Advanced PDE Il
(MIGSAA Ph.D. course & SMSTC advanced course)

Instructors: Pieter Blue (Edinburgh) and Oana Pocovnicu (Heriot-Watt)

E-mails: P.Blue@ed.ac.uk, o.pocovnicu@hw.ac.uk

Offices: JCMB 4618 (P. Blue), CM F.14 (O. Pocovnicu)

Course website: SMSTC website, http://www.macs.hw.ac.uk/~op4/Teaching.html

Lecture: 9:00-11:00 Wednesday (Jan. 11- Mar. 18)
Room 107 (on the ground floor) in ICMS, 15 South College Street

Assessment: 3 homework assignments to be submitted in weeks 4, 7, and 10. (The
problem sheets will be handed out in weeks 3, 6, and 9.)

This course is dedicated to the study of hyperbolic PDEs in Sobolev spaces. We will
mainly focus on nonlinear wave equations and symmetric hyperbolic systems. The course
will begin with some preliminary ideas including the method of characteristics, finite speed
of propagation, and finite time blowup. Then, there will be a brief discussion of classi-
cal methods including the explicit solution formula of D’Alembert and Kirchhoff and the
CauchyKovalevskaya existence and uniqueness theorem.

The course will then turn to Sobolev space methods. These include energy estimates,
Klainerman-Sobolev inequality, the vector field method, and well-posedness of semilinear
wave equations using Sobolev estimates.

In the final two weeks we will cover special topics at the instructor’s discretion. Possible
special topics are small data global well-posedness of quasilinear wave or Klein-Gordon
equations (study started independently in works of Klainerman and Shatah from the 1980s),
the global well-posedness of the defocusing energy critical semilinear wave equation (work
of Shatah-Struwe, 1994), or a survey of geometric hyperbolic PDE such as the Yang-Mills
and wave maps equations.

Basic topics:
e Method of characteristics
e Formation of shocks for the inviscid Burger’s equation

e Explicit formulas for solutions of the linear wave equation (d’Alembert, Kirchoff,
Poisson)

e Cauchy-Kowalevski theorem

e Review of Gronwall’s inequality, Sobolev spaces, Picard iteration, definition of an
initial value problem, local well-posedness, global well-posedness, Green’s theorem

e Review of Fourier analysis

e Vector fields

e Energy estimates

e Finite speed of propagation

e Klainerman-Sobolev inequality (preceded by a review of Sobolev embeddings)

1


http://www.macs.hw.ac.uk/~op4/Teaching.html

e Local well-posedness for quasi-linear wave equations and global well-posedness in a
subcritical situation

e Symmetric hyperbolic systems

Some more advanced topics (only some will be covered):

e Small data global well-posedness for quasi-linear wave equations on R"™, n > 4
e Small data global well-posedness for quasi-linear Klein-Gordon equation on R3

e Null forms and small data global well-posedness for quasi-linear wave equations on
RS

Special topics in the last two weeks: to be determined
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