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1. INTRODUCTION

Consider the defocusing quintic nonlinear Schrédinger equation
(NLS) iy + Au = |ulu

describing the evolution of a complex - valued function u : (I C R;) x R — C.
The solution to this equation conserves both the energy

(1) E(u(t)) = %/]R?' |Vu(t, z)|*dz + % /RS lu(t, z)|°dz
and the mass
2) M) = | fute. s,

By Sobolev embedding, u(0) has a finte energy if and only if u(0) € H', which is
the space in which we will consider the initial data ug. This is also a scale - invariant
space; if we consider the family of transformations

(3) u(t, z) — uo(t, x) = N2u(A2t, Az + 2(1)),

they preserve both the space of solutions to (NLS) and the H' norm. For this reason,
the equation is called energy critical.

A function v : I x R?* — C on a nonempty interval I 3 0 is called a strong solution
to NLS if u € C,H, N L%,(K x R?) for all compact intervals K C I, and it obeys the
Duhamel formula

(Duhamel) u(t) = S(t)ug — z'/o S(t — ) u(t)[*u(t)dt,

for all t € I, where S(t) = €™ is the Scrodinger propagator. Since this is the only
kind of solution we are interested in this report, we will drop the term strong and
we will just talk about solutions in this sense.

We say that u is a maximal solution if it cannot be extended to any strictly larger
interval (in this class).

We say that u scatters at oo if there exists uy € H' such that ||u — S(t)ux| — 0
as t — +o0.

The main result is the following:

Theorem 1.1. Let ug € H'. Recall that E(u) = L ||ul|%: +3 ul|Ss, and let E(ug) =

E. Then there exists a unique global solution u to (NLS) which satisfies
H“HL}g(ImaxxRS) < L(E) < +oo.
In particular, the solution scatters, that is, there exists uq such that

lu(t) = S(t)us| g — 0 as t — +oo.
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Theorem 1.1 was proven in the radial setting by Bourgain[1] and in its full gener-
ality by Colliander, Keel, Staffilani, Takaoka and Tao in [3]. In this report, we will
follow a different kind of approach, introduced by a discovery of Keraani [5] of the
existence of a minimal blowup solution, which was first used by Kenig and Merle in
[4] for the focusing equation in the radial setting in dimension 3 < d < 5. This ap-
proach for (NLS) is due to Killip and Visan ([6]), from which we have taken sections
4 and 5, up to very slight tweaks and modifications. In sections 2 and 3, we follow
mainly [8], which proves a similar result in dimension 4.

2. PRELIMINARY RESULTS AND NOTATIONS

We will use the notation X <Y to denote that there exists some constant C' for
which X < CY. Similarly, we will use X ~ Y if X <Y < X. We will denote
eventual dependencies on the constant C' using subscripts, for instance X <, Y
means X < C(u)Y.

We will use frequently the operator |V|*, defined on the Fourier side by having the
multiplier |£[?, togheter with the corresponding homogeneous Sobolev norms

[ fllirsr == VIl e s
and H' = W*?.
We will also need some Littlewood-Paley theory. Let ¢ € C°(R™), supp(¢) C

[—3.2], and Y yez (%) = 1. For N € 2%, let on(€) = (%), and define the
operators (Littlewood-Paley projections)

(4) Poyu = Z omt, Psyu= Z omt, Pyu=pyu.
M<N M>N

Other operators like Psy, Py, Py<.<y may appear in this report and are defined
similarly. We will often use the notation uy := Pyu, u<y := P<pyu, etc.. The
Littlewood - Paley projections commute with everything that commutes with trans-
lations, like derivatives, S(t), convolution operators. Moreover, they are self-adjoint
for every H* space and bounded for every W#? for any 1 < p < oo. They also obey
the following estimates

. 3_3
<BernStem) H‘V|istHL£ ~ N** HfNHLpa HfNHLg Se Neoe HfNHLP‘

whenever s > 0 and 1 < p <¢g < o0, and

(5) 11y ~ (Z \fN(x)|2>

7
Ne2 Lg

. for 1 < p < co. We will often write F(u) := |u|*u and, following [6], we will use
the notation Y = (X)) to denote a quantity that resembles X, in the sense that in
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order to estimate Y in whichever norm we need, it is enough to estimate X. Namely,
this will often mean that Y is a linear combination of pieces with the same factors
of X, up to complex conjugation, like

5
Flu+wv) = Z D(wv®),
=0
or up to Littlewood-Paley projections, like
F(u) = F(usy) + O(ucyu®).

Another notation we will use in this report is that a set {u(t)}ier is precompact
modulo symmetries in H': by this we mean that there exists N(t) € R*, z(t) € R3
such that {v(¢)|v(t, ) = N(t)2u(t, N(t)(z + x(t))) }es is precompact in H*.

As basic results go, we first need a couple of results on the linear theory of the
Schrodinger propagator S(t):

Proposition 2.1 (Strichartz estimates). We call a couple ¢, > 2 admissibile if

2 +% = % Then for any admissible couples (q,7), (q,7) the following inequalities

hold:
(6) SOV s mxrs S 1912 gy

(7) ‘ /R S(—t)F(t)dt

S F]

5!
, LY 17 (RxR?)
LZ(R3)

SIE]
LILT (RXR3

(8) ‘ /Ot St —tYF(thdt

Proof. See Theorem 2.3 in [7]. O
Lemma 2.2 (Fraunhofer formula). Let ¢ € L*(R?). Then

LY L7 (RxR3) °

) |(sterone) - i teii (5)] o
as |t| — oc.
Proof. See Lemma 8.8 of [8]. O

The next result is still a linear result on the Schrodinger propagator S(t), but it
is more technical, and it is a precise formulation of the heuristic statement

“Proposition”. The embedding H' < LI° given by u — S(t)u, which is composi-

* . . 130,
tion of the embedding u — S(t)u granted by the Strichartz inequality H* — L,}OW;’“

71,80
and the Sobolev embedding LW, s L1

o 18 compact modulo scaling and transla-
tions.



