts formula is valid, see
Lemma A.1.3. The discretization of integral operators is used similarly to (Kacur 1999), i.e.
we define an approximation as a function, piecewise constant on a partition of the time in-
terval. Using the strong monotonicity of the elliptic part, we prove the strong convergence
of the approximate solutions. For uniqueness we need to assume linearity, Theorem 2.1.9,

or Lipschitz-continuity, Theorem 2.1.8, of the function defining the diffusion operator.

In Section 2.2 a variational inequality is considered. The existence of solutions of quasilinear
variational inequalities is proved under stronger assumptions, namely the nonlinear func-
tion defining the elliptic part is assumed to be a gradient and the nonlinear function b is

Lipschitz continuous, Theorem 2.2.4.

In Section 2.3, the existence of a solution of a doubly nonlinear pseudoparabolic equation
by the Rothe-Galerkin method is shown, Theorem 2.3.3. The doubly nonlinear parabolic
equations are considered in (Jager and Kacur 1995; Kacur 1998). Here the integration by
parts formula from (Jager and Kacur 1995) for parabolic equations is generalized to the
case of pseudoparabolic equations. The uniqueness is shown for the Lipschitz-continuous

function defining the diffusion operator, Theorem 2.3.7.

The method of characteristics for parabolic equations with convection is used in (Douglas
and Russell 1982; Kacur 2001; Kacur and Keer 2001). This method can also be applied in the
case of pseudoparabolic equations with convection. This is done in Section 2.4. In this case
an approximate solution is obtained as a solution to a discretized differential equation along

the approximated characteristics. The convergence of the family of approximate solutions



Introduction 5

to a solution of the pseudoparabolic equation is shown in Theorem 2.4.3. The uniqueness is

proved for the linear elliptic parts and for the space dimension N < 4, Theorem 2.4.7.

In Chapter 3 existence and uniqueness of solutions of quasilinear equations and inequalities
without initial conditions in C((—oo, T]; H!(Q)) N L} ((—o0, T]; H'P(Q)) is proved. Similar
to the case of parabolic equations, see (Bokalo 1989), we get the uniqueness independent
of an additional assumption on the behavior of the solution at —co, Theorem 3.1.4. For
the proof we use the Pankov Lemma, Lemma A.2.2. We obtain the existence of a weak
solution in the sense of Definition 3.1.2 using Galerkin’s method. At first, we solve the
problem in a bounded time interval with zero initial condition, Theorem 3.1.9. Assuming
strong monotonicity of the nonlinear elliptic part provides us with strong convergence of a
sequence of approximate solutions. The sequence of approximate solutions is constructed
as solutions of the problem with vanishing initial conditions on a sequence of monotonically
increasing family of time-intervals, exhausting (—oo, T). We use cut-off functions to show
the strong convergence of this sequence to a solution of the original problem, Theorem 3.1.6.

These results are already published in (Lavrenyuk and Ptashnik 2000).

The corresponding variational inequality is considered in Section 3.2. Under additional re-
strictions on the nonlinear functions and on the right hand side, we show existence of so-
lutions of the pseudoparabolic variational inequality posed in unbounded time intervals,
see Theorem 3.2.2. The uniqueness of solution of the variational inequality is proved in
Theorem 3.2.5.

For p = 2, existence and uniqueness of a solution in the class of functions of at most expo-
nential growth is proved in (Lavrenyuk and Ptashnik 1998; Ptashnyk 2002).

In Chapter 4 fully nonlinear pseudoparabolic equations and variational inequalities are
considered. It is proved that the solution of a nonlinear pseudoparabolic equation is the
quasistationary state of a system with cross diffusion, modeling the reaction and the dif-
fusion of two biological, chemical, or physical substances if one of them does not diffuse.
Since one of the equations is an ordinary differential equation, for a special kinetic function
the system is reduced to the pseudohyperbolic equation. At first, the existence of a solu-
tion of a quasilinear pseudohyperbolic equation is shown using Galerkin’s approximation
in Theorem 4.1.5. For a priori estimates and convergence the monotonicity and the growth
assumptions on nonlinear functions are used. For the strong convergence the strong mono-
tonicity of the nonlinear functions is needed. Secondly, the convergence of the sequence
of solutions to a solution of the pseudoparabolic equation is shown in Theorem 4.1.7. The
uniqueness follows from the strong monotonicity and can only be shown for sufficiently
regular solutions, Theorem 4.1.11. The needed regularity is proved in two dimensions, The-
orems 4.1.8, 4.1.9. The existence of a solution of the pseudoparabolic variational inequality
is proved in Theorem 4.2.2. The uniqueness of the solution of the inequality can be shown

only by additional regularity assumption on the solution, Theorem 4.2.3.
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In the Appendix, some theorems and lemmata, which are used in the thesis, are collected

for convenience.

For additional reference on heat conduction problems in materials with memory and para-
bolic integro-differential equations see (Crandall, Londen, and Nohel 1978; Dafermos and
Nohel 1979; Heard 1982; Engler 1984), and (Engler 1996).

For additional reference on quasilinear and doubly nonlinear parabolic equations see
(Raviart 1970; Grance and Mignot 1972; Bamberger 1977; Kroner and Rodrigues 1985), and
(Blanchard and Francfort 1988).
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1

Models Leading to Pseudoparabolic Equations

In this chapter two models for physical processes leading to pseudoparabolic equation are

presented.

1.1 Fluid Flow in Fissured Porous Media

The first model describes the flow of fluids in a fissured porous medium (Barenblatt, Entov,
and Ryzhik 1990). Fissured porous media consist of porous permeable blocks separated
by a system of fissures. Here, both components, porous blocks and fissures, have nonzero

porosity and permeability. An example of such media is limestone.

We assume that the blocks are large in comparison with

the size of the pores, but small in comparison with the size
of the whole reservoir, the volume of the fissures is very
small in comparison with the total volume of the solid ma-
trix or the volume of porous blocks, and the permeability of
porous blocks is very low. It is characteristic for a fissured
porous medium that the fluid flows through the fissures,

even though their total volume is small. Because flow in the

tissures is much more rapid than inside the porous blocks,
the fluid does not flow directly from one block to another. Figure 1.1.1.
Rather, it first flows into the fissure system, and then it can Fissured porous medium

pass into a block or remain in the fissures.

For the fissured porous media we have three different scales: the size of pores, as a mi-
croscopic scale, the size of fissures, as a mesoscopic scale, and the size of the medium, as
a macroscopic scale. The macroscopic model for the double-porosity problem can also be

obtained by applying the homogenization theory (Hornung 1996).

The essential point in the construction of the macroscopic fissured-porous-medium model
in (Barenblatt, Entov, and Ryzhik 1990) is to introduce at each point in space two fluid
pressures, the pressure in the fissures p; and the pressure in the porous blocks p,. Both
pressures are actually mean pressure values, averaged over scales, large in comparison with
the scales of blocks, but small in comparison with the size of the flow region. Hence, the

seepage flux for the blocks is very small, the equations for the mass conservation law in the
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fissures and in the blocks are

0¢(S1p) + V- (pv) —q =0, 9:(S2p) +9 =0,

where S is the saturation in the fissure, S, is the saturation in the blocks, v is the velocity
in the fissures, g is the in-flow rate of fissures, the amount of fluid that flows per unit time
and per unit volume of the medium from the porous blocks to the fissures, and p is the fluid
density.

Since the saturation in the fissures is very small, the first term in the first equation is very

small in comparison to the second, and we obtain
V- (pv) —q=0.

In order to obtain a closed system of equations, we need the relations for the flow rate g and
for the increment of the saturation S;. The flow rate g4 can be governed by the pressures p;
and py, the size [, the permeability k; of the blocks, and the fluid viscosity y and density p.

Furthermore, since g should vanish when p; = p,, we obtain

K
7=t (=)

where « is a dimensionless constant, characterizing the geometry. We can assume that the
increment of the saturation of the blocks is a linear function of the pressure increment, since

the influence of fissures is very small, this is
atSZ = ,BBtpz.
The velocity is given by Darcy’s law,
v=—-—Vpy,
where k is the permeability of the fissures. Thus, we obtain two equations for the pressures
(sz
V- (k1Vp1) + ZT(PZ —-p1) =0,
(sz
oip2 + M(Pz —p1)=0.
In this system p, can be eliminated. Hence, p; satisfies

orp1 — 1 0tAp1 = kApy,

where 7 = k/ A = (k11?)/ (ak,). An analogous equation is obtained for the pressure p,.
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1.2 The Two-Phase Flow in Porous Media with Dynamical
Capillary Pressure

In the second model the two-phase flow in porous media with dynamical capillary pressure
is considered, (Cuesta, van Duijn, and Hulshof 1999; Hassanizadeh and Gray 1993).

Capillary pressure is an essential characteristic of two-phase flow in porous media. In the
standard approach, capillary pressure is expressed as a monotone function of the wetting
phase saturation and is equal to the difference of the pressures in the wetting and non-
wetting phases. Here, the model of Gray and Hassanisadeh is presented. They propose to
include the dynamical effects of the system in the relation between the pressures difference

and the saturation.

The two phases in this model are water (wetting phase) and air (non-wetting phase). For
water in a homogeneous and isotropic porous medium, we have the momentum balance

equation (Darcy’s law)

q=—K(S)(Vpw +pg) (1.2.1)

and the mass balance equation

$0:(pS) + V - (pq) = 0. (1.2.2)

Here g denotes the volumetric water flux, S water saturation, K(S) hydraulic conductivity,
pw Water pressure, p water density, ¢ porosity, and g a gravity constant. To solve these
equations, an additional relation between p,, and S is needed. For this relation it is assumed

that the air pressure p, is constant and the static conditions hold, see (Bear 1988),

Pa — Pw = pc(S), (1.2.3)
where p, denotes the capillary pressure.

For the processes with slowly monotonically varying water saturation the equilibrium con-
dition (1.2.3) can be accepted. For the fast processes, for example capillary imbibition, the
hysteresis and dynamical effect are important and the capillary equation (1.2.3) has to be

modified.

To derive the dynamical relation between saturation S and pressures difference p, — pw,
Hassanizadeh and Gray (1993) gave a definition of the capillary pressure p.(S) as a ther-
modynamic parameter in terms of the free energy functions of the phases, independent of

Pa — Pw, more precisely, they set

0A
Pc——Sg—(l—S)

aAn _ 1 Aa‘B
9S

sazﬁ: 2S’

where Ay is the Helmholtz free energy of the wetting phase per unit volume of the phase,

Ay is the Helmholtz free energy of the non-wetting phase, A,p is the Helmholtz free energy
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of the interface per unit volume of the porous medium. Then we have the entropy inequality

of the form

—0tS[(pa — Pw) — pc] 2 0. (1.2.4)

This inequality requires that ;S must be negative, i.e. the system will undergo drainage,
if ps — pw > pc, and 9;S must be positive, i.e. imbibition occurs, if p, — py < pc. Only in
equilibrium, 9;S = 0 and no change of saturation is occurring, p, — p» = p.. Though the
relation (1.2.3) is not the definition of p.(S), but a constitutive approximation valid only in
equilibrium.

From the thermodynamic conditions, we obtain the equation

Pa — Pw = Pe(S) — PL(S5)0:S, (1.2.5)
where L(S) is a nonlinear damping term.

The general inequality (1.2.4) and the approximation (1.2.5) suggest that, at a given point
in the system and at a given time, saturation will change locally in order to restore the

equilibrium and the equivalence between p, — p,, and p..

In the models with hysteresis we obtain the relation p, — p» € pc(S) with multivalued
function p.(S) if 9;S = 0. The equilibrium value of p. as a function of S depends on the

direction of the process, i.e. drainage or imbibition.

Now, from the equations (1.2.1), (1.2.2), and (1.2.5), a single equation can be obtained for

the water saturation S,

Por(pS) = V - {pK(S)pg + pK(S)V (—pc(S) + ¢L(S)9;S)}. (1.2.6)

S
By choosing a new variable ¢ = £(S), where £(S) = [ L(r)dr and L(S)0:S = 9;L£(S), the
0
equation (1.2.6) can be rewritten in the form
0tb(0) =V -d(o, Vo) + Aoso.

Equations of such structure with memory terms will be solved in the Section 2.1. The mem-
ory operator is obtained by modeling the two-phase flow in elastic porous media. For a
medium with memory, Darcy’s law has the form
t
q(t,x) = —k(t,x)Vp(t,x) — /K(t,s)Vp(s, x)ds.
0

The models for heat transport in material with memory can be found in (Gurtin and Pipkin
1968; Gurtin 1968b; Nunziato 1971; Miller 1978; Heard 1982).

The generalized Darcy’s law in the integral form
t

v(t,x) =vo(x) + /A(t —s)(f —Vp)(s,x)ds
0
is obtained also by the homogenization of unsteady Stokes problem, see (Hornung 1996).
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Rothe’s Method for Quasilinear and Nonlinear
Equations and Inequalities

The existence of solutions of degenerate quasilinear equations with memory terms, quasi-
linear variational inequalities, doubly nonlinear equations, and equations with convection
is shown. In the last case time discretization is used along characteristics. The existence
of solutions of degenerate quasilinear equations is proved under the assumption that the
nonlinear function b is monotone and a gradient of a convex, continuously differentiable
function. The existence of solutions of quasilinear variational inequalities is proved un-
der stronger assumptions, namely, the nonlinear function defining the elliptic part is as-
sumed to be a gradient and the function b to be Lipschitz continuous. The uniqueness of
the solution of a degenerate quasilinear or doubly nonlinear equation is proved for lin-
ear or Lipschitz-continuous elliptic parts. The uniqueness of the solution of equations with

convection is proved for linear elliptic parts and for space dimensions N < 4.

2.1 Degenerate Quasilinear Pseudoparabolic Equations with
Memory Terms

In this section a system of degenerate quasilinear pseudoparabolic equations with memory
term is considered. Such equations describe the two-phase fluid flow in porous media with

dynamical capillary pressure, as introduced in section 1.2.

Let O C RN be a bounded domain with Lipschitz boundary. The initial boundary value

problem is given by

0:bl (1) =V - (a(x)Vuy) =V -di(t,x,u, Vu) + M/ (u) = fi(u) in Qr = (0,T) x Q,
uw =0 on (0,T) x 0Q),
b (u(0,x)) = b/ (up(x)) in (),

(2.1.1)

where the memory operator M is defined by

t

(MI(t)(u), o) = //Kj(t,s)gj(s,x,Vu(s,x))ds Vol (t, x) dx
Qo0
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for all functions u, v € LF(0, T; Hé’p(ﬂ)l), for almost all t € (0, T).
The existence of a solution will be ensured by the following assumptions.

Assumption 2.1.1.

(A1) The vector field b : R — R’ is monotone nondecreasing and a continuous gradient,
i.e. there exists a convex C! function  : R’ — R such that b = V&, and b(0) = 0.

(A2) The tensor field a € (L®(Q))N**NxI " considered as a linear mapping on L®(Q)N*/,
is symmetric and elliptic, i.e. for some 0 < a9 < 1’ < oo, a satisfies
a0|Z* < a(x)§E < a%|g)? for § € RNV*! and for almost all x € Q.

(A3) The diffusivity d: (0,T) x Q x R' x RN*! — RN*! is continuous, elliptic, i.e.
d(t,x,1n,8§)§ = do|§|F forevery § € RN*! dy >0, p = 2, strongly monotone, i.e.
(d(t,x,1,81) — d(t,x,17,82)) (§1 = §2) = d1|§1 — 2|7 for §1, 82 € RN, di >0,
and satisfies the growth assumption |d(t, x,7,%)| < C(1+ |5|P~1 4 |§|P~?) for 7 € R

(A4) The function f : (0, T) x Q2 x R! — R! is continuous and sublinear, i.e.
|f(t,x,17)| < C(1+ |y]) for n € R and for almost all (¢, x) € Qr.

(A5) The matrix field g : (0, T) x Q x RV*! — RN*! is continuous, satisfies the growth
assumption [g(t,x,§)| < C(1+[gP1), and |g(t,x,§1) — g(t,x &)| < Cl& — &2,

(A6) The kernel K : (0, T) x (0, T) — R’ is weakly singular, i.e. |K(t,s)| < |t —s|"w(t,s),
for some 0 < v < 1/p and continuous w : [0, T] x [0, T] — R.

(A7) The initial condition u is in H (Q2)!, and b(up) is in L}(Q)" and in H~1(Q)".

The notion of a solution of the problem introduced above, will be given now. It is appropri-

ate to show global existence.
Definition 2.1.2. A function u : Qr — R/ is called a weak solution of the problem (2.1.1) if
it satisfies the following:
1) uelP(0,T;Hy (), ueL®0,T; Hi(Q)"), and b(u) € L¥(0, T; L'(Q)"),
9¢(b(u) — V- (a(x)Vu)) € L1(0, T; H 1 (Q)"),
2)  u satisfies the equality

// u) vy +a(x Vqut) dxdt+// (up) vt +a(x )VMOVvt> dx dt

T T

—i—//dtxuVu)Vvdde—/ ://ftxu yodxdt  (2.1.2)

0 0
for all test functions v € L¥(0, T; Hé P(Q))), such that

v € L*(0, T; Hy ()" n LY(0, T; L®(Q0)") and v(T) = 0.
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We define the function
1 z

B(z) :=0b(z) - z—%(z) —®(0) = /(b(z) —b(sz))-zds = /(b(z) —b(s))ds.
0 0

The properties of the function B can be found in Lemma A.1.1. The function B will be used

in the integration by parts formula, Lemma A.1.2 and Lemma A.1.3.

At first we formulate the existence result.

Theorem 2.1.3 (Existence).
Suppose Assumption 2.1.1 is satisfied. Then there exists a weak solution of the problem (2.1.1).

We approximate the differential equation by the time discretization, h = T/n, t; = ih,
i =0,...,n,and obtain the discrete problem

F(b() ~ b 1)) — 7V - (@(x) (Vi — Viti_1))

-V d(ti, X, Uj_1, Vul-) + M(ﬁi,l) —f(ti, X, ui,l) =0 in Q, (213)
ui(x) = 0 on dQ),
where the function #;_; is defined by
R B Uj_1, tE[t] 1/ )]—1 -1,
Ui =
u_1, te [tl,l,T].

Thus, we obtain elliptic problems, which can be solved by Galerkin’s procedure. Let {ej}7> ;
be a basis of Hé’p () and ¢, € L®(Q))". We are looking for functions {u"}_, in the subspace
H,,, spanned by {e, ..., e},

m
uj' = Z ey,
k=1
such that

/h () S+ [ Lao(Vap - Vufly) V3 dx

QO

+/d(ti, x,uity, Vui') Vidx + (M4} ,),§) — /f(ti, x,ui')§dx =0 (2.1.4)

holds for all § € Hy,. Here uj' € H, is an approximation of ug in Hé (Q)l

Lemma 2.1.4. There exists a solution u}" in H,, of the family of discretized equations (2.1.4).

Proof. The existence will be shown by induction. Since ujj’ is given, u}" ; can be assumed to

be known. The left-hand side of (2.1.4) defines a continuous mapping Jj,,, : R" — R™ given

by

]hm = h/ v)ej +a(x VvVe])dx—h/ uilq)ej +a(x)Vuily Ve;) dx

—i—/d(tz-,x,u;”l,Vv) Vejdx + (M(d}" 1), ej) — /f(tz-, x,uj' 1) ejdx,
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m
where v = }_ r;e;. This mapping satisfies the following estimates:
j=1

20
Jim(r)r > d0/|VU|pdx+h/ v)dx +ﬂ |Vv|2dx—/ dx—— |Vu" || dx
0 Q

i
—015/V0|pdx—c2 Zh/]Vu,T1|pdx—03/]f(t,',x,u?il)|2dx
=g Q
> 04/|Vv|2dx+65/|Vv|”dx—c6,

as will be shown now. From the assumption on b and the definition of B it follows that

;l/(b(v)— ui" ;) vdx/h/ dx—/
Q

The assumptions on 2 and d imply

/d(ti,x,ugnl,Vv) Vodx > do/]Vv\pdx,

1
h/a(x)(VvVuzm_l)Vvdx > ;;JI/WU\Z X/W“Z 2 dax.
O Q

Applying Holder’s and Young’s inequalities yields
ki

(M(1j" 1), v) §c1/5/ /K ti,s) g(s,x, Viri* 1)ds) dx+cz(5/]Vv|”dx
0

where 1/9 +1/p = 1. The first integral can be estimated by using the assumptions on K
and g, and the boundedness of w,

£

R 1
1
[xts)gsxvaras| < Y [ K llgx var )| ds
0 k=1,
i I
< Z(l—i— |Vu,’z171|p*1) /(ti —s) 7ds
k=1
te-1
1 i 1/p
< (ZthZz_llp) (Z t—tk ) + 7.
k=1 k=1
Sincey < 1/p,
i 1
t —t < =:C .
Z WS 1o oy (7)

Due to sublinearity of f and Poincaré’s inequality,

/\f(ti,x,ulml)\zdx < cl/\vugﬂlydeCZ.
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Hence, for |r| big enough, J(r)r > 0 for all such r. The continuity of | implies the exis-
tence of a zero of [(r), i.e. a solution of the discretized equation (2.1.4), see (Showalter 1996,
Proposition 2.1). O

Now convergence of u!" to the solution u of the problem (2.1.1) for n,m — oo is shown. For
the proof a priori estimates, compactness arguments, and an integration by parts formula

from (Alt and Luckhaus 1983), adapted for pseudoparabolic equations, are used.
At first we obtain the estimates for u}".

Lemma 2.1.5. The estimates

max /B(u]m) dx < C,
1<j<n
Q
max / \Vu}"\Z dx < C, (2.1.5)
1<j<n
Q
n
Zh/ |Vul"lPdx < C
i=1 2
hold uniformly in m and n.
Proof. Choosing u}" as a test function in (2.1.4) and summing over i yield
L. [ b(u™) —b(u" ] ul" — y"
) u) — b(uiy) uftdx+) a(x)VlTl_1 Vul' dx (2.1.6)
i=1 =
Q

j j J
+ Z d(t, x,ui',, Vui") Vul dx + Z(M(ﬁ;”_l), ui'y = Z fti, x,uft ) ui" dx.
i=1 i=1 i=1
Q
Each term will be dealt separately. From the assumption on b and the definition of the

function B it follows that

j
; b(u"y)) uj'dx > /B(u}”)dx—/B(ug)dx,

Q Q

By Abel’s summation formula we obtain

j 0
2/ m o  Vul dx > 20/ VP dx — /|w0 2 dx.
i=1 Q O

The ellipticity assumption implies

i=1

I j
Y [ dt,x,uly, Vul') Vuldx > dOZ/Wu;ﬂP dx.
Q ile

For the integral operator we have the estimate

j
Z(M(ﬁ?il),ulm) < c1/62/ / (ti,5) (s, x, V") ds dx—l—cchZ/]Vum]”dx

i=1
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By the assumptions on the function g and the kernel K we have

ki ok
[xts)gexvara| < ¥ [ K wllgx var,)|ds
0 k=1
< cl(ihqu$1|P) (Z (t—t)” )1/p+cz.
k=1

The last integral in (2.1.6), due to sublinearity of f and Poincaré’s inequality, is estimated
by

1]
1_1/fxtl’ul PDuitdx < EZ

i=1

/ /
[

)2 m|2
Lf(x, i, ui" )] dx+2121 |l |~ dx

|Vul"|? dx + cy.

M\

IN

C3

Il
_

By the estimates above, from equation (2.1.6) we obtain the inequality

J

/ (uf") dx + - /|Vu 2 dx + (do — c16) Zh/Wu}”V’dx
)

i=1

0
a0 J i
< /B( )dx+ /|Vu0 2 dx + coc( )ZhZh/]Vukm\pdx
i=1 k=1
0

Q Q

j
+C3Zh/|Vu§“|2dx+c3.
=)

Using discrete Gronwall’s lemma in the last inequality implies the estimates in Lemma 2.1.5.
Gronwall’s lemma can be applied for all sufficiently small & and ¢ that satisfy c3h < ag/2
and cpc(y)h < (do — ¢19). 0

To show the strong convergence of the approximation and equicontinuity of u in time with

respect to L?(Qr) the following lemma is needed.

Lemma 2.1.6. The estimates

Zh/ ulfly) = b)) (ulty —uf")dx < Ckh,

—
<
=

=
*
<
=
o
[
=
A

Ckh 2.1.7)

hold uniformly with respect to m and n.
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Proof. Summing up the equations (2.1.4) for i = j+1,..., j + k, then choosing u7, . — uj" as a

test function, and finally summing up over j = 1, ...,,n — k yields

n—k
um 1 m m m m
/h ]+k ( j ))( j+k T % )dx+ le / Ea(x)(vuj—i—k - VM]- )(lelj+k - Vu]- )dx
]:

n—k jt+k —k jtk
+E E /dtl,x it y, Vi) (Vuiy e — Vuy' dx—l—z Z Ui —uj')
j=1i= ]+1 j=1i=j+1
n—k j+k
=Y Y ftix, i) (Ui — uf') dx.
j=1i=j+1 )

Due to the growth assumption on d we have

n n n
Z/\d(ti,x,u?ﬁl,VuT)]qu < o) [ IVul'\Pdx+c2 ) [ ul]P dx + cs.
- i=1 i=1

The operator M and the function f can be estimated similarly to the last lemma. Then we

obtain the following inequality

/h ]+k ( ]))( j+k )dx+a02/h|vu]+k VM |2dx

n

612 \Vul" 2 dx + co(T Z |Vu |de+2 |Vul|P dx
i—1
)

14 =14

. 2 2 2 2
kY [ (VU [V P P [Vl 4 [V P+ ) dx.
—

This, by using Lemma 2.1.5, implies the asserted estimates. O

Proof of Theorem 2.1.3. We define for ¢ € (t;_1, ;] and x € Q) the step functions by
iy (t,x) = u"(t,x),

where the initial conditions are i}; (0, x) = ug'(x). From (2.1.5) we obtain

sup /B(L‘tﬁ(t))dx < C,

sup [ |[Val(H)[*dx < C, (2.1.8)

T
//Wﬂm’”dxdt < C
0 QO

The growth assumptions on d, g, and f imply

Hdn(t/ x/ I/_lZlh, Vﬂm>‘|Lq QT)NXI S C,
(IM(@@5~)lao a9y < G (2.1.9)
[ fu(t X, ) 20y < G
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where i)}, (t,x) = iy (t —h,x) for t € [h,T] and ﬁm,h(t,x) = ug'(x) for t e [0,h],
dn(t,x,s,z) :==d(t,x,s,z) for t € (tj1,t], for i=1,..,n, and d,(0,x,s,z) :=d(0,x,s,z).

From (2.1.7) we have

T-tT

// w4+ T,x)) = by (t,x))) (@) (t+T,x) — iy (t,x)) dxdt < Cr,

0
T-t
//|Vﬂﬁ(t+1’,x)Vﬁzi(t,xﬂzdxdt < Cr, (2.1.10)
0

where for k € {0,...,n—1}, kh < v < (k+ 1)h. The second estimate in (2.1.10) and

Poincaré’s inequality imply

Bl

ity — @l 20,12 ) <
From the equation (2.1.4) we obtain

10w (b(i2) =V - (a(x) ViTy) | oo, rom1a () < C- (2.1.11)

Then the estimates in (2.1.8), (2.1.9), and (2.1.11) imply convergence of a subsequence of
{u]'}, again denoted by {1} }

uy — u weakly in LP(0, T; Hé’p(Q)l),
ur —u weakly-+ in L®(0, T; H} (Q)),
d(x, t,ar, Viy)) — x weakly in (L1(Qr))N*, (2.1.12)
on(b(al') — V- (a(x)Val')) — T weakly in L7(0, T; H (Q)"),
M@ ) — u weakly in L7(0, T; H11(Q)")

as m,n — oo. The weak convergence of {i]'} in L (0, T; H(l)’p (Q)}) and the second estimate
in (2.1.10) imply, by Kolmogorov’s Theorem, (Necas 1967), the strong convergence of {i}; }
in L2(Qr)’, and also the convergence almost everywhere in Qr. Then we have also iy, —u
strongly in Lz(QT)l and almost everywhere in Q. Thus, since
|b(iy)| < 0B(ity) + sup |b(c)]|
lo<5

and sublinearity of f, due to the Dominated Convergence Theorem, (Evans 1998), and con-
tinuity of b in u and of f in t and u, we obtain the convergences b(i}) — b(u) a.e. in Qr,
b(a(t)) — b(u) in L'(0, T; LY(Q)"), and f,(t, x, uy) — f(t,x,u) in L?(Qr)". From the con-
tinuity of B follows B(i1”) — B(u) a.e.in Qr. Since {B(i1")}"" is bounded in L*(0, T; L}(Q))
and B(#}}) is nonnegative we obtain, by Fatou’s Lemma,

t

1 //B dxdt<hm1nf// w)dxdt < C forall t,t — T € [0,T] and small 7,

T mmn—oo T
t—7 Q) t—t Q)
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and, hereby, B(u) € L®(0,T;L'(Q))). Due to the estimate |b(u)| < dB(u) + sup |b(c)| we

1
lo|<5

have b(u) € L*(0, T; L1(Q)").

