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1. Introduction

As a result of root damage, certain species of plant can be genetically transformed by the bacterium Agrobacterium
rhizogenes. This transformation causes the plant to produce “hairy-roots” — dense, highly branched root structures. Of
particular interest is that hairy-roots can produce certain metabolites, which have beneficial pharmaceutical properties. In
an attempt to intensify the production of these metabolites, experiments concerning the growth of hairy-roots in bioreactors
are now underway. In order to optimize this process, it is necessary to obtain a better understanding the metabolism and
growth of these root structures. Here, as a first step, we develop and analyse a mathematical model for the nutrient uptake
by a single branch of a hairy-root. The surface of a hairy-root is covered with fine “hairs” (micro-scale roots), which enlarge
the active surface area of roots and thus increase the uptake of nutrients. However, due to their high density, the hairs are a
significant obstacle to the flow of water. The model we propose is defined in a partially perforated domain. We consider water
flow around the root structure and diffusion of nutrient molecules dissolved in water. Substrates diffuse and are transported
by the flow in the fluid part and are absorbed on the surface of the hairs, i.e. on the boundary of the microstructure. Flow
velocity of the water can be defined by the Stokes system. The scale of hairs is too small for accurate numerical computation
of the full problem and the derivation of a macroscopic model is required.

The derivation of macroscopic equations for the fluid flow in partially perforated domains was considered in [1-3]. As
a zero order approximation, a solution of Stokes or Navier-Stokes system in a free fluid domain with no-slip boundary
conditions on the interface between two domains was obtained. Higher order approximations and effective boundary
conditions at the interface between homogeneous and perforated domains were derived using boundary layers. In this work,
these ideas are applied to a more general geometry. To derive macroscopic equations for the velocity field we have to assume
C? regularity of the interface between free fluid and perforated domain, which implies the regularity of a Stokes solution
needed for the analysis. As a macroscopic model, we obtain Stokes equations in the domain without hairs with no-slip
condition on the interface between two domains. A better approximation for the water velocity requires the construction of
boundary layers, see [3]. For the more complicated geometry considered here, boundary layer correction can be constructed
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only locally and hence will not be considered further here. A macroscopic model for the nutrient concentration consists of a
diffusion equation with a reaction describing the uptake process on hair surfaces in the perforated domain and a diffusion-
convection equation in the homogeneous domain. Both the partial heterogeneity of the domain and the convective term
make the analysis of the equations for the concentration proposed here, non-standard. In the estimates for the convective
term, the regularity of the velocity field and the error estimate for the difference of microscopic and macroscopic velocities
are used. To derive a macroscopic equation for the nutrient concentration we use the technique of two-scale convergence,
which was introduced in [4,5] and extended to sequences of functions defined on surfaces in [6,7]. This extension and
a compactness argument are used here to obtain the convergence of the nonlinear function defined on the surface of
the microstructure. There are many results on homogenization of parabolic equations defined in completely perforated
domains. The two-scale convergence was used in [7] to homogenize diffusion-reaction processes in a catalyst consisting
of periodic distributed bars. A similar model with convection defined in a porous medium was studied in [8] using an
energy method. A macroscopic model describing diffusion, convection and nonlinear reaction in a periodic array of cells was
derived in [9]. Two-scale convergence coupled with monotonicity methods and compensated compactness were used there
to show the convergence in the nonlinear terms. Homogenization of reaction-diffusion and reaction-diffusion-convection
equations coupled with linear or nonlinear ordinary differential equations on the surface of the microstructure was studied
in [10,11]. Macroscopic equations for reaction-diffusion between periodic distributed soil grain with nonlinear monotone
kinetics on the grain surface and for reaction-diffusion processes both inside and outside grains were derived in [12,13].
The effective behavior of solutions of Laplace equation in a partially perforated domain and the contact problem between
a porous medium and a non-perforated domain were studied in [14,15]. Derivation of macroscopic equations in a domain
with a microstructure consisting of thick junctions is based on the construction of a proper extension operator, [16].

The paper is organized as follows: First, we present a description of the considered geometry, define a microscopic
model, and formulate existence and uniqueness results for solutions of the microscopic model. In Section 3 we show a
priori estimates for the water velocity and derive macroscopic equations for the velocity field. In Section 4 we prove a
priori estimates for the nutrient concentration and, after extension of the solutions from the perforated domain to the
whole domain, using there estimates, we show the convergence of solutions of the microscopic problem to a solution of
a macroscopic model.

