Well-posedness of Energy-Critical Nonlinear Schrodinger
Equations

Kelvin Ka Wing Cheung

Supervisors: Tadahiro Oh and Oana Pocovnicu

Contents

4

5

Introduction

Preliminaries and Notations

The Energy-Critical Schréodinger Equation
Perturbation Theory

Concentration compactness

A Appendix

14

18

41



1 Introduction

The Cauchy problem for the defocusing energy-critical nonlinear Schrodinger equation
(EC-NLS) is

(EC-NLS)

O+ Au = |u|d%2u
u(to, z) = up(x)

where v : R x RY — C. In general, seminlinear Schrédinger equations are used to model a
number of physical phenomena; for example in Bose-Einstein condensates (see for instance
[3]). Our interest lies in well-posedness of the equation, namely, we wish to answer questions
of the following sort:

(i) whether the solution exists, and if so, whether it exists for globally (i.e for all times
t € R) or just locally (i.e. only a short time interval I);

(ii) whether the said solution is unique;

(iii) whether the solution depends continuously on the initial data, i.e. whether the solu-
tion map ug — u is continuous (with respective to some well-defined topologies).

For this problem, local existence was proved by Cazenave and Weissler in 1989 [5] using
the classical Strichartz estimates and other elementary considerations. As it turns out,
the question of uniqueness and continuous dependence on initial data follow almost im-
mediately from the existence of the solution. The heart of the matter lies in the question
of global existence. Indeed, the process of upgrading local existence to global existence is
highly non-trivial and requires a number of sophisticated mathematical tools from harmonic
analysis. To give a brief historical account of the problem, in 1999, Bourgain [4] proved
that the Cauchy problem (EC-NLS) is globally well-posed for radially symmetric data in
the homogeneuous Sobolev space H'(R?) in dimension d = 3 using the idea of induction on
energy. Tao [18] built upon this idea and extended Bourgain’s result to dimension d > 5
in 2005. The radial assumption was finally removed in 2008 by Colliander, Keel, Staffilani,
Takaoka, and Tao [7] for dimension d = 3, which further advanced the induction on energy
argument. This global well-posedness result was also extended to dimension d = 4 by
Ryckman and Visan [16] and to d > 5 by Visan [20].

This project is a joint work with the fellow MIGSAA student Tolomeo, who is responsi-
ble for part 2 of this report. Our main goal is to understand and expose the proof of global
well-posedness for d = 3. In this report (i.e. part 1), we shall first give a brief review of
basic Strichartz theory and some properties of the general NLS. We then give a proof of
the local well-posedness of (EC-NLS). Once this has been accomplished, we shall discuss
two important analytic results. The first of which is a stability theorem which essentially
states that the (EC-NLS) is stable under perturbation. The second result is a linear profile
decomposition which, heuristically speaking, describes all the defects of compactness of the
Strichartz inequality. These tools are essential to start the induction on energy argument



in part 2, namely to construct a minimum blow up solution', which will eventually serve
as a minimal counterexample in the inductive argument.

2 Preliminaries and Notations

Some general notations: We shall always use the letter d to denote the dimension of
the ambient Euclidean space R?. For real quantities A and B, we use the notation A < B
to mean A < CB for some constant C' € (0,00) which may depend on the dimension d.
We also write A ~ B to mean A < B and B 2 A, where 2 has the obvious meaning. Any
extra dependencies on the implicit constant will be written as subscripts on <, 2 and ~.

So for example, A <, , B means A < CB for some constant C' € (0, 00) that may depend
on the parameters d, p and gq.

Test functions and distributions: We write C°°(R%) for the space of all smooth func-
tions f : R — C. Certain subspaces of C°°(R%) form spaces of test functions:

o C <[Rd) = {f e C*®(R?) : supp(f) is compact};

zERT

e S(RY) = {f e C*(RY) : sup wO‘D’Bf(x)‘ < oo for all multi-indices a,ﬁ}.
C>®, C, 8 instead of C(R?), C(R%), S(R?). We shall do the same for other function
spaces as well.

The dual space of S is the space of tempered distributions S’ = S'(R%), which consists
of all continuous linear functionals of S (with respect to the topology of the Schwartz
space). More concretely, a linear functional of S is in S’ if there exists N € Ny and a
constant C' > 0 such that
229° f(x)

i

Tpl<c Y sup

d
laf,|8|<N ER

for all ¢ € S, where (T, ¢) denotes the action of 7" on ¢. Note that for p € [1, 00|, any
f € LP = LP(R?) (with Lebesgue measure) forms a tempered distribution through the

action
(frp) = /[R e

We caution that this is slightly different from the L? inner product, given by

e = [ 13

Lthe precise meaning of a minimum blow up solution in this context will be explained in part 2




for f,g € L?, so in particular, (f,g) = (f,g) 2.
Fourier transform: We use the following convention of Fourier transform:
1 —ix-€
e f(x) dx.
R4

d
2

FfE) =f&) =
(27)

Recall that F is invertible on S and L?, with the inverse Fourier transform given by

1 ix-€
7 [ e e

Flf(z)= f(z) =
() = f(x) o)

In particular, F defines a unitary operator on L?. This is implied by Parseval’s Theorem:

o= (f.a), wd [ fo= [ 1a

Parseval’s Theorem also motivates the definition of Fourier transform for tempered distri-
butions: for v € &', we define ¥ to be the tempered distribution given

<@7 90> = <U> ¢> .

Sobolev Spaces: The primary spaces we will be working on are (fractional) Sobolev
Recall that the derivative of a tempered distribution is defined as follows: for

spaces.
v e &', define 0% (for a € Ng) by
(00, ) = (=1)1*1 (v,0%) .

It is easy to show that
Fo%v = (i§)*0% and 0% = F((—iz)%).

Now let f € L? and k € N, and consider
d

v L= /
H f L2 le Rd

Applying Plancherel’s Theorem, and the property of differentiating Fourier transform, we
obtain HkaHB = H]:_l (|£|kf) HLQ. Motivated by this, we define for s € R the fractional

1
9 2
k
sl

differentiation operators |[V|* and | (V)®| by
V= F (gl F)  and () =F((1+1EP)? ).



We note that for ¢ € S, (V)® ¢ is well-defined for all s € R, and |V|*¢ is well-defined for
s > —d (because the function |£|® is locally integrable for such s). On the other hand,
for s < —d, |V|*p is only defined for certain Schwartz functions. Since we will never use
operators of such low order, we shall ignore this technicality.

For p € (1,00), these operators give rise to the Sobolev norms

1 lwer@ay = IKV)° Fllogey — and | flhispgay = 1V Fll Lo ga) -

These are the non-homogeneous and homogeneous Sobolev norms respectively. We shall
then define the non-homogeneous space W*?(R%) and homogeneous Sobolev spaces W*P?(R%)
to be the completion of S(R?) with their respective norms. When p = 2 we shall write

H*(RY) = W*(RY)  and H*(RY) = W2(RY).

Note that H® and H* are Hilbert spaces with inner products

e = [ (€ FOFE . and (fa)ye = [ 16 FOaE dE

In general, these Sobolev spaces are spaces of tempered distributions. However, we have
the following characterisation:

WSP = WP LP for s > 0;
WP = WP 4 [P for s < 0.

Of course, for s = 0 we simply have WP = WO = LP. Note that for s = k € Ny, the
inhomogeneous spaces W*P coincide with the classical Sobolev spaces, in the sense that
the W*P norm is equivalent to the classical Sobolev norm:

d
1 llwew ~kp D 110 £l o -
j=0

Mixed Spaces: For p,q € [1,00], T C R% and X C R%, we define the mixed Lebesgue
space? LPLL(T x X) to be the space of all complex valued function f on T x X such that

1
b o\ 1L
g p
Il rrarxx) = (/ </ \f(t,a:)|qda:> dt) < oo0.
terT zeX

As one might expect, these spaces enjoy many nice properties of the usual Lebesgue spaces.
For example, LYLL(T x X) is a Banach space with the above norm; and the (continuous)

dual space is (isometrically isomorphic to) Lf/Lg/ (T x X) where p’ and ¢’ are the Holder

2also known as Strichartz spaces in literature



conjugates of p and ¢ respectively, and a linear functional g acts on f € LYLL(T x X) in

the expected way:
()= [ of.
TxX

We also record the Minkowski integral inequality: for 1 < p < g < 0o, we have

I e racrxxy < Wl porexxry - (2.1)

Note that when p = ¢ = 2 we simply have the above space is simply L?@(T x X)), and
is of course a Hilbert space. Usually, T is the “time” domain R while X is the “spatial”
domain R?. In this case we shall, unless otherwise stated, write LY LY instead of the more
cumbersome notation LY L%(R x RY). The subscripts of dummy variables ¢ and x, while not
necessary, are nonetheless helpful for clarity.

Similarly, we may also define other “mixed spaces”. For example, LYW, ?(R x R?)
denotes (for s > 0, p € (0,00)) the space of all measurable functions f : R x RY — C such
that the f(,-) € W*P for all t € R and [ given by f(t) = [[f(t,")[lyysaga) is an LP(R)
function.



3 The Energy-Critical Schrodinger Equation
The Cauchy problem for the general nonlinear Schrodinger Equation given by

{ i0u+ Au = F(u)

ulte,) = ug (NLS)

where u : R x R — C. We use the letters ¢ and = to denote the time (R) and spatial
(R?) variables respectively. The Laplacian is on spatial variable only, i.e. A = Z?Zl 8%.
The nonlinearity F' is some function F': C — C. We will be concerned with the particular
nonlinearity F(u) = p|u/Pu where p € {—1,1}. The cases 4 = 1 and p = —1 are called
defocusing and focusing respectively. For our final goal of global well-posedness (in part
2), we will eventually restrict our attention to the defocusing case only. But most of our
results here in part 1 will still hold for the focusing case.