Passing to the limit for m,n — oo in the equation (2.1.4) yields

T T
/gv dt+//vadxdt+/ W, //f (t,x,u)vdxdt.  (2.1.13)
0 0 0

Since b(i1"(0)) = b(u') and u — up in H}(Q)!, we have that

= - /(b(amt))—b( "Nyt dxdt—// — Vul")d_y, Vo(t) dx dt

Q
(b(u(t)) — b(up)) ve(t) dx dt — — Vug) Vog(t) dx dt
f ] foo

as m,n — oo, forv € LP(0,T; Hé’p(Q)l) N L*(Qr), such that vy € L?(0,T; H}(Q)') and
v € L®(0, T; L*(Q)"),and v(T) = 0. Since such v form a dense subspace of L (0, T; Hé’p(())l)
and the uniform boundedness (2.1.11), we obtain 9; (b(u) — V - (a(x)Vu)) = { as functions
in L7(0, T, H-1(Q)").

Now we prove i)} — u strongly in L”(0, T; Hé’p (Q)!). We choose in the discretized equation
§ = ) — vl' and integrate over the interval (0, T), where v/} in LP(0, T; H,,) is the approxi-
mation of u in LP (0, T; Hé’p(Q)l), constant in each interval ((k — 1)k, kh).

/ahb(ﬁﬁ)(ﬁﬁ — vy )dxdt + /a(x)VahﬁZ’(VﬁZ’ — Vo) dx dt
Qr

T
+/dn(t, X, 1y, Vit ) (Vity — Vo) dx dt + /<M(ﬁz1_1),ﬁ;” — ol dt
0

= [ Fltx )y — ol dxatr @114
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By the strong convergence of v!¥', the weak convergence of 9, (b(ity) — V - (a(x)Viil})), and
the integration by parts formula, Lemma A.1.3, yields

//ah dxdt—i—// x)0, Vil V(i o) dx dt
// dxdt+// x)Vay Vi, dx dt
e}

—h Q

/B( (r ))dx—;/a(x)Vu(T)Vu(T)dx—l—cs.

o)
Fatou’s lemma implies
1 " 1
hmmff 2 (x)Viy Vi )dxdt > B(u(r))dx+§ a(x)Vu(t)Vu(t)dx.
—-h Q Q O

Thus, we obtain
nminf//(ahb(a;") (@" — ™) + a(x)9, V" v (a" — v;")) dxdt > 0

Strong convergence of /" to u in L?(Qr)! and of v/ to u in L?(0, T; Hé’p (Q))), continuity of d,
weak convergence of d in (L7(Qr))N*!
1998), imply d,,(t, x, i’

tonicity of d yields

, and the Dominated Convergence Theorem, (Evans

Vu) — d(t,x,u, Vu) strongly in (L7(Qr))N*!. Hence, strong mono-

n,h’

//d (t,x, 1, Vitg ) (Vity — Vo) dx dt

// (b, @, V") — dy (1,2, @, Vol!)) (V! — o) dx dt
0

+//dn(t,x,ﬁ%h,Vvﬁ)V( W) dxdt > d1//\v WP dxdt —ce.

The integral operator satisfies the estimate

2

/K Q(s,x, Vil 1(s)) — g(s,x, Vv (s))) ds V(i (t) — vy (t)) dx dt
0

AM m q =M m
K(t,)(8(s, VAL 1(5)) = g(s, Ve (s)))ds) dwdt + cadllay = o \7, v

IN
SRR
O\,‘
D
~
o\ﬁ_
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Because of the weak singularity of the kernel K and the assumption on g we have

t t

t
[ Ktts) (s, 90 1(5) — (s, Vep s < € [ Kt 9)as) ([ 1V 1)~ Voli(s) P ds)
0

0 0
Combining the last two estimates and the estimate ||iz’ — i, 4[| 12(, 1,111 ()) < C/ V1 yields

T

T £
R - _ = p
/<M(uZ11),uZ“—vZ1>dt < C(s///|Vu21—wnm|vdsdxdt+c5||u;”—va(O,T;HéW(Q)I)+cs.
000

The strong convergences of i}’ and f,, imply

T

//fn(t,x,ﬁ%h)(ﬂ;”—vﬁ)dxdt < ce.
00

The estimates of all terms in the equation (2.1.14) give

T T t
(dl—CcS)//]Vﬂﬁ—vapdxdt < clff/|w;ﬂ-wmpdsdxdt+czs.
0 QO 0 O 0

By Gronwall’s lemma
T

//|Vﬂﬁ—VvZ1|pdxdt < Ce
00

holds. Thus, we have the strong convergence of u]! to u in L7 (0, T; Hé’p (Q)!). Continuity of
d and g yield
dn(t, x, i1, Vi, ) — d(t,x,u, Vu) ae.in Qr

and
en(t,x, V' 1) — g(t,x,Vu) ae.in Qr.

The weak convergences of d,(t, x, ', Viiy') and M (i} ;) and the almost everywhere con-
vergences imply x = d(t,x,u, Vu) and y = M(u). Thus, u is the solution of the problem
(2.1.1). 0

Remark 2.1.7. We can also consider the linear integral operator

t

(M(t)(u),v(t)) = a(t—s)Vu(s,x)ds Vo(t,x)dx,
/f

0

foru,v € L*(0, T; H}(Q)") with positive-definite and weakly singular kernel |a(t)| < C|t|~7,
0 < 9 < 1. The kernel a is positive-definite iff

T t
//a(ts)[%(s)ds[%(t) dt > 0.
00
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The positive-definiteness of kernel a is equivalent to the assumption
(—1)j8{a(t) > 0 forall t >0, where j =0,1,2, and d:a # 0.

This definiteness implies the monotonicity of the operator M

Tt
:///a(t—s)V(ul(s,x)—uz(s,x)) ds V (u1(t, x) — uz(t,x)) dxdt > 0.
00 0

In this case we can weaken the assumption on d to show existence. Only monotonicity, but

not strong monotonicity, is needed to apply the Minty-Browder theorem.
The existence can also be proved in the case of memory term operators of first order, i.e.

t

(M(t)(u),v(t)) = a(t —s)-Vu(s,x)dsov(t,x)dx.
/f

0

It is sufficient to assume monotonicity of d and weak singularity of the kernel g, i.e.
la(t)] < CJt|~7, 0 < v < 1. The convergence of d,(t,x, i, Vii}}) to d(t,x,u, Vu) follows

nh’

from Minty-Browder theorem.

Though we considered the Dirichlet boundary conditions only, the results remain valid for
other boundary conditions, that allow a Poincaré inequality. For more general boundary

conditions we have to assume B(ug) € L'(Q)), see Remark A.1.4 .

Now the uniqueness of a solution will be proved twice. In the first proof less assumptions
are needed. Nevertheless, the second proof uses a variant of an interesting method, which

was applied in (Alt and Luckhaus 1983) to parabolic equations.
Theorem 2.1.8 (Uniqueness). Let Assumption 2.1.1, p = 2, and

|d(t, x,1m,81) —d(t,x,12,82)| < C(|m1 — 12| + 181 — Sal),

|f(t,x,m1) — f(t,x,m2)] < Clip — 12|

be satisfied for (t,x) € Qr, 11,12 € R, and 01,80 € RN*!. Then there exists at most one weak
solution of the problem (2.1.1).
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Proof. Suppose, there are two solutions u',u? € L?(0,T; H}(Q)'). Then their difference

satisfies
T

// ))vt+a(x)V(u1—uz)vm)dxdt
n

/(d(t, x,ut, Vul) —d(t, x,u?, Vu?)) Vodx dt (2.1.15)
Q

_l’_

O\'ﬂ O\H <

T
(M(u') — M(u?),v) dt = (f(t,x,ul) — f(t,x,u?)) vdx dt,
[

because b(u}) = b(u3) and Vu} = Vu3. Since 9; (b(u') — V - (a(x )Vui)) € L2(0, T, H ()},
we may assume b(u') — V - (a(x)Vu') € C(0, T; H-1(Q)!). Due to u' € L2(0, T; H}(Q)") and
a € L*(Q) weobtain V - (a(x)Vu') € L2(0, T, H(Q)") and b(u') € L2(0, T, H(Q)"). We

choose fors < T
S

vs(t) = tf(”l(T)_”z(T))dT, t<s,

0, otherwise

and integrate by parts. Notice that v(s) = 0. Hereby we obtain

S

/(b(ul) — b(u?),ut — u?) dt + ay // \Vul — Vu?|? dxdt (2.1.16)

0

< 50//\w — i dxdt+ S //|ws (1) 2 dxdt,

0 0
where the last term satisfies the following estimate

|Vos(t)[Pdxdt < ¢ IV (ul(x,T) — u?(x,7))|* dx dT dt
/] [
= 0 IV (ul(x,T) — u?(x, 7)) |* dx dr dt.
[

Using the monotonicity of the function b and Gronwall’s lemma for the inequality (2.1.16)

yields
S
// \Vul! — Vu??dxdt =0
0 QO
and u! = u? almost everywhere in Q7. 0

Theorem 2.1.9 (Uniqueness). Let Assumption 2.1.1 be satisfied, let p = 2, and let d/ (t, x,u, Vu)
be of the form (d(t,x)Vu),j=1,...,1, whered € (L®(Q))N**N*I 4 is symmetric and strictly
positive definite. Furthermore, let d; € (L*(Qr))N*P*N*! and

|f(t,x,m1) — f(t,x,m2)] < Clip1 — 12|
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for (t,x) € Qr, m1,12 € R!, and (1,0 € RN*!. Then there exists at most one weak solution of the
problem (2.1.1).

Proof. Suppose, there are two solutions u!,u? € L2(0,T; H}(Q)!). Then their difference
satisfies

—/[(b(ul) () or +a(x)V (' — 1) Vo dxdt+/d(t,x)V(u1 _12) Vodxdt

Qr Qr
T
+/<M(u1) — M(u?),v)dt = /(f(t,x,ul) — f(t,x,u?)) vdxdt, (2.1.17)
0 Qr

since b(u}) = b(u) and Vu} = Vul. Since 9;(b(u') — V - (a(x)Vu')) € L*(0, T, H-}(Q)"),
we may assume b(u') — V - (a(x)Vu') € C(0, T; H-1(Q)!). Due to u' € L2(0, T; H}(Q)!) and
a € L®(0)  weobtain V- (a(x)Vu') € L2(0, T, H 1(Q)!) and then b(u') € L2(0, T; H-1(Q)}).
We define B = b(u') — b(u?) and v = u' — u?.

Due to Lax-Milgram theorem there exists the solution w in L2(0, T; H} (Q)") of the equation

B T
O/Q/d (t,x) VwVEdxdt = /ﬁ ) dt+0/([a(x) Vo VEdxdt (2.1.18)

forall § € L?(0, T; H}(Q)"). Now we will prove the equality

T

/(E)t(,[%—v-(a(x)Vv)),w /d T,x)Vw Vwdx + = /dt (t, x)Vw Vwdx dt.

0 Qr
(2.1.19)

For the difference quotient we have the equality

T+h T+h 1 h 1 h

2 /<8hﬁ,w> dt +2 / /a(x)athdexdt—i—h/(,B,w) dt+h//a(x)Vvadxdt
h hoQ 0 0 QO
T T T+h

/( wB,w(t+h))dt — /</sa B dt+h/ (B, w) dt—l—//a o_p,VoVw(t+ h)dxdt
0 0

T+h

// x)Voo_p,Vwdxdt+ — // x)VoVwdxdt.

T



2.1 Degenerate Quasilinear Pseudoparabolic Equations with Memory Terms 25

Using the equation (2.1.18) for the integrals on the right hand side yields

T+h T+h

h h
2/<8hﬁ,w>dt+2//a(x)athdexdt—ki/ B, w)dt + :1// x)Vo Vwdx dt
hoQ 0 0

[
= /d(x,t)Vwathdxdt—/d(x,t)athVw(t—i—h) dx dt

Qr Qr
T+h T+h

+}11//ahd(t,x)Vwdexdt+;//d(x,t)Vwdexdt. (2.1.20)

T QO

Due to the symmetry of d, we obtain

% /d(t,x)(Vw(t +h) = V() (Vaw(t + k) — Veo(t)) dx dt

Qr
= /d(t,x)athVw(t+h)dxdt—/d(t,x)Vw o_pVwdxdt.
Qr Qe

The left hand side of the last equality converges to 0 as i — 0. Passing to the limit in (2.1.20)

as h — 0 and using the convergences

T+h

[ @(p=v-(ax)vo)), dte/at BV (a(x)V0)),w) dt

h

and

—_
E‘\H

h h
h/ B, w)dt + //a(x)Vvadxdt — 0,
0 0

imply the equality (2.1.19). The last convergence holds true since 5(0) = 0 and v(0) = 0.
The equation (2.1.18) for § = u! — u? for t € (0,7) and § = 0 for t € (7, T) has the form

T
/d(t,x) VwV(u! —u?)dxdt = /(b(ul) —b(u?), ut — u?) dt
Qr 0
+ /a(x)V(u1 —u?)V(ut —u?)dxdt. (2.1.21)
Qe
Now in the equation (2.1.17) we choose v = w for t € (0,7) and v = O for t € (7,T) and

obtain

T

/<at((b(u1) C b)) — V- (a(x) V(! — 1)), w) dt + /d(t,x)V(ul —2) Vwdxdt
0 Qr

T

+/<M(u1) — M(u?),w)dt = /(f(t,x,ul) — f(t,x,u?)) wdx dt.

0 Qr
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Due to (2.1.19), (2.1.21), and the sublinearity assumptions on f and g, the last equality
implies
T
;/d(r,x)Vwdex + /(b(ul) —b(u?),ut —u®)dt + ag / \Vul — Vu?|? dxdt
Q 0 Qr
C150/|Vu1—Vu2|2dxdt+/(Cz/z50+||dt||)|Vw|2dxdt
Qr Qs
+Csc(7y)do / |Vul — Vu?|2dxdt + Cy/ / |Vw|? dx dt.
Qr Qr

IN

Using the monotonicity of b and Gronwall’s lemma yields

/ |Vw(7)|?dx =0 forall Te (0,T)

Q
and
/ |Vu! — Vu??dxdt < 0.
Qr
Thus, u! = u? almost everywhere in Qr. O

Remark 2.1.10. The classical examples for the functions b and d are given by
b(n) = |y|*2y for a > 1,
d(t,x,n,8) =h(t,x,n)|EP72§ for p=>2 and O0<hy<h(txn)<h <o
forall # € R and (t,x) € Qr.
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2.2 Quasilinear Pseudoparabolic Inequalities

Variational inequalities model free boundary value problems and problems with obstacles,

and describe a minimization of an energy type functional on a convex set.

The latter is obtained as follows. Let Q) be a bounded domain in RN, V be a Hilbert space,
and K be a convex and closed subset in V. Provided A is a continuous, symmetric, and
elliptic bilinear form on V, L is a linear functional on V, the minimum of the functional ],
given by

J(v) = A(v,v) —2L(v),

on K, is attained at an unique u € K, which is in fact the solution of the inequality

A(u,v—u) > L(v—u) forallv e K.

The solution of a parabolic obstacle problem is a function u € K that satisfies a variational

inequality
(up,v—u)+ A(u,v—u) > (f,v—u)fora.a.t € (0,T), forallv € K,
where
K={vec HY(0,T)xQ), v=g on (0,T) x3Q, v > ¢ a.e.in (0,T) x O}

and ¢ describes the obstacle.

For a strong solution u € H'(0, T; H?(Q)) this is equivalent to

(up—Au—f)lu—¢)=0 in (0,T)xQ,
u—Au—f>0 in (0,T) xQ,
u—¢=>0 in (0,T)xQ,

u=g on (0,T)x0Q.

A special free boundary value problem is the Stefan Problem, describing the melting of ice.
In complex materials the energy, entropy, heat flux, and thermodynamic temperature may
depend on the conductive temperature. Nevertheless, the heat satisfies a pseudoparabolic
inequality (DiBenedetto and Showalter 1982). The convex subset is given by

K={ve H((0,T) xQ), v=g ondQ, v >0 ae.in (0,T) x Q}.
In all this cases a pseudoparabolic inequality

/ [atb(u)(v —u)+a(x)Vu V(v —u) +d(t,x, Vu)V(v — u) | dxdt
Qr

> /f(t,x,u)(v—u)dxdt (22.1)
Qr
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is considered on a set Qt := (0, T) x Q) with an initial condition
b(u(0,x)) = b(up(x)). (2.2.2)

In this section we prove an existence theorem for this quasilinear pseudoparabolic inequal-
ity.

The initial value problem is completed by posing spatial boundary conditions. An inter-
mediate subspace V, Hé’p (Q)l cV cC HLF’(Q)I, is chosen such that it is densely and

continuously embedded in L?(Q))/, is densely and continuously embedded into a closed
subspace Vy C H'(Q)". The spaces V and V; should satisfy Poincaré inequalities, i.e.

HUHLP(Q)I < C||VZJHU(Q)1 forveV

and

||UHL2(Q)7 < CHVUHLZ(Q)I forov e V().

The constraint on u is given by the requirement u € K, where K is chosen to be a closed and
convex subset of V containing 0.
The following assumptions ensure the existence of a solution of the variational inequality.

Assumption 2.2.1.

(A1) The vector field b : R' — R’ is monotone nondecreasing, Lipschitz continuous,
a continuous gradient, i.e. there exists a convex C! function @ : R! — R,
such that b = V&, and b(0) = 0.
(A2) The tensor field a € (L®(Q))N*PN*!considered as a linear mapping on L (Q)N*!,
is symmetric and elliptic, i.e. for some 0 < a9 < 2’ < oo, a satisfies
a0|€> < a(x)§E < a%|g)?, for § € RN*/, for almost all x € Q.
(A3) The diffusivity d : (0, T) x Q x RN*! — RN*/ is continuous, elliptic, i.e.
there exists some dy > 0, such that d(t,x, &) E > do|g|?, forallT € RN, p>2,
and monotone, i.e. (d(t,x,&1) —d(t,x,§)) (51 — &) >0 forall §1,§ € RN,
and satisfies the growth assumption |d(t, x,§)| < C(1+ |§|P~!) for § € RN/,
and is a gradient, i.e. there is a continuous function D(t, x, §) such that V¢D = d and
ID(t,x,0)| <C, |0;:D(t,x,%)| < C(1+ |E|F) for T € RN*/, for almost all (t,x) € Qr.
(A4) The function f : (0,T) x Q x R! — R/ is continuous and sublinear, i.e.
If(t,x,1)] < C(1+ |y|) for 5 € R!, for almost all (t,x) € Qr.

(A5) The initial condition ug is in K.
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Definition 2.2.2. A function u : Qr — R’ is called a weak solution of the inequality (2.2.1) if

1) uelP(0,T;V), u € L*0,T; V), 9sb(u) € L>(Qr)!, and u(t) € K
for almost all t € (0, T),
2) u satisfies the inequality (2.2.1) for all test functions v € L¥(0,T; V) and v(f) € K
for almost all ¢,
3) u satisfies the initial condition (2.2.2), i.e. b(u(t, x)) — b(ug(x)) in L2(Q)" as t — 0.
Remark 2.2.3. A partial integration of the time derivative in (2.2.1) would allow a seem-
ingly weaker notion of a weak solution, provided v is differentiable in time. However, this

is only possible if the generality of K is restricted, (Alt and Luckhaus 1983). The assumptions

on b and 4, posed in this section, are needed to show the existence of a solution.

Theorem 2.2.4. Let Assumption 2.2.1 be satisfied. Then there exists a weak solution of the varia-
tional inequality (2.2.1) with the initial condition (2.2.2).

For positive « we consider the penalized equation
otb(u) =V - (a(x)Vuy) =V -d(t,x, Vu) +aB(u) = f(t,x,u),

where B : LF(0,T; V) — L9(0, T; V*) is the penalty operator, introduced in Definition A.1.10.

In the proof of this theorem some of the estimates of section 2.1 are reused. By the Rothe-

m

Galerkin approximation we obtain the family of functions u}';, satisfying

1 1
[ 0t v ) Eax+ [0y V-l ) VEdx -+ [ dltx, Vul) VEdx
Q QO Q

(B, §) = / F(t % 1) Edx (223)
O

for § € H,, = span{ey, ..., e, }, where {ej}]?"’zl is a basis of V and ¢; € L*(Q)!, and {uilotm is
an approximation of 1 in V. Since the operator B is monotone, the existence of u); can be

proved in the same manner as in section 2.1.

Similar to the proof of Lemma 2.1.5, using Assumption 2.2.1 and the monotonicity of B

yields the estimates

m
. <
OI?]@;/B(%J)dx < C,
Q
max/|VuZ1j|2dx < C,
0<j<n ’
Q
j
h/Vuam,i\pdx < C, (2.2.4)
i=1 ¢

R
=
=
=
E
=
3
IA
@)
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For the proof of existence of a solution of the variational inequality we have to show that
0;:b(u) € L2(Qr)" and u; € L2(0, T; V).
Since d is a gradient it is possible to prove the following.

Lemma 2.2.5. The estimates

Z h / %(b( “ri) b< ‘lx,ifl))(u(x,i ulx,ifl) dx < C,
i=1 =
O

n — Vu”

Zh/) wi1* gy < €, (2.2.5)
i=1 a h

max / [Vug,|Pdx < C

1<j<n '

hold uniformly with respect to m, n, and «.

Proof. Choosing § = (u,; — uy'; ;) as a test function in (2.2.3) and summing over i yields

a,i—1
] 1 m m m m m
Z E blug; 1))ty — Uy 1 dx+z h —Ugi 1)V (Ui — Ui 1) dx
1:1
j
Z/ (i, x, Vull )V (g — upi dx+zxz D) —ult 1)
a i=1
j
= Z/f(tl,x um 1)(”"1,1‘ uzi_l)dx. (2.2.6)
i=1
19)

Due to the assumption on 4 the third integral on the left can be rewritten in the form

j
I = Y [dt,x,Vul,)(Vuy; — Vul;,_|)dx

i=1 0

J
= Z D(ti/x;vugfi) _D(tlfx vule 1)dx

i=1 0

— /D(t]-,x,Vquj)dx—/D(O,x,Vuf)”)dx

0 0
j
—2/( (ti,x, Vuy; 1) — D(ti_1, x, Vup; 1)) dx.

Applying the assumed growth bounds of d to [D(t,x,z)| < [ |d(t,x,§)|d§ + [D(t,x,0)|
yields [D(0, x, Vujy)| < C(1 4 [Vuly|P). The ellipticity assumption on d implies
1

1
D(t,x,§) — D(t,x,0) = /VD(t,x,sg)gds: /d(t,x,sg)sgs_lds
0

0

1
> afg [ - ‘;’5|§|p-
0
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Since |D(t, x,0)| < C, we obtain
) m do m|p
D(t;, x, Vum,]-) = —p |§7ua,]-| -C

Then, due to |9;D(t, x,z)| < C(1+ |z|?), we have

j
do/\w;ﬁjv’dx—cl/\wgﬂv’dx—cz):h/\wz;lr’dx—c3.
P Q Q =g

The penalty operator can be estimated by

Mo
Mo

(BQuly),uly —uli 1) =

o, o,i—1

(J(up'; — Puyty), ups — ulfs 1)

Il
_
Il
_

I
™=

Il
—_

<I( i PK“ )PKMZTZ'*PKMZZ_Q

j
+ ) (J(uly; = Prulyy), (ulf; — Prulyy) — (upt_y — Prulyi_1))
i
j

1
> 2 (I = Pl = o = Pt | 1)
i=1
1
= EH”ZZ]‘ - PK”%H@ =0
Here uy € K and the property of Pk are used. Due to estimates for d and B from (2.2.6) we
obtain the inequality
] 1 m m m
Z E uoc,i—l))(ua,i - uzx,i—l) dx

I\
H

d
2wl + 22 / Vull,|? dx

< cazh/|f ti, X, Ui q |2dx+2h/]VuM]”dx+/\Vu0|”dx
0

i=1 0
Using the bounds (2.2.4) and sublinearity of f in the last inequality implies the assertion of

the Lemma. 0

Since b is Lipschitz continuous we have

j
S / @b dx < C. (2.2.7)
@)

—

Proof of Theorem 2.2.4. We define the Rothe functions piecewise for t € (t;_1,t;] and x € Q)
by

ul (b, %) — ! (ti1, %)
h

U (t,x) =y (ti—1,x) + (t — tizq)
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and the step functions by

Uyp(t,x) = uy (t,x),
where the initial conditions are u}', (0, x) = ug'(x) and iy, (0, x) = ug'(x).

From (2.2.4), (2.2.5), and (2.2.7) we obtain

0<t<T
Q
sup [ |Va™,|?dx < C,
0<t<T '
Q
sup [ |Vig,,[Pdx < C, (2.2.8)
0<t<T
Q
//|ahVuM|2dxdt < C,
0
T
//|ahb (@) [Fdxdt < C.
0

The growth assumption on d implies
||d (thu“n)HLq N><I<C

where d,, (t,x,z) :=d(t;,x,z) for t € (tj_q,tj] fori =1,..,n,and d,(0,x,z) := d(0, x,z).

The penalty operator is bounded, hence

1B (@) | Lao,r;v+) < C.

The fourth assumptions in (2.2.8) and the Poincaré inequality imply

C

HL_‘ZZ,n - azn,hHLZ(O,T;VO) < W (2.2.9)

where @ (t,x) := i, (t —h,x) for t € [h, T] and @!, , (,x) := uy(x) for t € [0, h].

From (2.2.8) follows the existence of a subsequence of {1}',} and of {u},}, resp., again
denoted by {i}’, } and {u}’, }, resp., such that

'y — Uy weakly in LP(0,T;V),

', — Uy weakly — xin L%(0, T; Vo),
oy, — Oty weakly in LZ(O, T; Vo),
opb(ity,) — 1a weakly in L*(Qr)’

du(t,x, Vi) — xo  weaklyin (L9(Qr))N*/,
B(iy,) — 6 weakly in L7(0,T; V*),
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as m,n — oo. The strong convergence of {u?,} in L2(Qr)' follows from the Compactness
Lions-Aubin Lemma, (Lions 1969). This and the estimate (2.2.9) imply the strong conver-
gence of {u, ;}in L?(Qr)". From the strong convergence of {1, } in L*(Qr)’ and the con-
tinuity of b follows b(ity',) — b(u,) a.e. in Qr. The Lipschitz-continuity of b and b(0) = 0
imply
b () | 12(Qpy < Clliignllr2(gpy < C.

Due to the Dominated Convergence Theorem, (Evans 1998), yields b(ia}',) — b(u,) in
L?(Qr)" and 17, = 9;b(uy). From the strong convergence of {uy, ,} and the continuity of
f follows fu(t, x, 1y, ) — f(t x,1q) a.e. in Qr. The sublinearity of f yields

[t 2, ) 2oy < CL(Y+ [l 20py) < C-

Then the Dominated Convergence Theorem implies f, (¢, x, 7}, ) — f(t, x,us) strongly in
L?(Qr)". From the continuity of B follows B(i" 'v) — B(ug) a.e. in Qr. Since {B(ity,)} is

bounded in L*(0, T; L'(Q)) and B(i}!,) is nonnegatwe we obtain, by Fatou’s Lemma,

mmn—oo T
tTO t—7 Q

and, hereby, B(u,) € L*(0, T; L1(QQ)).

