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Take-home message and plan

* Stay away from the carpenter syndrome

“To a man with a hammer, everything looks like a nail”

* Look at the biomedical problem with no mathematical bias

Plan of the talk

* Take a phenomenon (migration in fibrous environments)
* Present several modelling frameworks to study the problem
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Tumour compartimentalization and invasion
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Pancreas
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(spherolds)

4) Mesothellal anchering
migratienfinvasion threugh mesothallal
layer and inte sub-messthelial EC matrix

5) Proliferation
to establish metastatic leslons within
the pelvic/abdominal cavity and ergans
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Cell motion
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Life at Low Revnolds Number
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June 1976

American Journal of Physics vol 45, pages 3-11, 1977.

Editor's note: This is a reprint of a (slightly edited) paper of the same title that appeared in the book Physics and Our World. A
Symposium in Honor of Victor F. Weiskopf, published by the American Journal of Physics (1976). The personal tone of the original
talk has been preserved in the paper, which was itself a slightly edited transcript of a tape. The figures reproduce transparencies

used in the talk. The demonstration invelved a tall rectangular transparent vessel of corn syrup, projected by an overhead projector
turned on its side. Some essential hand waving could not be reproduced.
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Velocity (typical order of magnitude) V

R VLp Diameter (typical size) L
” Mass density of the fluid p

Viscosity of the fluid N

For water at room temperature p/n = 108 (m<s-1)-".

Orders of magnitude for swimmers:

Men, dolphins, sharks: L=1m, V=1-10 ms' Re=106-107
Bacteria: L=1x10°m, V=1-10x10®*ms' Re=10"%-10"
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Life at Low Revnolds Number
E.M. Purcell
Lyman Laboratory, Harvard University, Cambridge, Mass 02138

Kinematic viscosity

Water = 10° m?/s
Nutella = 0.1 m*/s

June 1976
Length Speed Reynolds
Men 1.6-1.8 m 1 m/s 10°-10’
Fish 0.1-1m 0.01-10 m/s 10%-10’
Micro-organisms 0.1-1 mm 1 mm/s 1
Sperm cell 10 um 1-4 mm/min 10°-10"*
Bacteria 1 pm 10 pm/s 10°-10°
Vwater Vwater
Given F=67 vaV‘ In anew fluid V , = V.
V1SC
2
Vv visc
Revisc o V2 Rewater
water

‘SWimming in Nutella corresponds to Re

= 10"

ViSC
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Life at Low Revnolds Number
E.M. Purcell
Lyman Laboratory, Harvard University, Cambridge, Mass 02138
June 1976

Scallop theorem

in a flow regime ocbeying Stokes equations,
whatever forward motion will be produced by
closing the valves, it will be exactly canceled
by a backward motion upon reopening them

Micro-motility as a struggle
against the scallop theorem

www.youtube.com/watch?v=51-6QCIJTAjU

High Reynolds: www.youtube.com/watch?v=4h079P7qRSw

N

N

Low Reynolds: www.youtube.com/watch?v=2kk{fHj3LHeE

Low Reynolds (spiral): www.youtube.com/watch?v=s 5ygWhcxKk
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(eukariotic flagella, cilia)
(bending of 9+2 u-tubule bundiles)

ﬂ" (bacterial flagella)

(20 nm rotary motor)

red blood cell + flexible magnetic filament
J. Bibette, H. Stone et al.: Nature (2005)

www.rowland.harvard.edu/labs/bacteria/movies/

"s | Nematode: https:/www.youtube.com/watch?v=hHSbdbQHkOM
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Types of motions

» [ Moving films

Www.youtube.com/watch?VchebMTszUY
' “—*——h www.youtube.com/watch?v=vOvMpOT6kvI
3-sphere swimmer (

www.youtube.com/watch?v=B7F7CvHrEHs
Najafi, Golestanian, Phys. Rev. E 69, 062901 (2004)
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www.youtube.com/watch?v=aN619mJVuas

Displacement (mm) =

il
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s [ Final aim |
ol polymer film + muscle cells

www.youtube.com/watch?v=VRMEtCCDR_E G. Whitesides et al., Science (2007)
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Euglenoid motion

Arroyo, Milan, Heltai, De Simone,
www.youtube.com/watch?v=91yFpzzz408 PNAS 109, 1784-1789 (2012)
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Extra-cellular matrix

1]

Collagen

i1

i

Fibronectin

jcb.rupress.org/cgi/content/full/jcb.200209006/DC1

Laminin

Proteoglycan
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Extra-cellular matrix

Figure 11. Electron micrograph of the arrangement of collagenous fibrils of the lamina radialis of an aortic valve leaflet at
different magnifications. Arrows indicate non-directional fibrils surrounding helical arranged collagenous fibrils. (a,b) Scale
bars, 8 um and (¢) 3 pm (adapted from Fastenrath 1995, p. 43).