GLOBAL WELL POSEDNESS FOR ENERGY CRITICAL NLS 5

Theorem 2.3 (Profile decomposition). Let f,, be a sequence of functions bounded
in H'. Up to subsequences, there exists a J* € NU {co}, functions {¢’ ;]:1 C HY,
{A\} C (0,00) and {tJ, 27} C R x R? such that for each finite 0 < J < J*, we have
the decomposition

L1 o (=)
(10 o= 0007 (506000 (25 +
j=1 n
with the following properties:
(11) Jhﬂn{r} lim sup HS(t)w;{HL%& =0

n—oo

J
(12) m (IIfnllfap S - szH;) o
j=1

J
. i\ 6 6
(13) Jm (anuie- = 218 6 = [l Hm) =0
j=1
, 1
(14) S(=t) (M) 2wy Mz + ;) =0
AR D N k! N LA G S GV
(15) [f]%k;)\—ﬁ+)\—%+ N Nk — 00 asn — 0o
Moreover, we can assume that tJ, =0 or tJ, — +o0.
Proof. See Theorem 4.1 in [§] O

Now we are ready to talk about our equation. The basic result, which gives
local existence and uniqueness for any initial data in H' and global existence and
uniqueness for small initial data is the following, due to Cazenave and Weissler [2]:

Theorem 2.4. Let ug € H'. There exists a do > 0 such that, if 0 € I is an interval

in which ||S(t)uo|l . .30 < dy, then there exists a unique solution to (NLS)
L0V, 13 (IxR3)

in I x R3. This solutions satisfies HuHL%’gx(Ing) S HUHL%OW;’%(IXR% S luoll g1 -

With a very similar proof (arguably, the same proof), the following holds:

Theorem 2.5. Let u, € H'. There exists a 6y > 0 such that, if I = (t,+00) is

an interval in which ||[S(t)uy| a0 < dp, then there ezists a unique solu-
L0V, 13 (IxR3)

tion to (NLS) in I x R® which scatters to uy ast — oo. This solutions satisfies

HUHLg%(IXRS) S HUHL%OW;,%%(MRS) < HUOHH1'
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. 130
In order to control the I/VI1 13 norm of a solution, it is actually sufficient to control
the weaker L;9 norm:

Lemma 2.6. Let u be a solution to (NLS) on I x R® such that Jull o < L < 400

and wy, € H*. Then |[u(t)| g + ||ull < C(E,L) < 400, where E is the
energy.

L10W T’3(1 xR3)

Proof. By Duhamel, Strichartz and Hoélder, we have, for every interval [tg,t;] C
[0, Tnax)

4

(16) sy S ol + el 01 Il o
4

A7)l 8 gy S Il + ] Tl e

Therefore, chopping down [0, Tinay] in a finite number < (%) ) of intervals J, =
[tk,tkr1] where HUHLth (1xrs) < 0, we get for 0 small enough (depending only on the

implicit constants in the previous inequalities):

(18) HuHLthW 3—3([t o1 xR3) ||UHL§°H;([tk_1,tk]><R3)a
1
R T Pt TS L T
from which, proceeding inductively, we get ||ug, || 1 + ||u ||L10W L8 ey C(E,L) <
+00. ]

This L{% norm of the solution it is a good indicator for the eventual blowup.
Indeed we have that in case ||ul| 10 = oo, we have blowup:

Lemma 2.7. Let u a solution to NLS such that ||u||L%0 (0T xg2 = 00, Then u
cannot be extended to a solution v € CLH'((0,T) x R3) for any T > Thax.

Proof. Suppose by contradiction that there exists v : (0,7) — R3 solution to NLS
which extends u. Let 0 <T' < Thyax the minimum time at which [Jul| 10 (o 7)xrs = +00

(it exists because of Theorem 2.4). Let 6 > 0 such that
||U||ngg([T75,T}xR3) = HUHL%%([TﬂS,T]xR% < +00
(it exists because of Theorem 2.4 again). Then we have
HUHng < Hu’|Lt1f]z([0,T—6]><R3) + HUHL}?Z([T—J,T]XR?') < +0o0,

contradiction. O
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On the other hand, in case [[ul 110 (o7, xrs < +00, then we cannot have any
blowup in finite time: ’

Proposition 2.8. Let u a mazimal solution to (NLS) in [0, Tiax ) X R® with [ull 1o <
+00. Then Th.x = +00. 7

Proof. Now let us suppose by contradiction that T,.x < +00, and let £, T Tiax. We
have, by Duhamel with ¢, = t,,, Strichartz inequality and Holder:

(20) St = tn)u(tn)]]

S
((tn,Tmax) xR3) LlOW

+ ull

Q j
13 13

LtIOW ( ,Tmax)

LW B (4 Do) xB9) e HL o ({fn Tmax) XRE)

The RHS in this last inequality is approaching 0 when n — oo, so we have that for
n big enough,

do
t—t,)ul(t, _ —.
ISCE = t)ult)l o138 (o 1y < 2
Moreover, since ||S(t—tn)u(tn)HLmW1 B gy < lu(tn)|l g < +oo, we have that
there exists > 0 such that ||S(t — t,)u(t,)| . 130 < J. Therefore,
LYW, 13 ((tn, Tmax+n) xR3)
by Theorem 2.4, one can extend u up to Tayx + 7, contradiction. O

Moreover, if ||u||L%om((07+oo)XR3 < +o00, we have a good behavior at +o0o, namely
scattering:

Proposition 2.9. Let u be a solution to (NLS) on [0, +00) x R? such that HUHL,}O, <

+00. Then u scatters at +oo, that is, there eists uy € H' such that ||u — S(t)uy | ;1 —
0 fort — 4o0.

Proof. Let uy = ug — if;oo S(—t')|u|*u(t')dt’. This is well defined in H', since by
Strichartz and Holder,

/ LSt uf () d

To

T —To
/ S(—t)ul u(Ty + #)dt
0

H1 B ‘ H
4
S u HL“)WZ 8 (75 4 00) xE9) Hu’|Lthx((Tg,+oo)><R3)

which is going to 0 as Ty — oo since HuH

8 HUHLtlwa(me) < +oo.

(R*xR3)’
Therefore we have, by Duhamel,

[u@) = SO usllg = [1S(=Dult) = uillp = ) ul u(t')d

)
H1

which is converging to 0 as t — oo (as we just proved U
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In order to complete this list of basic results on NLS, we need some kind of stability
result, which united with Theorem 2.4 will give LWP and GWP for small data for
NLS, other then being a fundamental technical tool that we will need in the further
sections. The next statement is what we need. Stronger versions (with weaker
hypotheses) are available, but this is the easiest (to prove) that the writer knows,
and it is enough for our purposes.