Using u, € LP(0,T;V), djuy € L2%(0,T;Vy) and (Evans 1998, Theorem 5.9.2), imply
uy € C([0,T]; Vo) and u,(0) = up. Due to the Lipschitz-continuity of b we obtain

// Up dxdt<hm1nf// q)dxdt <C forall t,t — 7 € [0, T] and small 7,

/!b Uy (t Uy (s))Pdx < c1l|ua(t) —ua(s)H%/o forall t,s € [0, T].

This implies b € C([0, T]; L>(Q)") and b(u,(0)) = b(ug) in L2(Q)".

Passing to the limit as m,n — oo in the discretized equation (2.2.3) yields

T
/atb(ua)vdxdt—k/a(x)atVua Vvdxdt—k/xa Vvdxdt+oc/<9,v) dt
Qr Qr Qr 0
:/f(t,x,ua)vdxdt. (2.2.10)
Due to the monotonicity of d and B we will show
T T
/Xa Vvdxdt+oc/<9,v> dt = /d(t,x,Vua)Vvdxdt%-tx/(B(ua),v) dat (2.2.11)
Qr 0 Qr 0

for all functions v € LP(0, T; V). Fatou’s lemma implies

Liminf [ a(x)0;Vuy, Vuy, dxdt = lim inf1 a(x)Vuy, Vug', dx — % /a(x)Vuo Vugdx

m,n— 00 m,n— o0

Q¢ QO Q

> /a(x)atVua Vu, dxdt.
Qr
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Then from equation (2.2.3), convergence of i, and equation (2.2.10) we have

T
lim sup( dn(t,x,Vity,) Vily, dx dt 4+« /(B(ﬁzn), ) dt>

m,n—oo

0

/f (8, X, Uy) Uy dxdt—/a b(uy) ug dx dt —liminf [ a(x)o;Vuy', Vuy', dxdt
Qr

m,n—oo
T T
/(X,X,Vulx dt+o¢/ (0, 1uy)
0 0

Qr
Since d and B are monotone, we have

T

/(dn(t, x, Vup,) —d(t,x, Vw)) (Vup, — Vw) dxdt +« /(B(uff/n) —B(w),uy, —w)dt > 0.
Qr 0
Passing to the limit as m, n — oo yields
T
/()(,x —d(t,x, Vw)) (Vg — Vw) dx dt + /(9 — B(w), uy —w)dt > 0.

Qr 0

Choosing w = u, — Av forv € LP(0,T; V) and A > 0, continuity of d and hemicontinuity of
B imply the equality (2.2.11) by Minty-Browder’s argument.

Then for every a the function u, satisfies the equation

/atb(ua)vdxdt—i—/a(x)atVua Vvdxdt—l—/d(t,x,Vu“)Vvdxdt
Qr Qr Qr

T
—Hx/ (uy),v)dt = /f (t,x,uy) vdxdt. (2.2.12)
0 Qr

Analogously as for uy',, we obtain the estimates for u,

sup [ B(uy)dx <C, sup \Vualz dx <C,
0<t<T 0st<T J

/ |Vug|Pdxdt <C, / 10V, [>dxdt < C,

Qr Qr
/\atb<ua)|2dxdt <c, /d(t,x,Vu,x)]”/ dxdt < C,
Qr Qr

T
uc/ ), uy)dt <C.
0
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Then there exists a subsequence of {u,}, again denoted by {u,}, such that

Uy — U weakly in LF (0, T; V),

Uy — U weakly— = in L*(0, T; V),
Ol — Ol weakly in LZ(O, T; Vo),
otb(uy,) —n  weakly in L*(Qr)},

d(t,x,Vu,) — x weakly in (L7(Qr))N*\.

Due to the similar argumentation as for uy',, we obtain the strong convergences u, — u,
ft, x,uy) — f(t,x,u), b(uy) — b(u)in L2(Qr)" and 17 = 9;b(u).

Since u € LP(0,T; V) and u; € L?(0, T; Vy) we have u € C([0, T}; Vo) by (Evans 1998, Theo-
rem 5.9.2). Then u,(0) — u(0) weakly in Vj yields u(0) = uy. Since b is Lipschitz continuous,
we obtain b € C([0, T]; L2(Q)") and b(u(0)) = b(ug) in L2(Q)!, and thus the validity of the
initial condition (2.2.2).

From equation (2.2.12) we obtain

14

T
/(B(ua),w dt = 1 /(f(t, X, Ug) U — 0tb(Up) v —a(x) 0V, Vo —d(t,x, Vi) Vv) dx dt
0 Qr

forallv € LP(0, T; V). Since all the terms on the right hand side are bounded in L7(0, T; V*),
B(uy) — 0 in L1(0,T; V*) as a — oo.

Applying the monotonicity of B to the sequence {u,} yields

T T
/ ), Uy —0v)dt < /(B(ua),u,x —v)dt.
0 0

T

Together with the estimate [(B(uy),uy)dt < C/a and the convergence of B(u,) — 0 in
0

L9(0, T; V*) we obtain for & — oo

T
/ ), u—ov)dt < 0.
0

We take v = u — Aw for A > 0 and w € LP(0, T; V). Passing to the limit as A — 0 and using
the hemicontinuity of B imply

T
/ w)dt < 0 forall we LP(0,T;V).
0

Thus, B(1#) = 0and u € K for almostall t € (0, T).
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Now we show that u satisfies the inequality (2.2.1). We choose u, — u as a test function in
the equation (2.2.12) and obtain

/atb(u,x) (Up —u)dxdt + /a(x)atVua V(uy —u)dxdt + /d(t, x, Vug) V(uy —u)dxdt
Qr

Qr Qr
T

— /f(t,x, Uy) (Ug —u)dxdt = —DC/(B(M“) — B(u),uy —u)dt <0,
Qr

0

since B(u) = 0. Due to Fatou’s lemma and integration by parts

liminf [ a(x)0:Vu, V(uy —u)dxdt > 0.
Qr

Then, by using the convergence of u,, we obtain

limsup [ d(t,x, Vuy) V(uy —u)dxdt

nK—00

nK—00

Qr
< lim /f(t, X, Uy) (g —u)dxdt — lim [ 9;b(uy) (uy —u)dxdt = 0.
Qr Qr

The monotonicity of d implies

limsup [ d(t,x,Viu,) V(uy —u)dxdt > lim [ d(t,x,Vu)V(u, —u)dxdt = 0.

Qr Qr

Thus, we have
0}1_1)1.}0 d(t,x,Vu,) V(uy —u)dxdt = 0. (2.2.13)
Qr
For the function w = (1 — A)u + Av, where v € LP(0, T; V) and A > 0, the monotonicity of d

implies

0 < /(d(t,x,Vua)—d(t,x,Vw))V(ua—w)dxdt

Qr

= /(d(t, x, Vug) —d(t,x, Vw)) V(u, — u)dxdt
Qr
—i—)\/(d(t,x,Vua) —d(t,x,Vw)) V(u —v)dxdt.

Qr
The first integral on the right hand side converges to zero for &« — oo, due to the convergence
of {u,} and (2.2.13). Then we divide this inequality by A, pass to the limits as « — oo and
A — 0, and, due to continuity of d, obtain

lim [ d(t,x, Vu,)V(u—0)dxdt > /d(t, x, Vu)V(u —v)dxdt. (2.2.14)

K—00

Qr Qr
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Now we choose v — u, as a test function in the equation (2.2.12), where v € L7 (0, T; V) and

v(t) € K for almost all t € (0, T), use the monotonicity of B and obtain

/ {atb(ua) (v —up) +a(x)0: Vi, V(v —uy) +d(t,x, Vi) V(v — uy)| dxdt

Qr
T

— /f(t, X, Uy) (U —Uy) dxdt = zx/(B(v) — B(ug),v —uy)dt > 0, (2.2.15)
Qr 0

since B(v) = 0. By Fatou’s lemma we have

liminf [ a(x)0;Vu, Vu,dxdt > /a(x)atVu Vudxdt.
Qr Qr

The equality (2.2.13) and the inequality (2.2.14) yields

lim [ d(t,x, Vi) V(v — u,)dxdt

x—oc0
Qr
zlir{}o d(t,x,Vua)V(v—u)dxdt+linc}o d(t,x, Vi) V(u —uy)dxdt
o Qr . Qr
< /d(t,x,Vu)V(v—u)dxdt.
Qr

Then taking the limit as « — oo in (2.2.15) and using the convergence of u, imply that u

satisfies the inequality (2.2.1). O

Remark 2.2.6. Assuming the strong monotonicity of d, i.e.

(d(t, X,§1) - d(tr x1§2))(§1 - §2) P d1|§1 - .§2|p for dl >0, glr §2 € RNXZ

ensures the strong convergence of 1, — uin LP(0, T; V).
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2.3 Doubly Nonlinear Equations

The initial boundary value problem for doubly nonlinear pseudoparabolic equation is given
by

otb(u) — 0tAa(u) — V- d(t,x,u,Va(u)) = f(t,x,u), (t,x) € Qr=(0,T)xQ,
b(u(0,x)) = b(up(x)), xe, (2.3.1)
u(t,x) =0, (t,x) € (0,T) x 9Q).

We define the function B by

B(s) :==b(a"Y(s))s — /b(a‘l(z)) dz for se{yeR, y=a(z), ze R}. (23.2)
0

The existence of a solution will be ensured by the following assumptions.

Assumption 2.3.1.

(A1)  The function b : R — R is strictly monotone increasing, continuous, b(0) = 0,
and satisfies the growth assumption |b(s)|? < C;B(a(s)) + C, forall s € R.
(A2)  The functiona : R — R is strictly monotone increasing, continuous, a(0) = 0.
(A3)  The diffusivity d : (0,T) x Q x R x RN — RY is continuous, elliptic, i.e. there
exists some dy > 0, such thatd(t,x,z,§)§ > do|§|" for § € IRN,p > 2, and
monotone, i.e. (d(t,x,z,§1) —d(t,x,2,5)) (§1 —§2) = 0for &y, § € RY, and
satisfies the growth assumption |d(t,x,z,§)| < C(1+ [§[P~* + (E(a(z)))%l)
for almost all (t,x) € Qr and for z € R, § € RY.
(A4)  The function f : (0,T) x Q) x R — R is continuous and satisfies the growth
assumption, i.e. [f(f,x,z)| < C(1+ (B(a(z)))p%;’l) for almost all (t,x) € Qr
and for z € R.
(A5)  The initial condition b(up) is in L?(Q) and a(ug) is in H{(Q).
The notion of a solution of the problem introduced above, will be given now.
Definition 2.3.2. A function u : Qr — R is called a weak solution of (2.3.1) if
1) b(u) € L*(Qr), 3 (b(u) — Aa(u)) € L1(0, T; H 1 (Q)),
a(u) € LP(0,T; Hy" (Q)), a(u) € L°(0, T; H}(€2)), and
2) - / b(u)drvdxdt — / Va(u) Voyodxdt + /d(t, x,u,Va(u)) Vodx dt

Qr Qr Qr
+/b(u0)vtdxdt+/Va(u0)Vvt dxdt = /f(t,x,u)vdxdt, (2.3.3)
Qr Qr Qr

for all functions v € LP(0, T; Hé’p(Q)), such that v; € L?(0, T; H}(Q)) and o(T) = 0.
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Theorem 2.3.3. Under Assumption 2.3.1 there exists a weak solution of the problem (2.3.1).

We approximate the differential equation by the time discretization, h = T/n, t; = ih,

i=0,...,n,and obtain the discrete problem

5 (b(u;) = b(ui1)) — $A(a(u;) — a(ui1)) = V - d(t;, x,u;1,Va(u;)) = f(t;,x, ui1),
uj(x) =0 for x € Q.

The elliptic problems can be solved by Galerkin’s approximation. Let {e};- ; be a basis in
Hé’p (Q)). We are looking for functions {u/"}!_; in the subspace H,,, spanned by {ey, ..., e },

m
um) = Z IX?IE €k,
k=1
such that

§dx+/h (Va(ui") — Va(u',)) VEdx

1

/e

0

+ [ d(t,x,uly, Va(ui")V§dx — | f(ti,x,ui"y)§dx =0 (2.3.4)
Q/ /

holds for all § € H,,. Here a(u}') € H,, is an approximation of a(u) in H}(Q). The strict

monotonicity of a yields uj’ — ug a.e. in Qr.

Lemma 2.3.4. There exists a solution u}" in Hy, of the family of discretized equations (2.3.4).
Proof. The existence will be shown by induction. Since ujy’ is given, u}" ; can be assumed to
be known. The left-hand side of (2.3.4) defines a continuous mapping Jj,,, : R" — R™ given

by

]hm = h/ v)ej + Va(v)Ve;)d h/ "1)ej+ Va(ui'y) Ve;)dx

—i—/d(ti,x,u;"l,Va(U))Ve]-dx—/f(ti,x,ugnl)ejdx,
Q Q

m
where a(v) = Z j¢j- Due to Assumption 2.3.1, this mapping satisfies the estimate

Jim(r)r > h/<B(€l(U |V€l dx—/ ]Vﬂl( )]2) dx
Q

+d0/|Va(v)|7”dx—c150/|Va(v)|’”dx—cz((50)/|f(ti,x,u§”_1)\‘7dx
o) o)

Q

Z C3/\Va(v)\zdx+c4/\w(v)F’dx—c5.

Hence, for |r| big enough, J(r)r > 0 for all such r. The continuity of | implies the existence
of a zero of |, see (Showalter 1996, Proposition 2.1). Due to the strict monotonicity of a there

exists v = u]" a solution of (2.3.4). O
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We construct approximative solutions as piecewise constant interpolation of the u;’s to
[0, T]. For the proof of the Theorem 2.3.3 we use an a priori estimate, a compactness ar-
gument, and an integration by parts formula from (Jiger and Kacur 1995), adapted for

pseudoparabolic equations, Lemma A.1.6.
At first we obtain the estimates for u}".

Lemma 2.3.5. The estimates

B m <
1n§1ia§>;/B(a(ul Ndx < C,
max/|Va(u;”)\2dx < C, (2.3.5)
1<i<n

hold uniformly with respect to m and n.
Proof. Choosing a(u]") as a test function in (2.3.4) and summing over i yields
j

i=1

") = blu ) ) dr + Y- / L (Va(u") — Va(',)) Va(u?) dx
i=1

D\
3‘\

HM‘

/ (t;, x,ul"y, Va(ul")) Va(u dx—z f(t, x,ul"y)a(ul") dx = 0.

o} 'a
By using Assumption 2.3.1 each term will be estimated separately. From the definition of

the function B it follows that
j
=) b(ul"))a(ul")dx > /B(u}”)dx—/B(ug)dx.
1:1

By Abel’s summation formula we obtain

j
Z/(Va(u;-”) —Va(ul'y)) Va(ul")dx > ;/Wa(u}”)]z dx — % / |Va(u0m)’2 dx
Q Q Q

i=1

The ellipticity assumption implies

j J
Z/d ti, x,ui" 1, Va(ui')) Va(u doZ/\Va )|F dx.

1=

By the growth assumption on f and the Poincaré inequality we have

j
i = ) [ fltxuly)a(u] )dx<c1/502 (ki %, 1>|qu+@502 la(u")|" dx

=14 =18

Q
j
(50 Z/ dx+C4502/]Va |de+C4

IN
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Collecting the estimates of integrals Iy, I, I3, and I4 implies

j
/B( ") dx 4 = /w ™)|*dx + (do — c100) Zh/lw(ul-”)l’”dx
Q

a i=1

j
</B(u0)dx+ /]Va )|? dx + c2(do) Zh/ M) dx + cs.

O =13

The discrete version of Gronwall’s Lemma implies the estimates in Lemma 2.3.5. The Gron-
wall Lemma is applicable for sufficiently small  and Jy that satisfy dy > c1dp and
Co ((5())]’1 <1 O

To show the strong convergence of the approximations in L?(Qr) the following lemma is

essential.

Lemma 2.3.6. The estimates

n—k
Y /(b(u;-’ik) — b(u™) (a(uy) — a(ul)) dx
=

IN

Ckh,

ne
Eh/Wa(u}’ik)—Va(u;”)Fdx < Ckh (2.3.6)
=1

hold uniformly with respect to m and n.

Proof. Summing up the equations (2.3.4) for j = j+ 1, ..., j + k, choosing a(u;?ik) —a(uj) as

a test function, and finally summing up over j = 1,...,n — k yields

n—k 1
Z/h(b(uﬁk)—b(u;”))(a(uﬁk) dx+2/h]Va i) — Va(uj' )|? dx
=14

n—k j+k

+Y Y [ dtxuly, Vau)(Va(ully) — Va(ul')) dx
j=1i=j+12

n—k jt+k

_Z Z /f ti, x,ui’ 1) (a(u ]+k) a(u ]m))dx:O.

j=1i= ]+1

The third and fourth integral can be estimated by

n—k j+k
Z Z d(ti, x,ui” 1, Va(ui"))(Va( ]+k) Va(u;-”))dx
j=li=j+1)
n n—k
c1 )y, [ ld(t,xuly, Vaui) T dx + ok Y [ (IVa(uy)P + |[Va(ul")|P) dx
i:1 j= 1Q
and
n—k j+k n
Y ) /f(fzvx/u?lﬁ(ﬂ(ulﬁ)—ﬂ(ui”l))dx < Caz/lf(fi/x uitq)|7dx
j=1i=j+1) i=17
n—k

+eak (la(ufy )P + la(ui)|P) dx

=14



42 Rothe’s Method for Quasilinear and Nonlinear Equations and Inequalities

Due to the growth assumptions on d and f, we have

i=1

Z ld(x, t;,ul" 1, Va(u!)|7dx < C5—|—C6Z |Va(u )|de—|—C7Z/B(a(u?z))dx,
i=1 j
0 0 )

) tiuiy)|Tdx < [ ")) dx.
;/w )l dx c8+C9z! (a(uf') dx

Then we obtain the following inequality

n—k ek
;/;(b(u}’ik)—b(u?))(a(u;ﬂk)—a(u}”))der Z/;Wﬂ(u}ﬁk)—Va(u?)yzdx
/’VIZ Ide+C1i/ dx—FCsz/ ‘a ]+k)’p+’a( )‘p)dx—i—(:;;

This, by using the estimates in Lemma 2.3.5, implies the asserted estimates. 0

Proof of Theorem 2.3.3. We define the step functions for ¢ € (f;_1,¢;], x € Q by
iy (t,x) == u"(t,x),

where the initial conditions are i} (0, x) = ug'(x).

From estimates (2.3.5) and (2.3.6) we obtain

sup [ B(a(al'(t,x)))dx < C, sup [ |Va(a™(t,x))?dx < C,
ogthQ OStST
T-1

/|Va(az1(t,x))|dedt <c //|w (47, x)) - Va(@(t,x)Pdxdt < Cr,
Qr 0 O

T-1

// Mt 1)) — ba(@ (1) (@(@"(t+ 1)) — a(@" (1)) dxdt < Ct,  (237)

0

where for k € {0,...,n —1}, T € (kh, (k4 1)h). The growth assumption on d and estimates
(2.3.7) imply

v N 1
(8, x, 125, Va(@) |1agrny < alVa(@)l|f, g, + clBla(@i))f g, +6 < C

where @, (t) := @y (t —h) for t € [h,T] and ﬂ?h(t,x) = uf'(x) for t € [0,h],
dy(t,x,s,z) :==d(tj,x,s,z) for t € (ti_q,t], for i=1,..,n, and d,(0,x,s,z) :=d(0,x,s,z).

From the equation (2.3.4) we obtain
10 (b(i1y) — Aa(@)) | oo ;119(0)) < C- (2.3.8)
The growth assumption |b(s)|?> < C;B(a(s)) + C; and the estimate for B in (2.3.7) imply

10(T) 120y < C.
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Then there exists a subsequence in m and n of {i}} }, again denoted by {i}}, such that

a(iy) — w weakly — * in L*(0, T; H} (Q)),

a(@”) —a  weakly in LP(0, T; Hy" (Q))),

b(a") — B weaklyin L*(Qr), (2.3.9)
o(b(@™) — Aa(al")) —z  weaklyin L9(0, T; H 1(Q)),
d(t, x, i, Va(i,)) — x  weakly in (L1(Qr))N.

The third and fourth estimates in (2.3.7) imply, by Kolmogorov’s compactness criterium,
(Necas 1967), the strong convergence of {a (")} in L>(Qr). Due to strict monotonicity of a
we obtain convergence 7)) — u a.e. in Qr. Since a is continuous, a(i)) — a(u) a. e. in QT
and & = a(u). Thus, by the Dominated Convergence Theorem, (Evans 1998), a(i1)}) — a(u)
strongly in L2(Qr). The fourth estimate in (2.3.7) and the Poincaré inequality imply
o) = a0y < =

Then the strict monotonicity of 2 and @ — u a.e. in Qr imply @, — u a.e. in Qr. The
continuity of b implies b(i)) — b(u) a. e. in Q7. The Dominated Convergence Theorem

yields b(#) — b(u) strongly in L?(Qr). Since f (i1}, is continuous and bounded in L7(Qr),

1
1 fut, x @) [acor) < allB@(@)llf g, +e2 < C,
we obtain f(7)),) — f(u) strongly in L9(Qr). From the continuity of B follows that
B(#") — B(u) a.e. in Qr. Since {B(@#")} is bounded in L*(0, T; L}(Q))) and B(#}") is non-
negative we obtain, by Fatou’s Lemma, B(u) € L*(0, T; L'(Q))).

Integrating the equation (2.3.4) over (0, T') and passing to the limit as m, n — co imply
T

/(z,v)dt—l—/vadxdt = /f(t,x,u)vdxdt.
0 Qr Qr
The discrete time derivative can be rewritten in the form
/i(b(a;ﬂ(t)) —b(a?(t—h)))vdxdtJr/;(Va(ﬁﬁ(t)) —a(@(t - k) Vodxd =
Qr Qr
- / (b(a?)a,hwr w(a;")a,hw) dxdt + / (b(ay(o»v(m + w(a;"(O))W(O)) dx
Qr Q
for all v € LP(0,T; Hé’p(())), such that vy € L?(0,T;H{(Q)) and o(T) = 0. Due to
a(@?(0)) = a(ul), a(ull) — a(ug) in HY(Q), and u — up a.e. in Qr for m — oo, we

obtain

T

/(z,v) dt :mlzrgoo/}ll((b(a;"(t)) (@ (1)) 0+ V(@@ (1) — a(a (¢t — ) Vo) dx
0 Qr

= —/b(u)vtdxdt—/Va(u)Vvt dxdt+/b(u0)vt dxdt+/Va(u0)Vvt dx dt
Qr Qr Qr Qr
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forallv € LP(0,T; Hé’p(Q)), such that v; € L2(0,T; H}(Q2)) and v(T) = 0. Since such v
form a dense subspace of L7 (0, T; H(l)’p (Q))) and the boundedness in (2.3.8), we obtain that
z = 9¢(b(u) — Aa(u)) as functions in L9(0, T; H-1(Q))).

Now we show x(t,x) = d(t, x,u, Va(u)) by using the monotonicity of d and Minty-Browder

argument. The integration by parts formula, Lemma A.1.6, and Fatou’s Lemma yield

T
timinf [ @, (b(}) — Aa(a),a(a) dt
0
21}}1%1i{g</3(a(ﬁ;”))dx+;/Wa(ﬂﬁf)\zdx> —/(E(a(uo))—i—;wa(uo)lz) dx
@) Q @)
) 1 3 1
> [ Bla(w)dx+ = [ |Va(u)[*dx — [ B(a(up))dx — = [ |Va(uo)|*dx.
Ry [1veots [t |

Then

T
limsup//d(t,x,ﬁ,’?h,Va(ﬁ,T))Va(ﬁﬂ)dxdt
0

m,n—o0 Q
T T
g//f(t,x,u)udxdt—liminf (0¢(b(i1})) — Na(a))),a(all)) dt
00 ’ 0
T
S//}(Va(u)dxdt.
00

The monotonicity of 4 implies

T
//(dn(t, x, iy, Va(iy)) — dn(t, x, iy, w)) (Va(i)) — w) dxdt > 0.
0 0

Since @, — u a.e. in Qr, d, is continuous, and d,(t, x, i), w) is uniformly bounded in

L1(Qr)N, we have d,(t,x, i, w) — d(t,x,u,w) in L1(Q7)N, by the Dominated Conver-

gence Theorem. Taking the limit as m, n — oo yields

T
//(X—d(t/x,u,W))(Va(u)—w)dxdt > 0.
0 QO

Using the Minty-Browder Theorem implies x(t,x) = d(t, x,u, Va(u)). Thus, we obtain that
the function u satisfies the equation (2.3.3). O

Theorem 2.3.7 (Uniqueness). Let Assumption 2.3.1, p =2,
|d(t/ nglrgl) - d(t/ x/§2/g2)’ S C(|a(§1) - a(§2)| + |.§1 - g2|)/ and

f(tx,81) = f(t,x,82)| < Cla(E1) —a(32)]
fort € (0,T), x € O, 8,5 € R, {,0 € RN be satisfied. Then there exists at most one weak
solution of the problem (2.3.1).
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Proof. Suppose, there are two solutions u!, u> € L?(Qr). Then they satisfy

_ /((b(ul) — b)) o+ V(a(u') — a(u?) Vo, ) dxdt

Qr
+/(d(t,x,u1,Va(u1)) —d(t,x,u*,Va(u?))) Vodxdt = /(f(t,x,ul) — f(t,x,u?)) vdxdt,
Qr Qr

using b(u}) = b(u3) and Va(ul) = Va(u3). Since 9:(b(u') — Aa(u')) € L*(0,T, H1(Q))),
we can assume b(u') — Aa(u') € C(0, T; H"1(Q))). Due to a(u') € L?(0, T; H}(Q))) we obtain
at first Aa(u') € L?(0,T,H"}(Q)) and thereby b(u') € L?(0,T; H"}(Q)). We choose for
s<T .

J(a(u! (1)) —a(u?(7)))dr, t<s,
Us(t) = t

0, otherwise

and integrate by parts. Notice that vs(s) = 0. Then we obtain

S

/(b(ul) —b(u?),a(u’) —a(u?)) dt + // (Va(ul) — Va(u?)|? dx dt
00

S

0
S
g50//|W(u1)—W(uZ)\dedt+21//|ws(t)|2dxdt.
0
0 QO Q

0

The last integral satisfies the following estimate

//|Vvs(t)|2dxdt
0 O

IN

CQO//([Wa(ul(x,T))—Va(uz(x,T))|2dxdet

s t
= CZO/O/!\Va(ul(x,r))—Va(uz(x,r))lzdxdrdt.

Using the monotonicity of the functions b and a, and Gronwall’s lemma in the last inequality

yields
S
//\Va(ul) — Va(u?)|?dxdt = 0
00

and, since the function 4 is strictly monotone increasing, u! = u? almost everywhere in Qr.
d

Remark 2.3.8. We considered the Dirichlet boundary conditions. The results remain valid

for other boundary conditions, that allow the use of a Poincaré inequality.
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2.4 Pseudoparabolic Equations with Convection

In this section, a better approximative solution of diffusion with convection is obtained by
using discretization along characteristics. Such a convective term arises in the two-phase

flow model described earlier. It is due to gravitational force.

In Qr = (0, T) x Q) consider the initial boundary value problem

ot — V- (a(x)0:Vu) +c(t, x,u)Vu —V - (d(t,x,u)Vu) = f(t,x,u),
u(0,x) = up(x) xeQ, (2.4.1)
u(t,x) =0, (t,x) € (0,T) x 9Q).

The existence of a solution will be ensured by the following assumptions.

Assumption 2.4.1.

(A1) The matrix field a € L®(Q)V*N is symmetric and elliptic, i.e. for some a9 and a°,
0 < ag < a’ < oo, asatisfies ag|§|* < a(x)T < a°|g|* fora.a. x € Q and for § € RY.
(A2) The functionc: (0,T) x Q x R — RY is continuous and bounded |c(t, x,z)| < * < .
(A3) The matrix field d : (0, T) x Q x R — RN*N is continuous, elliptic, i.e. there exists
some dy > 0, such that d satisfies d(t,x,z)§§ > do|§ \2 for § € RN, and bounded,
i.e. for some d° < oo, |d(t,x,z)| < d° for almost all (+,x) € Qr and z € R.
(A4) The function f : (0,T) x  x R — R is continuous and sublinear, i.e.
|f(t,x,z)] < C(1+ |z|) for almost all (t,x) € Qr and for z € R.
(A5) The initial condition 1 is in H} (Q).