1Sclera
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Cell motion in dense ECM

HT1080 migration in rat tail collagen (1.7 mg/ml)
in presence of MMP inhibitor

Neutrophil migration in rat tail collagen (1.7 mg/ml)
in presence of IL-8

(P. Friedl, K. Wolf)
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Cell motion in dense ECM

Rat tail
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Wolf, te Lindert, Krause, Alexander, te Riet,
Wills, Hoffman, Figdor, Weiss, Friedl
J. Cell Biol. 201, 1069-1084 (2013)
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Cell motion in dense ECM
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Taking into account of the nucleus

BIOLOGICAL REIS;{CI{Z%%;IT%?}JON MATHEMATICAL
EXPERIMENT REPRESENTATION
Nucleus Cytoplasm m
Cytoplasm
ECM ECM channel

Work done by traction > Energy required to squeeze the nucleus

C. Giverso & L.P., Biomech. Model. Mechanobiol. 13, 481-502 (2014)
C. Giverso, A. Arduino & L.P., Bull. Math. Biol. 80, 1017-1045 (2018)
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Continuum mechanics in a nutshell
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Continuum mechanics in a nutshell

p=m(x)

dx = F dX
9, Xi Deformation gradient
Fix =
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Continuum mechanics in a nutshell

p=m(x)

dx = F dX

Cauchy-Green deformation tensor

dX|? = dx - B~ ldx B = FF!
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Continuum mechanics in a nutshell

The force field 1s conservative

:" ’

The work 1s independent on the path

Force

There exists a potential energy

U(x)

related to the elastic force f by

f=-VU

Compression Elongation
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Continuum mechanics in a nutshell

The force field is conservative

|
The work 1s independent on the path

|

There exists a potential energy
W) = p,o(F)

related to the Piola stress tensor S by

5= W
oF

and related to the Cauchy stress tensor T by

do T
T(F) = p—F
(F) PR
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Continuum mechanics in a nutshell

The force field is conservative

|
The work 1s independent on the path

|

There exists a potential energy

W) = p,o(F)

Frame indifference + isotropy =) ¢ = 0 (IB , HB , HIB)
. H
e.g., neo-Hookean material W(IB) = 5 (I B — 3)

T=-pl+ uB
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Continuum mechanics in a nutshell

neo-Hookean material Wlg) = g(l g —3)
T=—-pl+ uB
Gent material Wlg)=—=KIn|1-
2 K
_ M
T=—-pl+ - B

1

K

Gent
——————— Neo-Hookeano
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Pure extension

(x = aX a 0 O
1Yy=8Y F=|0 B 0
\Z=vz 0 0 y y

Incompressibility == J = detF = a¢ffy =1

a2 0 0] T=—pl+hB+h_ B!
— FrT = 2
B — FF — O IB O h:l:] — h:I:I(IBaIB_l)
0 0 2

neo-Hookean material h; = u h_y = 0
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Uniaxial extension

‘A 0 O]
F=10 1/vA 0O
0 01/vx
T=—-pl+hB+h_ B! F/L?) o
_ 2 2 _F
Tll——p—l—hll —|—]1/(]4/_L—21 ./'_.-/ 7
Too =T33 =—p+hi/A+hagi= 0 g
0 /1 A

neo-Hookean material 7; = u h_y = 0

F 1 ——————— Hooke
_ l’l’ l - — Neo-Hookeano
L 2 l 2 R Gomma vulcanizzata
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Computing the energy required

Work done by traction > Energy required to squeeze the nucleus

- G1ven the deformation F

- Given the constitutive equation W

- Compute B and then, for instance, W (Ig) = g(l 5 —3)
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Computing the work done by traction

Work done by traction > Energy required to squeeze the nucleus

‘FlimzmlJk s ECM with LIGANDS
M o RS oo — vt
: :J > O NUCLEUS
‘ 4
O CYTOPLASM

(a.2) FORCES OVER A
LIMITED REGION

Fadhesz'on :/pb(X)aECM(X)Fbond(X)dS
S

Wadhesion — FZ AL

adhesion
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Cell traction

The classical (direct) problem in elasticity:

Given the stress f, find the deformation u of the substratum such that

Au:f, u|5Q:O, \
r S:f—u
Au=—pAu—(p+ ANV (V-u),
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Cell traction

The classical (direct) problem in elasticity:

Given the stress f, find the deformation u of the substratum such that

\

Au = f, u|ag — 0,

Au=—pAu—(p+ ANV (V-u),

-1
> Siu—f

— T
- .
. .Eh‘? .