Theorem 2.10 (Perturbation theory). Let I a compact time interval and let 4 satisfy
a perturbed NLS

(PNLS) ity = —AU £ |a*a + e

for some function e. Assume that

(21) HaHLt”OH;(Ix]W) <E

(22) [l o (1 upsy < L

for some positve constants E and L. Let tg € I and ug € H; and assume the
smallness conditions

(23) luo — ol < &

(24) ||VGHN0(1) <e

for some 0 < ¢ < e1(E,L). (Here |le]|yo is the dual norm of the norm of L?LS N

L¥L2%). Then there exists a unique solution u : I x R® — C to (NLS) with initial
data ug at time t =ty satisfying

(25) Ju— il < C(E, L)e
(26) HV(U—@) 30 < C(E,L)

HL,}OL*(MRB) =
(27) IVl <C(E,L).

L%OL%(IxR%
Proof. See Theorem 5.3 in [8]. O

The rest of this section will be dedicated to a few technical lemmas we will need
in the following sections,

Lemma 2.11. Let u : I x R?* — C be a solution to the forced Schrondinger equation
i, +Au=G

for some function G, and let (q,r) and (q,7) be Schrondinger admissible (% +
and q,r > 2). Then we have

3 _3
r 2

NI

2
(Z ||VUNHL?L;(IXR3)) S lrutto)ll s es) + HVGHL‘Z/LZ/(MRB’)

Ne2Z
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Proof. By Duhamel and Strichartz,

IVunpaprrxrsy S Nlulto)nllim + IPNVG o o g -
¢ L ( ) i L ( )

By Littlewood - Paley theory ||V
Minkowski inequality,

LHS = HVU’NHZ?\,L;]LQ(ZXIXH@) S Hu(to)N”li,H; + HPNVG”@VL;?/L;’(ZMXW)

/<1
S lulo)llpm + P8V g ~ [lu(to)ll g1 sy + IVG|

L7 12,(IxR3 X Z) LI L7 (IxR3)

O
Lemma 2.12. For any u : I x R* = C we have
1 9 i
HUHL;ngO(IxRS) S HV“HztooLg Z ”VUNHLng(IxW)
Ne2Z
In particular,
1
1 ) ‘
HUSNHL;ngo(IxRS) S HVUSNHE;NLg (Z ||VUM||L§L2(1xR3))
M<N
Proof. From Minkowski and Littlewood Paley theory, we have that
||VUHL§L9; ~ HVUNHLngz;V(JxR?)xz) S ||VUNH1§VL§L€;(Zx1xR3)~
Then we have, by Holder,
1 1 1 1
[ull paree < VUl fo 2 IVUll 2 pe S IVl 12 IVUN 2 1216 (20 1) -
O

Proposition 2.13 (Maximal Strichartz Estimate). Let v : [ x R* — C be a solution
to the forced Schrondinger equation

i +Av=F+G.

Then for each 6 < q < o0,

HM(“%*I [ Prroyv(®)|]

_1
5 w1

+|Iv1736]| o + 1PN

‘LgOLg L2L3

uniformly for all functions M : [0,T] — 2. All spacetime norms are over [0, T] x R3.

Proof. See Theorem 3.1 in [6]. O



GLOBAL WELL POSEDNESS FOR ENERGY CRITICAL NLS 10

3. MINIMAL BLOWUP SOLUTION FOR THE DEFOCUSING CASE

Suppose by contradiction that Theorem 1.1 fails. Therefore, defining
L(E) = sup{[|ull 10 (fgs) [E(uo) < E},

L(E) = oo for some E < co. By Theorem 2.4, L(E) < +oo for E small enough.
Therefore, by monotonicity of L, there exists a critical level 0 < E, < +o00 such that
E.=sup{E|L(E) < +oo} = inf{E|L(E) = +o00}.

Lemma 3.1. L(E,) = +oc.

Proof. Suppose by contradiction that L(E.) = L. < +oo, and let 0 < § < 1. Let
up a generic initial data with E(ug) = E. + ¢, and let u be the maximal solution
starting from wg. Let @ such that E(uy) < E. and ||ug — G|z < 0. Let @ be the
solution starting from .

We have that ||| %: < 2E. and HEOHL}% < L, so we can apply Theorem 2.10 to this

i, getting that [Jul[ 0 S C(V2E, Lc)d + Le. Therefore L(E. 4 6) < 0 + Le < 400,

contradiction. O

Since L(E.) = 400, by definition it means that there exists a sequence of ini-
tial data u,(0) with E(u,) < E. such that |lua| 10 jygs) — +oo. Without loss

of generality, by translating u, in time, we can have that |[u,| 10 (rrp+)xrs) =
HunHL}gc((IﬂR—)x]Rf‘) — +o00. The goal is to extract a blowup solution from this se-
quence. The main tool is the following:

Proposition 3.2 (Palais - Smale condition). Let u, : I, x R® — C be a sequence of
solutions to NLS with E(u,) — E. such that

nlggo ||UnHL,}9T((mR+)XR3) = nhjgo HunHL%gc((IﬂR—)x]R?’) — 0.

Then the sequence u,(0) has a converging subsequence in H' modulo scaling and
spatial translations.

Proof. Using Theorem 2.3, we write

=300 (500) ()t = Y ST+

J
j=1 An j=1

By 12 and 13, we get that
J

(28) T B(u,) = 37 E(S(#)¢') — E(r) = .
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Scenario 1: sup; limsup, ., E(S(#)¢’) = E..
By 12, if J* = 0o, we have that lim;_, ||¢7 || ;1 = 0, which implies that there exists
Jo € N such that E(S(t)¢’) < 3E. for j > Jy. The same holds trivially if J* < oo,
just by taking Jy = J* + 1.
Therefore, up to passing to a subsequence in n, we have that for a certain j, < Jy,
lim,, E(S(t°¢/0)) = E.. In this case, by (28), we get that for every j # jo,

0 = limsup E(S(#))¢’) 2 limsup HQSJH?LII ,
so we have that J* = 1. Again by (28), this implies ||7}|,;» — 0. If t), = 0 we
obtain our desired compactness, so we just need to prove that t. /4 +oco. In the case
t! — oo, we have that

VS (t)unl| < Ivse'| VSl 8 =0

30 30 —+ H
LIOLI3 (R xR3) LIOLE3 ([tL,+00)xR3) (R+xR3)

as n — oo. Therefore, @ = S(t)u,, satisfies (PNLS) on R x R? with e = —|a|*a, and

IVellyo S IVell . 8 S 2
x

-4 - ~1(5
il 9l 3 S IV, 5 =0

30
z13
as n — 0. Therefore, by Theorem 2.10 applied to u,, and @, we have that, for n big
enough,

(29) [unllpio et wrs) S 1+ 0l po e wmsy S 1+ Nun(O)ll g0 S 1,
which contradicts our hypothesis. An analogous argument holds for ¢, — —oc.