2. Problem formulation

We consider a single root with hairs orthogonal to the root surface and distributed periodically. For the sake of simplicity
we replace the cylindrical geometry of a root surface by a rectangle and pose periodic boundary conditions on the sides.
We define a domain £2 = (0,1) x (0, M)? with inflow boundary I}, = (0,1) x {M} x (0, M), outflow boundary
TIoye = (0,1) x {0} x (O,M),and I'T1 = (0,1) x (0O,M) x {M}, I3 = (0,1) x (O,M) x {0}.For0 < my < my < M
and a smooth (C?), positive, 1-periodic in x; function G : (0, 1) x (m;, my) — R with SUpy, x, G < M, G = 0forx; = my,
Xy = my, we define 21 = {(x1, x2, x3) € (0, 1) x (mq, my) X (0, G(X1,X2))}, 22 = 2\ £21, [ = 327 \ 3. We can extend
G to R? by zero in x, and periodically in x;. We define also

\
X2

Xy

Tout

-

X3

e Unitcell Z = [0, 1%, repeated periodically over R?, Yo C Z, an open compactly included in Z subset with a smooth
boundaryR = dYp, Y =Z \ Y.

e ZK =Z 4+ 3 ke, Y = Yo+ Y2 ke YE = Y + 32 ke, RE = R+ Y2 kie; for k € 7%, 2% = U(ZX, k € 72);
Ir'* = U{R* x (0,1%), k € z%}, L* are the lengths of the hairs, L = inf, ,, ;¢ G(x1,%;) — &, and & > 0 is the ratio
between the radius of a root hair and the size of £2;.

o Q =U{eZMezZk C 21N {x3 = 0}}; Q° = U{eYXezZk C Q};

R = U{eRYeZ* C Q}; R® = U{eR¥ x {x3 = L*}|eZ* c Q};
I'® = U{eR* x (0, L% [eZ* x (0, %) C £21}; T = UfeY{ x {L¥}]eZ* C Q).
o 25 = UfeY§ x (0,L%)]eZ" x (0,L%) C 21}, 2f = 2, \ 2§ and 2° = 2 U 2,.
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We consider water flow and diffusion and active transport of nutrients along the single root. The water velocity is given
by the Stokes equations

—Au* +Vp* =0 in 24,

divu® =0 in £2°,

pP=pi, u*xv=0 on [,

p* =po, U x v =0 on Iy,

=0 on '*UT®and I U I3,
u®, p®are 1-periodic  in x,

where p; and p, are given constants.
Remark. For the flat boundary divu® = 0, p® = p;, u® x v = 0 on [}, is equivalent to (Vu® — p’ v -v =p;,u®* x v =0

on [Ij,. The same holds for I'yy.
For the nutrient concentration we have

9c® =V - (D°Vc) +u*-Ve* =0 in (0,T) x £2°,

c® =¢p on (0, T) x I}y,

(D°Vce® —u’c®) -v=0 on (0, T) x Ty,

Vef - v=0 on(0,T) x ITUT3UT?, (2)
—DPVc® - v® = ef (L, x, ¢%) on(0,T) x I'?,

c® is 1-periodic in xq,

c®(0) = ¢ in £°.

The diffusion coefficient and the reaction term are defined by Z-periodic functions ij(t, x) = Dj(t, x, g) in 2; x Z*%,

Dg’-(t,x) = Dy(t,x) in £2,, and Dj} are 1-periodic in xq, f(t,x, &) = f(t, é,x3, &) on I'*, where X = (X1, x2). In general
applications diffusion coefficients are constant. However, we will consider here a general case, because we can conduct our
analysis and also we can envisage a case when diffusion depends on nonhomogeneous chemical properties of the medium.

Assumption 2.1. (1) The diffusion coefficient D, ;D € L®((0, T) x £2 x Z)3*3, is uniformly elliptic, i.e. D(t, x, )& - & >
d0|g|2vd0 > Ovs € R3'y = (Vl,}’z)-

(2) Thereaction termf (t,y, x3,&) : (0, T) x I'* x R — Rissublinear,i.e|f(t,y, x3, §)| < us(1+&|), Lipschitz continuous
in &, differentiable in t, and measurable in (y, x3) € I'*.

