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Cell signalling and Gene regulatory networks

Cell signalling: the ability of cells to perceive and correctly
respond to their microenvironment is the basis of development,
tissue repair, and immunity as well as normal tissue homeostasis.

Errors in cellular information processing are responsible for diseases
such as cancer, autoimmunity, abnormal growth in plants. By
understanding cell signalling, diseases may be treated effectively.

Signaling molecules interact with a target cell as a ligand to cell
surface receptors, and/or by entering into the cell through its

membrane or endocytosis for intracellular signaling.
Wikipedia

Gene regulatory networks are at the heart of intercellular signal
transduction and control many important cellular functions.



Biological background

» Gene regulatory network (GRN): collection of DNA segments
in a cell which interact with each other to governing the gene
expression levels of mMRNA and proteins

» Gene Hesl contributes to heterogeneous differentiation
responses of embryonic stem cells (nervous and digestive
systems)

> Hesl enhances the self-renewal and tumourigenicity of
stem-like cancer cells in colon cancer

> Hesl can repress its own expression by directly binding to
N-box target sequences in its own promoter, thus forming a
negative feedback loop
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DDE model - Monk (2003)
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DDE model - Monk (2003)
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Adding delay produces oscillatory dynamics

dm(t) Qm
T = o v R
df;(t) = apm(t —7p) —pp(t)

m(t) = mo(t) te€[-7m,0l,  p(t)=po(t) te[-70]



Hesl gene expression oscillation
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Interaction between cell nucleus and cell cytoplasm:
transcription (mRNA production) in nucleus and
translation (protein production) in cytoplasm



Mathematical Model
Negative feedback loop between Hesl protein p and its mRNA m.

om 9?m :
i DW + am f(p)dy,, (X) — ftm m in (0, T) x(0,1)
0 0? ,
8—’; = Da—xg—kapg(x)m—upp in (0, T) x (0,1),

1
f :R — R is a Hill function f = ——— withh>1
(p) ) >
d5,,~ Dirac sequence
0, ifx<lI,
g(x) =
1, ifx>1,
— 1 i
0 ! 1

X\~ position of the centre of the gene site, (/,1)- cell cytoplasm



Mathematical Model
Negative feedback loop between Hesl protein p and its mRNA m.

om 0°m . :

i =D— 92 + am f(p)dy,, (X) — ftm m in (0, T) x(0,1)
dp 0%p .

ot Da > tapg(x)m—ppp in (0, T) x (0,1),
my(t,0) = mx(t, 1) = px(t,0) = px(t,1) =0 in (0, T)

m(0, x) = mo(x), p(0,x) = po(x) in (0,1)

1
f : R — R is a Hill function f(p) = At with h > 1
p

. .
d5,,~ Dirac sequence

0, ifx<l
g(x) =
1, ifx>1
— 1 i
0 M 1

X\~ position of the centre of the gene site, (/,1)- cell cytoplasm



Existence of a unique solution and estimates

Theorem
For e > 0 and mog, pp € H?(0,1) with mg(x), po(x) > 0 € (0,1) :

me, p° € C([0,00); H?(0,1)), 8;:m®,0:p° € L?((0, T) x (0,1)),
m®, p* € COFD/2741([0, T] x [0,1]), for some v > 0 and any T >0
M=l oo 0, 7;H1(0,1)) + 1Pl 20, 7:120,1)) < €
19em[[ 2((0,Tyx(0,1)) + 19:P% [l 200,11 0,1)) < €
independent of ¢
» Global boundedness: method of invariant regions
Fmlm=0>0 forp>0, Fplp=0>0 form>0,

Frlm=cm/(ue) <05 Fplp—amap/(u2e) < 0 for m < am/(ue).

» Using m, p, d:m, O;p and 02p as test functions.