Scenario 2: sup; limsup,_,,, E(S(#,)¢’) < E. — 20.
Fix J < +oo. Then, for n sufficiently large, E(S(t!)¢’) < E. — ¢ Vj < J. Define v,
in the following way:

e If tJ =0, then v/ is the maximal solution to NLS with initial data ¢’. Since
E(¢;) < E., this solution is defined on the whole real line,

e If t/ — +oo, then v/ is the solution to NLS that scatters to ¢/ when ¢ — 400
(which existence is guaranteed by Theorem 2.5),

e If tJ — —oo, then v/ is the solution to NLS that scatters to ¢’ when t — —oo
(which existence is guaranteed by Theorem 2.5).

Let vl (t) = Tiv (0\;)2 + t%) This is still a solution to NLS, and satisfies

lim ||v(0) = S (&) T2¢|| ;» =0,

n—00

therefore for n big enough, E(vl) < (limsup E(S(t)¢’) + ) < E. — %, so vJ is
defined for all times and from Proposition 2.4 we get [[v} |10 SkesnE—2) 19l
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Now consider

vl + S(t)w]

e

j=1
Because of Theorem 2.3, points 11,15 and 12, we have that

(30) |

122110 S vl s llso + 1S @l o S WDl galli + €5 S Newnll s +5 S VE e

Claim I: lim,, Hﬁi(O) — un(O)H =0.

2
[@2(0) — wn(0)|| 5 = Zqﬂ SHENTIS|| 0.
i
Claim II: For J big enough (dependlng on g),
J
limsup ||| [*a] — Z AR <e
n—00 =1 i 1,8
L2W,
J
'@y = Joa|"o)
=1 awlt
m DI DI (AR TR UL

Jj#k l+m4p+q+1=5

(I DD SN (O A I AR CAT A

Jk l+mAptq+1=5 L2
(S DI SR (OOl Tz taL I
Gk l4+m+ptq+2=5 Liks
J T (03N (13 Y (1)K kyq
LD DD DI (BT CARCOR TS

Gk l4+m+ptq+2=>5

We have that:

I: Because of Theorem 2.3, point 15, I — 0.

I 1T < Z}']=1 H(VS(@M{)W%PHL%% — 0 because of Theorem 2.3, point 14 (by
approximating |v?] in L' with functions with space-time compact support).

1 + 1V:

IMI+1V S Z [Vl [[vd S (t)w] |

j=1

3
Ol o, 38 108 o [l S
L2L5 ~ H L10L13 L%,(‘)z wn ~ €J
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because of Lemma 2.6 and Theorem 2.3, point 11.

Therefore, taking J such that ¢ < 81(2@0,0@6) and n big enough, we can
apply Theorem 2.10 with @ = @, and u = u,,, getting that ||Ju,||,10 < VE.. But we
know that ||u,|| ;10 — +00, contradiction. O

Theorem 3.3 (Existence of minimal counterexample). Suppose Theorem 1.1 fails
to be true. Then there exists a mazimal solution u : I x R3 — C to the defocusing
energy-critical NLS with E(u) = E., which blows up in both time directions in the
sense that

||u||L%26((IﬂR*)><R3) = ||U||ng((1mm+)xR3) = 00,
and whose orbit {u(t)|t € I} is precompact in H' modulo scaling and spacial trans-
lations

Proof. Let u, with E(un) T Ee, [[un|| 1o (1rrryxmsy = [[Unll Lo (1rp-)xms) = +00. Be-
cause of Proposition 3.2, up to rescaling and translating u,,, we can assume u,,(0) — ¢
in H'. In particular, E(¢) = E..

Let u : I x R? — C the maximal solution with initial data ¢. Applying Theorem 2.10
with @ = u and up = u,(0), we get that ||u||L%%(([mR+)XR3) = HuHng((mRﬂxRS) = 400.
Finally, let (f,)nen be a sequence in I. Because of Lemma 2.7, HUHngE(KxRi*) < +o00,
so we have

HUHng((m{Ktn})xR@f) = ”uHLtlf’x((Iﬂ{t>tn})><R3) = +o0.

Hence we can apply Proposition 3.2 to the sequence u(t,), obtaining that u(t,) has

a converging subsequence modulo scaling and translations, from which we get the
precompactness. ]

What we just proved to exist in Theorem 3.3 can be already considered a minimal
blowup solution, and of course proving Theorem 1.1 is equivalent to proving that
this solution cannot exist. However, this solution does not have all the properties we
need yet, and a further study os needed to discover the general behavior of almost
periodic solutions and to build a blowup solution with slightly stronger features.

Proposition 3.4. Let {u(t)} ¢ H' be precompact modulo dilations and translations.
Then we have

(1) For every n > 0, there exists C'(n) such that

/ V) de < [ S <n
le—a()|> 58 EI>CmN @)
(2) For everyn > 0, there exists ¢(n) such that
/ V) de <, [ )P <1
l—a(t)| < 52 [€l<e(mN (1)

N(t)
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Proof.

(1) Let u(t) be the rescaling and translation of u(t), in such a way that {a(t)}
is precompact in H!. Suppose by contradiction that there exists 7 > 0 such
that for every n € N, there exists t,, for which

/| o ]Vu(tn)(x)|2dx >n s ]Vﬂ(tn)F > ).
rx—x(t)|>

Nin) lz[>n

Because of precompactness, up to subsequences we have that u(t,) — @ in
H'. Let M >0 such that [, [Va|* <#n. Then we have

o big enoguh n

77>/ IVi]* = lim |Vii(t,)| > n,
lx|>M

n=00 J\g|>M

contradiction.
The other inequality is analogous: if it fails, then on a sequence

/ﬁzn

> /KEM ‘5@‘2 — lim ‘Sm

e Jlg > M

—

2
§u(tn)| >,

and

2 big enoguh n
>,

(2) As before, by contradiction on a suitable sequence we have
[ vut)e) =y
o<

and
big enoguh n

n > / \Vu(z)|” dz = lim \Vu(t,) ()] dz > 7,
l21< 57

—

and, for the last inequality

—2
[ )] =
lel<+
on a sequence and
|2 _——2 big enoguh n
N> / ga‘ — lim calty) 7.
leI< 7 nee Jigl<
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Lemma 3.5 (Local constancy of N(t)). Let u be an almost periodic solution to NLS.
Then there exists § = 0(u) such that for every ty in I we have:

(31) [to — ON(to) %, to + 6N (t) 2 C I
(32) N(t) ~y N(to) whenever |t —to| < SN (o).