The notion of a solution of the problem (2.4.1) will be given now.

Definition 2.4.2. A function u : Q7 — R is called a weak solution of (2.4.1) if

1) wueHY(0,T;H(Q)),
2)  u satisfies the initial condition, i.e. u(t) — ug in Hj(Q) as t — 0,
3)  u satisfies the equality
/utvdxdt+ /a(x) Vuy Vvdxdt+/c(t,x,u) Vuvdxdt
Qr Qr Qr
+/d(t,x,u)Vu Vodxdt = /f(t,x,u)vdxdt (2.4.2)

Qr Qr
for all test functions v € L2(0, T; H3(QY)).

The main theorem of this section contains the existence of such a solution.

Theorem 2.4.3. Under Assumption 2.4.1 there exists a weak solution of the problem (2.4.1).
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The equation (2.4.1) is of the form

osu+v-Vu—A(u) = f(t,x,u) in Qr,
u=20 on (0,T)x0Q),
u(0,x) = ug in Q,

where v(t, x) = c(t, x,u(t, x)). Due to the characteristic method, we obtain the equation
oru(t, X(t,s,x)) — A(u) = f(t,x,u),
where X satisfies
i X(t,s,x) =v(t,X(t,s,x)), X(s,s,x)=x.

The basic structure of the in time discretized equation reads

W0y~ ),

where ¢'(x) = x — ho(t;, x) is an approximation of X(t;_1,t;,x) for h = T/n, t; = ih,

i=0,...,n. To make this idea work there are some subtleties to be considered.

It is substantial that the characteristics X do not intersect; otherwise, neither the backward

transport X (t;_1,t;, x) nor ¢'(x) can be shown to exist. Provided
[[Vo(t)||1=) < ¢ forall te(0,T),

and therefore det(qbi(x)) > 1—hc > 0, the backward transport exists. However, this estimate
may not be satisfied. To circumvent this problem, we consider for T = h*, 0 < w < 1, the
smoothed version of v;(x) := v(t;, x) by v] := w¢ * v;, where w,(x) = %Nwl(%)'

|x|

2

f <1,

wl(x) _ K exp(|x‘2,1) or |x| — and /w]_(x)dx — 1
0 otherwise,

RN

This concept will guarantee that || Vo] |1~ ) will be uniformly bounded ini = 1,...,n for

each fixed 7. Choose
Q, = {x € RN, dist(x, Q) < h|[0v]|1=(qy)}-

Then Q = Nj,~oY. Fix some h* > 0 and Q* = Q.. Let Q); = ¢'(Q)). The boundedness of v
yields Q); C ), C O for h < h*. Since h* > 0, there exists an extension ;1 of u;_1 from ()
to )", satisfying |[#;1|| 1 () < cl[#i-1]|p1 () uniformly in u. The function #; 1 from H{(Q)
can be extended by zero to a function #;_1 € H}(Q*) and ||i;_]| ’HS(Q*) < ||ui-1| \Hé(m. This
construction allows us to assume that 7;_; is defined on all ;. Especially, #;_; o ¢' is well
defined.
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We approximate the differential equation (2.4.1) by the time discretization, h = T/n,

ti=1h,i=0,...,n,and obtain

%(ui —fli10¢') = V- (a(x)%V(ui —ui1)) — V- (d(t;, x,ui_1) Vi) = f(t,x,ui_1),
ui(x) =0 on 0}, (2.4.3)

where ¢'(x) := x — ho¥(x) and v;(x) = c(t;, x, u;_1). It is equivalent to
1 1 1. 1
V. ((a(x)ﬁ n d(ti,x,ui_l))Vui> + - i1 09! = 2V - (a(x)Vity_1)

The existence and uniqueness of the solution u; of elliptic problems (2.4.3) follows from
Lax-Milgram Theorem, (Evans 1998).

U = f(ti/ X, ui—l) +

In the proof of the a priori estimates we use the following lemma.

Lemma 2.4.4. (Kacur 2001) There exists hy > 0, such that (,bi is one to one and

1 . .
Slr—yl = 19'x) —¢'y)l < 2x—yl, forallx,y €O
uniformlyinn,i=1,...,n,and h < hy.

Proof. Due to ||v;||;~() < C < oo, we have

|07 |y < C

and
VUi ||y < C/T.

Since T = h* and 0 < w < 1, we obtain for 471

(1=h"“C)x—y| < [¢'(x) =¢'(y)| < A +1"9C)|x —yl.

O
Now we prove a priori estimates for u;.
Lemma 2.4.5. The estimates
max /(uj|2 +Vu)dx <
1<j<n
n
Y o h / |Vu|?dx < C (2.4.4)
i=1

hold uniformly in n.

Proof. Testing the equation (2.4.3) with u; and summing over i yield

i — Ui uldx—i—z /ul 1— U 1o4> uldx—kz / uj —uj_1) Vu;dx

N\»—\

([
j
+Z/d ti, X, Ui_q VuIVulde/f ti, X, ui_1) u;dx.
o)

i=1
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Due to Assumption 2.4.1, Abel’s summation formula, and multiplication with &, we obtain

j
/\ujlzdx—l—ao/Wujlzdx—kdo Zh/\Vuilzdx (2.4.5)
Q o) =19

j | j
< /\uo\zdx—i—ao/]Vuo\zdx—l—Z/(uz-_l—ﬁi_lo¢l)ui]dx+clzh/uilzdx—i—cz.
Q Q =g =g

To estimate the third integral on the right hand side we use the equality

1
Ui — ;10 (pi = /Vﬁi_l(x + s((pi(x) — x))ds v} (x)h.
0

Integration over () and boundedness of v} yields

1
Sl —iiaogiPax < ¢ [ [1Viaters@io - x)P dxdsi?,
0 Q

Q

Changing to the new variable y = x +5(¢'(x) — x), using y € Q; C Q* and the monotonicity
of the integral, and applying the estimate |det D¢(x)| > ZLN yields

1
/]uilﬁilo¢i]2dx < Chz//|Vﬁi1(y)|2dyds.

Q 0 O

From the boundedness of the extension operator it follows that
i1 — i1 0 ¢'|lr20) < ChlIViTialliziq) < CLhl|Vuilliz -

Using this estimate in the estimates in (2.4.5) yields

j | j j
Z/\(ui_l—ﬁi_loqf)ui\dx < clzh/]Vui|2dx+cz2h/]ui|2dx.
i=1 i=1
@) O

i=1 0

Then we obtain the inequality

1

j j
/]uj|2dx+a0/Vuj|2dx+do Zh/|Vui|2dx < 3+ h/(]ui|2+|Vui|2) dx.
Q Q =g =1

Due to the discrete Gronwall lemma we obtain the estimates (2.4.4). O
Lemma 2.4.6. The estimate

1

h/(\ahui12+|ahvm\2) ix < C (2.4.6)
=1
Q

holds uniformly in n, where dyu; 1= “—"=1,
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Proof. We test the equation (2.4.3) with u; — u;_1, sum up over i, and obtain the equality

j
Zh/“’“”o‘l’ahul dx+2h/ %) Voyu; Voyu; dx

= Q
j
+Zh/d(ti, X, ui_1) Vu; Voyu;dx = Zh/f(ti,x, Ui_1) Opu; dx.
i=1 i=1
QO Q

By Assumption 2.4.1 we have the inequality

Zh/\&hullzdx—i—aOZh/Wahul|z x < clézh/\vahu 2dx+ 2 Zh/wyzdx

Ui —di_q10¢ ‘ dx

C C
+C35zh/|8hui|2dx+;zh/f(ti,x,ui_lﬂzdx—i—;zh/
i=1 a i=1 A i=1 0

Similarly to Lemma 2.4.5 we obtain

1
le‘_1< )_”1 1O¢ 1(x +s( ( ) — x))dSZ)-T
A

and

U1 —ti_10¢' H

o < Cl|Viiallziasy < ClIVuiallrzq)

Then we have the inequality
Yok [+ Yo [ Voax < Yk [P G L [ 1Vua
e =g =1 5 i=1 )

Due to the estimates in Lemma 2.4.5, this inequality implies the estimate for the discrete
time derivative dju;. O
Proof of Theorem 2.4.3. By using the a priori estimates for u; and dj,u; we will show the
convergence of an appropriate subsequence of the approximate solutions to a solution of
the original problem (2.4.1).

Therefor, we define the Rothe functions piecewise for t € (t;_1,t;] and for x € Q) by

wu(ty, x) — uti1, %)
h

u'(t,x) = u(ti1,x)+(t—ti1)
and the step functions by
a"(t,x) = u(t,x),
where the initial conditions are u#"(0,x) = up(x) and #"(0,x) = up(x). From (2.4.4) and

(2.4.6) we have the estimates

sup (\a”|2+\w"|2> dx < C, /]Vﬂ”\zdxdt <C, (2.4.7)
OgthQ Or

/(|ahun|2+ Vo) dxdt < C, /(|u” P [V V) dedt <
Qr Qr
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These estimates imply the existence of subsequences of {u"} and of {ii"}, resp., again de-
noted by {u"} and {#1"}, resp., such that

" —u weakly — * in L*(0, T; H}(Q))),
" —u  weakly in L2(0, T; H) (Q)), (2.4.8)
opu" — ou weakly in L?(0, T; H} (Q0)),

where J,u" (t) := W and u"(t —h) = ug for t € [0,h]. Using the Compactness
Aubin-Lions Lemma, see (Lions 1969) or (Showalter 1996), implies #" — u strongly in
L?(Qr). Due to (Evans 1998, Theorem 5.9.2) and u € H(0,T; H{(Q))), we obtain
u € C([0, T}; H(Q)) and u(0) = ug.

Testing the discrete equation (2.4.3) with v € L?(0, T; H} (Q)) yields

/E)hu”vdxdt—i-/ahVu” Vvdxdt+/dn(t,x,ﬂZ)Vu'” Vodxdt
Qr Qr

Qr
+ / %(ﬁ,’j — i, o " vdxdt = /fn(t, x, i) vdxdt, (2.4.9)
Qr Qr

where ¢"(t,x) = x —hwe xcu(t, x, 1), #@;(t,x) = a"(t —h,x), cu(t,x,z) = c(tx,z),
dn(t,x,z) =d(t;,x,z) fort € (t;_1,t;],fori =1,...,n,and ¢,(0,x,z) = c(0,x,2), d,(0,x,2z) =
d(0, x, z). The strong convergence of " and the last estimate in (2.4.7) imply #; — u strongly
in L?(Qr) and ! — u a. e. in Qr. The continuity of d(t,x,z) in t and z and the convergence
of ify a.e.in Qr imply d,,(t, x, ;) — d(t,x,u) a.e.in Q7. The boundedness of d, (t, x, #1};) and
d(t, x,u), and the Egorov Theorem, (Alt 2002), imply the uniform convergence of d,; (¢, x, i1}, )
tod(t,x,u) a.e. in Qr. Due to #" — u weakly in L%(0,T; Hé(Q)), we obtain

/ dy(t, x, 1)) Vii" Vodx dt — / d(t,x,u) VuVodxdt.

Qr Qr
The convergence of f,(t, x, i) — f(t,x,u) a.e. in Qr follows from the continuity of f and
the a.e. convergence of i} in Q7. Due to the sublinearity of f and the Dominated Conver-
gence Theorem, (Evans 1998), we obtain f,(t, x, @) — f(t,x,u) in L?(Qr). The continuity
of ¢ implies c,(t,x,i);) — c(t,x,u) a. e. in Qr. From the boundedness of c,(t, x, i}}) and
c(t,x,u) in L*(Qr) and the Egorov Theorem follows c, (¢, x, i1j;) — c(t, x, u) uniformly a. e.
in Qr.

Now we have to prove
/;(ﬂﬂ—ﬁZow)vdxdt — /c(t,x,u)Vuvdxdt
Qr Qr

for n — oo, where h = L. The equality

1
/;(QZ—ﬁZoq)n)vdxdt = //VﬁZ(x—{—s((p”(t,x)—x))dsz*cn(t,x,ﬁZ)vdxdt
Qr Qr 0
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holds. Since c,(t, x,};) — c(t, x,u) a. e. in Qr, we have wy x ¢, (t, x, 1)) — c(t,x,u) a. e. in
Qr as n — oo. The assumed boundedness of ¢ yields

||we * cn(t, x, )| |Lo(0p) <

We need to show that Vz, — Vu weakly in LZ(QT), where

Vzu(t, x) = /VﬁZ(t,x+s(¢”(t,x}—x))ds.

Due to
/|Vzn|2dxdt < Cy,

there exists x € L?(Qr), such that Vz, — x weakly in L?(Qr). Now we show z, — u in
L?(Qr). Integrating the difference

Za(t,x) — @ (Hx) = (ﬁ;j(t,x +s(¢"(x) — x)) — a;;(t,x)) ds

O\H O\H

1
/V (t,x+sr(¢p"(t,x) —x))dsdr we xcy(t,x, ;) h
0

over Qr and using the boundedness of ¢, imply

1 1
/|zn(t,x)—az(t,x)|2dxdt < cOhZ///|vﬁZ(t,x+sr(<p"(t,x)—x))|2dxdtdsdr.
Qr 0 0 Qr

From the boundedness of the extension operator and the a priori estimates for i}, it follows
that
IV ity | r2(0,myx0r) < CallVith|lr2(gp) < Cs.

Then we have

T
//]zntx "(t,x)[*dxdt < CH%.
0 0

Due to the fact that i, — u in L%(Qr), we obtain z, — u in L?(Qr). Then, Vz, — x weakly
in L2(Qr) implies that x = Vu. Passing in the equation (2.4.9) to the limit as n — oo, it
follows that the function u is a solution of the problem (2.4.1). 0

Theorem 2.4.7 (Uniqueness).
Let Assumption 2.4.1 be satisfied, where d depends only on time and space. Let N < 4 and

|f(t,x,zl) —f(t,x,zz)\ < C\z1 —zz\, |c(t,x,zl) — c(t,x,zz)] < C|z1 —22]

for zb 22 e R, (t,x) € Q. Then there exists at most one weak solution of (2.4.1).
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Proof. Suppose 11 and u; solve the problem (2.4.1). Then the difference u = u; — u; satisfies
the equality

/utvdxdt—i—/a(x) Vi, Vvdxdt—i—/(c(t,x,ul)Vul —c(t,x,u2)Vup) vdx dt
Qr Q: Qr

+/d(t,x) VuVodxdt = /(f(t,x,ul) —f(t,x,uz)) vdx dt. (2.4.10)
Qr Qr

We choose the test function v = u. The third integral in the last equality is estimated by

/(c(t, x,u1)Vuy — c(t, x, up) Vip) udx dt

Qr
= /c(t,x,ul)Vuudxdt—l—/(c(t,x,ul)—c(t,x,uz))Vuzudxdt
Qr Qr
1 1
< c1/lu]2dxdt+cz/Vu]zdxdt+C3(/|u\4dxdt)2(/|Vu2|2dxdt>2.
Qr Qr Qr Qr

Sobolev’s embedding theorem yields

1

</!u!4dxdt)2 < c4/\u\2dxdt—|—C5/\Vu\zdxdt,

Qe Qe Qe

since u € L®(0, T; H{(Q))) and N < 4. Applying these estimates, ellipticity of a and d, and
Lipschitz continuity of f to equation (2.4.10) implies

/(yu(r)ﬁ +[Vu(n)P) dx < C/(|u|2 +[Vul?) dxat.
Q Qr
Due to Gronwall’s Lemma, we obtain
/(|u(1’)]2 +[Vu(r)?) dx <0
Q

and u; = up almost everywhere in Qr. O

Remark 2.4.8. In this section the zero Dirichlet boundary conditions were considered. This

restriction is not essential and the results can be obtain also for other boundary conditions.






3

Quasilinear Equations and
Variational Inequalities
in Unbounded Time Intervals

In this chapter the question of existence and uniqueness of solutions of quasilinear pseu-
doparabolic equations and variational inequalities without initial conditions is studied. In
section 3.1 a pseudoparabolic equation with a monotone, bounded, hemicontinuous oper-
ator is solved. Such equations are used in the second section to approximate the solution of
a variational inequality. The monotone operator is used as a penalty operator. The unique-
ness will be proved using the strong monotonicity of the operators and Pankov’s Lemma,

see Lemma A.2.2 in the appendix.

3.1 Quasilinear Equations in Unbounded Time Intervals

Here we consider a boundary value problem in the time interval (—oo, T). Quasilinear pseu-
doparabolic equations model the fluid flow in fissured porous media with nonlinear diffu-
sion. The model of Barenblatt, introduced in the Chapter 1, is based upon a linear diffusion.
The existence and uniqueness of a solution in the whole time interval (—oo, T) is interest-
ing, since such a solution represents the evolution far-off of initial perturbations. We prove
the uniqueness of the solution of the nonlinear equation stated below without posing addi-
tional assumptions on the behavior of a solution at —cc. In the linear case it is well known

that extra assumptions at —co are needed, (Lavrenyuk and Ptashnik 1998).

Consider a space V that satisfies HS’F(Q) C V c HY(Q) for some p € (2,+00), is com-
pactly and continuously embedded in L?(Q)), and is densely and continuously embedded
into a closed subspace Vo C H}(Q)). In Q7 = (—o0, T) x () the equation

ur— V- (a(x)Vuy) =V -d(t,x, Vu) + g(t,x,u) + B(u) = f(t,x) (3.1.1)

is considered, where B : V. — V* is a monotone, bounded, and hemicontinuous operator
that satisfies B(0) = 0. The norm in V is the norm of H*(Q)) and the norm in V; is the norm
of H'(Q).

Here we assume the uniform ellipticity of pseudoparabolic and elliptic parts and the strong

monotonicity and polynomial growth in § and in z of the nonlinear functions d(t, x, §) and

g(t, x,z).
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Assumption 3.1.1.

(A1) The matrix field a € L®(Q)N*VN, considered as a linear mapping on L®(Q)V, is

symmetric and elliptic, i.e. for some 0 < ag < a° < o0, ag|Z|> < a(x)TE < a%|E)?
for £ € RN and for almost all x € Q).

(A2) The diffusivity d : (0,T) x Q x RN — RY is measurable in x, continuous in t and &,
elliptic, i.e. for some dy >0, d(t,x,§)§ > do|§|? for § € RY, strongly monotone, i.e.
for some dy >0, (d(t,x,§1) —d(t,x,%)) (&1 — &) > d1|& — &P for &, % € RY, and
satisfies the growth assumption, i.e. for some d° < oo, |d(t,x,&)| < d°(1+ |EP71).

(A3) The function g : (0, T) x () x R — R is measurable in x, continuous in t and z,
elliptic, i.e. for some g9 > 0, g(t,x,z)z > go|z|?, strongly monotone, i.e. for some
g1 >0, (g(t,x,2z1) —g(t,x,22))(z1 — 22) = g1|z1 — 22|P for z1,2z2 € R, and satisfies
the growth assumption, i.e. for some ¢ < oo, |g(t,x,z)| < g°(1+ |z|P71).

(A4) The external force f € C((—oco, T]; L*(Q)).

Now we define our notion of a weak solution.

Definition 3.1.2. A function u : Qr — R is called a weak solution of the equation (3.1.1) if

1) ueC((—oo, T|; Vo) N LY, ((—o0, T}; V) and

t ty
2) —//(uwt—l—u(x) Vu th) dxdt+//<d(t,x,Vu) Vw—i—g(t,x,u)w) dx dt
t1 Q e

) 1)

+/<B(u),w> dt+/(uw+a(x) Vqu) dx tz://f(t,x)wdxdt (3.1.2)

t Q t1 Q

forallw € L} ((—oo,T]; V), such that w; € L2 ((—o0, T]; Vy) and w € C((—o0, T]; Vp), and
for all t; and t,, such that —co < 1 < t, < T.

Remark 3.1.3. In the definition of the weak solution no information concerning the time
derivative was assumed. In this class existence and uniqueness will be shown without pos-
ing assumptions at —co. However, in a different class, which consists of functions of at most
exponential growth, existence and uniqueness can be shown also, (Lavrenyuk and Ptash-
nyk 1999).

Theorem 3.1.4 (Uniqueness). Let Assumption 3.1.1 be satisfied. Then there exists at most one
weak solution of the equation (3.1.1).
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Proof. Suppose u! and u? are two solutions of equation (3.1.1). Then the function

u = ul — u? satisfies

/ [—u wy — a(x)Vu Vws + (d(t, x, Vul) —d(t, x, Vu?)) Vw + (g(t, x, u') — g(t, x, u?)) w| dx dt
Qty.ty
)
+/<B(ul) — B(u?),w) dt—i—/[uw—kb(x)Vu Vw} dx
t Q

5]
, =0 (3.1.3)

1

for every functionw € Lfoc((—oo, T];V),such thatw; € leoc((—oo, T; Vo), w € C((—o0, T|; V),
and for all 1 and t, such that —co < t; < t, < T. Because of the lack of regularity in the
time variable, the function u cannot be chosen as a test function in the equality (3.1.3).

Hence, a function of the form

w = <<'Ym”) * Pk * Pk)'Ym
for k > 2m is used. Here 7,, are continuous, piecewise linear cut-off functions on (—oo, T],
given by
1 forti+2<t<t—2,
m(t—t)—1 forth+ L <t<t+2,
m(ty—t)—1 forth—2<t<th-—1
0 fort<t1+%andt>t2—%.

'Ym(t) =

The sequence {px} C D(R) satisfies px(t) = pr(—t), | px(t)dt =1, supppx € [—%, %], and

can be constructed in the form py = £ p1(kx), where p; (x) = Cexp(— 15';‘2 ). The function u

is extended by zero on Qr . The function w is smooth in time and belongs to the space V.
By using the properties of convolution, we modify the first integral in (3.1.3) and obtain
L = — / u wi +a(x)Vu Vwy| dx dt
Qt by

= / :M(('Ymu)*Pk*Pk)‘f—a(x)Vu((’ymVu)*pk*pk)} o, dx dt
Ot 1y

= [ [ o) i 101+ ()T (3 0) 1+ 1] i
Qi bty

The second integral on the right hand side vanishes because of

= [ [ ) 101+ 8) T (V) )| vl
Qt .ty

= [ [ (o) 101+ () (0 V0) 5 (1 F10) % 1] el
Qt.ty

= % /U(M’Ym) *Pk!Z +a(x)(ymVu) * pg (YymVu) *Pk] dx

Q

)
p— O,
fy
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since v, (f) = 0att = #; and t = t,. So we obtain

L = / [M’)/:n (vmu) * Ok * Pk + a(x)Vu'y;n (’)/mVu) * Ok * Pk dx dt
Q. tp
- / TVl i () Vi V| dxdt
Qb

as k — oo. Furthermore, the regularity u € C((—oo, T|; V) implies

oo [ [P+ ) Tua) Vu)] dx - 5 [ [lut)P+ a0 Vuth) Vuth)| ax

Q Q
as m — oo. Passing to the limits in (3.1.3) with the function w, at first as k — oo, and

afterwards as m — oo, yields

/[|u|2 +a(x)Vu w

// (t,x, Vul) —d(t,x, Vu?)) Vudx dt

t

// (t,x,ut) —g(t, x,uz))udxdt+/<8(u1) — B(u?),u)dt = 0. (3.1.4)

f

The assumptions on d and g and the monotonicity of B give the estimates for the integrals
in (3.1.4)

L = / [(d(t, x, Vul) —d(t,x, Vu?)) Vu + (g(t, x,u') — g(t, x,u?)) u| dx dt
Qtyty
> / (d1|u\” —|—g1|Vu|’”> dxdt,
Qtyty
t
I = /(B(ul) — Bu?),ut —u?)ydt > 0.

ty
For p > 2 we have the estimate

/(yu(t)yu |Vu(t)|”) dx > cl(/[|u(t)|2+a(x)w(t) w(t)} dx)p/z,

Q Q
where c¢; depends on p, 1, and a0,

Due to the estimates of I, Iz and the last inequality, the equality (3.1.4) implies

5]
/ yP(t)dt < 0
ty

1)
y3(t)
for all 1, < 19, where

/ ()2 4 a(x)Vu(t) Vu(t)} dx.
0
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Using Pankov’s Lemma A.2.2, it follows from the last inequality that y(t) = 0 for all
t € (—oo, 7). Therefore, u = 0 almost everywhere in Q. To show u = 0 almost every-
where in Q, 1, we consider the equation (3.1.4) for ty = pand t, = 7,70 < 7 < T, and
obtain the inequality

/(]u(r)\z—i— Vu(o)) dx < 0.

Q
Thus, u = 0 almost everywhere in Q, r and the theorem is proved. O
Remark 3.1.5. As it can be seen from the proof, the weak solution of the equation (3.1.1)

satisfies the equality

)

/(|u|2+a(x)VuVu) dx :+/20/<d(t,x,Vu) Vu+g(t,x,u) u) dxdt+/<B(u),u) dt

Q t1 51

t
://f(t,x)udxdt forall t,tp € (—oo,T).
O

Now we will prove the existence of the solution in two steps. At first we show the existence
of a solution in any bounded time interval of the form (ty, T) with zero initial condition.
Secondly, we choose T — k as lower bounds ¢y and obtain a sequence of solutions, which is
shown to converge to a solution of the original problem.

Theorem 3.1.6 (Existence). Let Assumption 3.1.1 be satisfied. Then there exists a weak solution u
of the equation (3.1.1) that satisfies the estimates

/(|u(t)|2+ Vu(h]?) dx

0
/<|u|p+|Vu|p) dxdt < C, Te€(—00o,T], (3.1.5)
Q‘(,T

IN

C, te]r,T],

where C depends on T.

Now we formulate the problem with an initial condition. In Q) x (¢o, T), ty € (—oo, T) the
equation

ur — V- (a(x)Vuy) =V -d(t,x, Vu) + g(t,x,u) + B(u) = fi,(t,x) (3.1.6)
with the initial condition

u(to) =0, (3.1.7)

where
f(t/x)/ lf (x/ t) € Qfo,T/
0, if (x, t) € Qto ,

is considered. Similarly to the solution in an unbounded interval, we define the solution in

ffo(t/x) = {

a bounded domain.
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Definition 3.1.7. A function u : Qr — R is called a weak solution of the problem (3.1.6),
(3.1.7) if
1) uc C([to, T]; VO) N Lp(to, T; V),

2) u satisfies the initial condition (3.1.7), i.e. u(t) — 0in Vy for t — ¢y, and

T
3) —//(uvt+a(x)Vu Vvt> dxdt+/(u(T)v(T)+a(x)Vu(T) VU(T)) dx (3.1.8)

T T

ty O Q
T T

+//d(t,x,Vu) Vvdxdt+//g(t,x,u)vdxdt+/<8(u),v> dt://fto(t,x)vdxdt
th Q to Q Q

to to
for all functions v € LP(t, T; V), such that v; € L?(t, T; Vo) and v € C([to, T]; Vo).

Remark 3.1.8. Because of the choice of the test functions, (3.1.8) holds true if and only if it
holds true on any subinterval [t1, 2] C [to, T].

We have the following existence result.

Theorem 3.1.9. Under Assumption 3.1.1, there exists a weak solution of the problem (3.1.6),
(3.1.7).

The existence of the solution is proved using Galerkin’s method. Let {¢*}%° | be a basis of

V. We are looking for a function u™ of the form
m
u(t,x) =Y zZ'(He*(x), 1=12,.., (3.1.9)
k=1
such that u™ solves the Cauchy problem

/(u}” (pk +a(x)Vu}' Vq)k +d(t,x, Vu™) V(pk +g(t, x,u™) q)k> dx + (B(u'™), (pk>
Q

= /fto(t,x) q)k dx, for k=1,...,m, (3.1.10)
o)
u™(to) = 0. (3.1.11)

By Peano’s theorem, see (Amann 1995), there exists a continuously differentiable local so-
lution of the problem (3.1.10), (3.1.11) in the time interval [to, tp + ¢, for some ¢ > 0. Due to

the a priori estimate (3.1.13) this solution can be extended to the whole interval [t, T].