(3) The boundary condition cp € H'(0, T; H*(£2)) N H?(0, T; [2(£2)), the initial condition ¢, € H?(£2), cp and cg are 1-
periodic in x1, and ¢cg|30 = ¢p(0, X).

We define the spaces
V(R ={veH (293 v=00onT U}, vxv=00n /U loy,
v=0onI*°U7T? wvisl-periodicinx;};
Vy(2%) = {v e V(£2°), divv = 0};
W = {w e H'(2°), w=0o0n I}y, wis 1-periodicinx;}.

Definition 2.2. A weak solution of (1), (2) is a triple (u?, p®, ¢®) such that u® € Vy4(£2°9), p° € [*(R2°),c® —cp €
12(0, T; W), ¢ € H'(0, T; L*(£2¢)) and

/Vu8V¢dx—/ pgdivq}dx:—/ pi¢-vda—f Po® - vdo, 3)
Q°f Q° h Tout

T T
/ (0:c® Y +D*VcPVyr — uf c® Vi) dxdt = —¢ / fét, x, )y dodt, (4)
0 Jer 0

re

for all functions ¢ € V(£2¢) and ¢ € [2(0, T; W).

Theorem 2.3. Let Assumption 2.1 be satisfied. Then, for any ¢ there exists a unique weak solution of the problem (1)-(2) such
that u® € V4(2°) NH2(25), p° € L*(2%) NH'(825), ¢ — ¢cp € L*(0, T; W), ¢® € H'(0, T; L?(£2¢)), where $2; is the domain
without a neighbourhood of R°.

Proof idea. The existence of a solution of the Stokes or Navier-Stokes system with boundary conditions for the pressure
is shown in [17,18,1,2]. The existence and regularity theory for the Stokes and Navier-Stokes equations with Dirichlet
boundary conditions can be found in [19]. The proof relies on using Lax Milgram and DeRham theorems and thus a solution
u® € V4(2°) and p° e [*(£2°) is obtained. The solution is uniquely defined due to the boundary conditions for u® and p®.
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The regularity of the solution follows from the regularity for elliptic equations and boundary condition u* = Oon I'; U I3
(such a boundary condition allows the extension of the solution across the boundaries) [19,1].

The existence of a solution, c?, of the parabolic equation for a give u® can be shown using the Galerkin method based on a
priori estimates, similar to those in Lemma 4.1, [20]. The a priori estimates imply also the regularity c® € H'(0, T; [?(£2¢)).
The only deviation from the standard situation is the presence of the convective term, which can be estimated in the

following way
T T T
f / u?c®V(c® — cp) dxdt / / U (c® — ¢p)? - vdodt +/ / u?cpV(c® — cp) dxdt

0o Jae 0 Jrou 0o Jae
wa sup Ul 12 o,myx26) 1€ 20,711 (25

Tout

IA

IA

+pz sup  oplllufll2ee lIc® — colli2o.rH1 ey
0,T)x 2

IA

2 2 2
138IE o, 1p1 ey + Ha/S (1 e 201y wee) T ””S”LZ(m)) :

Here we use the regularity of u® € V4NH?(£2),cp € H'(0, T; H?(£2)) and the embedding H?(£2§) C C*(£2{),a € [0, 1/2),

for dim(£25) < 3, [20]. The same calculations hold for fOT fm u®9,c*Va(c® — cp) dxdt in estimates for the time derivative
drc®. The uniqueness of the solution c® follows from the Lipschitz continuity of f and can be shown by considering the
equation for the difference of two solutions c; and c;. ®

3. Macroscopic equations for the fluid flow

We assume the following macroscopic model for the water flow

—Au’ + vz =0, divu® =0 in£2,,

=0 onI UL UTs,,
wWxv=0  7°%=p; on Iy,

W xv=0, 710=po on [ oy,

uw, 7% — 1-periodic inx;.

Here I3, = I3 N 2, and T3 is the boundary between £2; and £2,. There exists a unique solution u® € V;(£2,) N H2(£2,),
7% e H'(§2,),[17-19,1,2].

We extend u° by zero into £2;. To show that u® is a macroscopic approximation of the microscopic velocity u® we need
to estimate the difference u® — u®. For this we will make use of the following estimates in the porous medium.