At a formal level, the PDE can be turned into an integral equation using Fourier
transform in a standard way. Indeed, suppose that u satisfies (NLS). By taking Fourier
transform in z, we have

yir(t, €) + il¢2a(t, €) = —iF(w)(t, )
u(to,&) =uo(§)

For each & € R%, this is an ODE in ¢, and can be easily solved by multiplying by the
integrating factor eflé’, giving

t —_—
aelel’t _ ggeilé*to — _Z-/ F(u)(s, €)eltls gs.
to
Rearranging and reverting the Fourier transform, we obtain the Duhamel formula:
t
u=_S(t—to)ug—1i [ St —s)F(s,§)ds, (3.1)

to

where S(t) is the Schrédinger propagator, given by

St f(x) = ' f(x) = FHe P f) (@)

Note that all steps in the above computation are justified provided ugp(z) and u(x) are
sufficiently nice functions so that there is no problem reverting the Fourier transform. In
particular, for the linear equation with F' = 0, and say with Schwartz initial data ug, the
equation is solved by S(t — to)up.

Proposition 3.1 (Basic Properties of Schrodinger Propagator). Let I C R be an interval
that is not necessarily finite. Then



(i) S(t)f=S(-t)f;

(i) S(t1)S(t2) = S(t1 +t2);

(iii) For each t € R, S(t) is a unitary operator on H® and H? for any s € R..
)

(iv) If f € H®, then S(t)f € CtH(R x R%);

t
(v) If F € CyH3(R x RY), then | S(t —t)F(t')dt' € C;HS(R x RY).

to

Here, CtH?(R x R%) consists of all space-time functions u such that each u(t,-) € H® and
each u(-,z) is continuous.

We can in fact compute S(t)f explicitly, at least for f € S. Indeed, by the properties
of Fourier transform,

St f(x) = F e P ) ()
1 2
= — S F Y e Y« f(a).
(27)?

Note that the function e~#"** is not even in L', so the above inverse Fourier transform is
taken in the sense of a tempered distribution. To compute F *1(6*""'2’5), we exploit the

well-known fact that .
1\:2 2
FeAP(¢) = <2Z> e fie

for z € C with Re(z) > 0. In particular, we have for € > 0,

5 2 d 2
“1(—(etit)] 2 _ 1 -1 LN
FH(e ) @ (2(e—|—it)> ¢ o) ¢

as € — 0. We thus yield the explicit formula

[ljs%

1 a2

St)f(x) = ——e o x f(x). (3.2)
(4mit)>2

By appying Young’s inequality for convolution, we immediately get the following particular
dispersive estimate
1
1SO e S — 1l (3.3)
|tz
for all f € S. Since S is dense in L™, we may extend S(¢) to a bounded linear operator
from L™ to L'. By interpolation, we have the following extension:



Proposition 3.2 (Dispersive Estimate). Let p € [2,00]. For any f € L¥,

df1_ 1
1Ol <o 117G 171

Proof. By the unitarity of S(t) in L%, we have ||S(¢)f||;2 = || f|| ;2. The result then follows
from an application of Riesz-Thorin interpolation Theorem. O

Theorem 3.3 (Strichartz Estimates [17]). A pair (q,7) € [2,00]? is said to be (Schrédinger)
admissible if (q,r,d) # (2,00,2) and

2 d d

Suppose that (q,7), (,7) are admissible pairs, and that I C R is an interval containing to
that is not necessarily finite, then the following estimates hold:

(i) The homogeneous Strichartz estimate:
IS Loz wxrey Sar 1122 ®xRa) -

(ii) The dual homogeneous Strichartz estimate:

(iii) The nonhomogeneous Strichartz estimate:

We now return to (NLS) with nonlinearity F(u) = p|u|Pu where u € {—1,1}. This
problem has a natural scaling symmetry. Indeed, for simplicity, let us assume wu is a
solution to (NLS) in the classical sense. Then

uMt,z) = APy <;2, i)

is also a solution to (NLS) with initial data u}(x) := up(\z).
Now suppose that the a initial data ug belongs in the homogeneous Sobolev space H®
for some s € R. A simple calculation shows that

Sqm ||F||L§/L§/([R><[Rd) :

/ S(—tF(t') dt’
R

L2(RxRY)

t St —tF(t')dt

to

LIL5(RxR) SardF HFHL?Li'(Rde) '
t-x

d_2
o =255 e

Hs



It follows that we have scale invariance if s = Sqpit 1= % — %. We thus call the initial value

problem (NLS) is (scaling) critical if the initial data belongs in H®erit,
The energy is the quantity

—9 2

1 d 2
B(u(t)) = 5 (b, [ + 1 )
By differentiating in time, one can show that the energy is conserved, meaning that it is
invariant in time:
E(u(t)) = E(u(0))

for any t € R. If p = d%dQ, we have sqit = 1. By a change of variable and the preceding

discussion, this value of p renders the energy invariant under scaling. The energy-critical
NLS is then given by

. 4
i0u+ Au = plu|2u (EC-NLS)
U’t:to = Uo

where the initial data ug € H.

For ease of exposition, we shall restrict attention to dimension d = 3. Many of the
proofs here can in fact be adapted to higher dimension d, but doing so will introduce
strange fractions in terms of d, which, in our opinion, obscure the underlying ideas of the
proofs. Note that for d = 3, we would have p = 6, and the (EC-NLS) becomes the quintic
NLS. We now define precisely what we mean by a solution.

Definition 3.4 (Solution). Let I C R be a (not necessarily finite) interval. A function
u:I xR — Cis a (strong) solution to (EC-NLS) if u € CyHy N L{9 (K x R?) for each
compact K C I and satisfies satisfies the Duhamel formula
t
u(t,z) = S(t —to)uo —ip | St —s) (\u|4u) (s,x)ds. (3.5)

to

The interval I is called the lifespan of w. If u cannot be extended to a larger interval than
1, then I is called the mazimum lifespan. We say u is a global solution if its mazimum
lifespan is R, otherwise u is called a local solution.

We will explain the reason for the presence of the strange looking space L%EC(K x R) in due
course. Note that a solution is a fixed point of the operator I' =I",,, where

I'(u) = RHS(3.5).

Thus the contraction mapping theorem is useful tool to prove the existence and uniqueness
of a solution, at least locally. We will need to show that I is a contraction on some complete

10



subspace of C’tH In L10 U (I x R?). In fact, we shall prove this on a closed ball of the space
S(I) defined by the norm

lullgry = (@) S:llp, ol HUHLgW;»T(Ix[RS) = max <||uHLt°°L§.(I><[R3) ; HUHLng(Ix[RB)) -
q,r) admissible

The second equality infers that the above norm is determined by the “endpoint” spaces,
and follows from Hélder interpolation. Indeed, for any admissible (g, ), one has

0
”UHL‘?U (IxR3) < Hu||L°°L2)(I><R3 ||u”L(2qL6(I><[R3) < max <”UHL;>OL§(1xR3) ) ”uHLng(IXW))

< lullgr

where the first inequality needs some further justification. Here, 0 < 6(q) < 1 needs to
1 0(g  1-06(g)

satisfy
1 _6(g)  1-06(q)
= d —_ =
q 00 + 2 an r 2 + 6
for the interpolation to work. Let 6(q) be defined by the first expression above. Then the
second equality follows immediately from the admissibility relation:
1 1 2 1 1-6(qg) 0 1—06(q)

r 2 3¢ 2 3 2 6

By Sobolev inequality (with the numbers % = % — 1%)7 and that the pair (10, ?g) is
admissible, one has the embedding
||U||L10 (IxXR3) ~ S lu HLmWL%(IxcR?r) < ||U||5(1)- (3.6)

Moreover, the admissible pair (2,00) gives

H“HL§°H1(1XR3) < fullg Iy - (3.7)

The inequalities (3.6) and (3.7) show that the space S(I) embed (continuously) into L H N
L{%(I x R®). If T is a contraction on a closed ball of S(I), then the unique fixed point u
recovered from contraction mapping theorem is indeed a solution in the sense of Definition
3.4 (noting that u is automatically continuous in time in light of Proposition 3.1 (iv) and

(v))-

Theorem 3.5 (Local Wellposedness[5]). Let I be a (not necessarily finite) interval con-
taining to. There ewists 11 > 0, such that if the initial data ug € H'(R?) and I satisfy

15(t = to)uollgry <

for some 0 < n <y, then a unique solution u to (EC-NLS) exists in the closed ball
Bay = {u € 8(1) + [lullgpy < 2n} .

11



Proof. For this proof, all space-time norms are defined on I X RY. We shall first try to get
some control over ||T'(u) — F(v)||5(l) for u,v € S(I). First note the following crude estimate

[lul*u = Jol*o| < fu—vl(jul* + |v]*),

(see Lemma A.13). We thus obtain the following bounds:

IT(u) = T(@)llgp) < ||lul*u ~ |U\4UHL2W1,g (Strichartz)
t x

< 4 4y —

St Jol) fa =l
4 4 .