Lemma 3.1.10. The a priori estimates

/(|um(T)|2—|—|Vum(T)|2>dx < C, teltT, (3.1.12)
@)

/(\um\u\wmv’)dxdt < c, (31.13)
Qo7

hold uniformly with respect to m.
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Proof. We multiply the equation (3.1.10) for k =1, ..., m by the corresponding function z;,
sum up over k from 1 to m, and integrate over [ty, T] C [to, T]. Hereby, we obtain

/ [u:” u" +a(x)Vul Vu™ +d(t, x, Vu™) Vu™ + g(t, x, u™) u™ | dx dt

Qto/r
T

+/<B(um),um)dt: /fto(t,x) u™dxdt. (3.1.14)
fo Qto,‘r

Now we estimate all terms in the last equality separately. Assumption 3.1.1 yields

L = / [u’t” u™ +a(x)Vuj' Vum} dxdt > ;/[|um(r)|2+a0wum(ﬂf)|z} dx,

Qtor Q

L = / [d(t,x,Vu’”) vu™ —l—g(t,x,um)um} dxdt > / [do\Vum\p +g0|um\p] dxdt,
Qiore Qigr

I = / firo(t, x)u™ dxdt < %50 / |um|2dxdt+220 / | fio (£, %) |* dx dt .
Qo Qiore Qo

Finally, the monotonicity of the operator B, the estimates of the integrals I, I, and I3, and

Gronwall’s lemma, imply the inequality

/(|um(r)\2+|wm(r)\2) dx + / (1" + [V P) dxdt < C.
Q Qoo
Hence, the estimates hold. O

Lemma 3.1.11. The inequality

/(W(t £8,3) (6, 0) P+ [ 46,3) — Vi (4, ) ) dx < Co (3.1.15)
@)

holds uniformly with respect to m.

Proof. The monotonicity of d, ¢ and B, the estimate (3.1.12), and the continuity of the func-

tion f in time yield

/ (1" (@) +a(x) Va(x) Vu() ) dx < C(x ~to), (3.1.16)
(@]

where C is independent of m. Analogously to (3.1.14) we obtain for § > 0 the equation

/ [u’t”(t) u™(t+90) + a(x)Vul'(t) Vu™ (t + 5)} dxdt + / d(t,x, Vu™(t)) Vu™ (t + 6) dx dt +
Qtyr Qg

T

/ gt x, u™ () u™(t+ 0)dxdt + /(B(um(t)),um(t +9))dt = / fro (£, x) u™ (t + ) dx dt.
Qtor to Qtp
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We subtract (3.1.14) from the last equation and obtain

/ [u;"(t) o™ (t) +a(x)Vui'(t) Vo' (t) + d(t, x, Vu™ (t)) Vo™ (t) + g(t, x, u™ (t)) 0" (t) | dxdt
Qi

+ [ (B"(t)),v"(t))dt = fio (8, x) 0" (t) dx dt, (3.1.17)
! J

where v (t,x) = u™(t + J,x) — u™(t, x). From (3.1.10) we have the equation

/ [ (44 8) 0" (1) + a(x)Va' (¢ +8) Vo' (1) d
Q7

+ / [d(t+(5,x,Vum(t+(5))va(t)+g(t+(5,x,um(t+(5))vm(t) dx dt
Qto,r

+/<B(um(t+(5)),vm(t)>dt: /fto(t+(5,x) o™ (t) dxdt.
to Qoo

We subtract the last equality from (3.1.17), integrate by parts the first two terms, and obtain

1/[|z;m(r)|2+a(x)wm(r) wm(r)] dx = %/[|um(t0+5)|2+a(x)Vum(to+5) wm(t0+5)] dx

20 (@)
- / [(d(t+(5,Vum(t+5)) —d(t, V" (1)) VO (£) + ((t+ 6, u™ (E+8)) — g(t,u™(¢))) vm(t)} dx dt
Qg7

T

~ [ 8~ B @), on @) dt — [ (it +8,5) ~ fiybx) 0" (0) dx

to Qg7

Because of the monotonicity of d, ¢ and B, the estimates (3.1.12), (3.1.16), the continuity
in time of 4, ¢ and f, and Gronwall’s Lemma, the claimed estimate follows from the last
equality. 0
Proof of Theorem 3.1.9. Now, by using the a priori estimates, we will show the convergence
of the approximate solutions to the solution in a bounded domain.
We denote by I : LP(to, T; V) — Li(to, T; V*) the operator given by

T T T
/(F(u),v> dt = //(d(t, X, V) Vot g(t,x,1)0) dxdt+/(8(u),v> dt forv € LP(t, T; V).
to th O to

From the boundedness of the operator B and the estimate (3.1.13) it follows that

T
‘/(F(um),wdt‘ < /(d0(1+VumV’1)\Vv|+g0(1+|um|p1)|v[>dxdt
to

+ [ i)

< Cllollwr 1)

ve||o]|v dt
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where C is independent of m. Therefore,

T @) | zat, v < C.

The estimates (3.1.12), (3.1.13), and (3.1.15), and the boundedness of I' imply the existence

of a subsequence of {u™}, again denoted by {u™}, such that

u™ — u weakly- = in L®(ty, T; Vp),
u™ — u weakly in L (tp, T; V),
u™ —u in C([tO/ T]; Vweak)/

I'(u™) — Z weaklyin LI(ty, T; V*)

as m — oo, where Vyeqx is the space Vj endowed with its weak topology.

We multiply the equations (3.1.10) by Bs € C!([to, T]), sum up over s from 1 to 11y, where

mgy < m is an arbitrary positive integer, integrate over [to, T], for some T € (o, T|, and obtain

T

/ [u} 0™ + a(x)Vuy' Vo] dxdt + /(T(um),vm0> dt = / fio(t,x) 0™ dx dt,
Qtyr to Qoo

m
where v (x,t) = ZO Bs(t)¢°(x). After integrating by parts, passing to the limit m — oo, and
=1

S=
using the fact that the set of all functions of the form ) B, ¢° is dense in each of the spaces
s<00

C([to, T]; Vo), LP(to, T; V), and H'(to, T; Vo), we obtain the equality

/[u(r) o(T) +a(x)Vu(t) Vo(t)] dx — / [uvs +a(x)Vu Vo] dx dt

O Qto/r
T

—|—/(Z,v) dt = /fto(t,x)vdxdt (3.1.18)

to Qto,‘r

for all functions v € LP(ty, T; V), such that v; € L2(tg, T; Vp) and v € C([to, T]; Vo), and for
all T € (t, T).

Now we have to show Z = I'(u). At first we show the strong convergence of u™. Consider

the equation (3.1.10) with the test function u™ — w™, where w™ = (('ynvm) * O * Pk) Yn asin
Theorem 3.1.4 and v — u strongly in LF (to, T; V),

/ [uf" (W™ —w™) + a(x)Vuy" (Vu™ — Vo™)] dx dt + / d(t,x, Vu™) (Vu™ — Vw™) dx dt
Qfo,r QtO,T

T

+ / gt x, u™) (u™ —w™)dx dt + /(B(um),um —w™ydt = / fio(t,x) (u™ —w™) dx dt.
Qto,'r to Qto,-r
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By Fatou’s Lemma, the weak convergence of {1} and the calculation similar to Uniqueness

Theorem 3.1.4, we obtain

liminf [ [u}’ (1" —w™) +a(x)Vu]' (Vu" — Vw™)] dx dt

m—o0
Qtor
1 1
= — liminf (|um|2 + a(x)Vu’”Vum) dx — - /(|u|2 + a(x)VuVu) dx > 0.
2 m—oo 2
o) Q

Then we obtain the inequality

/ [(d(t, x, V™) — d(t, x, Vo) V(u™ — v™) + (g(t, x,u™) — g(t, x,0™)) (1™ — zﬂ”)} dx dt
Qigr

+ /(B(um) — B(o™), u™ — ™) dt

to
T

< - / [d(t,x,wm) V(" — o™ + g(t,x,0") (u" — v'")} dxdt — /<B(vm),um — ™) dt
Qo to

+ / fio(t, x) (u™ — ™) dx dt.
Qlye

Due to the strong monotonicity of d and g, the monotonicity of B, the weak convergence of
u™in LP(ty, T; V'), and the strong convergence of v™ in LP(to, T; V) yields

T

//<|um —u|P + |Vu™ — Vu\”) dxdt < Ce.

ty Q
This implies

u™ — u strongly in LP(to, T; V)

as m — oo. Then, since d and g are continuous, and because of the weak convergence of
I'(u™) to Z, we have Z = T'(u).
From the equation (3.1.18) it follows that u is the solution of (3.1.6). Due to u € C({[to, T], Vo)
and u™(ty) = 0, we obtain u(tg) = 0. 0

Remark 3.1.12. Consider the equation (3.1.18) for T = t, with test functions of the form
v(x,t)va(t), where v € LP(ty, T; V), such that v; € L?(tg, T; Vp), and -, as defined in Theo-
rem 3.1.4. Then we obtain the equality

/ [—u vy —a(x)Vu Vo, +d(t,x, Vu) Vo + g(t,x, u) v} Yo dx dt

+/<B(u),v>'yndt— /[uv—ka(x)Vqu]'y;dxdt = /fto(t,x)v'yndxdt.

b Qb Qtyty
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Passing in the last equality to the limit as n — oo implies

- / [u v +a(x)Vu Vvt} dxdt + / [d(t,x,Vu) Vo+g(t x,u)v| dxdt
Qt.tp Qt.tp

[5)

+/<B(u),v> dt+/[uv+a(x)Vqu} dx tlz / fi,(t,x) vdx dt

t QO Qi 1y

t

for all functions v € LF(tg, T;V), such that v; € L2(ty, T;Vp) and v € C([to, T]; Vo),
and t1, tp € [t(), T}, t < t.

Proof of Theorem 3.1.6. Now we prove the existence of a solution in an unbounded interval.
The key idea of this proof is to use cut-off functions. We choose for positive integer k lower
bounds ty = T — k and obtain a sequence of solutions uk of problem (3.1.6), (3.1.7), which we
extend by zero to all Q7_. To be able to pass to the limit in the nonlinear terms we have to
show the strong convergence of the sequence {u}. It suffices to show that {u*} is a Cauchy
sequence. Due to (3.1.8), for all positive integers k and s, and for all ty > — min{k, s}, the

k,s k

functions u** = u" — u® satisfy the equation

- / [uk's v; 4 a(x)Vus Vvt] dxdt + / (d(t,x, Vuk) — d(t,x, Vu®)) Vi dx dt

Q1 Qo1
T
4 /(g(t,x,uk)—g(t,x,us))uk'sdxdt+/(B(uk)—B(us),uk's)dt (3.1.19)
Qto,1 to
+/[uk'S(T)v(T) +a(x)Vuks(T) w(:r)} dx =0
@)

for v € LP(tg, T; V), such that v; € L?(ty, T; Vp) and v(tg) = 0. Let us choose in (3.1.19) for
n>2m

0 = ((§m u"*) * Pu % 0n) Pm,

where ¢, is a cut-off function in the time variable, such that

0, T-1<t<T,
m(t—t)—1, T*%<f<1'*%,

Ym(t) = t—tg \™0 2
(T7;7t0> ’ tOStST_%/ a0>01
0, t < tp.

The sequence {p,} C D(R) is used for mollification like in the proof of Theorem 3.1.4.
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Using the bounded support of ¢, and

/ uks (uk'stpm) % O % Pt P dx dt

Qe
= /(/ ubS (4, x) P (t) /(/uk's(a,x) Y (0)pn (T — 0) do) ppe (t — T) det> dx
Q - —00 —00
- / aat</ooukls(r’x)lpm(’f)()n(t - T)dT> /Oouk's(Trx) Y (T)pn(t —T)dTdtdx = 0,
Qtyr — —o0

we obtain for one of the terms in equation (3.1.19)

/ WS o dxdt = / uks (uk'sl/)m) * Op * pn;tlpm dx dt

ty,T QTO,T

+ / ulks (uk'sl/)m) * Op * PP dx dt  — / |u5'k|2¢m‘jtlpm dx dt,
Qto,‘r QtO,T

as n — oo. Convergence of the second term involving the time derivative is shown similarly.

Hence, taking limits in equation (3.1.19) yields

T

— / (!uk'slz +a(x)Vus Vuk's) P %lpm dxdt + /(T(uk) —T(u), u*) p2 dt = 0.

Qto,T to

Splitting the integral

/ Duk’s\z +a(x)Vuks Vuk's] lpm%lpm dxdt =

Qt(],T

-2 1

/ /[\uk's\z —i—a(x)Vuk'SVuk'S} gbm%lpm dxdt —m / /[\uk's\z + a(x)Vurs Vuks | ¢, dx dt
th Q T—% Q

and passing to the limit as m — co in each term separately yields
/ [|uk's(‘f) 2+ a(x)Vur (1) Vuk's(r)} (7)) dx — / (]uk'slz + a(x)Vuks Vuk's)i,b;tlp dx dt
(@) Qto,‘r

+/<F(u") —T(u), u*)yp*dt = 0, (3.1.20)

to

where ¢(t) = (£2)% for t € [to, 7).

T—to
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We estimate (3.1.20) term by term. For this, we use the boundedness of a, the strong mono-

tonicity of 4 and g, and the monotonicity of the operator 5.

L = / [uk's uks 4 a(x) Vs Vuk's}gblpl dx dt
Qto,‘r
< /[|u’<r5|2+a0|w'<'5|2}¢¢’dxdt
Qto,‘r
k,s k,s 2 p4 1o _P_
< 4 / (|u AP+ | Vu® \”) Y- dxdt +c1(d1) / Yr2(yp )r2dxdt,
th,'r QTO,T
T
- ky _ s k,s\ 11,2 _ ky s ks 1,2
L = (T(u*) —=T(u®), u™*)p=dt = (d(t,x, Vu*) —d(t,x, Vu®)) Vu'"* p°dx dt
to QtU,T

T

+ /(g(t,x,uk)—g(t,x,us))uk'sgbzdxdt+/<8(uk)—B(us),uk'5>1/]2dt
Qto,‘r to
> C / (do\Vu"'s\P+go|u"'5|P) W2 dx dt.
Qto,r

Due to the estimates of I; and I, and the equation (3.1.20) we obtain

/ (1= (@) + Vb (1)) 92(7) dx + / (lb=]P -+ (b7 ) (1) dcdt
Qo

Q

< s 209+1—-L

< ey Yr2(yp )r2dxdt < c3(T—to) =3
Qigr

for wy > ﬁ . Let t; € (to, T) be an arbitrarily fixed number. Then the last inequality implies

/<|uk'5(t2)|2+|Vuk'5(t2)|2) dx + / (|ukrS|P+|w’<IS|P) dx dt
O Qty.ty
o 2040-5—1—%2 B ) )
<o (tz t()) P ¢ (tz to) X0 __r
(tl _ tO)szO
where c5 is independent of ty and t, € [to, T|. For sufficiently large |ty| the right hand
side of the last inequality is small. Therefore, the sequence {u*} converges uniformly in
C([t1,T]; Vo) and strongly in L (t;, T; V) to a function u for all t; € (—oo, T).

Now we show that the function u is a weak solution of the original problem. Because of

(3.1.8), the function u* satisfies

2

k k ' k k
/[u v+a(x)Vu VZ)} dx T / {u v +a(x)Vu Vvt} dx dt (3.1.21)
Q l Qt.ty

t

+ / [d(t,x,Vuk)Vv+g(t,x,uk)v} dxdt+/<8(uk),v>dt: /fk(t,x)vdxdt

Qny .ty f Qny .ty
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forallv € Lfoc((—oo, T]; V), such thatv; € leoc((—oo, T]; Vo) and v € C((—o0, T|; Vp), and for

all t; and t, that satisfy co < t; < t, < T. The strong convergence of {u} in Llp oc((=00, T]; V)
and the continuity of 4 and g yield

/ (d(t, x, Vik)Vo + g(t, x, uk)v) dxdt — / (d(t, x, Vu)Vo+g(t, x, u)v) dx dt
Q. by Qty 1y

as k — oo. The operator B is monotone, bounded, and hemicontinuous. Therefore, the con-

vergence

as k — oo holds true. Passing to the limit as k — oo in (3.1.21) implies that u satisfies the

equation (3.1.1). The estimates for u follow from the estimates for u™. g
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3.2 Quasilinear Pseudoparabolic Variational Inequalities in
Unbounded Time Intervals

The penalty method and the existence result of the section 3.1 are used to show the existence
of a solution of an inequality. The functions d and g are assumed to be independent of the
time variable. The uniqueness follows from the monotonicity of the operators and from

Pankov’s lemma.

In Q7 = (—o0, T) x Q) we consider the inequality

/ [vt(v —u)+a(x)Vor V(v —u)+d(x,Vu) V(v —u) + g(x,u)(v — u)} dx dt
Q. .ty

- / f(t,x)(v—u)dxdt};/[|v—u|2+a(x)V(v—u)V(v—u)} dx

Qt.tp Q

2]

(3.2.1)

fy

The constraint on u is given by the requirement u € K, where K is chosen to be a closed and

convex subset of V containing 0.

Definition 3.2.1. A function u : Qr — R is called a weak solution of the inequality (3.2.1) if

1) wueC((—oo, T; Vo) NL!

loc

((—o00,T]; V), u(t) € K for almostall t € (—o0, T),
2) u satisfies the inequality for all t; and t,, such that —oco < t; < t, < T, and
((—o0, T); V), such that v; € L? ((—o0, T); Vo),

for all functions v € LY loc

loc

v € C((—oo,T|; Vp), and v(t) € K for almostall t € (—oco, T).

Theorem 3.2.2 (Existence). Let Assumption 3.1.1, d(x,-) € CY(RN), ¢(x,-) € CY(R), and
oif € L2 ((—o0, T); L%(Q))) be satisfied. Then there exists a weak solution of the inequality (3.2.1).

loc

At first we show the existence of a solution in any bounded time interval (to, T) with zero

initial condition. For every t; € (—oo, T) we define the space
Wi, = {v € LP(to, T; V)N C([to, T); Vo), s t. v € L*(to, T; Vo) and v(t) € K fora.a.t € (t, T)}.

Theorem 3.2.3. Let the assumptions of Theorem 3.2.2 be satisfied. Then there exists a function
u € Wy, that satisfies the inequality

/{vt(v—u)—&—a(x)VvtV(v—u)}q)dxdt—&-% / [\v—u\z+a(x)V(v—u)V(U—u)} i(pdxdt

dt
Q. Qi .ty
+ / [d(x,Vu) V(v—u)+g(x,u)(v— u)} pdxdt — / f(t,x)(v—u)pdxdt
Qty by Qb
5]
> %/{|v—u|2 -s-a(x)V(v—u)V(v—u)} @dx ) (3.2.2)
0

for all functions v € Wy, and all t1,t, € [to, T), t < ta, where ¢ € C'((—o0, T]) and ¢(t) > 0 for
all t € (—oo, T|, and initial condition u(ty, x) = 0.
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Here the existence result Theorem 3.1.9 is used. We choose a family of penalty operators of

the form aB with a parameter « > 0 and obtain similarly to (3.1.6)

ur — V- (a(x)Vu) =V -d(x, Vu) + g(x, u) + aB(u) = fi,(t,x).

The definition and the properties of the penalty operator B can be found in Definition A.1.10
of the appendix. To show the convergence of a subsequence of the approximative solutions

given by (3.1.9) to a solution of the inequality (3.2.2) an additional estimate is needed.

Lemma 3.2.4. For the Galerkin approximation u™* in (3.1.9) the estimate

/[|u’tﬂ’“(1')|2+a(x)Vu’t”""(T) Vu"(t)|dx < C, TE€EltT), (3.2.3)
0

holds uniformly with respect to m and «.

Proof. We derive the equation (3.1.10) for k with respect to the time variable ¢, multiply by
the corresponding function zjj;, sum over k from 1 to m, and integrate over [to, 7], to < T < T.

Hereby, we obtain

/ [uf: Cu 4+ a(x) Vu® Vu’t”""} dxdt + / [atd(x, Vu"™*) Vul" + 0pg(x, u™*) u"" | dx dt
Qfo,T th,r

T

+uc/([B(um”‘ Uy / Ot f (£, x) uy™* dx dt. (3.2.4)

to Qto T

Now we estimate all terms in (3.2.4) separately. From the assumptions on the functions 4, d,

and g it follows that
L = / (ufy™ uf™ + a(x) V™ Vui™) dx dt > ;/(|uT’“(T)|2+a0|Vu’t””"(T)|2) dx
QtO,T Q
1
~5 [ (0P + a0y v (t0) Vi 1) d.
o}
L = /8td(x,Vum’“)Vu’t”'“dxdt = /Bgd(x,Vum'“)VuT"" Vu"* dxdt > 0,
QtOT QtoT
Iy = /atg P dxdt = /agg Ay \uf* 12 dx dt > 0.
to,T

Here we used the following calculations. For d(x, -) € C!(RN) and

(d(x,81) —d(x,82))(§1— 82) = d1[§1 = %2/P, p>2

yield
(d(x, &4 s1) —d(x,8)) sy > disP|y|F forall 7 € RN and |s| < ¢
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. (@(x,§ + 1) — d(x, D))

s 7 > dsP2|y|P forall 7 € RN and |s| <&,

respectively. Passing to the limit as s — 0 implies
ded(x,§)nn > 0 forall y € RN, § e RN,

Similarly we obtain
9:g(x, Q) |7|* > 0 forall j € R, T € R.

Due to f; € L ((—oo, T]; L*(Q2)), we have

Iy = /ft(t,x)u;”""dxdtg g / \uT""Fdxdt—l—% / \ft(t,x)lzdxdt.

Qrpr Qo Qo

The monotonicity of the penalty operator implies

T

I5 = /<[B(um'“)]t,u7w>dt > 0.

fo

From the equality (3.1.10) and the initial condition (3.1.11) it follows that

loi= [ (I ()P + ()9 (t0) V(1)) dx = [ Flto,x) i (1) d.
@)

Q

This inequality, due to the assumptions on a, implies

/(]u:”""(to)]z+a(x)VuT'“(t0)Vuf”""(to)>dx < C(ao)/\f(to,x)zdx.
Q

Q
By using the estimates of the integrals Iy, ..., Is in the equality (3.2.4) we obtain the claimed
estimate. 0
Proof of Theorem 3.2.3. Now we prove the existence of a solution of the inequality (3.2.2).
We denote by I : LP(ty, T; V) — Li(to, T; V*) the operator given by

T T
/(F(u),v) dt = //[d(x,Vu) Vo +g(x,u)v|dxdt forv e LP(ty, T; V). (3.2.5)
to ty O
Due to estimate (3.1.13) and the growth assumptions on d and g, we obtain
T
‘/(T(um'“),v) at| < / (400 + Va7 Vol + (1 + [u™ P [o]) dx dt
to Qty,1

Cllollr(ty,7:v)/

IN

where C is independent of m and «. Therefore,

T (™) Lagey, vy < C.
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The estimates (3.1.12), (3.1.13), and (3.2.3), and the boundedness of the operators I' and B
imply the existence of a subsequence of {u""*}, again denoted by {u""*}, such that

m,u o

u — U

m,x o
uy " — Uy
ey

L") — T'(u®)
B(u™*) — B(u®)

weakly—x in L*(to, T; Vo),
weakly—* in L®(to, T; Vp),
weakly in L (ty, T; V),
weakly in L7(to, T; V*),
weakly in L (o, T; V"),

as m — oo. The last two convergences follow from the strong convergence of u™* to u* in
LP(to, T; V), which was proved in Theorem 3.1.9. Due to u® € LP(ty, T; V), uf € L2(to, T; V),

and (Evans 1998, Theorem 5.9.2), we obtain u”*

u™*(ty) = 0, we have u*(ty) = 0.

The function u* satisfies the equation

€ C([to, T]; Vo). Then, because of

/ {uﬁ‘ v+ a(x)Vuf Vo+d(x, Vu®*) Vo + g(x, u") v] dx dt

QtO,T

T

+a/<8(u“),v>dt: /f(t,x)vdxdt

(3.2.6)

tO Qto,l’

for every « € R™, for all functions v € LP(tp, T; V), and all T € [y, T]. Analogously as for

u™* we obtain the estimates for u*

/(|u“(r)|2 FIVe@PR)dx < ¢ telnT,
0
/(|u‘t"(”c)\2 FIVE(OP)dx < € Teln T,
0
/ (I + 1) dxat < C, (32.7)
Qo1
T () Lo, mivey < G,
T
zx/(B(u"‘),u“> it < C
to
Due to the estimates (3.2.7) there exists a subsequence of {u*}, again denoted by {u*}, such
that
ut - u weakly in Hl(to, T; Vo),
u* - u weakly in LP(ty, T; V),
I'(u*) —x weakly in L7(to, T; V*),

weakly in L7(to, T; V*)



3.2 Quasilinear Variational Inequalities in Unbounded Time Intervals 73

as & — oo. For v € LP(ty, T;V), such that v; € L?(ty, T; Vp), the equation (3.2.6) can be

rewritten in the form

T

/ [—u“ vy —a(x)Vu* Vo +d(x, Vu*) Vo + g(x, u®) v} dxdt +ua /(B(u“),v} dt

Qg to
+ / [u“(*r) o(T) +a(x)Vu*(1) VU(T)} dx = / f(t,x)vdxdt. (3.2.8)
Q Qoo

Applying the estimates (3.2.7) to (3.2.6) we obtain

T
C C
e < Sl leleng + S IT6

to

Ol (to,1v)

C
2@y 1ol 2@y )

C
< ;HUHLP(tO,T;V)

for all functions v € LP(ty, T; V). Therefore,

21O

[B(u) [ Lagy, vy <

holds true. Using the monotonicity of B we get

T T

/(B(v),u"‘ o)t < /(B(u"‘),u"‘ o) dt.

to to

T
Together with the estimate [(B(u*),u*)dt < C/a and the convergence of B(u*) — 0in
fo
Li(ty, T; V*) we obtain for & — oo

T

/(B(U),uv>dt < 0.

to

We choose functions v of the form u — Aw for A > 0 and w € LP(ty, T; V). Passing to the
limit as A — 0 and using the hemicontinuity of B imply

T
/(B(u),w) dt <0 forall we LF(t,T;V).
to

Thus, B(u) = 0 and, due to the definition of the penalty operator, u(t) € K for almost all
t e (to, T)
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Now we show that u satisfies the inequality (3.2.2). Due to u® € LP(ty,T;V) and

u* e H! (to, T; Vo), we can choose u* as the test function in the equation (3.2.8) and obtain

/ [d(x,Vu“) Vut + g(x, u®) u“} dxdt+rx/(l3(u“),u"‘) dt

Qtor fo
/ > [ [t

— | f(t,x)u“dxdt+ 5 / [|u"‘(r)| +a(x)Vu®(T) Vu“(r)] dx =0
Qty,r Q

for T € [ty, T]. The integration by parts formula for v € W, implies

/ {vtv +a(x)Vo; VU] dxdt = ;/[10\2 +a(x)Vo VU] dx

th,'r Q

T

to

We add the last two equalities, subtract (3.2.8), and obtain

/ {vt (v—u")+a(x)Vo; V(v —u*)+d(x, Vu") V(v —u*) + g(x,u") (v — u"‘)] dxdt

Qe

+a [ (B(u"),v—u®)dt — f(t,x)(v—u")dxdt
/ J

= % /[v —u*P +a(x)V(—-u*)V(v - u“)} dx :0

Q

Due to the monotonicity of B, the last equality implies
/ {vt (v—u")+a(x)Vo; V(v —u*)+d(x, Vu") V(v —u*) + g(x,u") (v — u"‘)] dxdt

QtO,T
— / flt,x) (v—u")dxdt > % /(|v —u*? +a(x)V(v—u*) V(v — u"‘)) dx

Qto,‘r Q

Since u € Wy, the inequality (3.2.9) also holds for v = u. Then we obtain

T

T

. (3.2.9)

fo

+ /(d(x,Vu)—d(x,Vu"‘))V(u—u“)dxdt

1 /(|u —u* P+ a(x)V(u—u®) V(u— u“)) dx

2 o
Q Qto,r

+ / (gx,u) —g(x,u®)) (u—u*)dxdt < / (ut (u—u“)+a(x)VutV(u—u“)) dx dt
QtO,T QtO,T

+ / (d(x,Vu) Vi(u—u®)+g(x,u)(u-— u"‘)) dxdt — / f(t,x) (u—u*)dxdt.
Qto,‘r Qto,r

Using the ellipticity of 4, the strong monotonicity of d and g, and the weak convergence of
{u*} in LP(to, T; V) in the last inequality, yields

/(|u(1’) —u(T) >+ |Vu(r) - Vu"‘(’r)|2) dx + / (|u —u*lP 4+ |Vu — Vu”‘\”) dxdt < cie
O Qfo,r
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and

o

u* — u uniformlyin C([to, T]; V),

o

u* —u stronglyin  LP(t, T;V),

as o — oo. The strong convergence yields x = I'(u). Also, due to (Evans 1998, Theorem
59.2),u € LP(ty,T; V), and u; € L*(to, T; Vo) we obtain u € C([to, T]; Vo) and u(ty, x) = 0.
Analogously to the inequality (3.2.9), we obtain the inequality

/ [vt (v—u")+a(x)Vo; V(v — u"‘)} pdxdt

Qi by
1 w2 o o i
+5 / [\v—u| +a(x)V(v—u")V(v—u )} dtq)dxdt
Qty by
+ / [d(x,Vu"‘)V(v—u"‘)—i—g(x,u“)(v—u“)—f(t,x) (v—u")| pdxdt
Quy .ty
1 &
> 2/[|v—u”‘|2+a(x)V(v—u"‘)V(v—u"‘)} @dx (3.2.10)
fq
o)

for every v € Wy, and all t1,t, € [to, T], t1 < t2, where ¢ € C!((—o0, T]), such that ¢(t) > 0
for t € (—oo, T]. Passing to the limit as «# — oo in (3.2.10) implies the inequality (3.2.2). 0O

Proof of Theorem 3.2.2. Now we prove the existence of a solution on the whole interval
(—o0, T]. We choose for positive integer k lower bounds ty = T — k and hereby obtain a
sequence of solutions u* of the inequality (3.2.2), due to Theorem 3.2.3, which we extend by
zero to all Q7_j. To show that {uk} converges to a solution of the inequality without initial

condition (3.2.1), the strong convergence of {u} is needed.