Proof. Let {u(t,)} a precompact family of rescaling and translations of u(t,), which
existence is given by almost periodicity modulo symmetries.

Suppose by contradiction that (31) fails. Then there exists t,, such that ¢, € I and
t, £ %N (t,)~2 & I. Up to subsequences, the sign is constant, we will consider just
+ (the — is analogous).

Let v, : I, x R® — C be the maximal solution with initial data (t,). Since v, is
given by rescaling and translations of u(t — t,), we have that 0 € I,,, % ¢ I, Up

to subsequences, iy (t,) — vo in H'. Let v : I x R® — C be the solution to NLS
starting from vg. Therefore, by Theorem 2.10, if K = [0, ] is a compact subinterval
of I, then K C I, for n big enough. But b > % ¢ I,, contradiction.

Now take ¢ smaller then the one determined for (31) to hold, and suppose (32)

fails. Then there exists t,,#, such that s, := (t, — t/)N(t,)* — 0 but x&; — 0 or
N(tn)

Ny~ O°- As before, let v, the solution to NLS with initial data @(t,), and let v

be the solution to NLS with initial data vy = lim, . u(t,). Because of ]]z Etn) -0

th)
or %Ei,”g — 00, we have that v,(s,) — 0 in H'. By Duhamel, Strichartz, Holder,

Lemma 2.6 and Theorem 2.10, we have that

[[on(sn) = voll < [lvn(sn) = 0n(0)]l g1 + [[on(0) = voll 1

4
S ol ooy 10nl o8 gy + 10(0) = w0l

4
S HUHLtIg([O,sn}xRS) ¢ (E, 2 HUHLtlg, [O,sn]x]R?’)) + [[va(0) = voll jp — 0O

as n — oo. Therefore, by coherence of the limits, we have that vy = 0, so u(t,) =0
and F(u(t,)) = E(ug) = 0, which implies uy = 0, contradiction. O

Remark 3.6. Covering I with intervals Iy 2 0 = to,[;; 2 t1,...,1;, D t,,... asin
(31) with |[t,+1 —t,] = N(t,)~% and changing N(¢) in such a way that N(t) = N(t,)
on [ty, tpy1], the set {u(t)} is still precompact modulo this new family of scaling (and
the old family of symmetries). Therefore, we can assume N(t) constant on intervals
Jp = [tk, tis1] of size ~ Nk_g.



GLOBAL WELL POSEDNESS FOR ENERGY CRITICAL NLS 16

Corollary 3.7. Let u : (0, Tpax) X R — C be a mazimal forward in time solution
to NLS. Then

(33) If Thax < 00, then N(t) 2y |Tmax — t|_’
(34) If T = 00, then V¢, to, N(t) >, min{N(to), [t — to| 2}

Proof. If Tpax < +00, then because of (31) we have Tax > to+0N (to) ™2 = N(ty) 2u
| Tnax — Lo] 2.

If Thax = 00, we either have t > ty+ 0N(tg)"? or N(t) ~ N(tp), from which
respectively N(t) t—to|"2 or N(t) =, N(to). O

N’U«|

Lemma 3.8. Let u : I x R® — C be an almost periodic solution to NLS, such that I
contains at least one full interval Ji. Let (q,r) be Strichartz admissible (% +2=3).
Then

IVallyy, Sut+ [ N@Raes, [ Napa

Proof. Let J = [tg, tr+1] an interval such that N = Ny, on Ji. Because of Remark 3.6,
S Jk N? 2, 1. Using Strichartz, Holder, Sobolev and Bernstein inequality, we have
that

|| ||L10W7g t t]X]RB) S’ |‘S(t)(ut0)>c(n)N7€HL?CH%([tk,t]XRS)

+||S(#) (use)<cmym |

.4 30
L%OWi’Tg([tk,t]xR% wa B (1,41 xR9)

1
< 1 te) s s+ 1TRIBC)SNE g1 + [l

j
13

LlOW ([tr,t]xR3)

1
< LRIBOENG s + 0l oty

1
<u |Jk]19C(n )5]\75 + [Ju HL10W £ ([tr,t] xR3)
ifnSka Ni.

Since ||ull is continuos in ¢, this implies that |u|| 30 <

L1053 (f 01 x ) LW (Jxra) N
1
\Jk\%C(n)%N,j, and taking the 10-th power, this implies

10
[l %, 29 Su [ N@)?
LIOW,I3 ([tg, 1] xR3) 7
For the general case, it is enough to prove the statement for ¢ = 2,7 = 6, and then
using Holder combmed with ||Vul| Lerz = = |Ju|| g 1 (which is true because the

NU



GLOBAL WELL POSEDNESS FOR ENERGY CRITICAL NLS 17
energy E(u) is conserved), and recalling that [, N(t)?dt 2, 1 as well. We have that,
by the usual Duhamel, Strichartz, Holder and Sobolev,

2 2 10
ll gy < leaollZp + lull™®, 1sg a1+ / N(t) <. / N (b
t z I I

O

Proposition 3.9 (No waste Duhamel). Let u : I x R* — C be a mazimal solution
to NLS periodic modulo symmetries. Then S(—t)u(t) — 0 weakly in H'. Therefore,

we have
T
(35) u(t) =1 lim S(t — s)|u(s)|*u(s)ds,
T—Tmax t

where the limit is intended weakly in H*.

Proof. If Tiax < 400, then by Corollary 3.7 we have N(T) — oo as T' — Tipax, SO
S(=T)w(T) = 0as T — Trax-
If Thhax = 00, let ¢ € C°. We want to prove that

(Vu(T),VS(T)p) — 0
as T — Thax. Up to subsequences, because of precompactness,
N(T) 2u (T, N(T) Yz — 2(t))) = @in H' as T — oo,
(Vu(T),VS(T)¢) — <Vﬂ, N(t)fg(VS(T)gb) (N(t)fl(x — x(t)))> —0

as T — oo. If |z(t)] = oo, then N(t)~2(VS(T)¢) (N(t) " (z — z(t))) — 0, so we
have the thesis. Otherwise, because of Lemma 2.2 and Corollary 3.7 we have that
for every ball B = {|z| < r} and T big enough,

HN(T)*%(VS(TM) (N(T) ™ (z = z(t)))

L*(B)

23 03 N o)) 2jar N (D) @ — 2(T)) 5 (N(t) ' (z — x(T))
SHN(T) 2(24T) 2 NI @)/ o7 ¢< o7 )

1
|z|,]z(t)| bounded and N(T)<T™ 2,
<

— 0
L%(B)

~

_5
T )9,

as T — co. Therefore, N(t)~2(VS(T)$) (N(t)" (z — z(t))) — 0, and we have the
thesis also in this case. U

Now, up to changing our blowup solution, we can add a further property to u,
namely, that N(¢) > 1 V.