< (g, + ol ) e =l 9 (Holder)
4 4

< (lally ey + oy ) e = vl (Sobolev)

To make I' into a contraction, we want the factor on [ju — v[|g ;) to be less than 1, so we

need some control over the S (I) norms on u and v. Thus we shall consider v and v in
some closed ball By, in the S(I) norm where 7 is ranged over 0 < n < 7 for some suitably
chosen 7. To find such R, observe that by Strichartz we have

1Tl gy < ISE—to)uollgy +C H|u|4uHL?W;,% (Strichartz)

for some constant C' > 0. The second term can be further refined by distributing the

gradient over each factor in |u|*u = u3u?:

H]u\‘luH 16~ Hu4VuH 6 (Product Rule)
L2W,'5 L?L3
4 ;
<l IVull ,, s (Holder)
t T
5
s HUHS(I) . (Sobolev)

Summarising, we have the two inequalities
I0() = T(@)llg01) < Cr (lulld + 10l e = vllger
ID(w)llgry < 1St — to)uollsgry + Ca llully -

We now assume [|S(¢ — to)uol| g ;) < 7. Looking at the second inequality, we have

IT(w)llg(y <+ Co(2n)°

for u € Bay,. The right hand side is < 25 provided C5(21)° < n. If we further ensure that
2 (277)4 C: < %, then the first inequality implies that I' is a contraction from B, to itself.
Both of these conditions are satisfied if n < n; for some sufficiently small n; that depends
on the harmless constants C; and C5. Contraction mapping theorem then implies that I'
has a unique fixed point u in Bign O

12



Remark 3.6. The above local wellposedness result has the following implications:

(i) Short time existence: By dominated convergence theorem. given any ug € H;, one
can always choose a sufficiently small interval I containing ty such that the condition
1S(t)uollgry < m holds. The above theorem then implies that one can always obtain

a short time solution given any initial data ug € H%

(ii) Small data global wellposedness: By (homogeneous) Strichartz estimate, one has
||S(t)uo||g([R) < luo|| 1. Therefore, if ||uol| 71 < n, we can invoke the local wellposed-
ness result to get global existence of a solution wu.

13



4 Perturbation Theory

Consider the following perturbed energy-critical NLS:

in o~ ~ ~14
{ 0+ Au = plaftu+e (P-EC-NLS)

ﬂ(to,x) = 710(93)

where e : R x R® — C is a small function in some sense. Suppose that @ is a solution to (P-
EC-NLS) with initial data @y, where the precise definition of a solution is as in Definition
3.4 with the Duhamel formula in (3.5) replaced by

u(t,z) = S(t —to)up — ip t St —s) (Jul*u+e) (s,x) ds. (4.1)

For initial ug € H% close to g, we would like to show that there is a unique solution w to
(EC-NLS) that stays close to @. More precisely, one can show the following stability result.

Theorem 4.1 (Energy-critical Stability Result [7]). Suppose that @ : I — R® is a solution
to (P-EC-NLS) where I C R be a compact interval and contains ty. Assume that we have
the following bounds:

”ﬂHL?OH%([X[RS) <FE (4.2)

H{LHL%%(IX[Ri”) <L (4.3)

for some constant E,L > 0. Then there exists a small 1 = e1(E, L) > 0 such that if a
function ug € H' and the error e satisfy the bounds

[a(to) — uoll gy (gsy < € (4.4)

el (4.5)

. 6
L2W,? (IxR3)

for some 0 < € < €1, then there is a unique solution u : I x R®> — C to (EC-NLS) with
initial data u(to, ) = uo such that

= il g0 (1) < C(B, L)e (4.6)
lu il gy < CE. L)e (4.7)
lullsy < C(B.L) (4.8)

for some constant C(E, L) > 0.

Proof. Without loss of generality, we may assume ¢y = inf I. By the local wellposedness
result (or more precisely, Remark 3.6 (ii)), there is a solution u : Iy x R? to (EC-NLS)
with initial data wu(tp) = up. For the time being, we shall make the following additional
assumptions:

14



(i) The lifespan of u is at least as long as the lifespan of @. Thus we may assume Iy = I;

(ii) [l <e

LIoVY,” 1 (IxR3)

Let v = u — 4, and define for each t € I the function

At) o= || ful*u — |a|4ﬂHL?W£’%([to,t]Xﬂ?3) '

Note that A is a continuous in t. We shall use a common trick called continuity argument
to show that A(t) can be made uniformly small in ¢ by possibly decreasing the size of €.
The first step is to attempt to bound A(t) by itself in some “non-trivial way”. We first
note that by the Duhamel’s formula,

t
V|o = S(t — t0)|V]o — m/ S(t — V] (jul*u — |i|*a — ¢) dt’.
to

Therefore,

< lo(t 4 Nul*e — |al*a
N|| (O)HH% H| ‘ ‘ | ”L?Wi’%([to,t]xw || ||L2W [tO t}><|R3)

Se+ A, (1)

loll oo

LlOW ([to,t]xR3)

where the first inequality is obtained by Duhamel’s formula and estimating each term by
Strichartz, and the last inequality is due to (4.4). On the other hand, since

IV (Jul*u — [@|*a)| < |ul* V| + |a[* |Vl
=lv+a* |V +a)|+ |a* |Vl .

Hence we can estimate using Holder, Sobolev, () and assumption (ii), we have (after
suppressing the cumbersome [t, o] x R? in the notation)

A(®) S v+l lo+all, Wi,soﬂlﬁlligg IIﬂHLt 19

IOWII’Tg
15
Sho+al® HuH i
LoV,
< (ol + 1 )
< (A(t) + 26)

We now claim that for sufficiently small €, we in fact have

A(t) <e (4.9)

15



for all t € I. Indeed, for a fixed €, let t. = sup{t € I : A(t) < ¢}. We note that A(typ) =0,
hence t. > 0. Now suppose that tc < supI. Then by the continuity of A, we must have
A(te) = e. The above bound on A(t) then implies

e<C(3e)’ = €*1<3C (4.10)

for every n. Clearly this cannot hold for every € > 0. Hence there exists ¢y > 0 such that
te, = supl. In particular, (4.10) cannot hold for any 0 < € < ¢y and hence t. = sup [
whenever 0 < € < ¢p. We deduce that A(t) < e whenever € € (0, ¢p).

We are now ready to prove (4.6) to (4.8) under said assumptions. (4.6) now follows
easily from Sobolev and (7):

< < * <
oz sy S W08y ) S AU F € S

For (4.7), we use Duhamel and Strichartz in the same manner as in (}), followed by the
smallness of A(t*):

<
||UHS (I) ~ ”v(tU)HHl + A( )+ He”L%W;’g([to,t]XR?’) ~ €

For (4.8), we expand u with Duhamel and estimate each term the usual way (as in the
proof of local wellposedness) to get

Jullsy S ey + 1, g

5
S Hﬂ(tO)HH; + HU(tO)HH% + LlOW 73 (Ix [R“))

(I
< E+e+(2)°
SE
where we used (4.2), (4.4), and reduced the size of €y = €(E) if necessary so that e+ (2¢)5 <
E for all € < €.
Let us now summarise what we have proved so far. By having the extra assumptions
(i) and (ii), we have shown that provided 0 < € < ey(E), one has
lu — aHL%’OZ(Ix[RL”) < C(I)e
lu—allg, < C(De
lullsgry < CUNE

e —tatal , .g . Se
L:W, 3
TWa ° (IXR3)

We now proceed to remove assumption (ii). The idea is to partition the interval I so

. _ . 1,38 C
that on each piece, @ has its L{°W, ™ norm controlled by e. This will allow us to apply
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what we proved so far on each piece and then assemble everything back together. In order
to do this, we need to check that at least o € S(I).
To do so, we first partition I into Ny subintervals Ji so that

||ﬂ"L}?z(kaR3) =7

for each k < Ny, where n > 0 is some small quantity to be chosen later. This is possible
because of (4.3), which in particular implies that the number of intervals we need is at

10
most (% + 1) . For a fixed k, we use Duhamel again to estimate

Vst 1 ey + 15 W E g sy + el g

SE 4ot llallg, +

where we invoked (4.2) and (4.5) to get the last inequality. By a continuity argument, we
may choose 7 sufficiently small to get that H'ELHS(Jk) < E + e. Summing over the k’s, we
obtain

liillg) < C(E,L).

Now that we have control over HQHS(Jk), we can partition I into N3 = Nj(F, L) intervals
Iy, = [tg, tga1] so that
Hﬁ” 101,139 <e
LW, 13 (I, xR3)

for each k. If we can verify that the condition (4.4) holds for each interval, namely

lu(te) — a(t)ll g < € ()

for each k, then we have (4.11) to (4.14) for each interval Iy, but noting that the constants
in those inequalities depend on k. One can then obtain (4.6), (4.7) and (4.8) by summing
over k on (4.11), (4.12) and (4.13) respectively (Note that the dependency on E and L on
the constants will come from the number of intervals N; which depend on E and L). We
shall verify (1) inductively. The case k = 0 holds by assumption. Assume that (11) holds
for some k > 0. Then by Duhamel and Strichartz,

v(t 0 < o)l + |[Jul*u — |a|*a
ot Dl S ooy + = 5 g el g

k
<et ) |luftu— fa*al

=0
< (k+ 3)e.

. 1,8
LiWa'® ([tj,tj+1]xR3)

Namely, |[v(ti41)] 1 < C(k)e := € for some constant C(k) > 0. By reducing the size of
€1 = €1(k) if necessary, we can make € < €7 arbitrarily small, and hence ensure € < €o(F)
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which allows us to continue the induction. Note that the final version of ¢; will depend on
L and F since €; depends on Ni(L, E). This proves the theorem assuming (i).

Finally, to remove the assumption (i), let Iy be the maximum lifespan of v and T :=
sup Iy. Suppose for a contradiction that T < supl := T. What we have proved so far
holds in the interval Iy. In particular, we have HuHSl(IO) < C(E,L). Now, the Duhamel
formula starting from some ¢, < T" reads

u(t) = S(t —th)u(t’) —ip [ S(t— s)|ul*u(s) ds.

t

Hence

4
15t = th)utti) 1 oy < Nl gy 7y + sl iy ) Ml o s -

The RHS can be made to be less than ‘- by choosing # sufficiently close to T', where 7,
is the local existence threshold in Theorem 3.5. Since the LHS is a continuous function in
T, there exists 0 > 0 such that

HS(t - té))u(tG)Hsl([t/’T_’_(g)) <.

But then by local well-posedness, there is a solution on [t{,T") with initial data u]tz% =
u(ty), and hence the solution can be extended beyond 7', contradicting the maximality of

Io. O
Remark 4.2.

(i) Unconditional uniqueness: Note that in the local well-posedness result, we only
proved uniqueness in a closed ball. One can use the above stability result to upgrade
this to unconditional uniqueness (in the sense of Definition 3.4) by simply taking
e =0 and ug = ug. Though one can also prove this without the stability result using
a continuity argument.