{ ?&%‘;- : A
| s ] Inverse |-
404 S R 1
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Cell traction

deformation

() 1s the whole domain,
(2o 1s the subdomain where u I1Is measured,
(). 1s the area covered by the cell.

T T T T T T T

Gl f—

LN ol

(A. Cavalcanti)

EN ol

Where are the forces exerted in QQ ? D. Ambrosi
C J. Math.Biol. 58, 163 (2009)

What is their magnitude?
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The inverse problem

Set of forces acting on €2, with null resultant and momentum

|

The penalty functional J : F — RT is defined as:

: 1/ ’
J(g) = 5 @ uﬂ||§; + Take the smr.dllest
“ I force possible

Compute the deformation
for a given virtual force

Measured deformation

A 4

Evaluate the computed deformation
in the measurement points




The inverse problem

The penalty functional J : F — R™ is defined as:

,, | 3
J(g) = B) OSg — “DH}% T §| EHE

|

Two coupled sets of elliptic partial differential equations

to be solved in (2,

—Au— (i + NV (V-u) = — Lp u|sn =0,
—jIAp — (i + AV (V - p) = yvou — un, ploa = 0.

where \. and vy are the characteristic functions related

to (2. and (2, respectively.
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Traction force microscopy

arrow length = 10e2 picoNewton per micron sguare

141.8
100+
141.8
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100
C' - T | I
0 100 174.6
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Cell traction

. 160 10 nN
. 140
] 120
o 100
= E a0

. - =
(1]
=
40
20
i}
50 100 150
Lm

Figure 1: Phase—contrast image of a T24 cancer cell (at time £ = 6 man from Fig. 2) and corme-
sponding traction field of a T24 cell represented as a color map. The color scale for stresses reads
in Pazcal (Pa).

% o : Comp. Methods Biomech. Biomed.
7 g b A S Py Engng. 14, 159-160 (2011).
s

= e

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 3B 40 42
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Traction on a stiff gel

Ambrosi, Peschetola,Verdier
SIAM J. Appl. Math, (2006)

T -
n (1] X 1] L] L 1] & T iJ [Ta] o W] Ei] L (1] o T
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Traction on softer gel
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[ o] T24 cancer cells

Conclusions

* minor traction

| ability than
fibroblasts

% * larger forces

«  on stiffer gels
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Traction in 3D

[ Gel 0
XN e—% n
“ x_h\*uo 2 ) I
i 1 [D
N 1‘1;0_1
2D Differences 3D
* Measurements everywhere * Measurements outside the cell
(even below the cell or * Forces exerted on the cell
“inside” the cell domain Q) boundary
* Forces below the cell or
“inside” the cell domain Q) —V -C[Vu] =0, inQ,
S:f—> u=——3C[Vuln =1, on [y,

u=>0, on ['p.
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Penalty function for the
minimization problem

|
T (£) = S10Sf — o ||

Self-adjoint problem

Traction in 3D

€ p)
“EN>
+2|I |

G. Vitale, D. Ambrosi, L.P.,
J. Math. Anal. Appl. 395, 788-801 (2012)
Inverse Problems 28, 095013 (2012)

f (uVa-Vv+A(V-u)(V-v)) + l (f
g

[(,:th Vq+ A(V-p)(V- q))—l—z&ﬁu 5y,q =
J=1

[D

|rm fr /r) -

E H[}
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Criterium for invasion
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Criterium for invasion

2R2+ — -3
: L 2 ’
Elastic | Ellipsoid k23T
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) 2 (R,
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0.5 \\
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Traction

]
IQb@ECJ\{Fb l

Nucleus
stiffness

Ry /Ry,

R, C. Rolli, PlosOne 5, 8726 (2010)
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Effect of nucleus envelope stretchability
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Models based on a regular grid

Grid-free models

Rule based Energy based Force based Energy based
Lattice-gas | Self-propelled
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Cell center Individual ‘
and radius cell-based models
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§ models | ensegrity models
& . I |
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7 Boundary element
methods

