ADVANCED PDE II - LECTURE 4

PIETER BLUE AND OANA POCOVNICU

Warning: This is a first draft of the lecture notes and should be used with care!

1. CAUCHY-KOWALEVSKI THEOREM

The Cauchy-Kowalevski theorem concerns the existence and uniqueness of a real analytic
solution of a Cauchy problem for the case of real analytic data and equations.

1.1. Preliminaries. We recall the definition of a real analytic function.

Definition 1.1. A function f : R” — R is called real analytic near x¢ if there exists r > 0
and constants f, such that

:Zfa(m—xo)a for |z —xo| <,

where the sum is taken over all @ = (aq,...,a,) € N” and we used the notation z% :=

Qi fo7
Tyo .. LT
D f(zo)

Note that if f is real analytic near xo, then f is C°° near z¢ and, moreover, fo, = =

Here we are using the notations D = gl ... 0" and ol = aq!. .. ap!.

Example: For r» > 0, we consider
f(z) == r for x| < ——.

r—(r1+...2,) vn

Then, f is real analytic near zero and moreover

f(x)zz lof! z® for |z| <

-
vn'
To prove this, we first notice by Cauchy-Schwarz inequality that |z| < ﬁ yields

\x1+...+xn\§\/ﬁm:\/ﬁ\x!<r.

Then, for |z| < f we have that

f(x>:1_m1+--~+wn=2<“> Z Ly lale s ol

laf !
T k=0 k=0 " loo|=k e

rlela!

Before discussing the Cauchy-Kowalevski theorem, we first introduce some preliminary
notions and results.

Lecture 4 was inspired by Section 4.6 in Evans’ book, by Chapter 1, Section D in Folland’s PDE book,
by Gustav Holzegel’s lecture notes (week 3), and by Jonathan Luk’s lecture notes (Section 2).
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2 P. BLUE AND O. POCOVNICU

Definition 1.2. Let f =) fox® and g = ) ga2® be two power series. We say that g
magjorizes f (g > f) if go > |fal for all a.

Lemma 1.3. If g > f and g converges for || < r, then f also converges for |z| < r.

Lemma 1.4. If f =) fox® converges for |z| < r and if s is such that 0 < sy/n < r, then
there exists C' > 0 such that

Cs Clal!
o(e) = _ > Clal e

s—(x1+...2p) slala!

«

majorizes f for |z| < sy/n.

Proof. Let y = s(1,1,...,1). Then |y| = sy/n < r. By the hypothesis, it follows that
> o fay® converges. Thus, there exists C' > 0 such that |f,y®| < C for all . In particular,
|fal < % < % This shows that indeed g > f. O
1.2. The general setting. We consider the following k-th order fully nonlinear equation
on R+l

F(x, (D")jq)<k) = 0, (1.1)

where F is real analytic. Let I' be a hypersurface of class C*. Fix 2° € I'. We denote by
v=(v1,...,Vns1) the unit normal to I' at 2°.

Definition 1.5. Given u, the j-th normal derivative of u at z° is defined by

J
] O a M _ (o5} An41
& v¢D% v v L
v - 1 " "Yn41 aozl aOén+1 :
|ee|=3 a1t tan=j T e

The Cauchy problem for (1.1) consists in solving (1.1) with prescribed data on T:
Fu(r,0) = gj(x), j=0,....k—1, for z€T.

All our considerations will be restricted to a neighborhood of a given point 2° on T'.
Using a change of coordinates, we may assume that z° is the origin and that near the
origin I" coincides with the hypersurface x,+1 = 0. (This procedure is called flattening of
the boundary. See Appendix C.1 in Evans’ book for details.) It will then be convenient to
make the change of notations (x1,...,2n4+1) =: (z,t), where x := (z1,...,2,) € R™. Then,
A = Ggu and we can restate the Cauchy problem for (1.1) as

{F(% (D0 w)ja|+j<k) =0,

) 1.2
8fu(x,0):gj(x), j=0,...k—1, |z| <, (12)

for some small 7.
We observe that if w is a function of class C" with r > k, then the Cauchy data (gj);?;é
determine the derivatives of u on I':