Numerical simulations for
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Numerical simulations for
D=75-102%and D=8.4-103
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Stationary solutions

& . : .
D 72 +am f(pl) 0%, (x) — pim mZ =0 in (0,1)
D dx?2 +apg(x) Me — [p Pe =0 In (071)

+ homogeneous Neumann b.c.
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2 %
DLE 4 g0 m: — it = 0
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Stationary solutions

d2m; *\ CE *

D dx2 +am f(pa)(SXM(X)_Mm Mg =0
d’p; . .

D dX2€ + O‘pg(X) me — fip Pe = 0

+ homogeneous Neumann b.c.

. d?
Ao j = (D@ —Hj)yj: m, p

with D(Ay ;) = {v € H?(0,1) : v/(0)

is invertible and

mt(x, D) = am(—Ao.m) "1 (F(p2) 55,,)

in (0,1)

in (0,1)

pi(x, D) = amap(—Ao,p) " (g(x) (~Aom) H(F(p2) &5,,))

For  K(p) = amap(—Aop) ! [g(x)(—Ao,m) 71 [65,F(P)]]

p:(x, D) = K(pz(x, D))



Stationary solutions
For  K(p) = amap(—Aop) " [g(x)(—Aom) " [05, F(p)]]

p:-(x, D) = K(p:z(x, D))

K : C([0,1]) — C([0,1]) is compact

Q={pe C([0,1]): 0 < p(x) < C+1for x € [0,1]} closed
convex bounded subset of C([0,1])

K(p) >0forp>0 — p— K(p) # 0 for p € 0Q.

Leray-Schauder degree theory guarantees the existence of a
positive stationary solution.

v

v

v

v

For nonnegative stationary solutions we have a priori estimates
[mZl[ 0,0y + ImZllcqony + 12 0,1y + 12 NI H2(0,1) < €

uniformly in €.



Stationary solutions: Isolate and Unique
d’m?*

D dXQE +am f(p;) (5>€<M(X) — Um m; =0 in (07 1)
d2p* . i .
22 T op8(X)m —pppZ =0 in (0,1)

The linearised equations at the steady state (m7, p}):

A(‘”) =0, A= Ao+ A,
uz
d2
Do 0
where Ao = dx? e
0 Dﬁ — Hp

with D(Ap) = {v € H*(0,1) x H*(0,1) : V/(0) =0, Vv/(1) = 0}
and the bounded operator

A= (o g0 O EELPIEL)



Stationary solutions: Isolate and Unique
d’m?*

D dXQE +am f(p:) (5>€<M(X) — Um m; =0 in (07 1)
d2p* . i .
22 T op8(X)m —pppZ =0 in (0,1)

The linearised equations at the steady state (m7, p}):

A(‘”) -0, A=Ay + A,
uz
d2
Do 0
where Ao = dx? 2
0 Dﬁ — Hp

with D(Ap) = {v € H*(0,1) x H*(0,1) : V/(0) =0, Vv/(1) = 0}
and the bounded operator
A = < 0 amf/(pZ(x, D))5iM(X)>
apg(x) 0
If A is invertible
= Family in D € [d1, db] of isolated positive stationary solutions.



Stationary solutions: Isolate and Unique

e  Show that A is invertible by contradiction



Stationary solutions: Isolate and Unique

e  Show that A is invertible by contradiction

If A is not invertible, then from the linearised equations:

Aom ur + amf'(p:(x, D)) 8%, (x) ta =0,
Aop o +  apg(x) up =0,
where )
Aoj = (D% —Mj>a Jj=mp
we have for x € (xp — &, xp + €), since '(p) < 0,
ua(x) = amap(—Ao,p) ™ (g0x) (= Aom) 7 (F(p2)35,12) ) (x) > 0

>~ a contradiction, since u, is a solution.

= A family in D € [d1, do] of isolated positive stationary solutions.