Due to (3.2.2), for all positive integers k and /, such that k < I, and for all t; > T — k the

functions u'") for i = 1,2 satisfy the inequalities

/ [vt (v —u®) 4+ a(x)Vo; V(o — u(i))] @(t)dxdt

Qtyin
+% / [|v —u WP 4 a(x)V(o—u) V(o - u(i))] %q)dx dt
Qu
+ / [d(x,Vu(i)) V(o —u®)+ g(x,u?) (v - u(i))} pdxdt — / fi(t,x) (0 —uD) pdx dt
Qty.ty Qiy .ty
> % /[|v —u P +a(x)V(w—u?)yv(io- u(i))} @(t)dx :2 (3.2.11)
s 1

for all functions v € Wr_;, where u(V) = u*, u® =i/, f1(t,x) = fi(t,x), f2(t,x) = fi(t, x),

f(t,x), (t,x) € Qr it
0, (t,x) € Qr_k

fk(t/x> = {
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and ¢ is a cut-off function in the time variable

_ Y < <
q)(t):{ (t—t)", H<t<T, 7>1,

0/ t< tl.

Since K is convex, v = 3 (u* + u') € K for almost all t € (—oo, T]. Choosing this function as

the test function in (3.2.11) and adding the inequalities implies

! / 15 (1) P + a(x) Vit (1) Vi (12) | g(t2) dx

2
Q
+ / {(d(x,Vuk) —d(x, Vu')) Vil + (g(x, uF) — g(x,u')) uk'l] @ dx dt
Qt.ty
< 1 / [\uk’llz + a(x)Vuk'l Vuk'l] igodx dt (3.2.12)
—_— 2 dt 7 oo
Qb

where 1% = u* — u!. Due to the assumption (A1), we obtain

L = / a(x) Vi (1) Vil (1) @(t2) dx > ag / IVt (1) 2 (t2) dx.

Q Q

From the strong monotonicity of d and g follows the estimate

L = / [(d(x,Vuk) —d(x, Vu)) Vil + (g(x, u¥) — g(x,u")) uk"} @dxdt
Qtyiy
> / [V P 4 1P .
Qtyir

The right hand side of (3.2.12) is estimated by

I = / [|uk'l\2+a(x)Vuk'l Vuk'l} ;tq)dxdt
Qt by
= / []uk’l|2 + a(x)Vu! Vuk'l] (p%q)_%%q) dx dt
Qb

ty d )
2 P
s [ [l Vil gaxdt+ca/s [ o720 (o) d
Q. .ty ty

IN

where c; depends on p, (3, and al, Using the estimates of the integrals I, I, and I3, and the

equality
ty »

NG =2 v(p—2) —
[z (Gow) ™ dr - ()

3]
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in (3.2.12) implies

/(!uk"(tz)2+\W""(tz)|2) dx + / (a1 )P + | Vubt|P) dxdr < c(tz_tly(tz—tl)l—ﬁ
to—f
o Qioty

where C is independent of k, I, and ¢, and ¢y is a fixed number, such that t; < tg < t,. We

notice that 1 — % < 0 because of p > 2. For sufficiently large |f;| the right hand side of
the last inequality is small. Therefore, the sequence {u} is a Cauchy sequence in the spaces

C((—o0,T); Vo) and L! ((—o0,T]; V), and there exists a function u, such that

loc
uk — u  uniformly in  C((—o0, T]; Vo),
uk — u  strongly in Lfoc((—oo, T; V)

as k — oo. Due to Theorem 3.2.3, for every integer k, the function u* satisfies the inequality
_ K ok k Lk k ok
/ {vt (v—u")+a(x)Vor V(v —u")+d(x,Vu*) V(v —u") + g(x,u") (v —u )] dx dt
Qb

- / f(t,x) (v—uF)dxdt > ;/[\v — P +a(x)V(o—u*) V(v - uk)} dx
Qb Q

5]

ty

for all functions v € L{ ((—oo, T]; V), such that v; € L% ((—o0,T}; Vp), v € C((—00, T]; Vo),
and v(t) € K for almost all t € (—o0o,T], and ty, t, € (—oo,T], t; < tp. Passing in this
inequality to the limit as k — oo and using the strong convergence we obtain that u is a

solution of the inequality (3.2.1). 0
Theorem 3.2.5 (Uniqueness). Let Assumption 3.1.1 be satisfied. Then there exists at most one

weak solution of the inequality (3.2.1).
Proof. Suppose, 1D and u® are two weak solutions of (3.2.1), 1i.e.

/ [vt (v —u®) +a(x)Vor V(o — uD) +d(x, Vu) V(o — u?) + g(x,u?) (v — u(i))} dx dt
Qi o

- / ftx) (v—u?)ydxdt > ;/[lv—u(i>|2+a(x)V(v—u@)V(v—u(i))} dx
Qtl,T @)

T

(3.2.13)

t

for all functions v € Lfoc((—oo, T]; V), such that v; € leoc((—oo, T W), v € C((—o0, T]; V),
and v(t) € K for almostall t € (—oo, T), and for all t1, T, such thatt; < T < T, wherei = 1, 2.
In the inequalities (3.2.13) we choose v = vg, where for all § > 0 vg is the solution of the
Cauchy problem

{gvtw - w (3.2.14)

v(t) = w(t),

((—o0, T]; V) there exists a set | C (—oo, T], such that
w(t) € Viorallt € Jand (—oo,T]\ ] is a set of measure zero. We assume #; € J. For all §

and w = 3(uV +u?). Sincew € L} _
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there exists a solution of (3.2.14) of the form

From the properties of approximation of the Dirac function, it follows that vy — w almost
everywhere in Q;, r. To show that vy — w weakly in LP(t;,T; V) we need the estimate
[ve|[rr(ty,;v) < C, where C is independent of §.

t

t
_tsw(s,x P _t=s Vw(s,x P
||U§||zp(t1,T;V) = w(t)Il} + / (/e § (§ )ds) dxdt + / (/e g é )ds) dx dt

Qur h Qur h
t t

1+ / (/(ef%s)r//pl dS)Ffl(/e tTgl(|w|P+ IVW\p)ds> dx dt

Qur h 31

IN

P
c + CZ(HM(l)Hzl’(tl,T;V) + ||M(2)H;£p(t1,T;V)>§p §§_p < C

IN

for u®,u@ ¢ LP(t, T; V).
Summing up the inequalities (3.2.13) for i = 1,2 yields

2 / (vgt (ve —w) +a(x)Vog V(vg — w)) dxdt

Qtl T

(o

2]

Vg — uMy 4+ <F(u(2)),vg _ u(2)>) dt—2 / f(t, x) (v —w)dxdt
Qnr

A/—\

> 5 [ (0@ = uV @R + a0V og(r) — u(0) V(o) — (1))
(@)
+% /<|v§(r) —u®(0) P+ a(x)V (vg(t) — u® (1)) V(vg(7) - ”(2)(T))) dax
Q
_i/<|u(t1)2+a(x)Vu(t1)Vu(t1)) dx,
Q

where u = u)) — 4(?) and the operator I'is as defined in (3.2.5). Since

/ (vgt (ve —w) + a(x)Vog V(ve — w)) dxdt =
Qy r

_é (\vg—w‘2+a(x)V(v§—w)V(v§—w)> dxdt < 0,

Qtl,'r
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we obtain from the last inequality that

2 [ f(t)(vg—w)dxdt <
J

T

/(<r(u<1>),z;g —uDy 4 (T(u®),vg - u<2>>) dt + i /(!u(tl)\z +a(x)Vu(h) Vu(tl)) dx

t1 Q

(1o5(r) = V(1) + a(x) Y (05(7) = 1V (7)) V(05(7) = u (7)) ) dx

I\)\F—‘

(log(r) = 4@ (1) + a(x) Y (05(7) — 1 (7)) V(05(7) = u® (7)) ) dx.

I\J\F—‘

We multiply the last inequality by ¢, (7), where ¢,, € C([t1, t2]), f P (t)dt =1, P (t) >

on [ty, tp], supp PYm € [t2 — (t2 — t1)/m, t2], and integrate over [t;, tz] Hereby, we obtain

/wm /ftx oc — w)dx dtde < /(\u(t1)|2+a(x)Vu(t1)Vu(t1)>dx

Qt1 T @)

+/l/Jm(T)/((F(u<1)),v§—u(1)>+<F(u(2)),v§—u(2)>)dth

—1/#’m/(\vg(T)—u(z)(T)\Z—i—a(x)V(vg(T) —u(z)(r))V(vg(T)—u(2>(’c))> dxdr.

Due to the weak convergence of {v¢}, passing in the last inequality to the limit as § — 0

implies

dt

;/lpm(r)/Oulz—s—a(x)VuVu) dx :

1
t Q

+ [ pu(r) [ T@V) —T@?),uD —u@Vdrdr < o0.
oo

Letting m — co in this inequality and using the strong monotonicity of d and g yields

% /(\u!z +a(x)Vu Vu) dx
o)

1)

+ / (juf? + [Vup) dxde < 0.
fy

Qt.tp

The last inequality can be rewritten in the form

Ol

tydt <0,
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where
() = /(yu(t)yz +a(x)Vu(t) Vu(t)) dx,
Q
for all t1,tp, such that —c0 < t; < tp < T and t; € . Then, due to Pankov’s Lemma A.2.2,
y(t) = 0 almost everywhere in (—oo, T]. Therefore, u = 0 almost everywhere in Qr and the

uniqueness of the solution of the inequality (3.2.1) is proved. O



4

Nonlinear Pseudoparabolic Equations and
Variational Inequalities

In the first section of this chapter it will be shown that a solution of a nonlinear pseudo-

parabolic equation can be obtained as a singular limit of solutions of quasilinear hyperbolic

equations. If a system with cross diffusion, modeling the reaction and the diffusion of two

biological, chemical, or physical substances, is reduced, such an hyperbolic equation is ob-

tained. For regular solutions even uniqueness can be shown, though the needed regularity

can only be proved in two dimensions.

The second section deals with existence and uniqueness of weak solutions of nonlinear

pseudoparabolic variational inequalities. Again, uniqueness can only be shown for suffi-

ciently regular solutions.

4.1 Nonlinear Pseudoparabolic Equations

We consider a reaction system with diffusion of one of the substances

edv = V-a(t,x,Vo)+V-(d(t,x)Vw)+ f(t,x,w) —b(t,x,0),
oow = h(w)v,

where the function & may be of the form

hiw
h(w):wjrthrho.

This function satisfies
0<hy < h(w) < hy.

1

After a change to a new variable u = H(w), where H(w) = 6] ds, we obtain

Btu = 0.

Hereby the system is reduced to the single equation

euy = V-a(t,x, Vuy) + V- (d(t, x)h(u)Vu) + f(t,x, H (1)) — b(t, x, uy).
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In this section we show at first the existence of a weak solution of the problem
euy +b(t,x,u) —V-a(t,x, Vuy) — V- (d(t,x)h(u)Vu) = f(t,x,u) in Qr,
u(0) = uy inQ), (4.1.1)
ui(0) =0 in Q.

Secondly, we prove the convergence of the sequence of solutions {u¢} as ¢ — 0 to a solution

of the pseudoparabolic equation

{ b(t,x,ur) =V -a(t,x, Vuy) = V- (d(t, x)h(u)Vu) = f(t,x,u) inQr, (4.12)

u(0) = uy in Q).
Both initial value problems are completed by posing spatial boundary conditions. Herefore,
we choose a closed subspace Vj, Hé(Q) c Vo c H(O), densely and continuously embed-

ded in L?(Q)). The existence of a solution will be ensured by the following assumption.

Assumption 4.1.1.

(A1) The function b : (0,T) x Q3 x R — IR is measurable in t and x, continuous in §,
elliptic, i.e. for some by > 0, b(t,x,§) § > by|§|” for § € R, and strongly monotone, i.e.
for some by >0, (b(t,x,81) —b(t,x,82)) (§1 —8&2) = b1]§1 — §2|F, for §1, 52 € R, p > 2,
and satisfies a growth assumption, i.e. for some B < oo, |b(t,x,8)| < bo(l + ygyr’—l).

(A2) The function a: (0,T) x Q) x RN — RN is measurable in t and x, continuous in 1,
elliptic, i.e. for some ag > 0, a(t,x,n)n > aolzﬂz forny € RY, and strongly monotone, i.e.
for some a; > 0, (a(t,x,m) —a(t,x,1m2)) (11 —12) = a1|m — 172]2 for i, m € RY, and
satisfies a growth assumption, i.e. for some 1’ < oo, la(t,x,n)| < ao(l + |n|) fory € RYN.

(A3) The matrix field d € L*(Qr)N*N, i.e. |d(t,x)| < d; for a. a. (t,x) € Qr, the function
h: R — R is continuous and satisfies 0 < hp < h(§) < h; < oo forall § € R.

(A4) The function f : (0,T) x QO x R — R is measurable in t and x, continuous in §,
and sublinear, i.e. for some c; < oo, |f(t,x,8)| < c1(1+ [§]P~1) for € € R.

(A5) The initial condition ug isin Vj.

Now we define the notion of a weak solution of the problem (4.1.1).

Definition 4.1.2. A function u : Qr — R is called a weak solution of the problem (4.1.1) if

1) e € C([0,TI; L*(Q)), ur € LP(Qr) N L*(0,T; Vo), u € C([0,T]; Vo),
2)  satisfies the initial condition, i.e. u(t) — ugin Vy, u;(t) — 0in L2(Q) for t — 0, and
3) / [—eut ve+b(t, x,u) v+ a(t,x, Vuy) Vo+d(t, x)h(u)Vu Vo | dx dt
Qr
+£/ut(T)v(T) dx = /f(t,x,u)vdxdt (4.1.3)
Q Qr
for all functions v € L (Qr) N L?(0, T; Vy), such that v; € L*(Qr),v € C([0, T]; L*(Q)).
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The existence of a solution of (4.1.1) is proved using Galerkin’s method. Herefore, let
{¢*}, € Vo N LP(Q) be a basis of the spaces Vj and L?(Q)). We consider the sequence

of the functions {u} of the form

m
=Y (W (x), m=12,..,
k=1
such that u™ is a solution of the Cauchy problem

e/uﬂ p®) dx—}—/b(t,x,u’t”)qb(k) dx+/a(t,x,Vu;”)ch(k)

QO

/d (t, x)h(u™)Vu" Vo't dx—/f (t,x,u™) " dx, (4.1.4)

(O,x) = ugy(x), ui'(0,x) = 0, (4.1.5)

where {u('} is an approximation of 1 in the space Vj. Due to the generalization of Peano’s
theorem for Carathéodory functions, (Deimling 1992), there exists a local solution of this
problem in [0, to,]. The following lemma allows an extension of the solutions to the whole
interval [0, T).

Lemma 4.1.3. The estimates

/|u;"( Pdx < C, te[0,tonl,
/ P dxdt < / Vil 2dxdt < C 4.1.6)
QtOm Qme

hold uniformly with respect to m and e.

Proof. We multiply the equation (4.1.4) by z}/;, sum up over k from 1 to m, and integrate over
[0, 7], where 0 < T < top

/[suﬂ ul + b(t, x, uf)uf" +a(t,x, Vui") Vu" +d(t, x) h(u™) Vu™ Vuj" | dx dt
Qr

= /f(t, x, u™) ut dx dt. (4.1.7)

Now we estimate the integrals in (4.1.7) separately. Due to the second initial condition in
(4.1.5) we obtain

L = s/uﬂu’t”dxdt: ;/luT(T)Fdx.

Qr Q
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Assumption 4.1.1 implies

b o= /b(t,x,u'f)u;"dxdt > bo/yu;ﬂvdxdt,
Qr

Qr
I; := /a(t,x,Vu}”)Vquxdt > ao/|Vu}"|2dxdt,
Qr Qr
m m m d%h% m|2 4 m|2
Iy = d(t, x)h(u")Vu" Vu dx dt < o5 |Vu™| dxdt—i—i |Vui'|” dx dt,
Q- Qr Qr

o 1
Is /f(t,x,u Vul dxdt < p/|ut] dxdt+q(5q/p/]f(t,x,u )19 dox dt.
QT QT T
Due to the assumption on f we have

T
/]f(t,x,um)|‘7dxdt < c1/|um|pdxdt+cz < C3//|u’t”|pdxdsdt+c4.
Qr Qe 0Q

t

Using the inequality

T
/|Vum]2 dxdt < cs +// |Vul"|? dx ds dt,
Qr 0 Q
the estimates of integrals I, ..., Is, and Gronwall’s lemma in the equation (4.1.7) implies the
assertion. 0

Remark 4.1.4. Since the constant C is independent of ty,,, the solution ™ may be assumed
to be the maximal solution, i.e. the one that exists for all t € [0, T]. Furthermore, since the
estimates of the last Lemma are independent of m, they are satisfied by every u™ for all
te[0,T].

From the estimates for u}" we obtain the estimate for u™. Due to (4.1.6) and p > 2, the second
term on the right hand side of the equality

/(\um|2+ Vi) dx = /(\u6”\2—|— vy ) dx+z/(u;" W+ VU V) dd,
Q Q Qr

can be estimated by

2/(u;"um+w;"wm) dxdt < /(yurzﬂvmz) dxdt+/(yumy2+\wm\2) dx dt
Qr Qr Qr
< c1+/(|u§”|7’+ |Vu§"|2) dxdt+/(|u’”]2+ \Vum|2> dx dt
Qr Qr
<

o + /(|u’”|2+ \Vum|2) dx dt.
Qr
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Hence we obtain
/(\um|2 - !Vum\z) dx < c3+ /(!umlz + \Vum|2> dx dt.
Q Qr

Gronwall’s Lemma implies

/(|um|2+\Vum\2) dx < C.

O
Theorem 4.1.5 (Existence). Let Assumption 4.1.1 be satisfied. Then there exists a weak solution

u¢ of the problem (4.1.1).
Proof. The growth assumptions on a and b imply
bt xupyodcar] < [0+ ol axde < €+ a1, el

Qr Qr

and

IN

| [attx,vupy vodxar] < [ a1+ [VarpIToldxde < C+ 1ol ollorn

Qr Qr

for all v € LP(Qr) N L2(0,T; Vp). From this and from the estimates (4.1.6) follows the exis-

tence of a subsequence of {1}, again denoted by {1}, such that

u™ — yt weakly—-= in L*(0,T; Vo),
uf' — uj weakly in L”(Qr) N L2(0, T; Vo),
ul' — us weakly—* in L*(0, T; L*(Q)),
b(t,x,ul") — B¢ weaklyin LI(Qr7),
a(t,x, Vul") — ¢ weakly in L?(Qr)Y,

as m — oo. Using the Aubin-Lions Compactness Lemma, (Lions 1969), yields u™ — u®
strongly in L?(Qr). From the strong convergence of u™ follows u™ — u¢ a.e. in Qr. The
continuity of # and f implies h(u™) — h(u®) and f(t,x,u™) — f(t,x,u®) a.e. in Q. From
the assumptions it follows that h(u™), h(u®) € L*(Qr) and f(t,x,u™), f(t,x,u®) € L1(Qr).
Then by the Egorov Theorem (Alt 2002) we obtain h(u™) — h(uf) uniformly a.e. in Qr and
by the Dominated Convergence Theorem (Evans 1998) we have that f(t,x, u™) — f(t,x, u®)
strongly in L7(Qr).

All terms but the first of the equation (4.1.4) are uniformly bounded in L9(Qr) + L?(0, T; V§)
in m. Hence, there exists a bounded functional w € L7(Q7) + L%(0,T; V) that satisfies

/ftxu vdx/,Bvdx /qudx/dtx Vut Vodx

in L9(0, T) + L(0, T) for all functions & € L (Q) N V.
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Since u}" — uf weakly in L7 (Qr), we obtain
(uf,0) = 5 (uf',0) — (4, 9) in D'(O,T)
as m — oo for 3 € LP(Q). Hence, w = u5; in D' (0, T,LI(Q) + V§). Since w € L1(Qr) +
L?(0,T; V;) we may assume u$, € L1(Qr) + L?(0, T; V). From the convergence of the u"
we have that u§ € LP(Qr) N L?(0, T; Vo). Thus, due to (Gajewski et al. 1974, Theorem IV.1.17)
or (Showalter 1996, Proposition III.1.2), it may be assumed that u¢ € C([0, T]; L*(QQ)) and
the integration by parts formula
t
e e 1 €0r\[2 1 €0p (2
[tuyae = 5 [luPax -5 [ e Pax
h o) Q
holds for all t1,t, € [0, T], such that t; < t,. Now we will show that the function u* satisfies
the initial condition. Since all /" and u¢ are in C([0, T]; L*(Q)), and u}* — u weakly—# in
L*(0,T,L?(Q)), we obtain

/u’[l(O)ﬁdx—> /uf(O)ﬁdx and /u’[z(T)ﬁdxHQ/uf(T)ﬁdx,

0 0 0
as m — oo for & € LP(Q)). Then we have u(0) = 0 in L2(Q)), because of u}*(0) = 0 in L2(Q)).
Since u® € L*(0,T; Vo) and uf € L2(0,T; Vy), due to (Evans 1998, Theorem 5.9.2), it may be
assumed that u® € C([0, T]; Vp) and

u™(0) — u(0) strongly in L?(Q)
as m — oo. Thus, u®(0) = uy.

Integrating in the equation (4.1.4) the first term by part, passing to the limit as m — oo and
using the fact, that the set of all functions of the form Y d; ¢!, where d; € C'([0,T]), is

I<oo

dense in LP(Qr), in L2(0, T; Vo), in C([0, T]; L?(Q)), and in H'(0, T; L*(Q})), yields

—s/uivtdxdt—l—/(ﬁgv—Hva) dxdt—i—/d(t,x)h(ug) Vuf Vodxdt

Qr Qr Qr
—i—e/uf(T)v(T) dx = /f(t,x,ue)vdxdt
Q Qr

for all functions v € L (Qr) N L?(0, T; Vp), such that v; € L?(Qr) and v € C([0, T]; L*(QY)).
To complete the proof we have to show that p* = b(t,x, uf) and #* = a(t, x, Vu;). For this
we show the strong convergence of {u"} to uf in LP(Qr) N L?(0, T; Vo). We choose ul" — u¢

as a test function in the equation (4.1.4), integrate this equation over [0, 7], and obtain

T

e/(u?},ul” — uf) dt—i—/b(t,x,u}”) (uf" —u‘f)dxdt‘—i—/a(t‘,x,VuI”)V(u?1 —uf)dxdt
Qr Qr

/dtx "MYVu"V (uf' — uf) dxdt = /ftxu ) (uf" — uf) dx dt.
Qr
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By Fatou’s lemma and weak convergence of u in L7(Qr) + L2(0, T; Vi), we obtain for the
first integral

T

1 1
liminf [ (uif, u]" —uf)dt > liminf/\u;"(r,xﬂz dx — 2/\uf(r,x)]2 dx > 0.
m—00 m—00

0 Q Q

Then, we have the inequality

/(b(t, x,ul")y — bt x, uf))(uf' — uf) dxdt + /(a(t, x, Vui') —a(t,x, Vui))V(uj' — uf) dxdt

Qr Qr
< /[b(t,x,ui) (u§—u;”)+a(t,x,w§)wu§—u?)} dxdt+/d(t,x)h(um)ww(u;—u;”)dxdt
o
+/d(t,x)h(um) V(u™ —ut)V(uf —u*)dxdt + /f(t,x, u™) (uf' — uf)dxdt.

Qr

Due to the weak convergence of {u}"}, the uniform convergence of h(u™) — h(u®) a.e
in Qr, h(u™), h(u®) € L*(Qr), and the strong convergence of f(t,x,u™) — f(t,x,u®) in
L9(Qr), the first, the second, and the fourth integral on the right hand side converge to zero
as m — oo. The third integral on the right hand side can be estimated by

/d (t,x) V(™ —u®)V(ui' — uj) dx dt
< /!V ut)|“dxdt + = /|V ¢ —up)|“dxdt
Qr

IA

cl//Wu}”—Vuﬂzdxdtds—i—;/|V(u’t”—u‘f)\2dxdt.
0 Qs Qr

The monotonicity of b and 4, and the convergence of {u™} and {u}'} imply

bl/]ut ~ P dxdt + (@~ /|v —ut)\dedt<c7(1 +c2//\v " _ )2 dxdtds,
Q: 0 Qs

Using Gronwall’s lemma in the last inequality yields

1
[l = wil|Lr(op) + VU = Vi li2 gy = Co().

Thus, u" — u$ strongly in LP(Q1) N L2(0, T; Vy) as m — 0. The strong convergence of {u!"}
and the weak convergence of {b(t, x, uf")} and {a(t, x, Vu]")} imply that p* = b(t, x, u}) and
n¢ = a(t,x, Vuf), and the theorem is proved. O
Now we show that the sequence of solutions {u®} converges as ¢ — 0 to a solution of the

initial boundary value problem for the nonlinear pseudoparabolic equation (4.1.2).

We consider a weak solution of the problem (4.1.2).
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Definition 4.1.6. A function u : Qr — R is called a weak solution of the problem (4.1.2) if

1) ueC([0,T|; Vo), us € LF(Qr)NL3(0,T; V),
2) it satisfies the initial condition in the sense that u(t) — ugin V fort — 0, and

3) /[b(t, x,up) v+ a(t,x, Vuy) Vo +d(t, x)h(u)Vu VU} dxdt = /f(t, x,u)vdxdt (4.1.8)
Qr Qr
for all functions v € L (Qr) N L*(0, T; Vp).

Theorem 4.1.7 (Existence).

Let Assumption 4.1.1 be satisfied. Then, there exists a weak solution of the problem (4.1.2).