D& u(x,0) = D;(x)
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with j <k — 1 and |a| +j < r. The only quantity in (1.2) which is unknown is 9Fu(0,0).
In order for the Cauchy problem to be well-behaved, we need to assume that the equation
F =0 can be solved for 9fu. In the linear case

(o, t, (D0 )y yp) = 3. aoy(e.)DE — f(a,1),
lo]-+5<k
this assumption just means that
aok(z,0) # 0, (1.3)
and hence by continuity agx(x,t) # 0 for small t.
In the quasi-linear case

F(z,t,(D*0}u) a4 j<k) = Z (2,1, (DLO}W) 5 4i<k—1) Do Obu—b(, t, (DJOfu) g +i<k-1)
lo|+i<k

this assumption means that
agk (2,0, (D gi(x)) g 4i<k-1) # 0. (1.4)
In the fully nonlinear case, the equation
F(2,0,0fu(x,0), (D*0;(x))jal+j<k, j<k—1) =0,

can be locally and uniquely solved for dfu(z,0) (using the implicit function theorem) pro-
vided that

F(0,0,7, (D“®j(0)) ) +j<k, j<k-1) = 0, (1.5)
oL (0.0, (D°630) s sn )| #0 (1.9

for some v € R. Then, we can locally write our equation as
Ofu = G(x,t,(DOu)a|1j<k, j<h-1)» (1.7)

where G is an analytic function.
If conditions (1.3), (1.4), or (1.5) hold, then we say that the Cauchy problem for (1.1) is
non-characteristic. In this case, if the Cauchy data (gj)f;é are real analytic, then (gj);?;é

together with (1.7) determine all the derivatives of D“@gu(m, 0), for all a, j.

1.3. The Cauchy-Kowalevski theorem.

Theorem 1.6 (Cauchy-Kowalevski theorem). Let k > 0. Let g; : R* = R, j=0,...,k—
1, be real analytic functions on a neighborhood of * € R™, and G be real analytic on a
neighborhood of (z,0, (Dggj(j:))j+|a‘§k7j§k,1).

Then, the Cauchy problem

{@fu = G(z,t, (D?agu)jﬂa\gk,ogjgkq)

1.8
Nu(x,0)=g;(x), j=0,....k—1 near z=2 (18)

admits a real analytic solution u defined on a neighborhood of (z,0) € RYxRy. This solution
is unique in the class of real analytic solutions.



4 P. BLUE AND O. POCOVNICU

Sketch of proof. By a translation, we easily reduce to the case £ = 0 (which coincides
with the setting discuss above). We will prove the theorem for the case of a second order
quasi-linear equation of the form

atQU = Z|Oé‘:2,04t§1 Ga(tv T, u, atua a’vlua s axnu)Dau + é(t, L, U, DU) (1 9)
u(x,0) = go(x), Owu(x,0)=gi(x) for |z|]<r, '
with o = (o/,0q) = (a1,...,0m, ), Ga, G, go, g1 real analytic, r sufficiently small. The

general case (1.8) can be treated similarly, but we omit it here because of the more involved
notations. See Chapter 1.D in Folland’s book for a proof of Theorem 1.6 in the general
case.

Step 1: Transformation to zero Cauchy data and formulation as a first order system.
First, we notice that & = u — go(x) — tgi(x) satisfies a Cauchy problem of the form (1.9)
(but with different Gy, G) and with zero initial data. Therefore, in the following we may
assume the initial data are identically zero.
Next, we write (1.9) as a system of first order equations. We set

u = (U, Og, U, . ..,0p,u,Oru). (1.10)

This is a vector with m = n + 2 components satisfying u(z,¢ = 0) = 0. We notice that the
first m — 1 components of the vector 0yu, Oyu, 0,0,,u, i = 1,...,n are determined by the
the vectors {dy,u}? ;. The last component d7u of dyu is determined by the same vectors
in view of the PDE (1.9). More precisely, we obtain the first order system

{atu = Y0 By(w,2)0,u + c(u, )

1.11
u(z,0) =0 for |z|<m, ( )

where B; : R™ x R" — Mat(m x m), j = 1,...,n, and ¢ : R™ x R" — R™. We denote

the components of B; by (b?z)%:l and ¢ = (c!,...,¢™). In components, the system (1.11)

reads

k _ n m kL 4 k
{8”“‘ = 2 i b WG b w), e (112)

uk(z,0) =0,

where we denoted the components of u by (u®)7,.
Notice that we assumed above that ﬁj and ¢ do not depend on t. This can always be

achieved by adding an additional component u™*!

to the vector u and by imposing the
additional equation dyu™! = 1.