(ii) Continuous dependence on initial data: The continuous dependence on initial
data is implied by the stability result corresponding to the case when e = 0. Namely,
if we have initial datum ug and tg sufficiently close to each other in the sense of
(4.4), then the corresponding solutions u and 4 remain close in L%SC N LfOH;(I x R3)
by the virtue of (4.6) and (4.7).
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5 Concentration compactness

In this section, we take a digression from well-posedness and prove a linear profile de-
composition for the Schrodinger propagator. As we mentioned in the introduction, such
a decomposition is essentially a statement that captures all defects of compactness in the
Strichartz inequality. Unfortunately, its statement and proof are rather long and involved.
As such, we have decided to first study the profile decomposition for the easier L? based
Gagliardo-Nirenberg inequality, which states that for a function f € H'(R),

0 —0
1l e Sp 1 I1fll5:" (5.1)
where J 5
l<p<2 g dr =2
2p

(see also Lemma A.1 in the Appendix). Note that the RHS of the inequality is bounded
above by || f|| 1. This implies the continuity of the embedding H' C LP, or equivalently,
the continuity of the identity operator Id : H' — LP. To go one step further, can we show
that this operator is compact?

To motivate why one might want compactness, let us consider the problem of showing
the existence of an extremiser in the inequality (5.1). That is, we want to show that the
the best constant of inequality (5.1), given by

171l 1}
S:i=sup J(f) = —F—=*——:f€H (5.2)
{ 1A% 1115

is attained at some f € H'. This is easy to prove if compactness holds. Indeed, let f,
be a sequence in H! such that J(f,) — S as n — oco. By first rescaling the values of f,,
we may assume each || f,| ;1 = 1. If we also apply an appropriate H-preserving scaling,
we may assume that each || f,||;2 = 1. By compactness, we may pass to a subsequence so
that f, converges in L? to some f € LP. Since || fn||;1 = 1 = || ful 12, we may (by Banach
Alaoglu’s Theorem) pass to another subsequence so that f,, converges weakly in L? and H?
to f. Note that we also have || fy||;2 = || f||;2 and || full g2 — || f|| 2, and hence f, in fact
converges strongly in the same spaces. Uniqueness of limits then imply that f,, converges
to fin LP, L? and H' sense, and so f is our extremiser.

Unfortunately, compactness does not hold in this setting®. This can be seen by consid-
ering the unitary group of translations in H'. Indeed, for any non-zero ¢ € H', consider
the “travelling profile”

fn = ¢( - -Tn)

3Though one can still show that the space of radial functions in H' can be embedded compactly into LP.
One can then use the same argument as in the preceding paragraph to show the existence of an extremiser.
But we shall not pursue this further here.
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where z, € R? converges to co. Clearly, || fullz1 = [|¢]g1 = C > 0. On the other hand,
it is easy to see that f,, — 0 in LP (the half arrow denotes weak convergence here). And
hence f, has no convergent subsequence in LP.

More generally, one can construct examples of sequences in H! with no convergent sub-
sequences by considering a “superposition of travelling profiles”. Suppose that ¢!, ..., ¢’ €
H?' are non-zero. Consider

J
foi=) @ =)
j=1

where each 77, — 0o as n — o0. Again, this implies that the above sequence converges
weakly to 0 in LP. This time, the norms | f,|/ ;1 need not stay constant. In fact, the
travelling profiles might end up cancelling each other as n — oo. To prevent this from
happening, one can impose the asymptotic orthogonality condition that |z, —z¥| — oo for
each j # k which ensures that the travelling profiles stay “far” from each other. In fact,
we have the asymptotic decoupling

J
1falZn = (1675 + 0n(1)
j=1

as n — oo. Hence || fy|| ;1 is once again away from 0 and so f,, has no convergent subse-
quence in LP.

The concentration compactness phenomenon, in this setting, tells us that these are
essentially the only ways in which compactness fails. Loosely speaking, a profile decompo-
sition tells us that if {f,,}°°; is a bounded sequence in H' that fails to have any convergent
subsequence in LY, then f, at least has a subsequence that “converges” to a superposition
of concentrating or travelling profiles of the form above.

Theorem 5.1 (Profile Decomposition for Gagliardo-Nirenberg Inequality [9]).

Let d > 3. Suppose that {f,}5°, is a bounded sequence in H'. Then after possibly passing
to a subsequence of { frn}72 1, there exists J* € NoU{oo} such that for each finite 0 < J < J*
and each n € N, we have the decomposition

J

fao=) ¢ —a)+r (5.3)

Jj=1

where the profiles ¢! € H' are non-zero, the remainders {r#}:;l C H', and the translation
2d

parameters {z}°° | C RY, such that for any p € (2,2*) where 2* = 5,
. 1. 1. J — 0'
() Jim limsup |[ry |, =0;

@) [ fallFr = X7y 0750 + 173 + 0n(1) as 1 — o0;
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e . . J -
(i) Jim timsup ([fall7, — S [[67]7,) = 0;
(iv) rJ(-+2z)) = 0in H' asn — oo;

(v) lim |2% — 2| = co whenever j # k.
n—oo
Here, oy, is the usual little-o notation, that is o,(1) is a quantity that converges to 0 as
n — oo. Also, if J* is finite, the limit JlimJ a(J) is simply taken to mean a(J*).
% *

Proof. We first fix some notations. For a bounded sequence v = {v,}°; € H', let
W(v) = {w € H' : up to a subsequence, v, (- + 2,) — w for some {z,}°°, C IRd}

be the set of profiles of v. This set is non-empty since every bounded sequence in a normed
space has a weakly convergent subsequence. We also let

n(w) = sup [wlg .
weW (v)

Note that this quantity is finite since n(v) < limsup,, o ||vn 1-

We first recursively extract a large “bubble of concentration” ¢’ from the remainder
term and then check at each step J that Properties (ii) to (v) hold, with Property (iii)
replaced with

J
Jim. ||fn||’zp—§jlu¢fuip—Hr;{H’,; =0. (iii*)
J:

for any p € (2,2*). This of course implies (iii) once we have established (i), for which we
shall verify last.

To start, we set 70 := f,. Assume that we have completed step K for some K > 0
so that Properties (ii) to (v) hold for each J < K, and wish to find ¢, {rJ+11>
and {xK*11>0 . If n(r) = 0, we terminate the iteration as before and set J* = K + 1.
Otherwise we have n(r*) > 0 and we find some ¢* 1 € W(r) such that ||¢**!|| ;. > Fn(r).
By definition, this means that after passing to a subsequence, there exists {51}, C R4
such that

rE 4 2B Bt as n — oo

Let r&+1 .= f, — Z]K:ng (- — m%) Note that by construction in the previous step, we

have

SR e Y )
In particular, this means (iv) holds at the (K + 1)-th level.

rEH 4 2Bt 0 asn— oo (5.4)
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Turning to (ii), we have, by the translation invariance of the H! norm,
s G = (i 2l ) = P (i) - R
= |||+ 2Re (K (- 4+ 280, 05 o+ (|65
7 |7 i 1
= [l s + 116" [z + 0n1)

as n — 0o. Hence by induction,

K
112 =S 612 + 1P + 0n(1)
7=1

K+1

= S 15 + I 1+ 0a(D),
j=1

proving (ii). To prove (iii*), we first restrict our attention to the cube [-R, R]? C R?
for some R > 0. By the Rellich Kondrachov Theorem, we may pass to a subsequence so
that wi = {rf(- 4+ 2571),}2° | is (strongly) convergent in L? ([—R, R]?). By a diagonal
argument, we may pass to a subsequence so that wx converges in the whole L?( IRd). Passing
to a subsequence once more, we have that wg converges almost everywhere to some L?(R%)
function. Note that this function coincides with ¢®*!. Hence we may apply the lemma of
Brézis-Lieb (Lemma A.8) to obtain for p € (2,2%),

[ = llra -+ ™) = 65, + llon L, + on(1)
= [l Mg + [l e + 0n(1):

By induction, we thus have

K
£l = D160l + [l llZs + on(D)
j=1

K+1

= 2 llohlz, + [l Iz, + on(D).
=1

This proves (iii*). We now check (v). By induction, we just need to show that for any
J <K, |z] — 2K+ = 00 as n — oo. Suppose not, and let J be the largest J < K so that
|z — x5+ 4 co. Then x;) — 25+! must have a bounded subsequence in n, and hence
by passing to a subsequence, hm :UJ KH = 1xq for some zg € R and some J < K.

Decomposing f,, at levels J and K + 1, we find

K+1

Zqﬁj —wj —i—'r Z(bj —:BJ K+1
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and hence
K+1

(ot = D 0 —ah+an ™) e,
j=J+1
We see LHS converges weakly to 0 in H! by writing r;] (- +25+1) = v/ (.42 + (x K+ —2))).
On RHS, we see that every term except ¢®*1(-) converges weakly to 0. But thls implies
that ¢+ = 0, which is a contradiction. This proves (v).