Stationary solutions as ¢ — 0

A priori estimate —>
m: — mg in HY(0,1), pf — p§in H*(0,1)
Then
mo(x, D) = amGu(x, xm)f (po(xm, D)) ,

1
Pi(x. D) = ampf(pi (st D) [ (1) Glx.1) Gy ) .
We compute for x = xpy

pttm  cosh?(0 xu)
4 D0 sinh?(0)

pt(xm, D) = F(pt(xm, D)) [9 +sinh(9)]

The polynomial in p§(xm, D) has a uniques positive solution

= uniques positive (mg, p§) and also unique positive (m, p7).
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Linearized stability of the steady-state solution

0 ?m
aiT:Da 5 +amf(p)§iM(X)—Mmm in (07 T)X(071)
op 0’p

a:D82—|—04pg( )ym— i, p in (0, T) x (0,1)



Linearized stability of the steady-state solution
For Ao = (D — )l and F(u) = (amf(p)d5,, (x), apg(x)m)T
dru = Aou + f(u), u=(mp)"



Linearized stability of the steady-state solution
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Linearized stability of the steady-state solution
For Aoj = (D gz — )l and F(u) = (amf(p)55, (x), g (x)m) "
deu = Aou + f(u), u=(mp)"

> —Ajg is sectorial with o(Ag) C (—o0, —p|, where = min{gm, p1,}
» X* = ((—Ap)*) Hilbert subspace of H>(0,1) x H?*(0,1)
> f: R2 — R is smooth and
fly +2) = f(y) + B(y)z +r(y.2),
where

Ir(y, 2)llee < C-)llzlZ2,  Bly) = <ap£(x) amff(oyz)aiM)



Linearized stability of the steady-state solution
For Aoj = (D gz — )l and F(u) = (amf(p)55, (x), g (x)m) "
deu = Aou + f(u), u=(mp)"

> —Ajg is sectorial with o(Ag) C (—o0, —p|, where = min{gm, p1,}
» X* = ((—Ap)*) Hilbert subspace of H>(0,1) x H?*(0,1)
> f: R2 — R is smooth and
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> B(u?): X* — X - bounded linear, for s € (0,1),
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Linearized stability of the steady-state solution
For Aoj = (D gz — )l and F(u) = (amf(p)55, (x), g (x)m) "
deu = Aou + f(u), u=(mp)"

> —Ay is sectorial with o(Ag) C (—o0, —pu], where g = min{um, up}
» X* = ((—Ap)*) Hilbert subspace of H>(0,1) x H?*(0,1)
> f: R2 — R is smooth and
fly +2) = f(y) + B(y)z +r(y.2),
where 0 mf’(y2)05,
Ity 2lee < CONalle, B0 = (0 " %)

> B(u?): X* — X - bounded linear, for s € (0,1),
uz = (2, pz) € HY x H?

> For s €[5/6,1) : estimates uniform in €

1B(uZ)zlx < Cllz]|xs, Ir(uz, 2)llx < Cliz]%-



Linearized stability of the steady-state solution
For Aoj = (D gz — )l and F(u) = (amf(p)55, (x), g (x)m) "
deu = Aou + f(u), u=(mp)"

> —Ajg is sectorial with o(Ag) C (—o0, —p|, where = min{gm, p1,}
» X* = ((—Ap)*) Hilbert subspace of H>(0,1) x H?*(0,1)
> f: R2 — R is smooth and

fly +2) = f(y) + B(y)z +r(y.2),

0 amf'(y2)5§M>
pg(x) 0

where )
Iy, Dllse < C0)lIRe mn=(

> B(u?): X* — X - bounded linear, for s € (0,1),
ut = (m?.p?) € HY x H
> For s €[5/6,1) : estimates uniform in €

1B(uZ)zlx < Cllz]|xs, Ir(uz, 2)llx < Cliz]%-

» — We can apply linearised stability analysis
e.g. Henry D. Geometric Theory of Semilinear parabolic equations, 1981



Eigenvalue problem
Am® = DG, — pmm® 4+ anf'(pX(x,
AP° = Dpy — 1pp° + Ong(x)m
+ zero-flux b.c.

In operator form:  Aw® = Aw®, wf =

&
Ao _ Ddx2 Hm d20 , A = (
O D ax2 ,LLp

D))o, p~ in(0,1)
in (0,1)

(me,p°)T, A=A+ A

0 mf'(pZ(x, D)) 05,
apg(x) 0

)



Eigenvalue problem
AmE = DS, — ppmm®  + anf'(pi(x, D)), p°  in(0,1)

AP° = Dpg — 1ph°  + apg(x)m in (0,1)
+ zero-flux b.c.