Lemma 3.1 ([14,2,10]). Let ¢ € Hl(.Qf) be such that ¢ = 0on I'* U T°¢. Then, the following estimates hold

2
||¢||L2(Q;f) = C8||V¢||L2(rz;’)» el < ce' ||V¢||L2(.Qf)~

Proof idea. The first estimate follows from Poincaré’s inequality. The second inequality hold true due to the estimate
dist(I3, I*UY®) < max | sup G—L¥| +Ce < C(sup|VG|+ e < Ce.
6ZKCQ * (x) xp) ek
Lemma 3.2. For the solutions of the Stokes problems u® and u® we have
VW — U0)||L2(m)3x3 < Cye, ||us||L2(:z§)3 < Ce/e, ||U8||L2(r2)3 < Cg,
Iu® =z, < Ce, IIP° =%z, = CVe,
where C is a constant independent of e.

Proof. For the proof we use the ideas from [2]. We consider the equation for the difference u® — u° and use the estimates
in Lemma 3.1

/ V@ —u®) Ve dx —/ (p° — 7% (2,))V - pdx = / Vul —7°DHvepdy
Q¢ Q¢ b

1 0 0 1/2 0 0
= IV =7y 1@l ryy = €2 IVUT = 720y I V200

for ¢ € V(£2°). The estimate || Vu® — 7°I|| 2, < C follows from the regularity of u® and 7z° in the domain £2,. Then using
u® —u® as test function, div u® = 0 and div u® = 0, the Poincaré’s inequality and the trace inequality in £2{ from Lemma 3.1
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yield the first three estimates of the lemma. To obtain the last two estimates we consider the equations for w® = u® — u°
and ¢ = p* — n°

—Awg—}-VnS =0, divw® =0 in £,

w® =u’ onXY = Iy,

wf=0 OHF1UF3,2, (5)
w® xv =0, 78 =0 on Iy U oy,

w®, 7® are 1-periodic inx;.

Now, we use the estimate for a very weak solution w? of the Stokes system, [21,22]. We seek a solution (w®, 7°) €
12(£2,) x H™1(£2,) using the transposition method (for the definition of very weak solution see Appendix). Thus,

w120, < Cllu'll2,) < Ce.

The first equation in (5), the estimate for the velocity, and the Necas’s inequality, i.e. [|7°]|;2(o,) < C(2)IVTE|ly-1(0,)
[2,23], imply

2
1752y < CIVW iz, < Ce?.

4. Derivation of macroscopic model for concentration

Macroscopic equations are derived using the method of two-scale convergence, [4,6,7,5].
4.1. A priori estimates for solutions of microscopic model

Lemma 4.1. For ¢ < d3/4 solutions of the microscopic model (2) satisfy

||C£||L°°(0,T;L2(.Q€)) + ||VC8||L2(0.,T:,L2(S25>) =M
19¢¢® lloo 0,712y + 10:VE 120, 1212 (26)) < M
where (4 is a constant independent of .

Proof. We choose c® — cp as a test function in (4) and calculate for T € [0, T]

/ / 0,c®(c® —CD)dxdt+/ / D*VcfV(c? —cD)dxdt—/ / u°c®V(c® — cp) dxdt
el fol fel

= —8/ fe(t, x, c®)(c® — cp) doydt.
0 re

Applying the Young inequality we estimate the above integrals as

T T T
/ / DFVcEVep dxdt < 5/ / Ve ?dxdt + ﬁ/ / \Vep|2dxdt,
0 ¢ 0 ¢ 8 0 ¢

/ / orccpdxdt = (c®(v)cp(t) — coep(0)) dx — / / c®0;cpdxdt

0 ¢ Q¢ 0 Q¢

1 1 1 [°

*/ (*lCS(T)I2 + 8lep(D)* + [eol* + |CD(O)|2) dx + */ / (|C8|2 + |8tCD|2) dxdt.
o \ 2 2Jo Jar

IA

2

Using the estimate for V(u® — u°), the regularity of u’® € H2(£2,) and the embedding H?(£2,) C C*(£2,), a € [0, 1/2), for
dim(£2;) < 3,[20], we obtain