Notice that here we were not precise about the matrices Ej and the vector ¢. For a
rigorous proof, one would need to write these explicitly and show that if a vector u is
a solution of the corresponding system involving precisely these B; and ¢, then the first

component u of u indeed satisfies equation (1.9).

Step 2: Computation of the Taylor series near the origin.
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Since we are looking for a real analytic solution of (1.9), we expect that u has the power
series expansion
D*u*(0,0)

e (1.13)
(e}

@k (.%‘, t) =
o
where o = (o/, o), for . In the following, we compute the coefficients D®u*(0,0). By the
analyticity of B; and ¢, we have that

Ej(zvx) = ZﬁjﬁﬁZ’yl’é, j=1...,n,
7,0

o) = Y, 1!
V7,6

for |z] + |z| < s and s small, where

B o DngcB](OvO) c - DzDgQ(Ovo)
T (ol T (4 9)!

For o = (/,0), we have D®u*(0,0) = 0 for all K = 1,...,m. This follows by taking the
D? derivative of the initial conditions u”*(z,0) = 0.

For a = (o/,1), we have D*u*(0,0) = D2 ¢¥(0,0). This follows by taking the D®
derivative of both sides of (1.12) and by using D(®:94*(0,0) = 0 for all o and k = 1,...,m.

For o = (o, 2), we take the D d; derivative of both sides of (1.12):

n m m
Dk (0,0) = D [ DN 05, )0y, 0’ + Y 9., Mo’
j=1¢=1 j=1 (u,)=(0,0)
The right hand side is a polynomial in the derivatives D%u(0,0) with 8 = (8, 5), B < 1
and |8'] < |a/| 4 1, and in finitely many Taylor coefficients B; . 5 and ¢, 5. Moreover, this
polynomial has only positive integer coefficients since this is all the chain rule and the
product rule can produce.
Continuing in this way, we see that for general o = (o/, o), we have

D°u*(0,0) = qi(.... B, 5:---:Cy50- - - D’u(0,0)), (1.14)

where ¢* is a polynomial with nonnegative coefficients, 3; < ay — 1, and |8’| < |o/| + 1.
In conclusion, we obtain by induction that all the coefficients D*u*(0,0) can be deter-
mined in terms of Bj, s and c, s alone.

Step 3: Convergence of the power series (1.13).

In this step we intend to use the method of majorants to show that the power series
(1.13) converges for |z| + |t| < r and r sufficiently small. Once we do this, the existence of
a real analytic solution w of (1.11) follows. Indeed, by construction we have that the power
series at (0,0) of the left and right hand-side of (1.11) agree, and now they also converge.
Hence, the left and right hand-side of (1.11) agree on a neighborhood of (0,0), or in other
words u is a real analytic solution of (1.11) in a neighborhood of (0, 0).
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Suppose that we can find majorizing B} > B, and c* > ¢, that is

0<|B,

3775| < Bj

Bjy.6 0 < eyl < eyse

Given these majorants, we consider the system

u*(z,0) =0 for |z|<r.
If we can find a convergent power series for u* which solves (1.15):
* Da(g*)k(())O) o you
(W) ) =Y =L, (1.16)

«

then we claim that u* > w. This follows by induction. By (1.14), the general step of the
induction is:

[DuF(0,0)] = |gi(.. .. Bj 551 Cy50- - - D u(0,0))|
< qloi( . ’Bj'y6| ’C'y 5| ‘Dﬁ@(070)‘)
<G B s s ..Dﬁg*(0,0)) = D%(u*)*(0,0).

Since we assumed that the power series of u* is convergent for |z|+ |¢t| < r and since u* > u,
it follows by Lemma 1.3 that the power series (1.13) of u also converges for |x| + |t| < r.