Kinetic model
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24 o) T e cellular Potts model

A cell is
represented by
several nodes

- Based on a generalized energy H

- Evolution stochastically tries to minimize the system energy
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Generalized cellular Potts model
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M. Scianna & L.P.,
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The cellular Potts model

Choose a node at random

T T Choose a neighbour at random
?4——;1' 'L<——> !
Il Choose an action
—1—
>
Compute the change in energy AH
AH<0? AH>0?
Acceptl 116 IO Accept the action with
ey probability decreasing
exponentially with AH
Repeat till all nodes

are chosen

A

increase time
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Cells with deformable nuclei in microchannel

=#=high nucleus elasticity

- =#kintermediate nucleus elasticity

| =low nucleus elasticity
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Influence of nucleus rigidity
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= " Effect of pore size in ECM
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Effect of deformability

Varying nucleus elasticity

Varying fiber elasticity

Elastic Nucleus

i = Rigid Nucleus
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Optimising motion in artificial ECM
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Criterium for invasion
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Upscaling the information

deformable and extracellular
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Mass balance equations

V

CellAmass Ou;ﬂux GrothIE/ death

T

L . _
—/mcdv _ —/ p@cvc-ndz—}—/prcdv
dt Jy, AV %

a | O,
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Only tumour cells in 3D

1. Constant density X+ V - ( gv) = I' v V.V

2. Potential flow assumption v = VW

| L

(VU =

|

dxp _ .
n-—t=n VA

U =10, on free part of the boundary

n-VvVVv =0, on obstacles
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Tumours as multiphase systems

e

¥ + V- (peve) =1

Extracellular liquid

ECM components

8§?+V (¢mvm):1"m DD:>

O,
Ot

+V- (quj Vm) = L',
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a=c,mf,v
Constrained
mixture
assumption

V- -v=

Tumours as multiphase systems

Y

a closed mixture assumption

V- Z (@fjﬂvﬂ) — Z L'a io

a=c,m. v

Vo=V VYo

Y Ta =0

a=c,m,b,v

Potential flow assumption
v=VVY
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Only tumour cells in 3D

Macklin & Lowengrub JTB (2008)
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Momentum balance equations
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Momentum balance equations
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Darcy's law

Interstitial Permeability
(fluid) pressure tensor
; '

— VP -9, K v,

\Y l“’ l
PG ) = ¥ T+ O

K
vy = ———VP Darcy's law
e, g
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Brinkman equation

— ¢V P+ Vv '¢/

0 lw N/
PP (ﬂer VW) :v'Terp}Qere

@

Brinkman equation



<5, | POLITECNICO
§.%,7% | DITORINO

Unsaturated cells in ECM

C.ellular Motility
(solid) stress Chemotaxis tensor

r

(0 \vo —K v,

N oL/
pbe } @ =V-T0+p¢lcbc+rﬁc

> ve = K(=VX(o.) + xVC)
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Unsaturated cells in ECM

ve = K(=VX(d.) + xVC)

DO,
ot

+ V- (x0.KVC) =V - (0. KVE.) + T,

Degenerate parabolic equation
Generalized Keller-Segel equation
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Saturated biphasic mixture
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Back to the continuous model

Bovine

fc»
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Motility tensor
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Back to the continuous model

-~ Medium
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A, depends on:

® Pore vs. nucleus size
Aol+ ® Nucleus elasticit
V- T, » Cell adhesion
* Active traction
* Action of MMP
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Back to the continuous model
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One population
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o = 0.25

Growth below a thick region of ECM
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Effect of nucleus deformability

Stiffer nucleus °
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Bulk stiffness

Nuclear membrane stiffness
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Heterogeneus ECM

t=15.387 t=7.023
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Tumour compartimentalization and invasion

Normal Hyperplasia Dysplasia/ Angiogenic Invasive
duct CIS CIS carcinoma

Pancreas

Anpiupenic Semall Tusmur Large Tupser!
Lrvsplasia'U15 Invasive Carcinoma

1) Surface shedding o
Initial distruption of call-csll
and call-matrix contacts

3) Reftraction, sub-mesothelial adhasion o ° ’ .
of call-cell In
mull-callular aggregates 2) Disssemination
ar singla calls or
multi-cellular aggregatas
(spherolds)

4) Mesothellal anchering
migratienfinvasion threugh mesothallal
layer and inte sub-messthelial EC matrix