/ / UtV (c® — cp) dxdt = / W' —u® + u®)cf V(e — ¢p) dxdt
0 ¢ Q¢

< ue'?|ct ||L2(0 H1(28) + sup [u®] / / ( 24 5|V(c® — ) ) dxdt.
Qé
In estimates for boundary integrals we apply
”CS ”52(1“8) E /"L”C“3 ”fZ(QS) + gzl"bllvcg ”52(95)' (6)
The inequality (6) follows from the trace theorem in H!(Y) and the scaling argument

Lk
s/ I Pdy < Z‘ / /k(|c€|2+gz|v;c€|2) dxguz/ (Ic°1> + €|Vt %) dx
ey’ ¢

ezkcqQ
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Then, the sublinearity of f¢ and (6) imply

8/ f fe(t, x, ¢®)(c® — cp) doydt
0 re

Using the ellipticity assumption on D?, regularity of the initial and boundary conditions and Gronwall’s Lemma, we obtain
the first estimate in the lemma. To derive the estimate for the time derivative, we differentiate the equation with respect to
t and choose 9;(c® — cp) as a test function. Similar calculations as above and the inequality

t 1
f / dfctdpep dxdt < / <7|3[C8(‘L’)|2 + 4|3:CD(T)|2) dx
0 QS QS 4

1 1 (7
+ f/ (18:c(0)* + [9:cp(0)]*) dx + 5/ / (18cc®1> + 187 cp|?) dxdt
€ 0 €

IA

’“/ / e (1+[c°* + Iclcpl) doydt
o Jre

T
Mz/ / (14 (1> 4+ VP + |opl* + €°|Vepl®) dxdt.
0 0

IA

2

imply the required estimate. Here we used, due to the assumptions ¢y € H2(£2), colse = cp(0), and cp € H'(0, T; H?(£2)),
that

/ (|3rC5(0)|2 + |atCD(0)|2) dx < (||C0||H2(.Q) + ||CD||H1(0,T;H2(:2>)) . n
QS

4.2. Convergence of solutions of microscopic model

To obtain a priori estimates for functions defined in the domain independent of ¢ we extend c® defined on £2° to a function
defined on the whole 2. The main ideas of the extension are presented in [24,25,8].

Lemma4.2. 1. For c € H'(F'), where F' =Y x (0,L'TUZ x (L', L' 4 §) for some 0 < § < (M — supyy, ,, G)/4, there exists
an extension ¢ from Fi to Z x (0, L' + §)
||5||L2(2x(0 tivsy) < mllclzgy and ”VE”LZ(ZX(O tivsy < #IVellzgy.
2. For ¢® € H'(£2°) there exists an extension &€ into 2,

1N 2@) < mlcfliz@ey,  IVENlR@) < mIVE ll2@e)-

Here 2 = (0, 1) x (my, my) x (0, G+ 8), 2° = 2\ ¢, and w is a constant dependent on G, Y, Y, but independent of ¢, c®.

Proof. For a connected, with Lipschitz-continuous boundary domain F!, we can use the extension result from [24,25,8].
The proof is based on the reflection technique. We extend ¢ from F! into neighbourhood U of R x (0, L) U Yo X {L'} by
reflection and further into all Y x (0, L') in any smooth manner, and define this extension by c*. For x3 < L we have to
extend only in x direction and the Neumann boundary conditions on I'; does not cause any problems. Then we consider
¢ = (1 —y¥)(c* — m) + m, where ¥ is a smooth function on Z x (0, L' + §) with compact support in the interior of
Yo x (0,1, suchthaty = 1inYy \ U,and m = ﬁ fF,- c*(y)dy. The estimate for the L2-norm follows directly. Since

IVEll2@zx,ti+sy) = I1VllizEy + 1 VENl 2 vy x (0,17)) We have to estimate the last term. Using Poincaré’s inequality we obtain

f CIVEPdy < IV = ) Lo vy x 0.0y f |c* — m|*dy
Yo x(0,L1)

Yo x(0,LHNU

+ w2 (1 = ) Ml oo vy 0,1y /

Ve i2dy < s / VePdy.
Yo x (0,LHNU Fi

To obtain the estimates in £2 we use the scaling argument

G+5
||VE£||L2(:~2) = / /1 |VEe | 2dx
szkcqQ z
G+8 [
|Vcé |2dx + / / |VEe | 2dx
/L‘ /zk Z zk

=<
szkcqQ ezkcqQ
G+8 k4
=X [ [ wetae X[ [ @ve ey + 1o Py
ezkcq JLH+8 JeZk ezkcQ
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L*46 G+§
(m/ / (672 Vyc®? + [ 9,7 )dde3+/ / [V dX>
sZkCQ Lk
[ G+6
> (m(y YO,L")/ f, |V dx+/ f |V dx)
Y& Lk

ezkcqQ
w(VG, Y, Yo) Vel 2(ze-

IA

IA

IA

The estimate for ||c* 12, follows from similar calculations. ®

The extension into §2 implies the extension into all £2.