We finally turn our attention to (v). We first note that by construction, n(r”) vanishes
as J — J*. Indeed, if J* is finite, then we have n(r’/") = 0. For J* = oo, (iii) implies
that the series Z;’il H(;SjHHl converges, and in particular, H(;SjHHl — 0 as j — oco. By
construction, we have

n(rf) <2||¢’||;n =0 as j— oo. (5.5)

This fact will be needed later to control r;] on low frequencies. Indeed, we shall consider
the frequency cutoff

Qnf(€) = 1ig<r(©)f(©).
Note that Qrf = Kpg * f where I?;f = 1;_g,gr)- We shall split

5o < Qa3 o + 11 Gd = Q)] o -

We estimate the second term as follows. Let s be the real number satisfying 5 = % — 1

Note that p < 2* implies that s < 1. An application of Sobolev embedding followed by
Plancherel’s Theorem gives

G = Qr)rl| o S [IGd = QeI 4,

. 1/2
- ( / |a|25|r;{<5>2d5>
lEI>R
1/2
’§|2 e\ 2
< ( [ =] ds)

< Bl

2—2s
where the penultimate inequality follows from multiplying the integrand by (% ,

which is greater than 1. For the first term, observe that by interpolation followered by
Plancherel’s Theorem,

2/ 1-2/ 2/ 1-2/
HQR%HM_HQRV’JH 2 [Qrrallp="" < Irll2” lQrrll ™

1-2/
< Il | Qr "
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Now, we may rewrite limsup,,_, HQRTiHLOO as sup (limsup,, ., |Qrr; (z5)|), where the
supremum is taken over all R"” sequences {z,}22 ;. We have the estimate

hm sup ]Qan\ (xn) = hm sup | KR * rJ(xn)]

n—oo

<sup{‘/KR x)dx
< |IKrllz2n (),

where the last inequality follows from Cauchy Schwartz. Putting everything together,

—hmsup’/KR a:+xn)da;

weW(rJ)}

liIr;Sup |l < hmsup (Rs e + I JH2/19 (IKRll 2 (TJ))l—Q/P) .

The first term on RHS can be made arbitrarily small by choosing R large. For the second
term, we recall that n(r’) — 0 as J — J*. Hence choosing J large will also ensure that
the second term is small. It then follows that

1imsupH7“ —0as J— J". O

n—oo

J

o
As a small application, one can use the profile decomposition as a replacement for

compactness to prove the existence of an extremiser.

Corollary 5.2. The Gagliardo-Nirenberg inequality (5.1) has an extremiser.

Proof. As in our argument above, let {f,}>2, C H 1(R?) be an optimising sequence, for
which we may assume || f|| ;1 = || full;2 = 1 for each n. We now decompose a subsequence
of f, as in Theorem 5.3. Let S be the best constant of the inequality as in (5.2). By
property (iv) we obtain

J*
50 = lim lfallyy = 3 9], < SPZ &1 N1~ < SPZ ¢/
j=1

Now property (iii) and our choice of f, implies that 23]:1 quj H?{l < 1. Moreover, since
p > 2, we in fact have

J* J*
<53 [l < 87 (|7 < 5
j=1

J=1

which can only mean J* = 1 and that H¢1HH1 = 1. Our decomposition then reads f, =
@' (-—z}L)+rl. Property (ii) then implies that f,(-+xL) — ¢! in H'. This weak convergence
can be upgraded to strong convergence as || fnll ;1 = [|¢*| g = 1. Since translation leaves
the L?, H' and LP norms invariant, we may use ¢! as our extremiser. O
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One can also form a profile decomposition for the Sobolev inequality (Theorem A.3):

1Al 2 S Nl (5.6)
For convenience later on, let us fix the notations
rf(@) = fa —y) (5.7)
d—
orf(x) = AT f (A a) (5.8)

for spatial translation and scaling parameters y € R?, A € (0,00), and a function f: R? —
C. Note that Ty_l =T7_, and 6;1 = d0y-1.

The identity operator Id : H' — L?" is not compact. We have seen how the translation
group {Ty}ye[Rd causes a lack of compactness in Gagliardo-Nirenberg inequality. For the
Sobolev inequality, the translation group is once again a culprit. Since we are now working
on the critical space H', we also have the unitary group of H'-preserving scaling to worry
about. Indeed, it is not difficult to see that if we have a sequence of scaling parameters
{An}pZ, that converges to oo, then 6y f — 0in L¥ . If f € H' is non-zero, then oz, f has
no convergent subsequence in L?" since lox, fl| g2 = Il g2 > 0.

The profile decomposition for Sobolev inequality is given as follows:

Theorem 5.3 (Profile Decomposition for Sobolev Inequality [10][13]).

Let d > 3. Suppose that {f,}5> is a bounded sequence in H'. Then after possibly passing
to a subsequence of { fn}22 4, there exists J* € NoU{oo} such that for each finite 0 < J < J*
and each n € N, we have the decomposition

J
Y oradad |+ (5.9)
j=1
where the profiles ¢ € H* are non-zero, the remainders {7‘;{}:;1 C H', and the translation

. . o0
and scaling parameters {(wﬁb, )\,]1)} C R? x (0,00) satisfy

n=1

(i) Jlin}* liTI;rLs;ip HT;{HLQ* =0;

W) 1fallZn = S0y 6705 + I 5+ 0n(1) as n— oo;

) . o
(iif) lim limsup (anlle* D HLQ*) =0;
(iv) 5}\3 T e w0 in H' as n — oo;
n

e T A .
(v) lim ( +— Y] + vl oo whenever j # k.
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We shall omit the proof for this result since it is very similar to the proof of the profile
decomposition for Schrédinger propagator, which we shall present shortly.

We finally move onto our last profile decomposition, and indeed, the one we need for
the induction on energy argument. We shall once again restrict our attention to dimension
d = 3 (the proof for higher dimensions is almost the same, but this restriction will let us
avoid nasty fractions in terms of d). The inequality for which we shall study is

IS ez SISO, 018 10 (5.10)

which follows from Sobolev and Strichartz inequalities. This gives rise to the continuous
operator T : H} — L9, defined by T'f = S(t)f. In addition to spatial translation and
H*-preserving scaling, the unitary group of time translation is also causing compactness to
fail in this setting. By time translation, we mean the action of symmetry group {S(¢') }ycr
on H; Indeed, it is easy to see that if ¢, — oo, then S(t —t,)f converges weakly to 0 in
L;Ox for any f € H'. In fact, one can show something slightly stronger:

Lemma 5.4. Suppose that {(zn,tn)}572, C R? x R satisfy |x,| — oo or |t,| — co. Then
for any f € H', S(tn)Te, f — 0 in H' asn — co.

Proof. By a density argument, it suffices to assume f € C°(R?), and to prove ‘<S(tn)r£n f ‘P>H1 ‘ —
0 as n — oo for every ¢ € C°(R3). Assume [t,| — oo. Then

(S ()7, f0) | < HS 1o |l IV P g

1715 92l

Itl
—0

as n — oo, where we used by Holder and dispersive estimate above. Now assume that
|tn| #+ 0o but |z,| = co. Take a subsequence {(xn,,tn,)}72, so that

timsup (S ()7, £,0) | = Jim [ (S(tn)7s,, fo0)

By passing to a subsequence once more (which we still denote by {(zn,,tn,)}5e;), We may
assume t,, — too € R as £ — oo. Then

(St e, 1:0) | = [ (e £ S(=ta)e)
< (7o £ S(=to)2) | 1y 1S (=) = S(=toc)llop 1l 2y

where the last inequality results from triangle and Cauchy Schwartz inequalities. The first
quantity on the RHS converges to 0 because |x,| — oo, while the second quantity also
converges to 0 because S(—t,,) — S(—ts) as operators on H'. O
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The profile decomposition for Schrodinger propagator reads as follows, and its proof
will occupy the rest of this section.

Theorem 5.5 (Profile decomposition for Schrédinger propagator[14][19]).

Suppose that {f,}5° 1 is a bounded sequence in H'. Then after possibly passing to a sub-
sequence of { fn}o2, there exists J* € Ng U {oo} such that for each finite 0 < J < J* and
each n € N, we have the decomposition

J
N6, S |+ (5.11)

where the profiles ¢ € H*' are non-zero, the remainders {r;{}zo:l C Hl, and the symmetry
parameters {(A%,t%,x%) 190, € (0,00) x R x R? satisfy
. . . J _ .
(i) JILH}* 111I1I1_>S£p HS(t)rnHLtlgE =0;
.. 2 J 112 2
(i) fullzn = Zj:l H‘ZﬁJHEp + HT;{HHl +onp(l) as n — oo;

(1) 11fullFg — 0 | SR8

6
L6 + HT;{Hig +on(1) as n — oo;
x

()hmsup hm I1S(t fn||L10 ZHS CZVHLm =0;
J—=J*

(v) S(— t‘])é T Yl 0 in H' as n — oo;

MO TN Mk

o) 55,

D e 1 R 1 OV Rl A O
( 7+|xn Tn| +| (An) n(An)7| = oo whenever j # k;

(vii) for each fized j, either t), =0, or lim ), € {c0, —c0}.
n—oo

Remark 5.6. The asymptotic decouplings in H; and LS topologies in (i) and (iii) an be
combined to give energy decoupling:

J
T | B(fa) = S B(S@)$) — Br) | =0
j=1

We first prove a refinement of our inequality (5.10).
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Lemma 5.7 (Refined Strichartz Inequality). For f € H'(R3),
1 4

IS0 S 115, sup [SEPy I -

’ Ne2? b

Proof. We shall first write down the following long chain on inequalities and only justify
the steps afterwards. Here, we write fy to mean the Littlewood-Paley projection Py f.
All summations on capital letters are over the dyadic numbers 27.

1/2||10

ISl 2| X 18wl

Ne2Z
LY,

5
_ 2
—/W[[ SIS )

N;e22

2
S /[R><[R H|S fN|

Ny <N2<N3<N4<N5

sup St )anLtl,oz) ST US@ Sz IS@ Fvs o2z

N1<...<Njs

sup |[S(t fL”L10> Z NTENg2[1S(t )lequlel 15t )stHLq2LP2
Le2* N1<..<Nj

N1<...<Nj

< (Lsu2p 15t fLHL10> NN 1Nl (1w Lz
€

sup [|S(t anLw) Yo NP ONE g el DS L
Le2Z N1<Ns

N1<N2,N3,N4<Ns5

c1—1 prea— N, ’
S <sup HS(t)anL%gz) 5wy (om (5)) Il sl

Le2Z N1<Njs
(i) See the square function estimate in Lemma A.6.

(ii) We break the summation as follows:

DR SEND S DOb SIS i ELTNND»

Ny N5 all permutations | N N1<No<N3<N4s<Ns
of (N1,...,N5) N2>N1 N5>N4
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where the second equality is possible because the summand Hi?:l |S(t)fn,|? is sym-
metric in each argument.