L]

In operator form: Aw® = Aw?, w® = (m%,p°)", A= Ao+ A

D%, — 0 0 vmf! (P2 (x, D)) 62
Ao = &z — Hm &£ ) .Al(a (x) ¢ (p~(0' ) /\/I)
0 Ddxg I pE

> Let T and S be operators with the same domain space H
such that D(T) C D(S) and
[Sull < allul| + b Tul|, v e D(T).

» Assume: T is closed and there exists a bounded 7!, and
S is T-bounded with a, b satisfying

a| T Y +b< 1.
Then, T + S is a closed and bounded invertible (Kato, 1966).



Eigenvalue problem
AME = Dml, — pmm®  + anf'(pl(x,D))d5,, B~ in(0,1)
Ap° = Dp, — ppp° + apg(x)m* in (0,1)

+ zero-flux b.c.

In operator form:  Aw® = Aw®, wf = (n'va,ﬁa)T, A=Ay + A

DL, — 0 ( 0 amf'(pi(x,D))6e )
A — dx? m ) , A — m = 9 XM
° ( 0 DL, — u,,) P \ape(x) 0

dx?

» Ay is self-adjoint with compact resolvent, A; is bounded,

_
dist(Ao, o(Ap))

» The spectrum of A consists only of eigenvalues and
[Avullx < wllullx +1/4[1(Ao = dol)ullx -

» Ag + A1 — Mg/ is bounded and invertible for all A\g such that
Re(Xo) > 0and [N > 2k or |Zm(Ag)| > 2k.

I(Ao = Xol)H| =



Existence of Hopf bifurcation

Theorem For £ > 0 small there exist two critical values D _ and
D3 . for which a Hopf bifurcation occurs in the GRN model.



Existence of Hopf bifurcation

Theorem For ¢ > 0 small there exist two critical values Df . and
D5 _ for which a Hopf bifurcation occurs in the GRN model.

Proof: motivated by Dancer, Methods Appl. Anal. 1993.



Existence of Hopf bifurcation

Theorem For £ > 0 small there exist two critical values D _ and
D3 . for which a Hopf bifurcation occurs in the GRN model.

Proof: motivated by Dancer, Methods Appl. Anal. 1993.
Stability and instability of the steady states (m(x, D), pZ(x, D))
Eigenvalue problem EW;: For A € C:  Re(\) > —p or Zm(A) # 0:
m*(x) = am(A — Ao) ™ (F(pl) 5°(x) 05, (x))
A5 =DLE 5+ apamg (N — Ao) ™ (F(0) 575, )

dx?
p(0) = 5(1) = 0.



Existence of Hopf bifurcation

Theorem For £ > 0 small there exist two critical values D _ and
D3 . for which a Hopf bifurcation occurs in the GRN model.

Proof: motivated by Dancer, Methods Appl. Anal. 1993.

Stability and instability of the steady states (m(x, D), pZ(x, D))

Eigenvalue problem EW.: For A € C:  Re(\) > —u or Zm(\) # 0:
M (x) = am(M — Ao) ™ (F(p2) B (x) 35, (x))

d p —e T \— *) =€ (€

AP =D~ 5 = p B + apamg(x)(M = Ao) ™ (F(p2) B 55,,)
p(0) = (1) = 0.

Lemma For small ¢ the stationary solution is stable if the limit EW,

_ d°p 1( ¥ 5
AP = Dﬁ P+ O‘pamg( )G)\+M(X7XM)f (Po (XM7 D))p(XM)

Px(0) = px(1) =

has no eigenvalues with Re(A) > 0.