Remark. For ¢® € [?(0,T;H'(£2°)) we define ¢(-,t) := ¢&°(-,t). Since the extension operator is linear, ¢¢ ¢
12(0, T; H'(£2)). We identify c® with c®.

To show the compactness of c® in L2((0, T) x I'®) we use the following space

Definition 4.3 (/26]). Let W#2(£2) with 8 € R, 8 > 0 be a Hilbert space defined as the completion of C*°(£2) with respect
to the norm

1
luG —umi NP o
lullws.2oy = lullwre o) + o x = y|r6h yt . k=I[8], n=dim(£2).

Lemma 4.4. For a function v* € WF2(25), 3 < B <1

£)2 28 v (&', x3) — v (2 x3)
sfrelvldox Ml(/;z£|vldx+8 /Q/ P dx'dx?dxs

M2 llv? ||Wﬁ,2(:2§)~

IA

IA

Proof. For a function v € W#2(Y) the trace theorem implies

v — v
/Ivl d0y<m/|v| d}’+M2/Y ST e 'y’

Changing variables, y = x/¢ with X = (x4, X3), we obtain

2
O% vi(x', x ve(x°, x dx! dx?

/ ve |2 O% < 1/ v | / / | ( _3) ( 3)| g2 X )
. " vi Joyi X2[2t26 2 g2

Integrating the inequality over x; from 0 to L', multiplying by £? and summing up over i, eZ' € Q, we obtain the estimate in
thelemma. =

Lemma 4.5. There exist functions c and c; such that

¢ — ¢ weakly in[*(0, T; H'(£2)), weakly- x inL*(0, T; L*(£2))
dct — d,c weakly in [*(0, T; H'(£2)), weakly-* in L®(0, T; [*(£2)),

& . 2 . B.2 1
c¢® — ¢ stronglyin L“(0, T; W= (£2)), 5 <B <1,

T
. & 2 BT
lg}})e/o /Fg |c® — c|“doydt _ggrg) Ilc® c||L2(<0 T)xI¢) =0,

c® — ¢, 9;¢®* — 9;c intwo-scale sense in £21,
Vcf — Vic + Vycr intwo-scale sense, ¢; € [2((0, T) x $21; per(Z)/R)

Proof. From the a priori estimates in Lemma 4.1, which imly the correspondent estimates for the extension in 2, we obtain
a weak convergence c® — ¢ and 9;,c® — 9;c in L2(0, T; H'(£2)) and weak-* convergence in L>°(0, T; L?(£2)). The strong
convergence of ¢ in L?(0, T; W#%(2)), 3 < B < 1 follows from the compact embedding of W#(£2) in H'(£2) and the

Lions-Aubin Lemma, [27], with B = W#2(2). The Lemma 4.4 implies | c® — cllzoryxrey < mallc? C||Lz(0 — 2(95)) <

Hallc? C”LZ(OTWﬂZ(_Q))_)Oforg_)O'

Please cite this article in press as: M. Ptashnyk, Derivation of a macroscopic model for nutrient uptake by hairy-roots, Nonlinear Analysis: Real World
Applications (2009), doi:10.1016/j.nonrwa.2008.10.063




8 M. Ptashnyk / Nonlinear Analysis: Real World Applications I (1HER) IIE-NER

The boundedness of ¢® in L?(0, T; H'(£2)) and the Compactness Theorem (see Theorem A.2 in Appendix) imply the two-
scale convergence of c® to ¢ and existence of a function ¢; € L2((0, T) x £21; ngr (Z)/R) such that, up to a subsequence, Vc®
two-scale converges to Vyc(t, x) + Vyci(t, X, y), Vyc1 = (9y, €1, dy,¢1, 0). Using the a priori estimates and applying again
the Compactness Theorem (see Theorem A.2) we obtain the two-scale convergence of 9;c® to d;c. B

4.3. Macroscopic equations

We define the space
K ={(¢. V), ¢ €H'(21), ¥ €H'(2,), ¥ =00nTin, ¢ =1 only, ¢, ¢ are 1-periodicinx;}.