(iii) We break the integral with Holder, where the parameters 1 < ¢, g2, 71,72 < 00 are
chosen later. Of course they satisfy

8 1 1 8 1 1
— e —=1=— 4+ — 4 —. 5.12
10+Q1+QQ 10+’I”1+’I“2 ( )

(iv) We use Bernstein estimate (see Lemma A.5) first to gain a factor of Ny* and Ng?,
where ¢; and co are chosen later. This means we want
3 3 3 3

7_7261 7—7262 (513)
p1 1 b2 T2

(v) We want to use Strichartz here, so we want the pairs (q1,p1) and (g2,p2) to be

admissible: 5 5 3 9 3
Sy 2tz (5.14)
@ p1 2 g p2
For reasons that will be clear later, we also want the exponents ¢; —1 = —(c2 —1). It turns
out that one can choose parameters
1 3 30
01:57 62257 plzﬁv p2:27 QI:57 q2 = 0, T1:57 rog =00

(these numbers are not unique nor important, but one should of course ensure that these
parameters satisfy the constraints). Thus the LHS is controlled by

3 1 3
Ni\2 N;
(gggrsu)fmr%) > (N;) (1og2 (Nj)) Il v

N1<N5s

Ht-

1 3 1_.
Observe that (%) ’ <10g2 (%)) <c (%) * for any € > 0. Applying Cauchy Schwartz

on the sum over N5, we have

1_, 1-2¢

N\ 2 N
> X <N5> A PAEA P (AP 'S <N5) Il
5 1

5 Ny
N1<Ns N1<Ns 2, (27)
5

To close the argument, we want to show that the integral operator T' defined by

T(ans) = Z <x;>126a]v5

Ny
N1<Ns
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is bounded from ¢2(22) — ¢2(2%). This can be seen to be the case by Schur’s test (see

1-2
Lemma A.7). Indeed, the integral kernel here is K (N1, N5) = 1n,<n; (%) 6, and the
use of Schur’s test is justified by the uniform bounds

1—2¢ 00
> K(Ni,N:)= Y @;1) =Y 2mCU g1 vN; €27,
5

Ny Ny m=0
N1<N5s
]\71 1—2¢ 00 )
_ m(2e—1 VA
S KN N = Y (N5> — Y D <1 W e
N5 N5 m=0
N5>N1
provided € = 1000, say. Thus
8
2
1S@FlIggo < | sup 1SOFellzyo, | x5l e o)
Leoz b N
8
2
~ (sup 1S)fell 0 ) 110
Le2? ’
by the square function estimate. O

Before we continue on with the gory details of the proof, let us first record the following
easily verified relations between the symmetries:

TyoNf = 5)\7'%]0 and NTyf = Toayorf (5.15)
SE)oAf =S (N 2) f and HSE)f =S (NH)orf (5.16)
S f =Sty (5.17)

As in the proof of the profile decomposition for Gagliardo-Nirenberg inequality, the main
idea of the proof of Theorem 5.5 will be to recursively extract a large bubble of concen-
tration from f,,. The asymptotic decoupling in H'is nothing more than a consequence of
weak convergence and the fact that H?' is a Hilbert space, and the former is built into our
construction of ¢’ and ri . That the remainder 7",{ vanishes asymptotically in L9 + topology
is a bit more subtle, and requires the help of Lemma 5.7. For decoupling in L5 and L%f?v
topologies, we will once again appeal to Brezis-Lieb lemma; the tricky part will be to prove

the almost sure convergence required to apply this lemma.

Proposition 5.8 (Inverse Strichartz Inequality). Suppose that {f,}o2, is a bounded se-
quence in H' satisfying

T fulln =4 and T [S(t)fall 0 = ¢

for some A >0 and € > 0. Then up to a subsequence of {fn}5°,, there exist ¢ € H' and
sequences {r,}°%; C R, {t,}22, C R, and {\,}%; C (0,00), such that
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(i) S(—tn)6y ' mp fr = ¢ in H';

(ii) £l = | fn = 72,00, S(tn)o |71 + [l + 0a(1) as n — oo;

15

(iif) [lo)l%: = A% (§) 7 ;

(iv) ||S(t )fn||Lm = ||S(t) fr = S(t + N2ty)Ta, Ox ngLm +||S(t )¢||L10 + 0n(1)
as n — ooy

™) 1508l 2 € (5) 7

(00) [1FalSg = [ = 7,00, S(t)6| 0 + 1S ()8l + 0n(1) as n — oo,

Proof. We first note that (i) and (ii) actually hold for any choice of {\,}72, {tn}>2, and
{zn}52 ;. Indeed, let g, := S(—tn)(S;jT;}fn. Then ||gnllzn = [[fallzn and so {gn}pl,
is bounded in H!, Hence there is some ¢ € H' such that up to subsequence, gn — ¢.
Property (ii) then follows from the identity

an - Txné)\ns (tn) @ HH1 = |lgn — ¢HH1
and the Hilbert space fact
2 2 2
gn = & = llgnllgn — lgn — 0l = 110l as n— oo.

The proof then boils down to choosing ., t, and A, appropriately so that the remaining
properties hold.
Using Lemma 5.7, we have the estimate

1 4
1S(#) fallpao S [ fallf sup [[S(E)PN fal 710,
’ Ne2?
for each n € N. By choosing N,, € 27 so that
1
IS@) P, fallgo, > 5 sup [IS@) PN full o,
’ Ne2Z ’
we have the estimate

5 1 . 2
FATE = T IS fallfyy Il S Tim 15 P, all

1 2
. 3 3
< T}LngoHS(t)PannHL% 1S () P, foll Zee,
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where we used Holder interpolation on the last inequality. Using Strichartz estimate (the

pair (%, %) are admissible), followed by Bernstein’s Lemma, we have

1 A
15(2) P, foll L3 S PN, full e ~ EHPNHIV\anLz =< anIIH SN

,T

It follows that the above inequality reduces to

1
ANS 3
¢1A"1 < lim (N> IS(t) P, full Foo -

Set A\, = Nn_l, and choose for each n € N some z,, € R? and t,, € R to approximate the
L73, norm, in the sense that

15
lim Ny ® [ S(-X2t) P, fulwn)| 2 A (5)

n—oo A

Having chosen our parameters, we may pass to a subsequence if necessary so that g, =
S (—tn) 5;7117@1]‘” = (5);17;”15’ (=A2ty) fn is weakly convergent to some ¢ € H'. As said at
the start, (i) and (ii) are immediate. To see (iii), we let K be the convolution kernel of
Py f. Explicitly, Ky = F~! [Q,Z) (N)] where v is as defined in the definition of Py. Then

(K1, 6) o] = Jim [(K, gn)]|

= lim /N 28(=N2t,) fn (—i—xn) K\ (x)dx

n—oo

n—oo

= lim 2/3 “N2t,) fn (2) N2K (N (z — ) dz

= lim 5/5 “N2t) fa (2) K, (x — 2) dx

n—oo

= lim N, ?|Pn, S(=N2t,) fulzn)|.

n—oo

On the other hand, an application of Holder followed by Sobolev inequality gives

(0, K1) ol < N9l o (1Kl pomyr S 1l g -

15

Putting everything together then gives ||¢||;1 2 A (i)§ , proving (iii). The above also
implies that

A(3) " ZUEL6) ] = (50K S(0)0) 2] < SO0 15001

6
<[t ISl o Kl S 1S(E)oll 1o
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provided [t| < 1, where we used dispersive estimate in the penultimate inequality. Inte-
grating over 0 <t <1 gives

€

A (ZF S 1S®9l L0 o.11xx0) < ISESl 10,

which is equivalent to (v).

We now turn to (vi). Passing to a subsequence, we have that ¢, — to for some
too € [—00,00]. Suppose that to, € {00, —oc}. By dispersive estimate, we have for any
Schwartz function 1 € S(R?),

1S(tn)YliLe S

ST |H¢H 6 as n — o0o.

Moreover,

18Gn)ls < 1506 — S(tabl s + IS ta)ls
S e =dllm +15E)P s -
By a density argument, we deduce that [|S(tr)@[[ ¢ — 0 as n — oo. One can then deduce

property (vi). For the case when ¢t € R, we claim that 5 T, f — S(too)d in H.
Indeed, testing h, := dy Txnl fn against ¢ € H,

(hn790>H1 = <S(_tn)hn75(_ ) > :
= (S(~tn)hn, S(—too)p >H1 + (S(—tn)hn, S(—tn)p — S(_tOO)SD>H1'

The second term vanishes as n — oo by an application of Cauchy-Schwartz and the fact
that S(—t,) — S(—tw) in operator norm. By weak convergence, the first term converges
to
(0, 5(=too)) 1 = (S(too)d, ) g1

This proves our claim. Now by Rellich Kondrachov Theorem, we may infer that for any
compact set K, a subsequence of h,, converges in L?(K). A diagonal argument then shows
that h, — G for some G € L?*(R?). Passing to a subsequence once more, we get that
hn, — G almost everywhere. But since h,, is weakly convergent to S(t)¢ in H', we may
conclude that G = S(t )¢ almost everywhere. Finally, applying Brezis-Lieb Lemma shows
that

1S = lhn — S(t)6l5e + 1S (too)6l%s + 0n(1).
To see that this implies (vi), we note that ||S(teo)®| ;6 = limp—oo [|S(tn) @] 16 and || byl 6 =
[[fnll g - Moreover, we also have : : ’

I — S(to)bl s = 1 — S(ta)6l 6 + 0n(1)

We now turn to (iv). We again want to apply Brezis-Lieb Lemma to S(t)gy, and S(t)é.
We thus want to show that
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S(t)gn 2, is a bounded sequence in L% that converges pointwise to S(t)¢ for a.e.
n=1 t,x
(t,r) € R x RY

Once we prove (), the conclusion of Brezis-Lieb Lemma then tells us that
10 0
1S(W)gnlli — 15(0)gn — SWI1R — 1012 — 0
as n — co. By applying the change of variable (¢, x) — </\i% — tn, %), we get that

10 10
1S@®)gnllLio = 15@) fallLro

10
15(t)gn — Sl Lo, = [[S@)fn = S+ Nitn)72,6,6]| 30

which then yield (iv).
To prove the claim (f), we notice that the boundedness of S(t)g, in L;9, follows from
the uniform bound by Sobolev Inequality:

1S@)gallzzo < lgnlin = [l = A < oo.