5) Proliferation
to establish metastatic leslons within
the pelvic/abdominal cavity and ergans
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Membrane problem
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Membrane problem
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Membrane problem
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Membrane problem
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%@ |Membrane problem

= V- [K'¢,VE(¢)] + T
At the interface
Kl(béz’(ﬁ%)(bén -V

K 0% (63)don - Voy

— const

1
- >
—>/ K2¢%a
0

/ Kz— dn = K> [11]

: 4 Dy
4
N 4 n, =
1 Z'12
Defining
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Membrane problem

8t: =V {KZ,(@()@CV@J + Pc o n i
| [Eom - VE(¢)] =0 on X, m
\ R[Hﬂ — chcn ) VZ(@() on E,

where H,(gbc) — gch’(gbc)

if Y(¢.) =®In Cb; e 0 (0p) = O =TI = D¢,

o~

— [Cb(ﬂ = Kn- V@C Kadem-Katchalsky interface condition
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Stationary 1D problem
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Stationary 1D problem
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cell concentration

0.95

0.9

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

i = %\

3.4

x> < x & I

N E :

=

— S

(D]

=

tumour

0 1 2

0.85

0.9

0.85

0.8

0.75

0.7

0.6

0.55

Unsteady 1D problem

membrane



». | POLITECNICO
2 | DI TORINO

/ n(x)

0.6 T

=0.1
€ .

0.5 1 1 I 1 n|

0 2 4 [ g 10

Unsteady 1D problem

membrane |




oz, | POLITECNICO
7% | DI TORINO

Invasion from a duct

—

48

(d) ¢t = 30
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Invasion of ovary cancer cells
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Invasion of ovary cancer cells
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Kinetic Model with Nonlocal Sensing




o275 | POLITEGNICO
“% | DITORINO

K
XX
%%Mrm,ﬁ;
A
XX

ML

%X%
ﬁkzﬁé
*




> | POLITECNICO
2 | DI TORINO

Pipettal ¥
Devreotes,
Janetopoulos

Friedl



file:///C:/Users/Utente/Dropbox%20(ScienzeMatematiche)/Archivio/Articoli/di%20altri/Cell_ECM%20interaction/Wolf_JCB/Video1%20Fig2%2010-s.avi

<2, | POLITEGNICO
§.% 7% | DITORINO
+ % fi] '-fz.% -

Distribution function

p(t,x) = y p(t,x,vy,)dv,
Ut x) = — / (%, v,)
7X — p Y Y

/O(tnX) V, !



Transport equation

P = p(ta X, VP) Vp — (‘/}?U) S Vp — Sd_l X [O?U]
op
E(ta X, Vp) TV vp(ta X, Vp) — j[p]<ta X, Vp)

Jpl(x,vp) = Glpl(x, vp) — LIp|(x, vp)
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Turning operator

T pl(x,vp) = Glpl(x, vp) — L]p|(x, vp)

Turning Turning
rate  frequency

Gpl(x,v,) = /V p(x, v,) T[S, S'|(x, vy vy )p(t, %, v,,) dv,

P Vp

Llpl(x, vp) = /V (%, v,) T[S, 8') (. Vi [vp)plt. X, v,) V]

p
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T’ is a transition probability / T [57 S’ ](X7 v;’ ‘Vp)dvg — 1
V,

p

Llpl(x, vp) = /V (. v,) T[S 8') (3, Vi [vp)plt. X, v,) V]

i

Lp)(x, Vp) — /L(X, Vp)p(ta X, Vp)
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Mass conservation

/ 7 7
T is a transition probability / T{Sa S ] (X7 Vp ‘Vp)dvp =1
V.

p

ﬁ[p](X, Vp) — M(Xa Vp)p(tv X, Vp)

Ensuring mass conservation

Integrate over the velocity space

0
3_2759(?5,)(; vy) + V- Vp(t,x,vp) = Tpl(t,x,vp)
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Turning operator

T is independent from the pre-tumbling velocity

T =T|S,5|(x,vy)

g[p](x,vp):/‘/ /,L(X,VJ’D)T[S,5"](){,Vp|V;)]:)(t,X,V;)alV;9

T pl(x,vp) = /V (%, vy )p(t, X, v,,) dvi, T[S, S')(x, vp) — (X, vi)p(t, X, V)

U 1s independent from the pre-tumbling velocity

TW(tx.v,) = p(x) (p(X)TIS. (%, V) = plt. %, v,))
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