L*(B)
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Theorem 3.10. Suppose Theorem 1.1 fails to be true. Thene there exists an almost
periodic modulo symmetries solution u : J x R? — C such that l[ull 10 (1xmsy = 00

and N(t) > 1 for allt € J.

Proof. Let v: I x R3 — C as in Theorem 3.3. We will construct u starting from this
v. Let J; C Jo C --- C J an exhaustion in compact intervals of .J. Since v € Cy(H"),
{u(t)|t € J,} is compact in H', and therefore N(t) is bounded from above and below
on J,. Let t; € J, such that 2N (t,) > N(t) for all t € J,. Let v, : [, x R® — C be
the normalization of v centered in t,:

vn(t, ) = N(£)20(N (t)2(t — t), N(t) (@ + (1)),

With I,, = {t|t, + N(t,)"*t € J,}. Up to subsequences, we have that v,(0) — .
Let u:I=(-T_,T,) x R® = C be the maximal solution with initial data u,. Let
K C I be an interval such that HuHLlo ) (rexrsy < 00. Then from Theorem 2.10, we

have anHLm (k1 xrs) < C(K,u) for n big enough. Since moreover HUnHL10 (InxR3) =
HU”L%?T (Juxr3) — 00, we have that I, ¢ K for n large enough. Since they are both
intervals containing 0, this leads to two cases:

(1) KNR* C I, or

(2) KNR™ C I,.
Therefore, up to further subsequences and time reversal, we can assume (0,t) C I,
for every t < T’y and n big enough (notice that Hu||Lt1%([0’ﬂxR3) < 00). Let us rename
I =(0,T,) and restrict u to I x R®. We have that

(1) wis almost periodic: u(t) = limy, e v (t) = N(£)20(N (£2)2(t—t,), N (t,) (z +

z(t))), so the family {u(t)} is contained in the closure of {v(t)} modulo

symmetries.
u||;10 = 00 : if not, because of Lemma 2.8, = +o00, = is a vali
(2) | HLt if not, b fL 2.8, T, K =R"i lid

choice and so I,, D RT. Therefore, by Theorem 2.10, there exists a constant
C such that

¢ > anHng(RWRS) = HUHng({tztn}xﬂ@) = 0,

contradiction,
(3) Nu(t) is bounded from below: obviously, N,(¢) is bounded from below on
[0,t] for all ¢t < T'.. Let now t — T,. Then we have

L 2/ €0 (t)]* =/ €0, ()]
[€l<e(m)N(t) "SKC(")MW

t€Jn N n big enough N
J / €, ()2 " Ee / ca(t)
l€1<ie(n) l€]<te(n)
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But since ||ul| ;1 2 1 and f\{|<C(6)Nu(t) |€a(t)]? < 6, we cannot have N(t) — 0
on a sequence (otherwise, C(6)N(t) < 3¢(n) and we get a contradiction).

Now, since N, (t) > Ny, up to rescaling the solution u, we can make N, (t) > 1. O

Therefore, in order to prove Theorem 1.1, we can restrict our attention to proving
the non existence of this very specific solution to NLS:

Theorem 3.11. Suppose Theorem 1.1 fails to be true. Then there exists an almost
periodic solution u : [0, Tinayx) X R3 — C such that

[l 1o, = o0,

Moreover, we may write [0, Tiax) = U, Jp with Ji being intervals where N(t) = Ny
is constant, |Ji| = N2, and Ny, > 1 for every k.

In order to prove that such a solution cannot exist, we define

(36) K= / N,

and we will split the argument on the two possiibilities:

e K < 400, the rapid frequency cascade case,
e K = 00, the quasisoliton case.

4. IMPOSSIBILITY OF RAPID FREQUENCY CASCADE

The main technical tool for this part is the following

Theorem 4.1 (Long-time Strichartz estimate). Let u : (Tiin, Tmax) X R* — C be a
maximal almost periodic solution to NLS as in Theorem 3.11 and let I C (Tinin, Timax)
be a finite interval which is a union of finitely many intervals Jy,. Then for any fixed
6 < q < oo and any frequency N > 0,

2
(37) A(N) = (Z HVUMHing(I><R3)> = HVUSNHZ?\,Lng
M<N
and
~ 3 3_
(38) Ay(N) := N2 || sup Ma~ [luns (£)]] 1o g3
MzN L3(I)
obey
(39) A(N) + A (N) <, 1+ N3 K*,

where K := [, N(t)~'dt. The implicit constant is independent on the interval I.
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Proof. First of all, notice that

(40) ||VUSN||L§L2 ~ HVUSNHLngliI S HVUSN||1§VL§L3 = A(N)
Lemma 2.12 l
(41) lusnllpire S AN Jull e Su AN)?
9 Lemma 2.11 + Sobolev 10 Lemma 3.8
(42) A(N) <, 1+ |Vl / N(t
or13

Proposition 2.13

A" Nﬁ(Hivmum+H|w-%P>N|u|4u\

6

LfL;J)

Bernstein 4 Lemma 3.8 9 %
S 1+ [ Vullggg lullfpre <o / N ()

therefore, we have the inequality

A(N) + Ay(N) Su N2K

oo > ()

In order to prove the thesis for N small we need and induction on scales argument,
based on the following recurrence relation:

(43)

lw
=

whenever

Lemma 4.2. For n small enough,

(44) A(N) <, 1+4c(n) IN2K? + 2 A,(2N)
(45) Ay(N) S1+c(n) EN2K? + nA(N) + 24, (2N)
where c(n) is the same as in Proposition 3.4.

Proof. Rename ¢ = c(t). Decomposing u as v = u<cn@ + Usen and then u =
U<N + Usy, We may write

Fu) = ®(u2>CN(t)u3) + Q(UicN(t)“iNU) + Q(uicN(t)UZSNU)'
Therefore we have:

Lemma 2.11 4+ Sobolev 9 3
(46) A(N) N HVUSNHLgOLg + HVPSNQ(uxN(t)U )HL§L§
+ HVPSNQ(UZSCN(t)UiNu)

- Loz,
208 + IV PenOluzonuiznul] , o
tHT e

Bernstein

<. 1+4N2 HuicN(t)u?’HL?L#—l—N% Hugch(t)uiNuHLgL;"‘HVPSN@(UécN(t)UéNU)HL2L§ :
1 3 213
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Similarly,
(47)

Proposition 2.13

Ay TN <H yvr%uzNHLW ol g, + N vyl oy
t x

6
L?L?

N [l ]+ V Pev (iony vt

+ (191 Pon i)

Bernstein

31,2 3
Su 1+N2 Hu>CN(t)u HL?LQI: L2Lg '
tax

Therefore, the lemma is proven as soon as we prove

(48) NZ 2 eniy®|| oy S CENZK:
(49) NE |udoni xul 5y < 7°A(2N)
(50) IV Pen(tenqyuinw] , 5 < nAW).