Stability of steady states: Proof of Lemma

> The spectrum of A is bounded from above: for Re();) > 0
A, — X with Re(A) >0, as gj—0, j— o0

» m° — m weakly in H(0,1) and strongly in C([0,1]) and
p* — p weakly in H2(0,1) and strongly in C([0,1]).
» For A\ with Re(\) > 0, taking Re(m*®) — iZm(m°)

M| oo (0,1) < ClIP"[IL(0,1) -

» For A with Re(\) > 0: A ¢ o(Ap)
= |p°(x)| > 0in (xp — &, xpm + €).
» Strong convergence of p% in C}([0,1]) = p(xm) # O,
otherwise p(x) = 0 for all x € [0,1] and contradicts the
normalisation ||| 2(0,1) + [1Pl 2(0,1) = 1-

» — p(x) #0in (0,1) and EW, has nontrivial solution for X

with Re(X) > 0.



Hopf bifurcation for EW.: ¢ small

EWe 5 (x) = am(M — Ao) ™ (F/(p2) 5°(x) 65, (%))

AP° = pr2 — up" + apamg(x) (A — “2(0)_1 (f/(p:) P 5ilw) )




Hopf bifurcation for EW.: ¢ small

EWe 5 (x) = am(M — Ao) ™ (F/(p2) 5°(x) 65, (%))
(P BT ,,)

EW,

_ d _ . _
N = DL = 1b -+ iptmg () G (%, xu1) ' (p5 (1, D))Bloxm)

_X(O) = ﬁX(l) =0
Theorem For small € > 0 we have that :

If X is an eigenvalue of EW, with Re(X) > —pu,

then there is an eigenvalue \. of EW., with \; near X and Ae — hy
as e — 0.

The same result holds for Re(\) < —u with Zm(\) # 0.

Proof In a manner similar to (Dancer 1993)



Hopf bifurcation for original GRN model

Hopf Bifurcation Theorem
» For p > —6, with 0 < 0 < 1, f is a smooth function in p

dyii = Adi + F(d, D),

where i = (m, p)T with m=m—m?, p=p— p, and
F(d, D) = am((f(p +Ps)—f(Pe)—f'(Ps) 5)05, (%), 0) 7
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Hopf Bifurcation Theorem
» For p > —6, with 0 < 0 < 1, f is a smooth function in p

dyii = Adi + F(d, D),
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F(d, D) = am((f(p + pZ) — f(pZ) — f'(Ps) 5)0%, (x),0) 7.
» A= A(D) is linear in D



Hopf bifurcation for original GRN model

Hopf Bifurcation Theorem
» For p > —6, with 0 < 0 < 1, f is a smooth function in p

dyii = Adi + F(d, D),

where i = (m, p)T with m=m—m?, p=p— p, and
F(8.D) = am((F(5 + p%) — F(p) — F(p2)5 5)05,,(x),0) T
» A= A(D) is linear in D
» pi = pZ(D) is smooth function for D > 0, we have
F € C?(U x (D, D)), for U C R x (—1,00), such that
uf = (m:,p)T € U, and some 0 < D < d; and D > d».
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Hopf Bifurcation Theorem
» For p > —6, with 0 < 0 < 1, f is a smooth function in p

dyii = Adi + F(d, D),

where i = (m, p)T with m=m—m?, p=p— p, and
F(6.D) = am((F(5+ p2) — F(p2) — F/(p2)3)55, (x).0)T.
» A= A(D) is linear in D
» pi = pZ(D) is smooth function for D > 0, we have
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uf = (m:,p)T € U, and some 0 < D < d; and D > d».
> F(0,D) =0, d5F(0,D) = 0, and 95F(0, D) = O for
D e (D,D).



Hopf bifurcation for original GRN model

Hopf Bifurcation Theorem
» For p > —6, with 0 < 0 < 1, f is a smooth function in p

dyii = Adi + F(d, D),

where i = (m, p)T with m=m—m?, p=p— p, and
( D) = am((F(5+ pt) — F(p%) — F(p2)P 505, (x),0) 7.
A(D) is linear in D
» pi = pZ(D) is smooth function for D > 0, we have
F € C?(U x (D, D)), for U C R x (—1,00), such that
uf = (m:,p)T € U, and some 0 < D < d; and D > d».
> F(0,D) =0, 9F(0,D) =0, and 95F(0, D) = 0 for
D e (D, D).
» —A is the infinitesimal generator of a strongly continuous

analytic semigroup and (A — A)~1is compact for A in the
resolvent set of A for all values of D € (D, D).