In conclusion, by the method of majorants, it suffices to find majorants B} and ¢* such
that (1.15) has a real analytic solution u* near (0,0). By Lemma 1.4, we have the following
simple majorants for B; and c for |x| + [z| <7 with 7 sufficiently small:

11
B = cr 11
Toor—(m 4 txn) - (a4 F 2m)

and
&= cr 1,...,1).

r—(x1+-tw) — (214 2m)
The system (1.15) then becomes:

at(ﬂ*)k T r—@ittan) C(J(T ) (wr)™) (Zjﬂa%( ) > for ‘$| + |t| <r, k=1,...,m,
u*(z,0) =0 for |z|<r.

The right hand side being independent of k, this suggests considering u* = v*(1,...,1)
with v* satisfying

Cr
opv* = 0 1
tv r— (x4 +xp) — mz ;0" +
The ansatz v*(x1,...,2p,t) =v*(s:=x1 + -+ + zp, t) leads to the equation
C
O = ———— (mndy* + 1)

T —S8—mv
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with initial condition v*(s,0) = 0. Using the method of characteristics, one can solve this
(exercise) and obtains

= (@) = (0= (@1 a)? = 2m(n+ 1)Crt
m(n+1)
which is analytic for |z| + |t| < 7 and 7 sufficiently small. O

v*(x,t) =

Y

1.4. Remarks on the Cauchy-Kowalevski theorem. The Cauchy-Kowalevski theorem
gives local existence of a unique analytic solution near one point of the hypersurface T'.
However, given analytic Cauchy data on an analytic hypersurface I', there is an analytic
solution near any point of I', and by uniqueness any two of these solutions must agree on
their common domain. Hence, we can patch them together and obtain a solution near a
neighborhood of I'.

Many physical problems lead to analytic PDEs. The restriction to analytic Cauchy data
and solutions, however, is unrealistic. (It would imply, in particular, that a solution is
determined globally by local conditions near one point.)

The Cauchy-Kowalevski theorem is local in character and applies only to analytic solu-
tions of analytic Cauchy problems. In particular, it does not give any information on global
existence of solutions, it does not exclude the possibility that other non-analytic solutions
exist, nor the possibility that an analytic solution becomes non-analytic away from the
initial hypersurface.

An important application of the Cauchy-Kowalevski theorem is Holmgren’s uniqueness
theorem. It asserts the uniqueness of solutions of class C* for linear equations with analytic
coefficients. In particular, in the linear case, analytic Cauchy problems do not admit other
non-analytic solutions.

Theorem 1.7 (Holmgren’s uniqueness theorem). Let k > 0 and let P =}, < aa(z)D"
be a kth-order differential operator with analytic coefficients in a neighborhood of & € R™.
Let T' be an analytic hypersurface which is non-characteristic at . If u is a solution of
class C* of the following Cauchy problem in a neighborhood of Z:

Pu=0
D=0, |of<k—-1, on T,
then u = 0 on a neighborhood of T.
2. THE FOURIER TRANSFORM AND THE LINEAR WAVE EQUATION

Definition 2.1. For f € L'(R"), we define it’s Fourier transform by

FUNO =Fl) = [ e swyia (21)

and its inverse Fourier transform by

L) (z) = 1 e€ = —x
FUOG) = e [ €€ = G F((-a). (22)
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Theorem 2.2 (Properties of the Fourier transform).
(1) (Fourier inversion formula) Let f be such that f, f € L'(R"). Then

FhH=r (2.3)
almost everywhere.
(2) Let f € L'(R™). Then f € L>®(R™) and, moreover, we have
£l Loe@ny < N1l my- (2.4)

(3) (Plancherel’s identity) Assume f € L'(R") N L2(R™). Then f € L%(R") and
1 .
- , 2.5

112 = g Il (2:5)
(This identity allows one to define the Fourier transform for functions f € L?(R™). More
precisely, one considers (fy,)nen such that f, — f in L?(R"), and defines f as the limit
fo— fin L2(R™).)

In the following, let f,g € L?(R").