For the first one, consider J;, where N(t) = Nj. Then by Holder, Sobolev, Bernstein
and Lemma 3.8,

3 3.3 2 3
N> ‘}uicN(t)ugHLgL;(kaRS) S N2Nyg Hu>cN(t)HL§x(kaR3) ||u||L§L2‘.(kaR3)

3 3 3 3 3 -1 1
SuN2c 2N, ? HVU>cNk||ing(kaR3) Su NZeT2N, 2|Ji[2.

Therefore, squaring and summing over k, we get

3 38 1
Nz HuicN(t)u?’HLgL; Sc:N2Kz2.
For (49), we have by Hoélder, Bernstein and Schur’s test:
6O ez, s S| Y sl sl sl s
o My>M2>M3M2>N

L?

3

M3 a
py (32) 190z 19l

1=

< <. N"2A4,(2N).

~u

L3

sup HM%_IUM(L‘)‘
M>N

Therefore, by Holder,

u2>NuHL?L§ Su 772Aq(2N)'

N Juoyud v oy SN : HUSC(N)N(t)HQLgOLg
For (50), by Holder we have

[V PO (uZonpuznu)]| , ¢
2]
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3 2
S IVuendlp2pe HuécN(t)HLooLG HUHLOOLG‘I'HVUHLg%g HuﬁcN(t)HLgoLg ||U§N||L;‘Lgo ||U||L§°Lg

Su nA(N).
O

Given these recursive inequalities, the proof of the theorem follows by a straight-
forward induction. O

This tool is crucial for obtaining a bound on the mass of the solution u. The
precise statement is the following:

Lemma 4.3. finite mass Let u : [0, Tinax) X R? — C an almost periodic solution to
NLS with ||ul| ;1o = +00 and

Tmax
(52) K ::/ N(t)'dt < .
0

Then for all0 < N < 1,

1

1 )’
(53) luvs<illpers + (Z ||VUM||L3L2> Su L.

M<N

In particular,
(54) HU”LgOLg S HUSIHLgOLg + Hu>1HL;>CLg S HUS1HL§°L§ + ||VU>1||L§°L3 Su L.
Proof. First of all, we have that
LHS < N ull g + NAN/2) <o N7H1 + N2K?) < +oo,
so LHS is finite for every N. Using Proposition 3.9 and Lemma 2.11, we get

LHS SN[ VPnyF(u)] +[[Pve<i F(u)]| | s -

6
L2L3 LIL3
To estimate the nonlinearity, we write down
F(u) = QW2 .yyu’) + Oucenyuiyu®) + O(ucenmuiun<.<iw) + D(uenu u?).

For the first term, using Bernstein and (48),

1 1 3 1
N VPt S VD) [’ S e

2 3
6+HPN<.<1U u H 6
L?L? S sT>eN () L?L?
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For the second term, using Bernstein on the second term and distributing the gradi-
ent, (41), (40) Proposition 3.4 and Theorem 4.1,

2 2
_ HVP<Nu§cN(t)u<Nu H + HPN< <1u<CN(t)u<Nu HL2L5

HVU<CN(t)HL°°L2 HU<NHL4Loo + = Hu<cN(t)HLooL6 HVU<NHL2L6 HUHLWL6

<.n(1+K?)LHS.
For the third term, using Bernstein, Theorem 4.1, (41), and Proposition 3.4,

-1 2
N HVP<N(USCN(t)u§1UN§-§1u)HLQLg + HPN§~§ U<cN(t)U<1UN< <1u H
t 4z

2L5
2
S HUScN(t)HLtooLg HUS1HL§L?§ HU1S-§1HL§°L3 ||U||L§°Lg
<.n(1+Kz2)LHS.
For the last term, using Bernstein, Theorem 4.1, (51), and Proposition 3.4,
N~ HVP<NU§cN(t)U2>1U2HL s + HPN< <1U<eN U U HL2L5
1
SN2 +1) HUScN(t)“>1“ HL%L;
2
S HUSCN(t)HL;>°Lg H“>1UHL%L§ llwll oo 1o
Sun(l+K?).
Collecting all the estimates, we have that
LHS <y n(1+ K2?)LHS +1+c 2Kz.
Therefore, by taking 1 small enough, we have the thesis. O

Now we are ready to prove the main result of this section:

Theorem 4.4. There are no almost periodic solutions u : [0, Tyax) X R® — C to NLS

with ||ul| 10 = oo and
y T Tmax
/ N(t)~'dt < 4o0.
0

Proof. By contradiction, let u be such a solution. If Ti,.x < oo, then N(t) — oo as
t — Tax because of Corollary 3.7. The same holds when T, = oo: from Remark
3.6, we have that

o0

Tmax
>N 3</ N(t)7rdt < +o0,

k=1
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so Nj, — oo when k — oo, which implies N(t) — oo as t — o0.

We want to prove that the existence of such a solution is inconsistent with the
conservation of mass. We proved in Lemma 4.3 that the mass of u is finite, we will
prove that by conservation of mass this has to be 0 (which in turn implies u = 0,
which contradicts the hypothesis on the L' norm). Using Proposition 3.9, we can
estimate

ltenllpoers SIPNE @), o SN2 | PenF(w)]l gz, -

|, s
2L}

Decompose the nonlinearity as F'(u) = O(u,u?) +O(u2,u®). By Theorem 4.1, (41),
Bernstein, and the finiteness of mass, we get

st s S Tt e Nt Nl s 1.
Instead, by Theorem 4.1 and (51)
1.

