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Stochastic cubic nonlinear Schrodinger equation on RY

We consider the stochastic cubic nonlinear Schrédinger equation with additive
noise (SNLS) on R for d > 3:

{i@tu+Aui|u|2u+¢§=0 (z.t) € RY x R

Ult—0 = U

where u: R4 x R — C, £ = 9, is a space-time white noise. Here W is a
cylindrical Wiener process on L?(R9):

W(t) = Z Bn(t)en s
neN

@ {fBn}nen independent complex-valued Brownian motions on a probability space
Q,F,P)

@ {en}nen an orthonormal basis of L*(R?)

and ¢ is a Hilbert-Schmidt operator from L?(R%) to H*(R%), s > 0,
¢ € HS® := HS(L2(RY), H*(R?)).
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We consider solutions of SNLS in the mild sense, i.e. satisfying Duhamel’s
formulation:

u(t) = S(t)ug j:i/ot S(t —t")|ulPu(t') dt’ + T(t).

where S(t) = e™? denotes the linear Schrédinger propagator and
Wt :—z/ S(t— ") dW (¢ :—ZZ/ S(t —t")p(en)dBn(t")
neN
is the stochastic convolution.
Remark: ¢ € HS® = ¥ € C(R; H*(R%)) almost surely.

Goal: To construct a unique local-in-time solution of SNLS in
C([0,T); H*(R%)) in the case of very rough stochastic forcing (i.e. for low s)
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The deterministic cubic nonlinear Schrodinger equation

The deterministic cubic nonlinear Schrédinger equation (NLS):
i0pu + Au = |ul?u = 0.
@ Scaling symmetry:
u(t,z) solution of NLS = uy(t,z) := Au(\*t, Az) also solution of NLS.
e This scaling symmetry induces the scaling-critical Sobolev index:

d—2

Scrit = T ’
the unique Sobolev exponent such that [[ux(0)|| gocric ey = [[W(0)|| groceic (me)-

@ Regularity threshold for local well-posedness:
e s> scrit: NLS is locally well-posed in H® (Rd) (Cazenave-Weissler 1990)

o 5 < Seri: NLS is ill-posed in H®(R?%)(Christ-Colliander-Tao 2003,
Alazard-Carles 2009, Carles-Kappeler 2015, Kishimoto 2018, Oh 2017)
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Main result

e De Bouard and Debussche (2003)(essentially) proved that:
SNLS with a general power-type nonlinearity is locally well-posed in
H*(R?) for ¢ € HS®, s > max(Seit, 0).

@ Here we focus our attention on the cubic SNLS with initial data
up € Hot(RY) and ¢ € HS® for s < serip = V() ¢ He(RY), Vt >0

o We set

, if d=3,

if d>4.

Scrit —

2
5 )

Theorem (Cheung, P. 2019)

Let d > 3, ug € H*>*(R%), and ¢ € HS® with s € (54, Serit)-

Then there exists a unique local-in-time solution of the cubic SNLS in
u € C([0,T); H*(RY)), where T = T,, is almost surely positive.
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Ideas of the proof

We use the ‘Da Prato-Debussche decomposition’: v = U + v, where
i0v + Av = |V + v|?(V + )
v(0) = uo,

and then we solve the fixed point problem for v.

Main tools:

e the Fourier restriction norm method of Klainerman-Machedon (1993) and
Bourgain (1993) adapted to the spaces VP of functions of bounded
p-variation and their preduals UP (spaces introduced by Koch, Tataru
and collaborators (2009, 2011))

o the bilinear refinement of the Strichartz estimate

@ a case-by-case analysis for estimating the terms vov, vo¥, VU, WUP
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A glimpse at function spaces

e VP = VP(R; L?) is the space of functions u : R — L? such that

K »
llullve @2y == sup ( llu(ty) — u(tk1)||’£2> < 00,
k=1

{tk}f;o

where the sup is taken over all finite partitions —co < tgp < -+ < tx < oo of R.

