ADVANCED PDE II - LECTURE 5 (PART 1)

PIETER BLUE AND OANA POCOVNICU

Warning: This is a first draft of the lecture notes and should be used with care!

1. SOBOLEV SPACES AND SOBOLEV EMBEDDINGS

Definition 1.1. The homogeneous Sobolev space H*(R") is the completion of C°(R")

under the norm

1£ 11 s == NEFF N 2@y (1.1)

Similarly, the inhomogeneous Sobolev space H*(R™) is the completion of C2°(R™) under

the norm
£ 1lzzs == 114€)° F () L2y, (1.2)
where (£) = /[¢]2 + 1.
Remark 1.2. If s € N, then
H*(R") = {f € L*(R") : 9°f € L*(R™) for all |a| = s}
and

H*(R") = {f € L*(R") : 9°f € L*(R™) for all |a| < s}.
Theorem 1.3 (Sobolev inequality).
(). Let s > §. There exists a constant C' = C(n, s) such that for all f € H*(R") the
following holds:

[fll oo my < ClIf s emy- (1.3)
(ii). Let s < § and % > 1 — 5. There exists a constant C' = C(n,p) such that for all
f € H*(R™) the following holds:

[fllzr@ry < CIF s @ny- (1.4)

(iii). Let s < § and % =1-=

f € H*(R™) the following holds:

There exists a constant C' = C(n,p) such that for all

1) < CIF i ggny- (1.5)

Proof of (i). Let s > §. For f € H*(R"), we have by the Fourier inversion formula, the

definition of the inverse Fourier transform, inequality (??), Cauchy-Schwarz inequality, and
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using polar coordinates together with 2s —n 4+ 1 > 1:
£l = IF () @) = |IF () (=) | < CIF(f) (@) < C|lf |2

_C/’f e = C/ Elde < C(/n <52sd5>§ </< IG3] d§>%
<c</3n 1/00 - ldrds)%HfHHs<C</ / o= n+1drds> e

< Ol fllas-

2. GRONWALL’S LEMMA

Theorem 2.1 (Gronwall’s lemma). Let A > 0 and let ¢, B : [to,t1] — R be continuous

and non negative functions. Assume that ¢ satisfies
t

o(t) <A+ [ B(s)p(s)ds for all t € [to,t1]. (2.1)
Then, .
o(t) < Aexp (/t B(s)ds> . (2.2)
Proof. Using (2.3), we notice that
Z <A+ [ 505 )¢(s)ds> — B()é(t) < B(t) <A+ i B(s)¢>(s)ds> .

This implies

d t

— log <A+/ B(S)gb(s)ds) < B(t).
Integrating in ¢, we obtain

A+ /tB(s)aﬁ(s)ds < Aexp < tB(s)ds) .

to to

This together with (2.3) yields the conclusion. O

Theorem 2.2 (Gronwall’s lemma - differential form). Let ¢ : [to, 1] — R be a C! function
and B : [tg,t1] — R be a continuous function. Assume that ¢ satisfies

Bi(t) < B()o(t) for all t € [to, t1]. (2.3)

Then,
t

o(t) < ¢(to) exp ( B(s)ds) : (2.4)

to

Proof. Define the C' function

and notice that ¢/(t) < 0. O