Theorem 4.6. The solutions of the microscopic problem c? converge as ¢ — 0 to the solution (c; — cp, ¢; — ¢p) € L*(0, T; X),
d:c1 € I2((0,T) x £21), 9:c2 € [2((0,T) x §2,), of the following macroscopic problem

|Y|8[C] -V. (Dhomvcl) + /f(t’y’ X3, C1)d(7y =0 in (07 T) X 917

R
3c; — V- (DVey) +u’- Ve, =0 in (0,T) X £25,
D"™V¢, v =DV, - v, =0 on (0, T) x I3,

€ =0p on (0, T) x [in,
(DVc, —u’cy) - v =0 on (0, T) x Iy,
Veci-v=0 On(O,T)X[},], Ve, -v=0 On(O,T)XF]UFiz,
c1, Co are 1 — periodic inxq,

c1(0) =co in £2q, c(0) =cg in $§2,,

where D3°m = Zi:1 fY (Djj(t, x, y) + Dy (t, x, ¥)0y,s;) dy and s; are the solutions of the cell problems

2 2
—Vy - (D VyS]‘) = Z Bykaj in Y, —DVij V= Zij\)k onR,
k=1 k=1

and D = (Dy) fori,j = 1, 2.

Proof. First we choose ¢ € C(0, T; (5°(£2,)) as a test function in the Eq. (4). The estimate ||u® — u°||Lz(92) < we and the
convergence of c® imply

T T
/ / u?c®V¢ dxdt — / / u’cVe dxdt.
0 2, 0 2

Due to the weak convergence of ¢ in £2, we obtain

T T T
f / ¢ ¢ dxdt + / / DVcVe dxdt — / / u’cVe dxdt = 0.
0 J 0 J2y 0 J2p

To show the convergence in £2{ we use the extension of c® from £2° to §2 and the two-scale limit with a test function
¢ = ¢1 + ey, where ¢1 € C(0, T; C5°(£21)), ¢2 € C(0, T; C5°($21); C;?;(Z)) and obtain

T T
/ / XeCf(¢1+8¢2)dde—>/ / [Y|c ¢r dxdt,
0 21 0 2
T
/ / Xxe U8 ¥V (P1 + s¢pp)dxdt — 0,
0o Jo

T T
/ f xe D°VCEV (¢r + ep)dxdt — / f f D (Ve + Vyc1) (Ve + Vyy)dxdedy.
0o J& 0o Jo;Jy

Here x, is the characteristic function of £2{. Using strong convergence of ¢® and two-scale convergence of f*(t, x, ¢) on I,
and Lipschitz continuity of f, we obtain

T T
e[ [ rexer@ireomdond=c [ [ @) -r©6+ epane
0 Iy 0 Ie
T
+8/ FE(E, %, 0)(p1 + edp)doydt < pallc® — cllizoryxre 192q0.ryxre)
o Jr

T T
+8/ fE(t, x, ) (p1 + edp)doydt — / / /f(t,y, X3, €) ¢1 doydxdt.
0o Jr. o Je;Jr
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Then, the limit equation reads

T T T T
/ / crpdxdt + / f DVcVpdxdt — / / uPcVodxdt + |Y| / / cepdxdt
0 J2, 0 J2, 0 J2 0 J&

T T
+ / / /D(VC + V1) (Vi + Vyr)dxdedy = —/ / /f(c)dayq’)]dxdt.
0o Jo,Jy 0 J9 JR

To determinate the unknown function ¢; € L2((0, T) x £21; HI} (Z2)/R) we set in the last equation ¢ = 0, ¢; = 0 and obtain

for all ¢,

er

r
/ / fD(t,y)(Vc(t,x)—i—Vyc](t,x,y))Vy(t)z(t,x,y) dxdtdy = 0.
o JaJy

From the structure of the equation follows that c; depends linearly on V,c and can be written in the form ¢; = 21‘3:1 sjaxjc,
where s; are solutions of