For almost everywhere convergence, we need to work a bit harder. We first restrict our
attention to the closed cube Q; C R? of length k centred at the origin. Let x; € C° so
that xx(z) =1 on Qf and xx = 0 outside 2Q. We use the corollary of Ries-Komorogorov
Theorem to show that F := {x%S(t)gn}>; is relatively compact in L%’x. Thus we need to
show that F is bounded in L?(R3) and for all € > 0, there exists R > 0 such that for all
f € ]:7

/ kS (B)gn ()2 d(z, ) + / Foa kS (0)gn) (7, )2 d(, €) < .
[(t,z)|>R [(T,6)|>R

That F is bounded follows from the chain of inequality
IS @anllzz, < 15@anllzgo, < lgnlly < A

where we first used Holder and ditched the cutoff x; in the implicit constant, followed by
(5.10). Next, the L? norm of the tail,

/ XS (t) g (@) da
|(t,z)|>R

vanishes for large R, since xS(t)gy is supported on Q. It remains to estimate the tail of
the Fourier side. Observe that

I(1,6)| >R = 72+¢2> R?
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R? R?
:>7'2>? or §2>7

= |7|+|¢(* 2 R (provided R > 1).

Therefore,

/ Foa (S (0)g0) (1, )P d(r,€)
[(1,8)|>R

2
|d(r.0)

SEE VT IERF S (09n) (7€)

—R% (‘

This is small for large R, provided of course we show that the two norms above are finite.
To see this, we use product rule to estimate

1 2
IVE Xk S(t)gn

Vel S (D)gal 22 > :
L2 .

t,x

1Veb0SOgnlzz, S el zzrge 1192l Omlzerz + 1Valel agz 1S@all 2gen

t,x t,x

SJ H|vm‘XkHL§Lg° HgnHH% + H’vx‘XkHL# Hgn”Halc < o0

t,x

where we used Strichartz and (5.10) on the second inequality. The other term is similar,
but we need to use fractional Leibniz rule to estimate

H|vt|%XkS(t)gn

1
it

1
S el g ||| V212 S (8 3 15@gnlzo -
t,x

2

coT 2
t,x Lt Lz

By testing against functions in S(R x R?), we see that |Vt\%S(t) = |V;|S(t) as tempered
distributions. It follows by the same argument for the x derivative that H \Vt]%XkS (t)gn ‘ )

t,z

is finite.

All this work has shown that the conditions of Riesz-Kolmorogorov Theorem are satisfied.
Thus {xxS(t)gn}5>, is relatively compact in L?,x for each £ € N, and hence relatively
compact in L7, (Qk). Since {xxS(t)gn}toz; = {S(t)gn}ol, in Qk, we may infer using a
diagonal argument that {S(t)gn}22 is relatively compact in L?}x. Going one step further,
we may pass to a subsequence so that {S(t)g,}72 is pointwise convergent a.e. to some
G € L7,. It remains to show that G(t,z) = S(t)¢(x) for ae. (¢, ).

We notice that since g, converges weakly to ¢ in H', g, also converges weakly to LZ2.
We now claim that S(t)g, converges to S(t)¢ as a tempered distribution in S’(R x R%).
This will allow us to infer that G = S(t)¢ a.e. Indeed, testing against a ¢ € S(R x R?), we
have

(S(E) (gn — B(8.)). 0), 0 = <gn ~ o, [ S0t dt>

xT
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~(m-o. [ s dt>Li.

The right hand side tends to 0 as n — oo once we show that [, S(—t)p(t,-) dt belongs in
L2. But this is true because

- dt

S Il de = el < o0

where the first inequality follows from Minkowski integral inequality and the unitarity of
S(—t) in L?. This completes the proof of (). O

We finally proceed prove the profile decomposition for Schrodinger propagator.

Proof of Theorem 5.5. We shall recursively apply Proposition 5.8 so that Properties (ii)
and (v) are built into our construction. The rest of the properties will be verified separately.
We first set up the following notations:

gfl = sz;(SA;;S (tfl) ;
hg; = 71%5/\%.

Note that g% = h%S(t%) and

(91]1) = S(—tfl) (h%) =5 (_t%) 6)\J s 5 Txn S ( ()‘gz) t‘ZL) I
To start the construction, we let r0 := f,. Suppose that we have constructed the decom-
position up to the level J > 0 so that properties (ii) and (v) are satisfied. Since {f,}52 is
bounded in H', we may pass to a subsequence so that the limits
- J —
nh_,noloHTnHHl = A; and nh_)noloHS TLHL}?QE =€y
exist. If e; = 0, we may stop there and set J* = J. Otherwise we apply Proposition

5.8 on 7 to get a profile ¢’*! € H', and a sequence {(A]*1,¢/*1, JH)}:;O:l (0,00) x

R x R¢ satlsfylng the conditions of Proposition 5.8. Namely, ¢/ is the H! weak limit of

(g;{“) rJ. We now set

I AR R Lo

Then (g;{“)_l rJ/+1 converges weakly to 0 in H' as n — oo, that is, (v) is proved for the
J + 1-th step. Nest, (ii) from Proposition 5.8 implies that

75 = (7] — g2 67 5 + |67 5 + 0(1)

()
= [l s + 167 [+ (1)
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as n — oo. Thus according to our inductive hypothesis (for (ii)), we have

J
1l = 30 5 + (1| 7 + 0(1)
j=1

2 2

=2 ¢z + [l g + o)
j=1

as n — oo. Similarly, one obtains
J+1 ' 6 6
1£allly = S UISEN [y + [r+ |5 + 0alD):
j=1
J+1

1S (t anLm—ZHS )6 |10 + 1S @771 + 0n(1),

from the decoupling statements (Vi) and (iv) from Proposition 5.7 respectively. This proves
(iii), and also (iv) once we have proved (i). We now turn to (iii). Looking back at our
construction, if J* is finite, then the construction was stopped at the point J*, which can
only happen if €7+ = 0, and so (iii) holds. Now assume that J* = co. At the J-th step, we

have 21
4
= g Isort iy < (1- (1))

for some constant C' depending only on d Also,

15
AJ+1 hm HTJ+1HH1 _AJ2 <1—Kd (Z]) 4) §A2,

where the second inequality follows from (f) and (iii) from Proposition 5.8. This implies
that e; — 0 as J — oo. Indeed, if e; — € > 0, then €;/A; > €;/A; since Ay is decreasing
in J. Consequently, the ratio A;11/A; is uniformly bounded above by a constant less than

1; more specifically,
A 2\ 2
J+1 €
<|[1-Kyi|— <1,
Ay ( a <A1> )

which is a contradiction. This completes the proof of (v). It remains to prove (i), and we
shall do so by contradiction. Suppose that there is a minimal counterexample (7, k) for (i)
with j < k, in the sense that (i) fails for (j, k) but (i) holds for (j,!) whenever j < < k.
Then we may pass to a subsequence so that

MM ahoad B0 O

+ — A ) i
oY AR

NoM
37
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as n — oo, for some (X, Z,7) € (0,00) X R® x R. By construction ¢* is the H' weak limit
of (gﬁ)_l rk=1. Note that ¢* is non-trivial. Our goal is to show that (1) implies that the

H'! weak limit of -
(gﬁ)_lT’ﬁfl = (gﬁ)_lri - > (gli)_lgfzél (t11)
=

is in fact 0, hence obtaining a contradiction.
Observe that for a sequence {u,}°%, € H,
~1 -1 ]
(6) wn=(sk)  oh[(0) " ui]
-1 . o
=5 (k) (nh)  niS () |(9h) " un)

_ k
(1) s ( () [t ]
) AR 2

Mo

N\ -1 .
Now, the operator acting on g%) uy,, converges in B(H?'). This follows from that

%qu%uﬁf ﬁ
.

)\j )\k
—n_ o An S EATE
X, , //\k A )\J

N -1 _
as n — oo. Thus by Lemma A.11, proving (g%) u, — 0 implies (glg) lun — 0. For

~__
no

I
>l o+

Uy = TZL, we clearly have (g%) r = 0asn — oo by construction. Hence the first term on

(f11) converges weakly to 0. For the second term, we will need to show this for u, = g,¢'
for each j < I < k, that is, to show

i\ —1
I, = (giL) gddt =0 asn— oco.
In the same spirit as above, we may unpack I,, as

Tn
AL Al

A
Li=7, 40,5 &—%(”) ¢'. (5.18)
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By a density argument, it suffices to show this for the case when ¢! € C2°(R?%). Recall that
(i) holds (j,1). Thus we shall split into three cases.

NN
Case 1: —l+—7?%ooasn%oo.
AN,

Let ¢ € C°(RY). By Cauchy-Schwartz inequality,

(o0 < min {1 Tall 10l z 12l g 190 -

By a change of variables,

I L= g d ||I _ M
Ml = 30 ] e o Whalie =5

d

L3

It follows that (I,,%);;1 — 0 as n — oo. By Lemma A.12, we have I, — 0 in H'.