Analysis of the spectrum of EW

N . \ _
AP = D5 = 1P + apamg (x) Gau (%, xm) ' (po (xm, D))B(xw)
» Limit eigenvalue problem: )\ ¢ o(Ap)

-1

P(X) = apcrmf (i (1, D))Bxan) / £(5) Gru(x,¥) ot (v xaa)dy

» Nonlinear equation for eigenvalues A ( p(xm) # 0)
R(\) = O‘Pj‘m F'(p5 (x1, D))cosh®(8x xa) [0 + sinh(62)]
—0x D(p + \) sinh?(6x) =0
» Simplicity of eigenvalues Df ~ 3.117 x 104, D§ ~ 7.885 x 1073,
XS~ 17.641 x 1073/, \§ ~ 51.235 x 1073}

R'(XS) ~ —3.347 x 10° + 9.901 x 10%i, R'(\S) ~ 1.848 + 0.647i

» Transversality condition : Re (2—3\9;:9;) # 0

== ()\JC(D),AT(D)) cross the imaginary axes with non-zero speed.
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where B,(0) ={ze€C:|z|<r}, \=r+ib+ A and
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> We show that for some D > 0 the winding number of
o(t) = R(re') = R(r + ib + re') for t € [0,27] is non-zero:
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where B,(0) ={ze€C:|z|<r}, \=r+ib+ A and

> We show that for some D > 0 the winding number of
o(t) = R(re') = R(r + ib + re') for t € [0,27] is non-zero:

W(®) = %/0 ’ Z/((:)) dt =2.

» Forall \.: Re(\:) <0 for D < Df_and D> D5_
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Hopf bifurcation
4

» Consider R(\) = R(r+ib+X), R(\):B.(0)—C,

where B,(0) ={ze€C:|z|<r}, \=r+ib+ A and

> We show that for some D > 0 the winding number of
o(t) = R(re') = R(r + ib + re') for t € [0,27] is non-zero:

W(®) = %/0 ’ Z/((:)) dt =2.

» Forall \.: Re(\:) <0 for D < Df_and D> D5_
> There exist A.: Re(X.) > 0 for Df., <D< D5, and 0 ¢ o(A).

> There are two critical values of D, i.e Df _ and D5 _ for which A has
a pair of purely imaginary eigenvalues

R()\) = f'(pg (xm, D))cosh®(0x xu) [Ox+sinh(6x)] —0x D(p+A) sinh?(0x) = 0

> The fact that A; .(D) are zeros of an analytic function with respect
to D and ;. and not identical zero
= \j (D) are isolated
= Af.(D) and Af_(D) cross the real line with non-zero speed as
the bifurcation parameter D increases, j = 1, 2.




Stability of the Hopf Bifurcation
Theorem At both critical values of the bifurcation parameter, Df
and Dj ., a supercritical Hopf bifurcation occurs and the family of
periodic orbits bifurcating from the stationary solution is stable.

1. Weakly nonlinear analysis: D = D;_ + L .
O\ e ]
Aje(D) = Afe + 875521/ +---,where 6 >0and j=1,2.

m(t, T,x) = mi(x, D) + dmy(t, T,x) + 6°mo(t, T, x) + 8>ms(t, T, x) + O(6*)
p(t, T,x) = p*(x, D) + dpi(t, T,x) + 6*pa(t, T, x) 4+ 63p3(t, T, x) + O(5*)

2. Equations reduced to the central manifold in the normal form

dA ~ ~

5 = NeAtaie DA+ b AJAP + O(A((ID] + A]%)),

where D =D — Dy .. The solutions on the centre manifold
u=AL+AE+®(A A D), AecC,

where § = (1,£2) is an eigenvector for the eigenvalue A



Stability: Central manifold and Normal form

» D=D— D and = m—mi(x,D), p=p— pZ(x,D),
where mZ(x, D) and pZ(x, D) are the stationary solutions.