Proof. We rewrite the equation (4.1.3) for v = u{ and obtain

—e/u§ us dxdt—i—/[b(t‘,x,ui)uﬁ+a(x,if,Vu§)Vuf—s—d(if,x)h(lf)Vu8 Vuf] dxdt

Qr Qr
+€/uf(T) ui(T)dx = /f(x,t,ug)ufdxdt. (4.1.9)
Q Qr

We estimate all integrals in (4.1.9) analogously to (4.1.7) and have

s/|uf(t)|2dx < C, te][0,T],
0

/ |ui|P dx dt
Qr

/ |Vui|>dxdt < C,
Qr
where C is independent of . Due to the growth assumptions on b and a4, and estimates for

IN

C

uj, we obtain

N

1ot x, ui)|[aor) < C,
C.

IN

[la(t, x, Vup)||r2(gry
Similarly as for u™ we obtain
[(e@r+ vumR)ar<c, te o
Q
Then there exists a subsequence of {u®}, again denoted by {1}, such that
ut —u weakly-* in L*(0,T; Vp),
us — uy weakly in LP(Qr) N L*(0,T; Vp),
b(t,x,u;) - B  weaklyin L1(Qr),
a(t,x,Vut) —n weaklyin L*(Qr)V,
eut — 0 weakly in L?(0, T; L*(QQ)),
eul(, T) -0  weaklyin L*(Q),
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as ¢ — 0. Using the Aubin-Lions Compactness Lemma, (Lions 1969), yields u* — u strongly
in L2(Qr). From the strong convergence of u¢ follows u¢ — u a.e. in Qr. The continuity of
h and f implies h(u®) — h(u) and f(t,x,u®) — f(t,x,u) a.e. in Qr. From the assumptions
it follows that h(u®), h(u) € L*(Qr) and f(t,x, u®), f(t,x,u) € L1(Qr). Then by the Egorov
Theorem (Alt 2002) we obtain h(u®) — h(u) uniformly a.e. in Qr and by the Dominated
Convergence Theorem (Evans 1998) we have that f(t, x, u®) — f(t, x,u) strongly in L7(Qr).
Passing to the limit as ¢ — 0 in (4.1.3) yields

/(ﬁv +17Vv) dxdt+/d(t,x)h(u)Vqudxdt: /f(t,x,u)vdxdt
Qr Qr Qr

for all v € LP(Qr) N L%(0, T; Vy). Similarly as for {u!"} we prove the strong convergence of
{uf} and obtain B = b(t, x,u;), 7 = a(t,x, Vu;). Usingu € L*(0,T; Vp), uy € L%(0,T; Vp),and
(Evans 1998, Theorem 5.9.2), implies that u : [0, T| — Vj is continuous. Due to u(0) = u,
we obtain #(0) = ug in Vp. Thus, u is a solution of the problem (4.1.2). 0

Theorem 4.1.8 (Regularity). Let Assumption 4.1.1 be satisfied, Q be a C>-domain, Vo = H}(Q)),
up € H2(Q), a(t,-,-) € CH{Qx RN), d(t,-) € CL(Q)N*N fort € (0,T), h € C}(R), N = 2,
p=2andforn c RN, c R

dyalt, x| < C |Vaaltxp)| < a1+ y)),
9hE) < C [Vt < C

Then the solution uf of the problem (4.1.1) is in H' (0, T; H}(Q))), in H*(0, T; H*(QY)), and satisfies
euf, € L2(Qr).

Proof. First we show the local regularity. We fix any open set U, and choose an open set W,
such that U cc W cC Q. We choose the basis functions ¢* as solutions of

AP = ApF in O,
P = 0 on 0Q).

We choose v = —0dy, (g%ax,u?l) as a test function in the equation (4.1.4), where the cut-off

function J; is smooth and satisfies

glzl in LI,
=0 in Q\W,
Oéglgll
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and integrate over t. Due to the regularity of ¢*, we have that v € L?(0, T; H}(Q)). Integrat-
ing by parts and summing over  from 1 to N implies

/Vutt Vul" T3 dx dt — Z/b (t, %, u)") Dy, (330, ul") dx dt

+ Z Z /aﬂjai(t, X, V") 0x;0x,uy" Oy, (T30y,ul") dx dt + Z / Ay,a(t, x, Vul")V (330, ul") dx dt
1=1i,j=1 I=1
Qr

+§:/ax,(d(t,x)h(um)Vum)V(ﬁax,u?’)dxdt: i/f(t,x,u’”)ax,(ﬁaxlu?’)dxdt. (41.10)
=1 =1

The strong monotonicity of 2 implies
1 . . 2
~(alt,x, 7+ 0%) = a()§ > m3]
fory1 =7+ 0§, 0 > 0, and 1 = 7j. Taking the limit as o — 0 yields
Vya(t,x,7)§8 > a1|§|? for 7,§ € RN,

Then we have the estimate

N N
/a a'(t,x, V" )0y, 0x uf' 0y, 0 uf' 3 dx dt > alzz/wxiax,u?”ﬁdxdt.

11; 19 =il
From the equation (4.1.10), using Young's inequality, we obtain
/|v T)| §2dx+a1/\vzu 1> T2 dxdt
Qr
o / VR dxdt+ by [ Vet V) PV RS dxde +ea(@o) [ [GPIVGPIVap P dxdr
Or Or Or
+cz((5o)/|V§1|2\Vu’t"|2dxdt+03(5o)/|an(t,x,Vu’t")|2dxdt+C4(c50)/\b(t,x,u’t”)Fdxdt
Qr Qr Qr
estoo) [ IV 0PIV P+ co(0o) [ 1800, PIRG) IV G
Or Or
+c7(50)/|d(t,x)|2|a§h(u"1)\2|wm|4g§dxdt+c8(50)/|f(t,x,utm)\2dxdt. 4111)
Qr Qr

For N = 2, due to the embedding theorem, we have Vu"™ ¢ L4(QT) and the Gagliardo-
Nirenberg inequality

/Vum|4g§dxdt < c(/|v2um|2g%dxdt+/|wm|2g§|vg1|2dxdt) /|wm|2dxdt.
Qr Qr Qr Qr
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The estimate for Vu™ and the assumption 1y € H?(Q) imply

T
/Vum|4§%dxdt < c1/|V2u’”]2§%dxdt—|—cz < C3+c4//|V2uT|2§%dxdet.
Qr Qr 0 Q

Due to the estimates (4.1.6) for u}" and the assumptions in the theorem, we obtain from
(4.1.11) the inequality

T
/gﬂvzuwdxdt < C1+Cz//§%V2uT|2dxdrdt.
Qr 0 Q

Then Gronwall’s lemma implies the estimate

/gﬂvzu;”yzdxdt < C. (4.1.12)
Qr

From (4.1.11) we obtain also

sup [ |Vul'|?Tdx < C.

0<t<T
Q

Using these extra estimates in the proof of Theorem 4.1.5 yields a subsequence and a limit-
function u® € H'(0, T; H} (Q))), with satisfies u§ € L2(0, T; HZ .(Q)) and uf € L®(0, T; H. .(Q))
also.

To show the regularity of uf up to the boundary we need an estimate for V2u!" close to 9().
Here we use ¢* = 0 and A¢* = 0 on 9Q).

We can cover 0() with a finite number of balls, due to compactness. In local coordinates near
the boundary Q) is of the form B;(0) N {R x R;}. Hence, we consider the case
Q = B1(0) N {R x R, } first. We choose v = —dy, (§?dy,u}") as a test function in the equation
(4.1.4), where the smooth cut-off function { is defined by

in B%(O),
in  R?\ By(0),

O N N
Il
N © =

IN
IN
=
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and { vanishes near the curved part of 0Q). Integrating over t and integrating by parts imply

e/axluﬂ Oy, u" % dx dt — /b(t,x,uT) (ailu’t“gz+2§axlgaxlu§”)dxdt
Qr Qr
—i—/VUa(t,x,VuT)aleuT BXIVu;T‘dexdt+2/V,]a(t,x,Vu;”)8x1VuT SV 30y, uy' dx dt
Qr Qr
+/axlu(t,x,VuT)BMVu;”?dxdt+2/axla(t,x,Vu;”)gvgaxluT dx dt
Qr Qr
+/axl(d(t,x)h(um)Vum)BXIVulngzdxdt—i—Z/8x1(d(t,x)h(um)Vum)gvgéxlu?l dx dt
Qr Qr
- / b, u™) (@1 P+ 28055 gy ul") dx . (41.13)
Qr

The boundary integrals vanish, since { vanishes near the curved part of 0(), and o, u™ = 0
and 93 u™ = 0 vanish on {x, = 0}, because u™ = Y}, ck ¢ is zero on {x; = 0} and the

normal vector to this part of the boundary is v = (0, —1). Furthermore, v € L2(0, T; H}(Q0)).

From the strong monotonicity of 2 we have the estimate

/ Vya(t,x, Vui")Voy uf' Vo, uy' Cdxdt > / |V, ul"|> T dx dt.
Qr Qr
Then from the equation (4.1.13) by using Young’s inequality we obtain

g/|axluT(T)|2g2dx+a1/|axlwgﬂ|2g2dxdt

2
Q Qr
§(50/]E)X]VMT\2§2dxdt+c1(5o)/\8x1a(t,x,Vu’t”)|2dxdt+cz(5o)/\b(t,x,uT)|2dxdt
Qr Qr Qr
+C3(50)/]8x1d(t,x)\2h(um)|2\Vum\2dxdt+c4(5o)/]d(t,x)\zh(um)|2\8x1Vum\2§2dxdt
Qr Qr
+C5((50)/]d(t,x)\Zlagh(um)|2Wum|4§2dxdt—|—/]f(t,x,u{”)\zdxdt
Qr Qr
+61/§2|V§|2|Vu§”|2dxdt+cz/V§|2|Vu§”|2dxdt. (41.14)
Qr Qr

Using again the inequality

/|wmy4g2dxdt < C(/|V2um]2§2dxdt+/|Vum|2§2]V§|2dxdt) /|Vu"’|2dxdt,
Qr Qr Qr Qr

the estimate for Vu™, and the assumption ug € H?(Q) implies

T
/!Vum\4§2dxdt < c1/|V2um|2§2dxdt—|—cz < C3+C4/ |V2u™2 0 dx d dt.
Qr Qr 0 Q
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Due to the estimates (4.1.6) for u}" and the assumptions in the theorem, we obtain from
(4.1.14) the inequality

T T
/!8x1VuT]2§2dxdt§C1+//laizungzdxdetJrCz//\ax1VuT]2§2dxdet.

Qr 0 Q 0 Q

Then Gronwall’s lemma implies the estimate

T
/ 05, VU2 P2 dxdt < C (1 + / 02, u 2 32 dx drdt). (4.1.15)
Qr 0 Qr
Now we choose v = —dy, (§?dx,u!") as a test function in the equation (4.1.4) and obtain

—s/uﬂ O, (320, ul") dxdt—/b(t,x,u;”)axZ(gzaxZu’tﬂ)dxdt

Qr Qr
—/a(t,x,Vu;")VBX2(§28xZuT)dxdt—/d(t,x)h(um)Vum VO, (§20y,ul") dx dt
Qr Qr
- / F(b %, 0™) By, (0l dx it
Qr

Integrating by parts implies

e / O, Ut 3y, ull T dx dt — / b(t, x, uf") (0%,u}"S* + 280x,50x,uf") dx dt
Qr Qr
+/V-a(t,x,Vu;”)aizuingzdxdt+2/v-a(t,x,Vu;”)gamgaxZu;”dxdt
Qr Qr
+/v.(d(t,x)h(umqu)aizu;“ gzdxdt—i—Z/V-(d(t,x)h(um)Vum)gaxZgaxZuT dx dt
Qr Qr
=— / F(tx,u™) (0%, u}'T* + 280+, 50, uf") dx dt.
Qr

The boundary integrals vanish, since Au™ = 0 and 93 u™ = 0 on {x, = 0} implies that
aizu”’ = 0on {x; = 0}, and 9,,{ = 0 on {x, = 0}, and § vanishes near the curved part of

0Q). Furthermore, v € L2(0, T; H}(Q))). In the last equality we use Young’s inequality and
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obtain

€ m m m

2/|axZut (T)|2§2dx+/a,]2a2|aizut > dxdt < 5/|a§2ut 2 2 dx dt

Q Qr Qr

+/|ama2|2\aanxlu71|2gzdxdt+/yamalyz|a§1u;"|2gzdxdt+/\aqza12|axlaxZuTZg2dxdt

Qr Qr Qr
+/ydzz(t,x)yz|h(um)y2|a§2um12gzdxdt+/\d(t,x)yz\h(um)maxlwmyzgzdxdt

Qr Qr
—I—/|Vd(t,x)\2]h(um)\2]Vum]2dxdt+/Vu{”\z\axZg\zdxdt

Qr Qr
+/|d(t,x)|2|a§h(um)|2Wum|4§2dxdt—|—c(é)/(|b(t,x,u}”)|2+|f(t,x,u’”)|2)dxdt.

Qr Qr

From the strong monotonicity of a for § = (0,1) we obtain that a%z > a1. Now, due to the

inequality
T T
/]Vum]4§2dxdtgC+//IBXIVulegzdxdetJr//lafczuﬂzgzdxdrdt,
Qr 0 Q 0 Q

the estimate (4.1.15), and the estimates for u™, yields

T
u xdt < 1+ u xdtdt.
aizfzzdd G +C 8§2T22ddd
Qr 0 Q

The Gronwall lemma implies

/laizuﬁzgzdxdt < c
Qr

From this and (4.1.15) it follows that

/]VZuﬂngdxdt < C.
Qr

Using this estimate and the local estimate (4.1.12) in the proof of Theorem 4.1.5 yields that
ut € L2(0, T; HA(Q)), u§ € L2(0, T; H*(QY)), and euf € L*(0, T; H3 (Q2)).

From u¢ € L?(0, T; H*(Q))) and the equation (4.1.1) it follows that e uf, € L?(Qr).

All the above calculations are true for a general C?> domain: for any point x° € 9Q), since 9Q)

is C2, we may assume that
QNBH%r) = {x e B(x%7), xy > v(x1,...,xn-1)}

for some r > 0 and some C? function ¢ : RN"! — R. We change variables to y = ®(x),
x = ¥(y) and choose s > 0 so small that the half-ball Q' := B(0,s) N {yy > 0} lies in
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®(Q1N B(x%,7)). Define #(t,y) := u(t,¥(y)) for (t,y) € (0,T) x Q. Since V& = (V¥)~!
|detVe| =1,and ¢, ¥ € C2, we obtain that i is a solution of the equation

ety +b(t,y, ap) — V- a(t,y, Vig) — V- (d(t, y)h(a®) Vi) = f(t,y, @)

for
fty a(ty) = f(E YY), u(t,¥(Y))), b(t,y, ai(t,y)) = b(t, ¥ (y), ui(t, ¥ (y))),
h(@(t,y)) = h(u(t, ¥ (y))), d(t,y) =d(t,¥(y)) V(¥ () V<2(¥ (),
a(t,y, Vig(t,y)) = a(t,¥Y(y), Vx2(¥Y(y)) Vui(t, ¥(y))) Vy2(¥(y)).

The ellipticity, boundedness, and regularity assumptions for a, b, d, h, and f translate into
assumptions for a, b, d, h, and f. From the calculations above we obtain the estimate for i

and consequently for u®. 0

By using the regularity of u® we prove the regularity of a solution of the pseudoparabolic

equation.

Theorem 4.1.9 (Regularity). Let the assumptions of Theorem 4.1.8 be satisfied. Then the solution
of the problem (4.1.2) is in HY(0, T; H}(Q)) and in H'(0, T; H?(QY)).

Proof. For the proof of the local regularity we choose v = —V - (§3D7u¢) as a test function in
the equation (4.1.3), where DYv(x) = +(u(x + he;) — u(x)), i = 1,...N, and
D% := (Djv,...,D{v), and the cut-off function J; is defined in Theorem 4.1.8, and ob-

tain

- /uftv-(g%D” ‘?)dxdtf/b(t,x,uf)V~(g%D”uf)dxdtf/a(t,x,Vuﬁ)VVo(ﬁD‘Tuf)dxdt
Qr

/d t, x)h(uf)Vuf VV - (33Duf) dx dt = /f (t,x,u€) V - (G3Duf) dx dt.

Integrating by parts implies
/VuttD‘T €03 dxdt — /b (t,x, uf) -(g%D”uS)dxdt—k/Va (t,x, Vut) V(32Dut) dx dt

/V (t, x)h(uF)Vut) V($Duf) dx dt = /f (t,x,uf) V - (33Dut) dx dt.

All integrands are integrable and uniformly bounded in ¢ by L'(Qr) functions, because
u; € LZ(O, T; HZ(Q)) Then, due to the Dominated Convergence Theorem, (Evans 1998), we
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can take limits as ¢ — 0 and obtain

8/Vu§|2§2dx+/Va(t,x,Vuf)V(ﬁVuf)dxdt
Qr

/V (t, x)h(uF)Vut) V(33 Vuf) dx dt

/f (t,x,u) §1Vut)dxdt+/b (t,x,u$) V(TVus) dx dt.
Qr

After some calculations we obtain
/|Vut| Cdx + / Vya(t, x, Vul)V2ul V2us 33 dxdt+2/V,7a(t,x, Vu)V2us T V3 Vs dx dt
Qr Qr

+ / Vya(t, x, Vu§) V2ué T3 dx dt +2 / Vaa(t,x, Vu§) §1V3 Vuidx dt =
Qr Qr

- /(v -d(t, x)h(u) Vs +d(t,x)a§h(uf)w€w€) (v%r; 2420,V wf) dx dt
Qr

+/d(t,x)h(u£)v2u€ (vzuf 2420,V wf) dx dt

Qr
— /f(t, x, u®) (Auf T2 4+20,VY, Vuf) dxdt + / b(t, x,uf) (Au§ 420,V Vuf) dx dt.
Qr Qr

From the strong monotonicity of 2 we have the estimate

/Vﬁa(t,x,Vui)V%ti VZut GGdxdt > al/\vzuﬂzﬁdxdt.
Qr Qr
Then we have
;/\Vuﬂzg%dx—i—al/\Vzuﬂzﬁdxdt < 5/yv2u§|25%dxdt+/|v2u£\2g%dxdt (41.16)
Qr Qr
+/\Vu£]4§%dxdt+c/(wuﬂz+ [us|? + |Vuf|? + [uf|?) dx dt.
Qr Qr

Using the Gagliardo-Nirenberg inequality, the estimate for Vu¢, and the assumption that
up € H2(Q)) implies

T
/§%|Vug|4dxdt < Cl/gﬂvzuslzdxdtqtcz < C3+C4//§%|V2u§]2dxd1'dt.
Qr Qr 0 Q

Due to the estimates for u; and the assumptions in the theorem, we obtain from (4.1.16)

T
/gﬂvzuﬂzdxdt < c1+c2//g§|v2ug|2dxdrdt.
T
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Then the Gronwall lemma implies

/g%\VZuﬂde dt < C. (4.1.17)
Qr

Using this estimate in the proof of Theorem 4.1.7 yields a subsequence and a limit-function
such that u; € L?(0, T; H} (Q)) and u; € L?(0, T; HZ (Q2)).

For the estimate near the boundary we use the same argument as for the hyperbolic equa-
tion. We can consider the equation in the half-ball, i.e. 3 = B1(0) N {R x R } with a straight
boundary. Then we choose v = —dx, ({2DJu$) as a test function in the equation (4.1.3), where
the cut-off function { is as defined in Theorem 4.1.8, and, after integrating by parts and tak-

ing limits as ¢ — 0 as above, we obtain

: / 90, P dx — / b(t, %, 15)s, (T2, ut) dx dt + /axla(t, X, Vit )V ($20s, ) dx dt
O Qr Qr
+ / O, (d(t, X)h(u)Vut)V (320, uf) dx dt = /f(t, X, U6)dy, (320, uf) dx dt.
Qr Qr
The boundary integrals vanish since { vanishes near the curved part of dQ), and oy, u* = 0
and 83%1 u® = 0 vanish on {x, = 0}, because the normal vector to this part of the boundary is
v = (0,—1). Furthermore, v € L*(0, T; H}(Q))), since u§ € L?(0, T; H*(Q))). Similarly, as for
the hyperbolic equation, we obtain

T
/|aleu§\2g2 dxdt < c(1+//|a§2u§|zgzdxdrdt). (4.1.18)
Qr Qr

The estimate for 93, uf is obtained from the equation in (4.1.1). Since u§ € L?(0, T; H*(Q))),

ué € L2(0,T; H{(Q))), and euf, € L2(Qr), we have that uf satisfies the equation in (4.1.1)

almost everywhere. Then we obtain

0, @ (t, X, VUS) + 0y, (d°(t, X)R(uE)Vu) = —yal(t,x, Vus) — oy, (d(t, x)h(uf) Vul)
+b(t, x,uf) + euy, — f(t,x,u),
or
0y, d*(t,x, Vu§)o3 uf = —do(t, x)h(u)95,u — dx,a' (t,x, Vuf) — Vya' (t,x, Vu§)ox, Vs

—Bmaz(t, X, Vu)dy, Vs — oy, (d(t, x)h(uf) Vus)
—0y,d*(t, X)h(u°) Vus — d(t, x)9gh(u) Vi Vi
+b(t, x,ui) + euy, — f(t, x,u®).

From the strict monotonicity of 4 it follows that 9,4 > a1. Then

T
/|a§2u§|2g2dxdtgc+//|a§2u§|2g2dxdr.
Qr 0 Q
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The Gronwall’s lemma implies the estimate

/E)XZut| Cdxdt < C,

where C is independent of . This, together with (4.1.18), implies

/quﬂzgzdxdt < C.
Qr

Using the last estimate and the local estimate (4.1.17) in the proof of Theorem 4.1.7 yields a
subsequence and a limit-function such that u € H'(0, T; H}(Q)) and u € H'(0, T; H*(Q))).
U

Remark 4.1.10. For the linear function a and for the function 4, the proof of Theorem 4.1.8

can be simplified. We can choose the basis functions ¢* as solutions of

APF = ApF in Q,
P = 0 on 9.

Then, choosing —Auj* as a test function in the equation (4.1.4) and integrating by parts,

imply

s/Vu?Z Vu’t”dxdt—/b(t,x,u;“)Au’fdxdt—k/Au?1 Au' dx dt

Qr Qr
/Vd (t, x)h(u™)Vu™ Auy’ dxdt+/d (t,x)och(u™) Vu"Vu™ Aui" dx dt
Qr
/d (t, x)h(u™)Au™ Auy' dx dt = /f(t,x,um)AuZ” dxdt.
Qr

For the estimates we use the Gagliardo-Nirenberg inequality

/\Vum|4dxdt < /|V2um2dxdt/|Vum|2dxdt
Qr Qr Qr
and the fact that for u™ € L2(0, T; H*(Q))) and u™ € L?(0, T; H3(Q2)) we have
/lvzum\zdxdt < C/\Au’”|2dxdt.
Qr Qr

Theorem 4.1.11 (Uniqueness). Let the assumptions of the Theorem 4.1.8 and

|f(tr X,§1) _f(t/x/§2)| < C‘gl - §2‘/

[h(81) — h(82)] < Cl81 — 32|
for (t,x) € Qr, §1,52 € R, be satisfied. Then there exists at most one weak solution of (4.1.2).
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Proof. Suppose u! and u? are two solutions of the problem (4.1.2). Then for u = u! — u? and
the test function v = u; we obtain the equation
/(b(t x,ul) —b(t, x, ut))utdxdt—k/(a(t,x,Vu}) —a(t,x,Vu?)) Vu; dx dt
Qr
/d (t,x) Hvu! — h(u?)Vu?) Vuy dx dt = /(f(t,x,ul) — f(t,x,u?)) uydx dt.
Qr
Now we estimate all terms in the last equation separately
L = /(b(t x,ut) —b(t,x,u?))u;dx dt > bl/]ut| dxdt,
Qr Qr
L = /(a(t x,Vu) —a(t,x,Vu7))Vuydx dt > al/\Vut\dedt,
Qr
Iy = /d (t,x) Hvu! — h(u?)Vu?)Vudxdt = /d(t,x)h(ul)VuVutdxdt
Qr

+/d(t,x)(h(u1) — h(u?))Vu*Vu; dx dt.

The first integral in I3 can be estimated by

/d (t, X )h(u Y VuVus dxdt < 2(5/|V | dxdt + - /Vut|2dxdt
Qr Qr

From the embedding theorem we have that v € H!(0, T; H?(Q))) implies Vo € L*(Qr)
even for Q) of the dimension N < 4. Then, due to the regularity of u' and u?, we obtain
ul,u? € L*(Qr) and Vu? € L*(Qr), and the second integral in I3 can be estimated by

/ d(t, %) (h(u) — h(12)) ViV dx dt

Qr
o) (/|u|4dxdt)i(/|Vu2|4dxdt)i(/Vutlzdxdtf

<
Qr
1 1
< ¢c3 /|u|4dxdt 4 /|Vut|2dxdt>2
Lo

<|u|2+|Vu| )dxdt+‘5/wtyzdxdt
Qr Qr

20
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The right hand side is estimated by

Iy = /(f(t,x,ul) — f(t,x,u®)) us dx dt

Qr
< (Csf)/uyzdxdt+(5o/|ut\2dxdt
Qr Qr
T
< (‘% /|ut|2dxdtdr+5o/|ut|2dxdt,
0 Qr Qr

since u!(0) = u?(0). Thus, due to estimates of the integrals I, I, I3, and I4, we obtain the

inequality

T
(by — o) / |us|? dx dt + (ag — &) / |Vu|>dxdt < C / / <|ut|2 + |wt|2) dx dtdr.
Qr Qr 0 Q¢
Using Gronwall’s lemma in the last inequality implies u; = 0 almost everywhere in Qr and,

since u!(0) = u%(0), we obtain that u! = u? almost everywhere in Qr. 0

4.2 Nonlinear Pseudoparabolic Variational Inequalities

In this section we consider the nonlinear pseudoparabolic variational inequality. The ex-
istence result for a nonlinear equation and the penalty method imply the existence of a

solution of an inequality.

In (0, T) x Q2 we consider the inequality

/(b(t, x,up) (v —up) +a(t,x, Vuy) V(o —uy) +d(t,x) h(u) Vu V(v — ut)) dx dt
Qr
> /f(t, x,u) (v—u)dxdt (4.2.1)
Qr
with initial condition
u(0) = up. (4.2.2)
The constraint on u is given by the requirement u;(t) € K for a.a. t € (0,T), where K is
chosen to be a closed and convex subset of L”(Q2) NV containing 0.

Definition 4.2.1. A function u : Qr — R is called a weak solution of (4.2.1), (4.2.2) if

1)  uecC(0,T; Vo), ur € LF(Qr) N L*(0, T; Vy), us(t) € K for almost all t € (0, T),
2)  u satisfies (4.2.1) for all functions v € LP(Qr) N L%(0, T; Vy), such that v(t) € K
for almostall t € (0,T),

3)  u satisfies the initial condition (4.2.2) in the sense that u(f) — uy in V; for t — 0.
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Theorem 4.2.2 (Existence). Let Assumption 4.1.1 be satisfied. Then there exists a weak solution
of the problem (4.2.1), (4.2.2).