2 2
—Vy(Dvij) = Z aykaj in Y, —DVij V= Z ijl)k onR,
k=1 k=1

s; are periodic in Z. Then the macroscopic equation for ¢ reads

T T T
/ / ct<pdxdt+/ / (DVc—uoc)wdxdt+|y|/ f ¢ @ dxdt
0 2 0 2, 0 21
T T
—l—/ / D™V eV dxdt = —f / /f(t,y, X3, ¢) doy ¢ dxdt,
0o Joy 0 J21JR

for ¢ € L?(0, T; X) and Dg"m = Zizl fy (Djj + Dycdy,s;) dy. We denote the concentration of nutrients in £2; and £2, by ¢
and c, respectively and obtain the continuity condition in the weak sense ¢; = ¢; and D"™Vc¢; - v =DVc, -vonl,. B
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Appendix

We recall the compactness results for two-scale convergence of functions dependent on parameters, [7], the proofs of
which are straight-forward modifications of the proofs for the two-scale convergence presented in [4,6,7,5].

Definition A.1. 1. Asequence {v°} C [*(A x £2) converges two-scaletov € L*(Ax 2 xZ) iffforany ¢ € D(Ax 2, G5 (2))

lim// v\, )¢ (A,x, E) dx:///v(k,x,y)¢(k,x,y)dxdy.
=04 )0 2 A2 Jz

2. A sequence {v°} C L*(A x I') converges two-scale to v € L*(A x £2 x I) iff for y € D(A x 2, Coo (I'))
P
ime [ [ vGoow (hx XY an= [ [ [ oouxpwo oy,
e=>0 JaJre € aJaelJr

Theorem A.2 ([4,5]).

1. Let {v,} be a bounded sequence in L?>(A, H'(£2)), which converges weakly to a limit function v € [*(A, H'(£2)). Then there
exists v € [2(A x £2, ngr (Z)/R) such that, up to a subsequence, v, two-scale converges to v and Vv, two-scale converges
to Vu(A, x) + Vyui (A, X, y).

2. Let {v,} and Vv, be bounded sequences in L>(A x £2). Then there exists vy € L[*(A x £2, Hl}er(Z)/]R) such that, up to a
subsequence, v, and & Vv, two-scale converge to vo(A, X, y) and V,vo(A, X, y) respectively.

Theorem A.3 ([6,7]). From each bounded sequence {v®} in L?(A x I"?) we can extract a subsequence which two-scale converges
tovel?>(Ax 2 x1T).
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For very weak solution we seek a solution (w, ) € [?(£2;) x H~1(£2,) of
—Aw+Vr =f, divw =0 in £2;,

w:é 0nF1U1"2UF3,
w XV =1{¢, T =T on [,

w X Vv =1{, T =, on Iy,

w, 7 is 1-periodic inx.

Let {¢, q} be given by
—Ap+Vg=g, divg =h in $2,,

¢=0 on[TUILLUI3 =1,
¢ xv =0, q=0 on Iip U Ty,
¢, q is 1-periodic inx;.

Forg € [*(£,)% h € H = {h € H}(£22), f-QZ hdx = 0} we have the solution ¢ € H?(£2,)3, q¢ € H'(£2,). Now we test the
equations for w and 7 by ¢ and using fgz wVqdx = [, glvw do obtain

fodx = | (—Aw+Vmpdx= | (—wAd+wVq— 7 dive)dx
27 29 29

+ / (V¢ — qh)vwdo — / (¢1Vov + mi¢pv)do — &V + mepv) do.
r Tin

Tout

We consider the linear continuous form I : [*(§2,)> x H - R

lg.h) = (,¢)— / (Vo —ghvéEdo + | (51Vov +gipv)do + [ (LVey + ¢ogpv) do.
r

Tin Tout
Definition A.4 ([21]). We define a pair (w, ) as a very weak solution if (w, 7) € [*(£2,)> x H* and

f wgdx — (m, =y = I(g, h) forall (g, h) € [*(§2,)% x H.
22

Due to the linearity and continuity of I, the Riesz theorem implies

Proposition A.5 ([21]). There exists a unique very weak solution (w, ),

lwlpzg, =C (||f||L2(S22)3 + 182y + 181l + 182ll2(rw + 17ll2eny) + ||7To||L2(1"0ut)) .
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