Hopfield Training Rules

To memorise a single pattern

Suppose we set the weights thus -

1
Wij_Wpipj

where,
wj is the weight between node& |
N is the number of nodes in the network
pi is the value required for theh node

What will the network do when the memorised pattenoresented?

For each nodae, its activations, will be given by -
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In other words, the activation of each node withaen unchanged. The memorised patternstahle stateof
the network.

Note thatany pattern presented to the network which is similar to themmorised pattern will migrate towards
the memorised pattern as the activation rule isatgully applied.

In fact, if more than half the bits of a presenfedtern are the same as the memorised patternthieen
memorised pattern will eventually be recreatedsrentirety. If less than half are the same thenirterse of

the memorised patter+1s instead of-1s and vice versa) will be generated. The memonsdtern and its

inverse arattractors and the network will eventually end up at onehafm.



To memorise more than one pattern

Now suppose we have patterns which we wish to memorise. Extending e¢geation we used to set the
weights for a single memory, we could try -
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where,
w; is the weight between node& |
N is the number of nodes in the network
nis the number of patterns to be learnt
pis the value required for theh node in patterk

This equation will increase the weight between twades, & j, whenever they are both active together. Note
however that it is not uncommon to setto O for alli.This should remind you of the Hebb Rule. In fdut t
equation does more than this, it also reduces #ightvbetween any pair of nodes where one nodetiseaand
the other is inactive. For this reason it is somes called th&eneralised Hebb Rule

All of the above properties are sound, both comprtally and biologically. However, there is onather
property of the above equation which is not biataty feasible; the weight between any two nodeglwhare
simultaneously inactive is also increased by theagqn. This is why Hopfield networks always crepé#grs of

memories (the desired ones and their inversegjods not (indeed cannot) distinguish between these
situations when the weights are being set.

Summary of Hopfield Network Equations

Weight setting (training) fon memories in alN node Hopfield Network -
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Execution (iteration until convergence) -
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Hopfield's Energy Analysis

How can we be sure that repeated applications efatitivation equation will result in a stable stagng
achieved?

Hopfield's most important contribution to the stuafyANNs was his idea of calculating an energy ldee his
network. He defined the energy in such a way thates of the network (activations of the nodes)cwhi
represented learned memories had the lowest lefelsergy. Any other states had a higher energsl lewd he
showed that applying the activation equation redube energy of the network, thus moving the nekvetwser
to a learnt memory.

Hopfield defined the energy as follows -
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s is the activation of nodie
pi is thei-th bit of a memory

where,

Clearly, H will be at a minimum wheig = p AND whens = o so both the memory and its inverse will be
energy minima of the network, as required. Whilet precise value of the constant of proportionatyot
crucial, it is convenient to set it id(2*N).

Thus -
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When considering more than one memory we can atteampake them all local minima of H by summing the
above over all of the memories -
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where,
nis the number of memories



Multiplying this out we get -
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and if we substitute using the Generalised Heble Rdiiich is used to set the weights

we get -
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Now, given symmetric connections; = w;, we can rewrite the above equation as -
H=C E WSS
(i)

where (ij) means all distinct pairsj, (I.e. countingl2 as the same pair &) and where théi terms are
included in the consta@.

Following application of the activation equationatmodej, that node's activation will change frgno s'.
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We note that an update to the activation of nioddl only have occurred i§' = -5 and that there will be a
consequent change in the energy of the networkiwhiee can describe &t-H and which will be given by —
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since only node has changed and the rest of the terms in the stiomra distinct pairs will cancel out leaving
just those terms involving nodeGiven thats' = -5 the two summations above are actually the same threce
difference in their signs is taken into account -
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Now we know thas has a different sign t§' so
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and

W =Y >0
1l Pq = Pd
unless we've chosen to sgtto O for alli of course
So H'-H is something less than 0 minus somethiegtgr than or equal to 0.

l.e.

H'-H <0
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Therefore any application of the activation ruldl wesult in either no change (convergence on aergn
minimum has been achieved) or a decrease in theyemd the system (convergence towards a minimum
continues).



Stability of Memories in Hopfield Networks

Let net be the total input to a nodlevhen a patterk is to be memorised. For this pattérto be a stable state
of the network we need -
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Now,
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Within the summation ovérwe have the special case whenk. The summation ovéryields a ternppp* =
pi* which is then summeN times in the summation overnd then divided b giving a “separated-ouf®
term-
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From this we can see that if the second term i wer have stability — the activation of nddeill be the same
asp . Furthermore, we can see that if the second (dr“crosstalk” term) is small enough then it wibht
alter the stability of the node. If the magnitudehe crosstalk term is less thanhen the sign ofiet cannot be
changed and stability will be preserved.



Storage Capacity of the Hopfield Network

We cannot specify the storage capacity of a Hapfirgdtwork in a deterministic way. Some memoriesriete
with each other more than others. Any attempt tcutate the capacity of a Hopfield network has ® b
statistical in nature.

We shall now use our earlier stability analysiciteate a mathematical artefact which will enabléouderive
some statistical results about the memory capatigyHopfield network.

Consider the quantity —
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l.e. -p“multiplied by the crosstalk term

If Cis negative then the crosstalk term has the ségneasp so nodd is stable. {C¥ is positive and greater
than 1 then the sign ohet® will be changed and bitof patternk has become unstable. In fact, if we placed
patternk onto the network and applied the activation equafexecuted the net) then a different pattern would
emerge with nodehaving changed value, frofrl to—1 or vice versa.

Note thatC;* depends only on the patterns we are trying t@stor

We shall now consider what happens to a pattersazhat random in which each bit has an equal priatyadf
being+1 or-1and derive an estimate of the probability that laimys unstable —

Perror = P(qk >1)

Perror Will Obviously increase as we increase the nundfgratterns to be memorised. We need a criterion fo
acceptable performance. For example, if we wishpifodability of a bit being unstable to be lessntBz01
(Perror < 0.01) then we want to be able to calculate the maximumber of pattern$ina, we can store.

It turns out thatC* is binomially distributed with mea@ and varianceV/N. If N*n is large we can use the
Central Limit Theorem to approximate the distribatiof C¥ with a Normal (Gaussian) distribution with the
same mean and variance.



Now we can draw up a table by selecting differealti@s ofPeror and determining what implications they have
for NmaN —

Perror Nmax/N

0.001 0.105

0.0036 0.138
0.01 0.185
0.05 0.37
0.1 0.61

So, if we choos&qor < 0.01, for instance, themmax must not excee®.185*N. If we tried to memorise
0.185*Npatterns then less thd@o of the bits would be unstable — initially!

Unfortunately even one unstable bit can have drankabck-on effects as we iteratively apply thehation
equation and it is quite possible for an initl&b of unstable bits to evolve into a situation where majority
have become unstable. It can, in fact, be shownntliakind of avalanche occurs when the numberatferns
to be memorised exceedsl38*N (or whenPgor > 0.0036.

There is not one single correct way in which torapph the question of the capacity of a Hopfieltivoek and
alternatives to the above analysis have been iigaést. One of the more useful approaches is tgidenthe
probability of perfect recall of bits and patteriifie outcomes of this alternative approach are Instated
here. See the Hertz, Krogh and Palmer book oneth@img list for further details.

In order to recall alN bits of a pattern correctly with@% probability —
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In order to recall alN bits of all of the patterns perfectly witt98% probability —
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