Proof. We consider the equation with the penalty operator B for a positive parameter «

/[b(t,x,u‘@‘)v—ku(t,x,Vu’;‘)Vv+d(t,x)h(u"‘)Vu”‘ Vo| dxdt
Qr

T

+0c/<B(u§‘),v> dt = /f(t,x,u"‘)vdxdt. (4.2.3)
0 Qr

Due to Theorem 4.1.7, since the operator B : L?(Qr) N L*(0, T; Vo) — L1(Qr) + L?(0, T; V§)

is monotone, bounded and hemicontinuous, there exists for all « a solution u* € C([0, T]; V)

of the equation (4.2.3), such that u¥ € LP(Qr) N L2(0, T; V). Similarly as in Theorem 4.1.7,

using Assumption 4.1.1 and the last equation with the test function v = uf implies the

estimates
/(|u"‘(t)2+|Vu“(t)\2)dx < C fortel0T]
@)
Uy |” +|Vu xdt < ,
[ (lr + 1vugp)axar < c
Qr
||b(t1x/ultx)||L'7(QT) < C
la(t, x, Vui)|l2gon - < C,
r C
[ <
0

uniformly in «. There exists a subsequence of {1}, again denoted by {u*}, such that
u* — u weakly-=* in L*(0,T; Vo),
ud — uy weakly in L¥(Qr) N L*(0, T; Vo),
b(t,x,uy) - B weaklyin L7(Qr),
a(t,x, Vu¥) — v weaklyin L*(Qr)N

as & — oo. From the equation (4.2.3) we obtain the equality

T
/(B(uﬁ‘),v) dt = i(/f(t,x,u“)vdxdt/b(t,x,u‘t")vdxdt
0 Qr Qr

—/a(t,x,Vu‘f)Vvdxdt—/d(t,x)h(u”‘)Vu“Vvdxdt)
Qr Qr

for all v € LP(Qr) N L%(0, T; Vp). Since all terms on the right hand side in the last equality
are bounded in LY(Qr) + L?(0, T; V) we obtain

B(uf) —0 in L7(Qr)+L*0,T; V§)
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as & — oo. Applying the monotonicity of B to u} implies

(B(uf) — B(v),uf —v) =0
T

for all v € LP(Qr) N L%(0, T; Vp). Using the estimate [(B(uf), u¥)dt < c/a and passing to
0

T
/ f—o)ydt <0.
0

Choosing in this inequality v = u; — Aw, where w € LP(Qr) N Lz((O, T); Vo) and A > 0,
taking the limit as A — 40, and using the hemicontinuity of B implies

the limit as & — co yields

T

/(B(ut),w) dt < 0

0
for all w € LP(Qr) N L%(0,T; Vp). Thus, B(u;) = 0 and u(t) € K for almost all t € [0, T].
Using u € L%(0,T;Vp) and u; € L*(0, T;Vy) implies u € C([0, T]; Vo) and u*(0) — u(0)
weakly in Vj. Since u*(0) = up, we obtain u(0) = uy, i.e. u satisfies the initial condition

(4.2.2).

Now we show the strong convergence of {u%} in LF(Qr) N L?(0,T; V). We choose
v = (uf —u;) as a test function in the equation (4.2.3). Due to u;(t) € K and B(u;) = 0,
we obtain the equality

/{b(t x,uy) (uy —up) +a(t,x, Vui) V(ug — ut)} dx dt

T
/d (t, x)h(u*)Vu®* V(uf — uy) dx dt + zx/(B(u‘t") — B(ug), uy — uy) dt
0

= /f(t, x, u") (uf — uy) dx dt.

Using the monotonicity of b, 4, and B implies

bl/|u§‘—ut\pdxdt+a1/|V(u’§‘—ut)]2dxdt < /b(t,x,uf) (up — uy) dx dt

Qr Qr Qr
+/a(t , wt)V(ut—ug‘)dde/d(t,xm(u“)wwut—u';qudt
Qr
/dtx (u® —u)V(ut—ut)dxdt—i—/ftxu)(u‘t"—ut)dxdt.
Qr

From the strong convergence of u* in L2(Qr) it follows that u* — u a. e. in Qr. Thus,

since h and f are continuous, h(u®) — h(u), f(t,x,u*) — f(t,x,u) a.e. in Q. Due to the
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assumptions we have that h(u*), h(u) € L*(Qr) and f (¢, x,u"), f(t,x,u) € L1(Qr). From
the Egorov Theorem it follows that h(u*) — h(u) uniformly a.e. in Qt. From the Dominated
Convergence Theorem it follows that f(t, x, u*) — f(t, x,u) strongly in L7(Qr). The fourth
integral on the right hand side can be estimated analogously as in Theorem 4.1.7. Then,
using the weak convergence of uf, the strong convergence of u*, and Gronwall’s lemma in

the last inequality implies
1
[} = el [ (or) + IV = Vel g < Co().

From the last estimate we have uf — u; strongly in LF(Qr) N L2(0,T; Vo) as & — 0.

Due to monotonicity of B, from equation (4.2.3) it follows that the inequality

/ [b(t, x,uy) (v—uy)+a(t,x, Vui) V(v —uf) +d(t, x)h(u*)Vu* V(v —uy) | dxdt

Qr
T

—/f(t,x,u”‘) (U—u’j‘)dxdt:a/w(v)—B(u‘f),v—uﬁdt >0
Qr 0

holds true for all functions v € LP(Qr) N L?(0, T; Vy), such that v(t) € K fora.a. t € (0,T).
The strong convergence of {u*} and {u{} for « — oo now implies the inequality (4.2.1).
0

Theorem 4.2.3 (Uniqueness). Let Assumption 4.1.1, u € L*(0, T; H'4(Q)), and
[f(tx,81) = f(E%,82)| < Cl§1 — S, h(81) = h(§2)] < Cl&1 — &2
for (t,x) € Qrand §1, §2 € R be satisfied. Then there exists at most one solution of (4.2.1), (4.2.2).
Proof. We assume there exist two solutions u(!) and u? of the problem (4.2.1), (4.2.2), i.e.
/ [b(t, xuly (0 —u™y +at,x, vl Y V(o — ul) + d(t, )b (uD)VuD V(o — u?) | dx dt
Qr
> / Fit,x,uDy (v —ul) dx dt (4.2.4)
Qr

for all v € LP(Qr) NL%(0,T; V), where i = 1,2. The function ugl) + u§2) is in the space
LP(Qr) N L2(0,T; Vy), and, since K is convex, the function v = %(ugl) + ufz)) may be taken

as the test function in the inequalities (4.2.4). Adding these inequalities implies

/{(b(t, x,ugl)) —b(t, x,ugz))) u + (a(t, x, Vuil)) —af(t, x,VuﬁZ))) Vut} dx dt
Qr
—I—/d(t,x) (h(u")yVu) —h(u®)Vu®) Vu, dx dt

Qr

< /(f(t,x,u(l)) —f(t,x,u(z))) updx dt,
Qr



104 Nonlinear Pseudoparabolic Equations and Variational Inequalities

(1) _

where u = u u2). Now we estimate the integrals of the following equality

/d (t,x) Vul) — h(u@)Vu®)Vu, dx dt
/d (t,x)h VuVutdxdtJr/d (t, x) (h(uM) — h(u®)) Vu® Vu, dx dt.
Qr

For the first integral in the last equality we have the estimate
/d (t, \)h(uM ) VuVu, dx dt < /|Vu\2dxdt+ /Vutlzdxdt
Qr Qr

Due to the regularity of u(!) and u®,i.e. uV, u® ¢ 1*(Qr) and Vu® € L*(Qr), the second
integral in the last equality can be estimated by

/d (t,x) — h(u®))Vu® Vu, dx dt
% % 2
< o /|u|4dxdt /|w ) dd /|w|2dxdt)
1 1
< ¢c3 /|u|4dxdt 4 /|Vut|2dxdt)2
Qr
<

§/<u|2+|Vu|2> dxdt+2/|Vut|2dxdt.
Qr Qr

;5/|u|2dxdt+(5o/\ut2dxdt
0
Qr Qr

/|ut|2dxdtdr+(50/|ut|2dxdt,
0 Q¢ Qr

The right hand side is estimated by

IN

/ (f(t,x,uD) = f(t,x,u?)) uy dx dt
Qr

IA

since uM(0) = u®(0). Then, we obtain the inequality

(b1 — o) /\utlzdxdt+ a — /|Vut\2dxdt < c// |ut|2+|Vut| )dxdtdr
Qr Qr 0 Q

This, using Gronwall’s Lemma, implies that u; = 0 a.e. in Qr and, since uV)(0) = u®(0),
that u) = u® a.e.in Qr. |



Conclusion

In this thesis we considered pseudoparabolic equations and variational inequalities. We
proved the existence and uniqueness for degenerate quasilinear equations, Theorem 2.1.3,
Theorem 2.1.8, Theorem 2.1.9, the existence for degenerate quasilinear variational inequali-
ties, Theorem 2.2.4, the existence and uniqueness for doubly nonlinear equations, Theorem
2.3.3, Theorem 2.3.7, the existence and uniqueness for equations with convection, Theorem
2.4.3, the existence and uniqueness for quasilinear equations and variational inequalities
on the time interval (—oo, T|, Theorem 3.1.4, Theorem 3.1.6, Theorem 3.2.2, Theorem 3.2.5,
and the existence and uniqueness for nonlinear pseudoparabolic equations and variational

inequalities, Theorem 4.1.7, Theorem 4.2.2.

Here Rothe’s and Galerkin’s methods were applied. To show the convergence of approxi-
mate solutions we used Minty—-Browder Theorem, strong convergence, Aubin-Lions Com-

pactness Lemma, and Kolmogorov’s compactness criterium.

Degenerate equations, where the term o;u is replaced by d:b(u), were solved using the
monotonicity and the gradient assumptions on the nonlinear function b. To prove higher
regularity in time, we needed linearity or a gradient assumption on the flux and Lipschitz
continuity of the function b. These assumptions were used to prove the existence of a so-
lution of the degenerate quasilinear variational inequalities. As we saw, the memory op-
erator may be linear, Lipschitz continuous, or of first order. However, it is not clear how
to prove similar results for the degenerate quasilinear equations containing the nonlinear
function of the gradient in the pseudoparabolic term, i.e. the mixed third-order derivative.
The uniqueness was proved by using the monotonicity of the operators and the linearity
or the Lipschitz continuity of the function defining the elliptic part. The Kruzhkov method,
which was applied in (Otto 1996) for degenerate parabolic equations, implies the unique-
ness making fewer assumptions. But, it is not clear if this method can be applied to prove
the uniqueness for degenerate pseudoparabolic equations. The problem is due to the lack

of estimates for the mixed third-order derivative.

For doubly nonlinear equations it is essential to have the same nonlinearity in the elliptic
part as in the pseudoparabolic term, i.e. the mixed third-order derivative. Here we extended
the integration by parts formula given by (Jager and Kacur 1995) for parabolic doubly non-

linear equations.

We showed that the characteristic method is useful for the pseudoparabolic equations with
convection. These equations can also be considered as a degenerate equation with nonlinear

function b.
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The existence and uniqueness in an unbounded time interval without the restriction at —co
was shown for quasilinear pseudoparabolic equations. Here we used Pankov’s Lemma and
the cut-off function method. For variational inequalities we assumed, additionally, that the
nonlinear functions were independent of the time variable. For an appropriate set K and a
corresponding penalty operator 3, which satisfies fOT(B (u),u;)dt > 0, the existence could

be proved without this restriction.

In the last chapter we considered the solution of a nonlinear pseudoparabolic equation as a

quasistationary state of a system with cross diffusion

v = V-a(t,x,Vo)+ V- (d(tx,v)Vu)+ f(t,x,u)—b(t x,0),
ou = g(u,v).

Here we choose a function g of the form g(u,v) = h(u)v. For arbitrary g a similar result is
unknown. We also considered a function d, which depended on time and space, but was
independent of v. Otherwise, if d depends on v, we can not prove the convergence of the
sequence of solutions {u°} to a solution of the pseudoparabolic equation. The problem is the
uncertainty of the strong convergence of {u{}. For a regular solution the uniqueness can be

shown; however, the existence of such regular solutions is proved in two dimensions only.

The existence proofs in this thesis are constructive, in the sense that they are based on
Rothe’s and Galerkin’s methods. Hence, the corresponding numerical approximation sche-
mes should converge. For real computations the order of convergence and error estimates
for a particular finite element space are needed. The relaxation method for degenerate par-
abolic equations introduced in (Jager and Kacur 1995), (Kacur 1998), and (Kacur 2001) to
control the degenerate term, can be applied to degenerate pseudoparabolic equations. We
used the characteristic method for equations with convection. The change of solutions of
problems with convection along the characteristic lines is small compared to the change in
time. Thus, the standard Rothe-Galerkin’s method is only applicable for small time steps.
On the other hand, the discretization along characteristics is allowed for rather large time

steps in the time discretization.

Pseudoparabolic equations often arise if the dimension of a system of partial differential
equations is reduced. The decreased number of equations facilitates the analysis and nu-
merical approximation of the original system, albeit these equations with the term of mixed
third-order derivatives are un-canonical. But known results may be adapted to include

pseudoparabolic equations.



A

Appendix

Al Auxiliary Lemmata and Theorems for Chapter 2

Let b : R — R/ be a monotone vector field and a continuous gradient, i.e. there exists a
convex C! function @ : R — R such that b = V®. Then we define the function ¥ by

1
Y(z) =¥y(z) :=sup [ (z—b(so))ods =sup(z-0c—®(c) —¢(0)).

ceR! 0 ceR!

The convexity of ® implies that

1
B(z) == ¥(b(z)) = b(z) -z — ¥(z) — :/ zds—/(b(z)—b(s))ds.
0

Lemma A.1.1. (Kacur 1985) The estimates

1
1)  B(z) :/ (b(z) — b(oz)) zdo > 0,
0
2)  B(z) - B(zo) > (b(z) - b(z0)) 20,
3)  b(z)—¥(z) + 2(0) = B(z) < b(2)z,
4)  [b(2)] < 9B(z) + sup |b(0)|,

lo1<3
hold true for all z,zy € R!, and for positive 6.

We define the space V := {v € H'7(Q)!,v = 0onT}, where T C 9Q) is measurable with
HN-(T) > 0.

Lemma A.1.2. (Alt and Luckhaus 1983, Lemma 1.5, Integration by parts)

Suppose u € uP + LP(0,T; V), uP € LP(0, T; H'P(Q))) N L®(Qr)!, 9;uP € L1(0, T; L*(Q)}),
b(u) € L*(0, T; LY (Q)"), 9:b(u) € L1(0, T; V*), ¥(1°) € L(Q), b° maps into the rang of b, and

T
/ dt+// u) —b%)o,;§dxdt =0
0

for all test functions T € LP(0,T; V) N HY'(0, T; L*(Q)") with {(T) =
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Then B(u) € L®(0, T; L}(Q))) and for almost all t the following formula holds

/B(u(t))dx—/B(uo)dx = /(E)b( Ju—ubP dt—// ))osuP dx dt

Q Q
—l—/(b(u(t)) —b(u®)uP(t) dx.
Q
For pseudoparabolic equations we have adapted version of Lemma A.1.2.
Lemma A.1.3. Suppose u € LF(0, T; Hy" (Q)!), u € L™(0, T; HY(Q)!), b(u) € L=(0, T; LY(Q))),
B(u) € L¥(0,T;LY(Q)), 0;(b(u) — V - (a(x)Vu)) € LI0,T;H ("), ug € HYQ),
b(up) € LY(Q), and b(ug) € H=1(Q). Then for almost all t the following formula holds

t
1

(a(x)Vu),uydt = B(u(t))dx+ = [ a(x)Vu(t)Vu(t)dx
fou founscstf

QO Q

—/B(uo)dx—;/a(x)VuOVuo dax.
Q Q
Remark A.1.4. As was shown by Brezis and Browder, (1978), the assumptions 1y € H} (),
b(up) € LY(Q), b(ug) € H1(Q), and b(up)ug > 0 yield B(ug) € L1(Q).

Proof of Lemma. For almost all (t,x) € (h, T) x O3, where u(t — h,x) = ug(x) for t € (0,h)
and b(u(t —h,x)) = b(up(x)) for t € (0, ), we have the inequalities
B(u(t,x)) — B(u(t —h,x)) + %a(x)Vu(t,x)Vu(t,x) - %a(x)Vu(t —h,x)Vu(t—h,x)
< (b(u(t,x)) —=b(u(t —h,x)))u(t,x)+a(x)(Vu(t,x) — Vu(t — h,x))Vu(t,x)
and
B(u(t,x)) — B(u(t —h,x)) + %a(x)Vu(t,x)Vu(t,x) - %a(x)Vu(t —h,x)Vu(t—h,x)
> (b(u(t,x)) —b(u(t—h,x))u(t—h)+a(x)(Vu(t,x) — Vu(t —h,x))Vu(t — h,x).

Now we multiply the first inequality by h~! and integrate over (0,7) x Q). Due to
u € LP(0, T; HyY (Q)!) and b(u) € LI(0, T; H-2(Q)!), we obtain

7 // ( YWu(t,x)Vu(t, x)) dxdt—/(B(uO) ; a(x )Vrou())d

—h Q

/h (u(t—h,x)),u(t,x)) dt—l—//h u(t,x) —u(t —h,x))Vu(t,x) dx dt.
0

\ —

Multiplying the second inequality by 1! and integrating over (k, T) x Q) implies

P h
%//(B(u(t,x))Jr%u( YVu(t, x)Vu(t,x) dxdt %// ; (x)Vu(t,x)Vu(t,x)) dx dt
0

T—h Q

2/%<b(u(t+h,x))—b(u(t u(t, x)) dt+// u(t+h,x)—u(t,x))Vu(t,x)dxdt.
0
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/II%(b(u)—v (@(X)VU)|[}; 1) At AT
h

1
i Hdz -(a(x H“i dzdt

IN IN
o\F

Then 0, (b(u) — V - (a(x)Vu)) — x in L1(0, T, H-1(Q)").
Due to 9;(b(u) — V - (a(x)Vu)) € L1(0, T, H 9(Q)") and

/T/ah(b(u)—v-( ))vdxdt = // Vu))o_jvdxdt
0 0

forv e LF(0, T; HYP(Q)') N L®(Qr)!, v; € L?(0, T; H(Q)!) and v(t, x) = 0 for t € (0,6) and
€(T-9,T),0<d<T,xeQ,wehave

op(b(u) =V - (a(x)Vu)) — 9¢(b(u) — V- (a(x)Vu))

in L9(0, T; H-11(Q)").

Since u € LP(0, T; H'?(Q)') we can take the limit as # — 0 and obtain

/(B(u(r)) + %a(x)Vu(’r)Vu(r)) dx — /(B(uo) + %a(x)VuOVu()) dx

and
1 1
(B(u('r)) + Ea(x)w(r)W(r)) dx — /(B(uo) + Ea(x)wowo> dx
QO
@ (b(u(t)) — V - (a(x)Vu(t)), u(t)) dt.

These two inequalities imply the assertion of Lemma. By passing to the limit in the second

inequality we used that

h
liminf — // (x)Vu(t )Vu(t)) dxdt > /(B(uo) + %a(x)VuOVu())dx. (1.1.1)
0

h—0
(@)
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Due to 9;(b(u) — V - (a(x)Vu)) € L1(0,T; H (Q)!) and the second estimate in Lemma
A.1.1, we obtain

h
1 1
hirllé‘fﬁ // (x)Vu(t)Vu(t) — B(ug) — Ea(x)VuOVuo) dx dt
0
1
> liini(?fh (0¢(b(u) — V- (a(x)Vu)),ug) dt = 0.
0
Thus, we have the inequality (1.1.1). O

Lemma A.1.5. (Jiger and Kacur 1995, Lemma 3.25)
Let u : Qr — R with B(u) € LP(0,T; V), b(x,u) € L*(0,T; L?(Q)), d:b(x,u) € L1(0, T; V*),
b(uo) € L*(Q), B(ug) € V. Then for almost all t € (0, T)

t
/ (@b (x, u), B(u)) dt = / B*(x, B(u(t))) dx - / B*(x, B(ug)) dx
0 Q

Q

holds true, where for s € {y e R:y = B(z)}

S

B*(x,s) :=b(x, 87 1(s))s — /b(x,ﬁ_l(z))dz

0

For pseudoparabolic equations we have adapted version of this Lemma.

Lemma A.1.6. Suppose 9¢(b(u) — Aa(u)) € L1(0,T; H 11(Q)), a(u) € L*(0,T; H (Q)),
a(u) € LP(0, T;Hé’p(Q)), B € L*(0,T,LY(Q)), b(up) € L*(Q), and a(up) € H{(Q). Then
foralmost all t € (0, T) the integration by parts formula

t
[ @u(bw) - da(u)), atw)
0
/B(a( <>>>dx+1/w< )P dx~ [ Bla(uo))dx — 5 [ [Vatu)Pdx
Q Q Q Q

holds, where for s € {y e R:y =a(z)}

S

B(s) = b(a~)(s)) s — /b(a—l(z))dz.

0

Proof. For (t,x) € (0,T — h) x Q), where u(t) = ug for t € [—h, 0], we have the inequalities

Bla(u(t))) ~ Bla(u(t — 1)) + 3 [Va(u(t)? — 5 |Va(u(t ~ 1))
(b(u(t)) — b(u(t — W)))a(u(t)) + V(a(u(t) — a(u(t — W) Va(u(t)  (112)

<
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and

Bla(u(t))) — Bla(u(t 1)) + 3|Va(u(®) ~ 3 [Va(u(t )P
> (bu(t)) — bla(t — W)a(u(t ~ 1)) + V(a(u(t) — a(u(t ~ k) Va(u(t - 1). (119

Now we multiply (1.1.2) by h~! and integrate it over (0,¢) x Q. Duetoa(u) € LP(0, T; Hé’p(Q)),
p > 2,and b(u) € L?(Qr), we obtain

;11/:h/(é(“(”(t)))+;|Va(u(t))2) dxdt—/(E(a(uo))+;|va(%)’2> i
Q

QO

< [ [ 5 [(eCaute) = bt = m)au(e) + (Vatu(®) - Va(u(t ~ 1) Va(u(e)] dx .
0 Q

Since 9;(b(u) — Aa(u)) € L1(0, T; H-11(Q)), we have 9;,(b(u) — Aa(u)) — 0:(b(u) — Aa(u))
in L9(0, T; H-19(Q)).

Due to a(u) € LP(0, T; H'P(Q))) we can take the limit as # — 0 and obtain

[ (Batu)) + 3 1va)R) dx — [ (Blatuo) + 3|Va(uo) ) dx
Q @]

< [ @b - Aa(w),a(u) at.

0

To prove the reverse inequality we integrate (1.1.3) over (h, t) x (2 and proceed analogously

to the above. For the reverse inequality we use

h
_ 1 ) 1 - 1 )
- < - - .
/(B(a(uo)) +5IVa(ug) ) dx < limint / /(B(a(u(t))) 45 |Va(u(e) ) dxds
Q 0 0

This estimate can be obtained similarly to that in Lemma A.1.3. O

Lemma A.1.7. (Gajewski, Griger, and Zacharias 1974; Showalter 1996)
Let f : RN — RN be continuous and, for any R > 0, (f(x),x) > 0 for every |x| = R. Then there
exists an a € RN, such that |a| < R and f(a)=0.

Theorem A.1.8. (Necas 1967) [Kolmogorov’s theorem]
Let Q) be a bounded domain in RN. A set M of functions f € LP(Q) is precompact iff M is
bounded and equicontinuous, i.e for any € > 0 there is a 6 > 0 such that for all f € M

/\f(x+y)—f(x)|*’dx<s for |y| <.
Q

Theorem A.1.9. (Evans 1998)[Minty-Browder Theorem]
Letd: (0,T) x Q x RN — RN be monotone in the last variable, i.e.

(d(t,x,z1) —d(t,x,22))(z1 —22) 20 for z1,2z5 € RY,
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and
Uy — U weaklyin L (Qr)Y,
d(t,x,uy) — x  weaklyin L1(Qr)Y,
limsup [ d(t,x,u,) u, dx < /Xudx.
n—oo Q

Then x = d(t,x, u).
Definition A.1.10. (Lions 1969)[Definition of penalty operator]
Let V be a reflexive Banach space and K a closed convex subset in V. Then a penalty operator

B :V — V* related to K is a monotone, bounded and hemicontinuous operator such that
{v|jveV, B(v)=0} =K.
Such an operator B is given by
B=](I—-Px),
where | : V — V* a dual mapping and Px : V — K s the projection operator on K.

In the case V = H'P, for some p > 1, the dual mapping ] can be chosen as

(J(u),v) = /(|u|p2m)+ \VulP~2VuVo) dx
o)

and the projection operator Pk satisfies

(J(u — Pxu),Pxu —ov) >0 for v e K.

A.2 Auxiliary Lemmata and Theorems for Chapters 3 and 4

Theorem A.2.1. (Deimling 1992) [Generalization for Carathéodory functions]
Let X = R", D C X, and suppose the function f : (0,T) x D — R satisfies the Carathéodory

conditions, i.e.

(1)  f(-,x) is measurable for each x € D,
(2)  f(t,-) is continuous for almost all t € (0, T),

and
£ (t,x)] < c(£)(1+ |x]) on (0, T) x D, with c € L'(0, T).
Then
X =f(tx),  x(0)=x

has an absolutely continuous solution for every xo € D.
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Lemma A.2.2.(Pankov 1990, Lemma 1.3, p.47)
Assume A € C(J), where | is an half-lineor | = R, A > 0 and

1)
15}
+0(/)\p(f)dt§0, tl,t2€], t1 <t
fy
ty

22(t)

for some o > 0 and p > 2. Then we have

1/(p-2)

¢ Alto),

At =
() (>) Ll)\(to)f’—z(t—to)—i—c

fort > to, (t < to, respectively), to €], if p > 2,and

A(t) et A (1)

Y

fort > to, (t < to, respectively), if p = 2. Herec > 0and c; > 0 depend on « and p.

Lemma A.2.3. (Gajewski et al. 1974; Showalter 1996) [Integration by parts formula]
Let the Banach space V' be dense and continuously embedded in the Hilbert space H, H* = H, so
that V. C H C V*and X = LP(0,T; V) N LP(0,T; H) . Then the Banach space

W= {ulueX, ueX}

is continuously embedded in C([0, T|; H) and for every u,v € W the integration by parts formula

t

(u(t),0(8)) = (u(s),0(5)) = [ [{0'(x), 0(0) + (w(), ' (x) ], s, € [0,7]

holds, where (-, -) denotes the scalar product in H .

Lemma A.2.4.(Lions 1969; Showalter 1996)[Lions-Aubin Compactness Lemma]
Let By, B, By be Banach spaces with By C B C By; assume By — B is compact and B — By is
continuous. Let 1 < p < 0o, 1 < q < oo, let By and By be reflexive, and define

W = {v|v € L¥(0,T;By),v: € L(0,T; By) }.
Then the inclusion W — LP(0, T; B) is compact.

Let Banach spaces X and Y be subspaces of linear space V. Then X N Y is a Banach space
with the norm [|x|[xny = [[x[|x + [|x[ly

Let X, Y be Banach spaces, continuously embedded in the locally convex space V. Then
X+Y={x+ylxeX,yeY}

is a Banach space with the norm ||z||x1y = inf max{||x||x, ||y|ly}-
xeX,yeY,x+y=z
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Theorem A.2.5.(Gajewski et al. 1974, Theorem 1.5.13) Let X, Y be Banach spaces, continuously
embedded in the locally convex space V, X NY is dense in X and in' Y. Then

X' +Y" =(XnY)*

and
(X+Y) =X"NnY"



Notations

RN is Euclidean N- dimensional space

Q) is a bounded domain in RN with a Lipschitz continuous boundary 9Q)
UccQisifU c Uc Qand U is compact, i.e. U is compactly contained in Q)
Qi = (t, 1) xQ, H <t

Qr=(0,T)xQ or Qr=(-0,T)xQ

H'(Q) is a Banach space, H'?(Q) = {u € LP(Q),uy, € LP(Q)),i=1,...,N}
HY(Q) = H*(Q)

LP(0,T; H'*(Q)) is the set of measurable functions u : t € (0,T) — u(t) € H**(Q), such
that | |1/l() | |H1,S(Q) S LP(O, T)

D' (Q) distributions defined on ()

X* is the dual space to the Banach space X

(-,-) is a duality product between X and X*, (-,-) : X* x X - R
LV

loc

((=00,T];B), 1 < r < 400 is the space of functions z, such that z € L'(t;,T; B) for all
t; < T, where B is a Banach space

The Banach space X is reflexive if i(X) = X**
The topological space X is separable if X contains a countable dense subset
The set M is dense in the topological space X if M = X

Let Banach spaces X and Y be subspaces of linear space V. Then X N Y is a Banach space

with the norm ||x||xny = ||x]|x + ||x]|]y

Let X, Y be Banach spaces, continuously embedded in the locally convex space V. Then
X+Y={x+ylxeXyeY}

is a Banach space with the norm ||z||x,y = inf max{||x||x, ||y|ly}
xeX,yeY x+y=z

The generic constants will be denoted by C, C;, ¢, and ¢;

%+%:1forp>1,q>1.
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