(4) (Parseval’s identity)

fgdx = | fgde. (2.6)
R~ R»

(5) Let fxg(z) = [gn f(z —y)g(y)dy denote the convolution of f and g. Then,

F(f#9)(€) = f(£)g(&) forall &R (2.7)
(6) )

F(fg)(€) = (f*9)(§) forall £eR™ (2.8)
(7) Let a be a multiindex such that 9°f € L?(R"™). Then

F@*f)(§) = (i)°f(€) forall ¢eR™ (2.9)
(8) Let a be a multiindex such that z®f € L?(R"). Then

F(af)(€) = i®0g f(€) forall €€ R™ (2.10)

(9) Let S(R™) be the Schwarz space of rapidly decreasing functions defined by
S(R™) = {f € C™(R"): sup |2°0° f ()| < Cap}- (2.11)
Then the Fourier transform maps the Schwarz space into itself.
(10) (Translation) Let g(z) = f(x — a) with a € R™. Then,
3(6) = e f (). (2.12)
(11) (Modulation) Let g(z) = €'® f(x) with a € R™. Then,
i) = f(¢ —a). (2.13)
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(12) (Scaling/Dilation) Let g(x) = f(ax) with a > 0. Then,
L2 ¢&

G(&) = —f(=>). 2.14

3O = = FC) (214)

Proof. For a proof of the above properties of the Fourier transform, see Section 2.2 in the

book of Grafakos entitled “Classical Fourier Analysis”. Alternatively, see Chapter I in the
book of Stein and Weiss entitled “Introduction to Fourier Analysis on Euclidean Spaces”.
See also Section 4.3.1 in Evans’ book. O

We now return to the following initial value problem for the linear wave equation:

O?u — Ayu =0,
xreR™ t>0.
{u<m,o> — f(2), Byulz,0) = gla),

By the property (2.9) of the Fourier transform, we remark that

n

F(Au) = F(>_02u) = (i&)*iu(€) = —[¢[*a(©).
=1

i=1
Therefore, applying the Fourier transform to both sides of the linear wave equation, we
obtain the ODE:

OFi(€) + [¢*a(€) = 0. (2.15)
The characteristic equation associated to this is A2 + |£]? = 0 with solutions A\ = +il¢].
Therefore, the general solution of this ODE is

(8, t) = A(&) cos(t[¢]) + B(&) sin(t[¢]). (2.16)
Using the initial conditions, we have that
(&) = a(&,0) = A()
9(&) = 01a(€,0) = B(&)l¢]-

Thus, we obtain the following formula for the solution of the linear wave equation

a6, t) = cos(€]6) F(€) + ”fg‘f D 56). (2.17)

Remark 2.3. (i) Taking the inverse Fourier transform of both sides of (2.17), we re-

cover the explicit formulas for a solution of the linear wave equation (D’Alembert, Poisson,
Kirchhoff, etc.) that we obtained earlier.

(ii) Even though formula (2.17) is not explicit on the physical side, it easily gives us infor-
mation on the Sobolev norms of a solution u. For example, we can easily use (2.17) together
with the property (2.9) of the Fourier transform to prove the conservation of energy

1
Bu(t) = / (e, )2 + [Vau(z, )2z = E(u(0)). (2.18)
Rn
Exercise. Hint: By Plancherel’s identity notice that
1 " N
Blut) = 5 [ (00l + IsP1aP) (& e

and then use formula (2.17) for 4(¢,t).
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Definition 2.4. Given any function a : R® — C, define the Fourier multiplier operator
a(D) by the formula

a(D)f = F~ (a(©)f(€)) -
We say that a(€) is the symbol of a(D).

In view of this definition, (2.17) can be rewritten as
in(t|D
(i, t) = cos(t|D|)f + W .

Remark 2.5. In the case of a non homogeneous wave equation
O?u— Agu=F,
u(x,O) :f<x)7 8?5”(3770) :g(x)a
one considers the non autonomous ODE
07 a(8) + 1617 = F(& 1)

and using the method of variation of constants one obtains

ale.t) = cos(i€]0) F(€) + Smfg'f‘“g@) n /O wﬁ@, 5)ds

zeR, t>0, (2.19)

or, equivalently,

u(z,t) = cos(t|D]) f + Sin‘(tDHDDg —i—/o WF(SHS.

This is called Duhamel’s formula for the solution of the wave equation (2.19).