° VﬁL2 is the space of functions v : R — L? such that
ullvere = [IS(=)ullvrr;2) < oo,
where S(t) = 2 denotes the linear Schrodinger propagator.

o Y (R) is the closure of C(R; H*(R%)) N Vrp,AL2 with respect to the norm

C

1
2
lullvs®) = ( > NQSHPNU”%/KL?) ;

N>1
dyadic

where P is the Littlewood-Paley projection onto frequencies of size V.
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‘Toate’s vechi si noua toate’

“Tout est ancien, tout est nouveau’

Our tools are similar to those in Bényi-Oh-P. (2015), where we consider
(deterministic) cubic NLS with random initial data u§ and prove almost sure
local well-posedness in H*(R%) for some s < Scrit-

Two new aspects:

@ The Brownian motion does not belong to V2 a.s., so we cannot measure the
stochastic convolution ¥ in Y5'.

The Brownian motion, however, does belong to V? for any p > 2, a.s.. So,
¥ €Y, as. and we use the Y, -spaces in our analysis for ¥, instead of

Y5 spaces.

@ There is a limitation in the space-time integrability of ¥ (in fact, implicit
in the work of de Bouard-Debussche (2003)). In comparison to this, the random

linear solution z“ := S(¢)ug enjoys more space-time integrability

8/12



Space-time integrability of the stochastic convolution

Proposition (Space-time integrability of ¥, Oh, P.,

Letd >3, T > 0. Given any q € [1,00) and 2 < r < dQ—fQ, we have that

U e LI([0,T); W™ (RY)) a.s.. Moreover, for o > max{q,r},

1

a

E | I{V)* ©NZs 0.1,y men] < OVE T Il

for some 6 > 0.

Proof: There exists C' > 0 such that for any o > 2 and any Gaussian g, we have
llgllre @) < C\/EH!J”L?(Q)-

By Minkowski’s inequality (with o > max{q,r}) and since ¥ is Gaussian:

1
E[I9) ¥ aomy, ] = 1099 @lzao my oy

Lo (Q)
< H||<V>S‘I/||L”(Q)||LLI([0,T),L'r'(Rd))
< C\/EH||<V>S\I’||L2(Q)HLQ([O,T),LT(]Rd))
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The Wiener integral I : L?((a, b)) — L*(Q) f f() ) with 8 real-valued

Brownian motion, satisfies:

||I(f)“L2(sz) = HfHL2((a,b))
and E(I(f)) =0 for all f € L?((a,b)). Since

)W = —ZZ/ S(t — ') (V) d(en)dBn(t) = —ZZI V) d(en)),

neN

we have

EMwaa%mmmqéscwﬂmwammJ%
= v (| (st - 0w yaten)
neN

Li([0,T),L%)
2

)%
L2(Q) Li([0,T),LT)

- oVl (5[5 5t 5y ote) (5 ottt

me
1
2

L{(0,T),L7)

2

—cJW( n(S(t = (V) d(en)

LZ(Q)) Li([0,T),L%)

- el

220, 1L ([0,T),LT)
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So far, we obtained

E (19 W11y o] < OV SN den)

02 L2 ([o,e]) HLE([0,T),LT)

Applying Minkowski’s inequality once more (using r > 2) and Holder’s inequality in
time:
l S
< OVaTa|||1S(r)(V) dlen)ll L2 o,y p)llez
1,1 1 R
< OVl A a1 (VY $lenl ooy 1oyl
We choose ¢ such that ¢ > 2 and such that it is the unique index making the pair
(q,7) Schrodinger admissible, i.e. % + 74 = g

4r 2d
1= — > = 7r < —.
1= 4 —2) = "=d-2

We can then apply the Strichartz estimate
d
Hs(t)UOHLé(R;Lr(Rd)) < Clluoll 2wy, for all uo € LQ(R ),

to obtain

E ({9 15315 0.7y xcr)

al=

1,1 1 s
< OVaTT 374 |[|[(V)* d(en)llzz les
= CVaT e 271 ¢]lns:.
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Remark:
In Oh, P., Wang (2018), we considered the SNLS with a generic power type

nonlinearity |u[P~'u, p > 1. In the energy-(super)critical regime p > -%5 with
ug € H*°(R?) and ¢ € HS*(R?),

S0 > Scrit and § > Serit — 1,
we proved that there exists a unique solution

ue v+ C([O,T], Wmin(s(,fl.,s),d%dzf(Rd)) N C([O,T], Hmin(mflﬂs) (Rd))

The noise here can be rougher than sy, but in the main result:
o the initial data lies in the critical space H®it(R9)
o we construct u € ¥ + C([0, T]; H*it (R%))

The proof is very simple and is based on the dispersive estimate

IS#)uollLr may < | | s [|u 0||L’“ (R4)

forany2§r§ooand%+%:1.
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