> For u(t,x) = (m(t, x), p(t, x)) we have

6tU = AD,-CEU + ﬁ(U, D),

with
82
o [Prege e DR ()
ch,s - 82
Cng(X) Dﬁeﬁiﬂ

and
 [am |f(B+p2(D) - F(px(D)) — F'(px(DE.)) B| 05, + Do2rn
F(u,D) =

Dazp



Central manifold theory and Normal Form

For ® a polynomial ansatz can be made:

(A A D)= O AAD,

r,s,q

with ®199 = 0, ®g10 = 0 and cbrsq = $srq-

Considering orders of DA, A2, AA, A2A, implies the equations:

—Ape_Poo1

3j& + (Aje — Aps_)P101
(276, — Ape Y00
—Apg_®110

bj& + (A — Apg )P210

d5F(0,0),
9u05F(0,0)¢ + 92F(0,0)(¢, Door),
SRF0.0)(E0)

92F(0,0)(&, ),
92F(0,0)(€, P20o) + O2F(0,0)(&, P110)

+30F(0,0)(6,6,8).



Normal form and weakly-nonlinear analysis

Taking
m(t,x) = m(t,x) — mi(x,D)~ ¢
(7X) ( )—p:(X’D)%5
D~d% and T =t/6?

into normal form implies

dA 4 dA
§— +8—— =

gt XELOA+ 35 0P A + 5%b AR + 6 O(AI(Iv] + [A2)2).

Then for the terms of orders § and §3, we obtain the equations
derived using weakly-nonlinear analysis, i.e.
dA dA

Pl Af.A  and o7 = e vA+ b  AA]?.



Thank you very much for your attention

Chaplain, Ptashnyk, Sturrock (2015) Hopf bifurcation in a gene
regulatory network model: molecular movement causes oscillations,
M3AS.
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» For he E = C([0,1])

W.(\)h = apamg(x) /0 Goea (s Y)F(92)5%, (v)h(y)dy — A



Relations between eigenvalue problems EW. and EW/
» For he E = C([0,1])

W.(\)h = apamg(x) /0 Goea (s Y)F(92)5%, (v)h(y)dy — A

> ForAe T={AeC, Re(\) > —pu+19, |\ <O}, for some
©>2k 0<Y < /2

(—Ao)"tWL(N) is a collectively compact on E and converges
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Relations between eigenvalue problems EW. and EW/
> For he E = C([0,1])
1
Wb = 350800 [ Gueye.y)F (02055, 1)y )dy — A
> ForAe T={AeC, Re(\) > —pu+19, |\ <O}, for some
©>2k 0<Y < /2

(=Ao)"*W.(A) is a collectively compact on £ and converges
pointwise to (—Ag) "t Wo(A\) ase — 0

Wo(A)h = apamg(x)Grt (X, xm) ' (p5 (xm, D)) h(xm) — Ah
and Ay = DJ‘TZZ —

|W-(A\)hlle < Cllhlle forall Ae T,

(—Ap) - compact = (—Ag) W, (\) for A € T collective
compact.



Relations between eigenvalue problems EW. and EW/
» For he E = C([0,1])

W.(\)h = apamg(x) /0 Goea (s Y)F(92)5%, (v)h(y)dy — A

> ForAe T={AeC, Re(\) > —pu+19, |\ <O}, for some
©>2k 0<Y < /2

(—Ao)*W.(N) is a collectively compact on E and converges
pointwise to (—Ag) "t Wo(A\) ase — 0
Wo(A)h = apamg(x)Grt (X, xm) ' (p5 (xm, D)) h(xm) — Ah
and Ay = Dszz —
(IWe(Mhlle < Cllh|le forall Ae T,
(—Ap) - compact = (—Ag) W, (\) for A € T collective
compact.
> W.()\) and Wo(N), for Re(X) > —p or Zm(\) # 0, depend
analytically on A.
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> X — (—=Ao) "Wo(X) is not invertible



> | — (—Ap) " "Wo()) is a Fredholm operator with index zero
> X — (—=Ao) "Wo(X) is not invertible

> E:N@MandﬂE:REPLY, where ; 5
N =N(I = (—Ao) "Wo(N), R = R(I = (—Ao) *Wo(A))

> @ : E — R be the projection onto R parallel to Y.