SN2
X - th () =t (M)
Case 2: —7 — M € (0,00) and : — 0.
A AL,
We claim that
l (X i !
Ip = TZ%GI% S| t, -t 7 o
AL n

is weakly convergent to 0. Indeed, since

. N 2
4 (A%>2_’t%(%)2_ﬂ‘ ()1 ¥,

= . s 0.
X, NN, N,
In view of (5.18), Lemma 5.4 then implies that I, — 0.
N2
; i\ k (k)2 ;
N \tn<)\n> —th (] Jo_ 02
Case 3: - — A e (0,00), Y i and M
An Mk ML

We note that -
T 058 (A1) ¢

M

converges weakly to 0. This follows from Lemma 5.4 that

xh — b

xﬁl—xﬁl )\%
/\ln B /)\j)\l )‘7%—)00

Similar to Case 2, this implies that I,, converges weakly to 0.
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We finally show that our decomposition may be altered if necessary to satisfy (vii). By

passing to a subsequence, we may assume lim #}, exists and lies in [—00, 00]. We are done
n—oo

if this limit is either oo or —oo. Suppose that the limit is a real number tJ. Then we set
each t}, = 0 and replace each profile ¢’ by S(#/)¢’. More precisely, we rewrite f,, as

J

j J

fa= | D7y | +wn
=1

where v/ = S(#/)¢/ and w; = Z}]:1 T30, (S(tfl) - S(tj)) @ + r;]. It remains to show

that this change does not cause any trouble for (i) to (vi). Indeed, we note that

H%MVL (S(t) — S(t7)) ¢j‘

o —0 asn— o0 (5.19)

since S(t},) converges to S(#/) in operator norm. Thus (ii) holds immediately, (iii) and

(iv) also hold by applying (5.10) and Sobolev inequality respectively. (i) also holds by the
convergence of S(#,) to S(/). (v) also holds since 6;]-17;-1@0% = Z}'le (S(t%) - S(tj)) &+
5;]37'&17',{ and both terms converge weakly to 0 by (v) for the original decomposition and

that #, converges to /. Finally for (i), we have nothing to prove unless one of {t%},of’:l or

{tk122 | is bounded, so assume the former is bounded. If

MM ek =2l
YO T 7
then o
|t (X)? — tr (M)
M,k

— 00

would imply that % — 00. Hence (v) holds. This completes the proof of the theorem.
O]
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A Appendix

In this appendix, we gather some important theorems from harmonic analysis which are
used throughout the report. Most of the proofs can be found in the MIGSAA Dispersive
Equations course in [?].

We first record some estimates related to Sobolev norms.

Lemma A.1 (Gagliardo-Nirenberg inequality). Let s > 0 and 1 < p < q < oo satisfy
1 1 0s

p q d
for some 0 < 0 < 1. Then for any f € WP,

0 1-0
11l za Spaos 1w 171 E0” -

One can deduce Lemma A.l using the interpolation property of homogeneous Sobolev
spaces. Alternatively, one can prove this directly using Littlewood-Paley theory (see [17,
Appendix]).

Theorem A.2 (Hardy-Littlewood-Sobolev inequality [12]). Suppose that p,q € (1,00)
satisfy % +3= é + 1 for some a € (0,d). Then for any f € LP, we have

Hf* | 1ra

Spvq HfHLp .

La

Theorem A.3 (Sobolev Inequalities). Let 1 <p < ¢ < oo and s > 0.

(i) Homogeneous Sobolev inequality: Suppose that 5 = % — %. Then
1flza Spa 1 llvirer -
(ii) Inhomogeneous Sobolev inequality: Suppose that 5 > % — %. Then

£l Lo Spaas 1f lyrsn -

Note that the inhomogeneous Sobolev inequality follows directly from the homogeneous
version since || f{|i;sp < [[f|lyys.o- One can also show (see [?]) that the homogeneous Sobolev
inequality is in fact equivalent to Theorem A.2.

In our analysis, we often have to decompose our functions into different frequencies and

analyse each piece separately. This is achieved by considering the Paley-Littlewood projec-
tions.
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To continue, we fix a radial* bump function ¢ : R* — R satisfying®

{tp(f):l it €] < 1;
p(§) =0 if [ > 2.

For each dyadic interger N € 2% = {27 : z € Z}, we also define oy = ¢ (5) and
YN = ¢N — ¢ny2- The point here is that pn and N are supported on frequencies
|€] < 2N and % < &€ < 2N respectively. We now define the Fourier multipliers

() Penf = on f;
(i) Pnf = tnf;
(iil) Ponf=(1—pn)f.
Thus P<yf, Pnf and F/’>\N f are essentially frequency localisations onto || < N and
|| ~ N and [¢| > N respectively.
Remark A.4. The following are immediate consequences of the definitions
(i) Pnf=Pcnf—Pxf;
(ii) Penf = > p<n Pus
(i) 7= Jim Penf =Yy Pyf.
Theorem A.5 (Bernstein Inequalities [?]). For 1 < p < g < oo,
() [[P<nIVI*fll S N* |P<n fll » provided s = 0;

~

(i) [PIVI Sl ~ N* [ Pxfll o for all s € R;

d

d_d
(i) [[P<nfllpe S N7~ [[P<nfllp 5

d_d
(iv) [I1PNfllpa S N?- @ [[PNfll o
These Bernstein inequalities are essentially proved by writing out the Paley Littlewood
projections as convolutions and then apply Young’s inequality.

Theorem A.6 (Square Function Estimate). Let p € (1,00). Then
1/2

1A ~ || D 1P

Ne2Z
p

1A function f: R? — C is radial if there exists fo : Rj — C such that f(z) = fo(|z|) for all z € R%. In
other words, the f(z) only depends on |z|.
5We need not specify the exact values of ¢, as this turns out to be unimportant
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1/2
The function (Z ~NIPNS |2) is called the square function of f. The special case p = 2

can be easily proved with Plancherel’s Theorem. The proof of the general case requires
Calderon-Zygmund theory; see for example [?, Chapter 7].

Lemma A.7 (Schur’s test [12]). Let (X, ) and (Y,v) be o—finite measure spaces and that
K : X xY — R be a locally integrable function. Suppose that

sup [ K ) dvly) < oo
zeX JY

sup / K (2, )| dy(z) < oo
yeY JY

Then T defined by
/ K(z,y)f(y)dv(y)
is a bounded linear operator from LP(Y') to LP(X).

An extremely useful tool in proving profile decompositions is the following lemma due to
Brézis-Lieb, which is essentially an improvement of Fatou’s Lemma.

Lemma A.8 (Brézis-Lieb [2]). Let p € [1,00), and {fn}22; C LP is a bounded sequence.
If f is some measurable function and either

(i) p=2 and f, — f in L?; or
(ii) fn converges to f almost everywhere.
Then
LA = 1= P =101 = 0
as n — oo. This in particular implies that || foll, — [ fa — flI50 = | fIIf, as n — oco.

The Kolmorogorov-Riesz Theorem is a useful characterisation of precompactness in LP
space; this is essentially the LP version of the Arzela-Ascoli Theorem. We will only need
the special case in L?, which we give below:

Theorem A.9 (Kolmorogorov-Riesz, L? version [8]). A family F of functions is precom-
pact in L* if and only if we have the uniform bound sup;cx || fll 2 < 0o and that for every
€ > 0, there exists R = R(e) such that

[ iseras [ if@la<e
|z[>R €[>R

When dealing with an I? norm of the derivative of a product of functions, one might
want to use product rule then use Hélder to bound each individual part. The fractional
Liebniz rule essentially says that one can also use this trick for fractional derivatives:
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Lemma A.10 (Fractional Liebniz rule). Let s € (0,1]. If 1 < r,p1,p2, 71,72 < 00 satisfy
11,1 _ 1 41
;_E+q71_172+q72’ then

IVIEGDN e S W o 11Vl o + VI Fll oz 191 ez -

Lemma A.11. Let Hy, Hy be Hilbert spaces. Suppose that {T,,}?°  is a sequence of bounded
operators from Hy to Ha convergent to T € B(Hy, Ha). If {vy}>2, C Hy is weakly conver-
gent to v € Hy, then {T,v,}02 is weakly convergent to Tv € Hs.

Proof. Let u € Hy. By writing

(Thon, u) g,

= (vn, Tyu) g, = (n, T u) g, + (Vs (T = T) ) g,
we have that
‘<Tnv’u>H2 - <TU7 u>H2‘ S ‘<U7—L7T*U>H1 - <U, T*u>H1‘ + an”Hl H(Tn - T)*”Hl ?

which tends to 0 as n — oo, since v, — v in Hy, |[vp]/ is uniformly bounded, and
(T = T) N, = 1T = Tl g, = 0 [

Lemma A.12. Let {v,}5°, C H* be a bounded sequence and v € H®. Suppose that
(Un —v,9) s — 0 for every ¢ € C°. Then v, — v in HS.

Proof. Let ¢ € H® and ¢ € S. Then

[(vn — v, ®)| < [(vn — v, 0)| + [(vn — v, ¢ — ©)]
< Nvn —v,0) + |lvn — 0|l gs @ — @l s

Since {v,}2°, is bounded in H*, ||v,, — v| j7+ is uniformly bounded. The hypothesis and
the density of S in H*® show that the right-hand side can be made arbitrarily small. O

Lemma A.13 (A crude estimate). For any u,v € C, and p > 1, we have
Y p
([Pt — P~ o] Sp lu—of (fufP~ + [oP7).

Proof. We may assume without loss of generality that |u| > |v|. By dividing the inequality
by |v[P~! and rotating v and v by the same factor so that v = |v| (i.e. multiply the inside
of each modulus by some %), it suffices to prove the inequality

lwP~w = 1] < (p = Dlw = 1 (Jwl~ +1).
for |w| > 1. Now,

Hw\p_lw — 1} < Hw\p_lw — \w]p_1| + Hw\p_l — 1| )
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For the first term, we have |w|P~!|w — 1| which is clearly bounded above by the right-hand
side. For the second term, we let r = |w| and note that by mean-value theorem, and the
fact that the function f(r) = 7P~! is increasing, we have

rP=1 1

L VA (R
7"'_

that is, we have
jwP™ =1 < (p—D(Jw| = DIwlP™ < (p = w = Ljwf,

which is also bounded by our right-hand side. This proves the complex inequality. O
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