3 2H S : 3 H S
U 1U u u 3
H >1 L?LCIE ~ H HLtooLg >1 L?LE ~Uu

Thus, |lucnllzerz Su N2. Let ¢ = ¢(n) as in Theorem 3.4. Then we have, for
t — Tinax, recalling that N(t) — oo,

lull 2 S lusnllze + | Povucen || 2 + Juseniol| 2
<u Nz + N7! HUSCN(t)HHl + e IN@E) T [l
< Nz N'p+c !N

This can be made as small as we want by choosing first N small, then 7 small
depending on N, and lastly ¢ close to Ty, depending on ¢ = ¢(n). Therefore for
conservation of mass we get ||u||,» = 0, contradiction. O

5. IMPOSSIBILITY OF THE QUASISOLITON CASE

The main technical result which helps ruling out this case is the following:

Theorem 5.1 (Frequency - Localized interaction Morawetz estimate). Suppose
w: [0, Thax) X R® — C is an almost periodic solution to NLS such that N(t) > 1 and
let I C [0, Twax) be a finite union of contiguous intervals Jy as in Remark 3.6. Fix
0<mny<1. For N > 0 sufficiently small (depending only on u,n),

// lusn(t, x)|4da:dt <4 770(N’3 + K),
1 JR3

where K := [, N(t)~'dt. The implicit constant does not depend neither on I nor on
o-
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We will not present a full proof of this Theorem here, but we will go through the
main tools and ideas. For the proofs of the various estimates and identities, we refer
to Section 5 of [6] and their relative references.

Unlike Theorem 4.1, the argument for Theorem 5.1 does not rely just on linear
estimates on the Scrhodinger propagator S(t), but it is strongly dependent on the
sign of the nonlinearity. Namely, the whole argument relies on the identity

Proposition 5.2 (Interaction Morawetz identity). Suppose
00 = —A¢ + [0]'¢ + F

and let
(55) =2 [ [ oot -9 (0u0)3(w) dudy

for some weigh a : R* — R. Then

o) amo=[ [ (— (@ — PIS@II )

(57) + 2ax(z — y)|o(y )| R (¢k($) (z) — Fr(z)o(x))

(58) + dap(z — 9)S (F(y)o(y)) S (¢u(x)d(x))

(59) + dajp(z — )(|¢( )| ¢ (@)dr(z) = S (6(1) 5 (1)) S (dr(x)d(2)))
(60) — ajjue(z — y)|*o(x

Here subscripts denote spactial derivatives and repeated index are summed over.

The evidence of this identity is clear by making the choice a(z) = |z|, and ¢ a
solution to NLS. In this case, F = 0, and by the fundamental theorem of calculus
we have

v [ [ 1ott,a)dodt < 20M0 e < 416030 Wl

Here the L* norm arises from the term (60), and the terms (56) and (59) are positive
(the other two terms are 0). Unfortunately, we cannot obtain an L* bound by this
inequality, since a minimal blowup solution to NLS does not need to be in L?. In order
to circumvent this problem, we restrict our attention to ¢ = u~y. This produces
many error terms, and in particular there is an error term arising from (58) which is
not easy to bound. A possible solution to this is to truncate a, taking as a a radial
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function such that:

(61)
1 if r < R,
a(0)=0, a >0, a,<0, a =4 1—J'log(%) ifeR<r<e/ MR,
0 if e’R <,

where Jy > 1, J > 2Jy, and R are parameters to be determined, bound by the
relation e/ RN = 1. Moreover, we extend a, where is not defined in such a way that
|0ka,| < J~tr~F for each k > 1.

Let

(62) By := / / / L i — )l (@) fus.y (9) Pdadyds.
|z—y|<el— JOR3

It turns out that B; > 0, and for N small enough,
® [|[(55)] e Sun®N72,

o | [,(56) = Bi| S % (K + N7%),
e For any € > 0, [, [(57)] uesB[+77||u>N||L4 + (g™ 7)+5 )(N3+K)
o 169 S0t (Juswlliy + N7+ K),

e [[159)] Su (P + L) (Ig;N*3)+iBI,

o 37 ||usn|| —fI (60) Su T5—(K + N~ 3).
Therefore, putting everything together,

2J

1 1 1 J2 e
8 HU>NH§,§ +B[ 5 <E + J_) B]—|—77Z HU>NHi4 +<7’/4 -+ g + 70 + 7727> (N73+K>,
»T 0 t,x

from which one can deduce the thesis of Theorem 5.1.

In order to conclude the argument (and therefore proving Theorem 1.1), one need
an estimate that states that ||u>N||i4 cannot be too small (compared to N(t)7!).
Indeed we have ’

Lemma 5.3. Let u : [ x R® — C an almost periodic solution to NLS. Then there

exists C(u) such that
N(t)/ lu|*de >, 1.
l—a(t)|< 54

= N()

Proof. Let My = inf;¢; HuHip We have that M, > 0, since energy is conserved
and E(u) S HuHip + HuH%l Let C(u) = C(%) as in Proposition 3.4. Suppose
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by contradiction that the inequality does not hold. Then there exists a sequence of
times t,, such that

(63) N(tn)/ lu[*de < n ™t
o= (tn) | < 3y

Let v, be the precompact family of rescalings and translates of u(t,), and up to
subsequences, let v, — v in H'. The condition (63) becomes

/ v, [*de < n7t.
lz|<C(u)

This implies that v, — 0 in L*({|z| < C(u)}). Because of compatibility of conver-
gences, this implies that v(z) = 0 if |z| < C(u). Therefore,
M
My < lim [|v, |5 = [[o]l 30 _/ |Vu|?dz = lim IV, [2de < =2,
n n—oo 2
|z|>C(u) |z|>C(u)
contradiction. O
Now we are ready to prove the impossibility of the quasisoliton case, which is the
last possible case remaining for the minimal counterexample to Theorem 1.1.

Theorem 5.4. There are no almost periodic solutions u : [0, Thax) X R® — C to
NLS with N(t) = Ny > 1 on the intervals Jy, defined in Remark 3.6 which satisfies
||U||L%0w = 400 and

Tmax
K—/ N(t)~'dt = +oo.
0

Proof. Suppose by contradiction that such a solution exists. From Theorem 5.1, we
have that, for N small enough,

/ s (2, )|t S 70 <N3 + / N(t)ldt> |
1 Jws !

Moreover, if N is small enough,

4
N(1) /| ey [0 10 S 1C0 sy < 100 [lusmmool[z o
rz—z(t)|< .

N(t)

Therefore,

HN(t)%u>N] 1.

- s

—HN(t)%uSN‘

>
L4({‘I‘<%<§)) ) L4<{|‘”‘<%((TZ)> )Nu

Hence we have

/IN(t)—ldt < /I/R% lul*(t, 2)dxdt <, no (N‘?’ +/IN(t)‘1dt) ,

L ({lel< S5 })
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from which, choosing 7, small enough and N accordingly, [, N(t)~'dt <, 1. Taking
the limit as I — [0, Tinax), this implies that

,I'InaX
K = / Nt <ol < 4oo,
0
contradiction. O
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