» | — (—Ap)""Wo()\) is a Fredholm operator with index zero

> X — (—=Ao) "Wo(X) is not invertible

» E=N@&Mand E=RQY, where ; )
N = N(1 = (~Ao)  Wo(R)), R = R(I — (~ o) Wo(1))

> @ : E — R be the projection onto R parallel to Y.

» QU — (—Ao) TW.(\): M — R is invertible with uniformly
bounded inverse, for A near A and ¢ is small.



> | — (—Ap) " "Wo()) is a Fredholm operator with index zero
> X — (—=Ao) "Wo(X) is not invertible

> E:N@MandﬂE:R@NY, where ; 5
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> @ : E — R be the projection onto R parallel to Y.
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> | — (—Ap) " "Wo()) is a Fredholm operator with index zero
> X — (—=Ao) "Wo(X) is not invertible

» E=N@&Mand E=RQY, where ; )
N =N = (=A) ' Wo(N), R =R(I = (—Ao) " Wo(N))
Q@ : E — R be the projection onto R parallel to Y.

» QU — (—Ao) TW.(\): M — R is invertible with uniformly
bounded inverse, for A near A and ¢ is small.

v

> Forp=m+ ke EwithkeNandme M
EW. : (1 = (= Ao) "W, (A))(m+ k) =0
QU — (= Ao) W, (N)m = = QI — (= Ao) Tt W, (N)k
> The invertibility of (Q(/ — (—Ao) "1 W, (1)) on M implies

m=—[QU — (=Ao) "W, (\)] " (QU — (=Ao) WL, (\)k)
= 5., (k.

> S, (A, )k — So(M\k if Ao, — X and € — 0 as j — oo.



» EW. is reduced to
Z,(A\k =0 for ke N,
where Z.(A) = (I = Q) (I = (—Ao) ' We(X) (1 + 5-(1)) -

> Z.(A: )k = Zo(\)k
for \.; = A\,j — 0 as j — oo for each fixed k € N

1Z:;(Ag;) = Zo(A)[| = O as j —o00.



EW., is reduced to
Z.;(Mk =0 for k € N,

where Z.(A) = (I = Q) (I = (—Ao) ' We(X) (1 + 5-(1)) -
Z.(Ae )k — Zo(\)k
for \.; = A\,j — 0 as j — oo for each fixed k € N
12,0) ~ oV 50 s jroe.

Wo(A) analytic = Z(\) analytic in .

A has compact resolvent = spectrum of A is discrete and consists
of eigenvalues.

Zo(A) is invertible for some A € T = det Zy(\) does not vanish
identically on T and its zeros are isolated

= the topological degree of det Zy()) is positive in the
neighbourhood of A.



EW., is reduced to
Z.;(Mk =0 for k € N,

where Z.(A) = (I = Q) (I = (—Ao) ' We(X) (1 + 5-(1)) -
Z.(Ae )k — Zo(\)k
for \.; = A\,j — 0 as j — oo for each fixed k € N
HZr:j(/\r:j)_ZO()\)H =0 as j—o00.

Wo(A) analytic = Z(\) analytic in .

A has compact resolvent = spectrum of A is discrete and consists
of eigenvalues.

Zo(A) is invertible for some A € T = det Zy(\) does not vanish
identically on T and its zeros are isolated

= the topological degree of det Zy()) is positive in the
neighbourhood of A.

Homotopy invariance of the topological degree => the degree of
det Z;,();) is equal to the degree of det Zy(A) and is positive in the
neighbourhood of X and small gj.

det Z.()\.) has a solution = A has an eigenvalue near .
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