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Abstract. Thecoloursandpatternsof theskin providesa fascinatingsystem
usedfor the studyof patternformationin experimentalandtheoreticalresearch
alike. In this article, a brief review of recentwork on the pigmentationof the
skin is presented.A mathematicalmodel is shown to be able to capturemany
featuresassociatedwith theevolving colourpatternsonjuvenilesbelongingto the
genusof marineangelfish,Pomacanthus. Differentformsof growth leadto very
differentpatterningphenomena.Thedevelopmentof computationaltoolswhich
canaccuratelyreflectthegeometryandgrowth of the realsystemwill allow the
studyingof the relationshipbetweengrowth and patterningin speciessuchas
Pomacanthusor zebrafish.

1. Introduction.
Acrossthe animal kingdom, a large numberof speciesrely on the colours

andmarkingsof their skin for purposessuchasconcealmentandwarning. The
sophisticationandcontrol hasreachedastonishinglevels in someanimals. For
example,speciesof bottomdwelling flatfishhave beenshown to adaptrapidly to
backgroundshades[53] andcanassumeacheckerboardtypepatternwhenplaced
on theappropriatesurface[45].

Theability to changeskin colourandpatternis essentialfor survival in many
species.In speciessuchastheflatfishor thechameleon,thechangeoccursrapidly
(on theorderof seconds):suchchangesaretermedphysiological colourchanges
and are controlled by hormonalor nerve signals. The more slowly evolving
changesaretermedmorphological colour changes,andtheseoccur in response
to continuousexposureto stimuli, ascanbeseenby prolongedexposureof skin
to sunlight.A particularlystriking exampleoccursin membersof themarinean-
gelfishgenusPomacanthus[14, 15]. Several speciesof Pomacanthusdisplaya
similar juvenilepatternconsistingof severalcurvedverticalwhite barson a dark
bluebackground.As thefishgrowsin size,new whitebarsareaddedbetweenthe
olderstripes,first emerging faintandnarrow but wideningasthefishcontinuesto
grow. This processrepeatsonceor twice beforethepatternevolvesto the adult
form, which canvary drasticallybetweenspecies.The aggressive adultsattack
fishwith similarcolorpatterns,andthereforejuvenilesadoptadistinctlydifferent
patternto allow themto safelyswim in anadultsterritory, [16].

The relationshipsbetweenage,growth andpatterninghave attractedinterest
from experimentalistsandtheoreticiansalike. A simpleone-dimensionalmodel
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basedon a Turing mechanism[61] wasproposedto accountfor basicaspectsof
patternevolution in the above angelfish[29], and further extensionshave been
incorporatedto accountfor patterningdetails[62, 50]. An experimentalstudy
of a link betweengrowth andpatterningin membersof thegenusDanio (which
includesthemuchstudiedzebrafish)hasalsobeenundertaken[35].

Pigmentcells containnaturalcell markers, namely, the pigmentitself, and
thusstudiesof pigmentationhave providedexperimentalistswith a valuablesys-
tem for understandingpatternformationin the developingembryo. In addition,
studyingthesemechanismsmayhaveimportantconsequencesfor theclinical sci-
ences.A numberof diseasesareattributedto defective pigmentation,including
the condition vitiligo which affects approximately1% of the population. This
diseaseis aresultof destructionof melanocytesandcausespatchesof whiteskin.
Understandingthemechanismsby whichpigmentcellsmigrateandproliferateto
patterntheskinmayleadto amoresuccessfulcourseof treatment.

In this paperwe presenta brief review of the recentexperimentalandmod-
elling researchonthedevelopmentof patternsandcolours.Weproceedto present
anumberof mathematicalmodelsfor pigmentationin speciesof fish.

2. Formation of pigment patterns.
A greatbody of researchexists on the physiology of pigmentcells and the

formationof patternswithin theskin. Wereferto thefollowing for greaterdetail:
[10, 55,12,18, 17].

2.1. Pigments and chromatophores.
Colourandpatternis theresultof pigmentcells(alsocalledchromatophores)

in the dermaland epidermalskin layers. Thesecells are large, branchedand
highly motile andcontainmembraneorganellescalledchromosomesholdingthe
pigmentgranules.Theorganellesarerapidlyaggregatedor dispersedin response
to nerve or hormonalsignals. A numberof chromatophoretypesexist, corre-
spondingto thedifferentpigmentsandcolour. Theseinclude,� Melanophoresareacommonchromatophoretyperesidingin dermaland

epidermalskin layers. In mammalsandbirds,they residein thedermis
wherethey areresponsiblefor orangesandblacksby thetransferof pig-
mentfrom melanophoredendritesinto hairs,feathersandepithelialcells.
In fish, melanophoresgive rise to blackpigmentation,andarefound in
thedermallayerswherethey canrespondtonervalandhormonalsignals.� Iridophoresaresmaller, roundcells found in the dermallayersof fish.
Thesecellscontainplateletswhich reflectlight resultingin a white/ sil-
verycolour.� Xanthophores and erythophores result in bright yellows, orangesand
reds.
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2.2. Origin of pigment cells and migration to the skin.
Theidentificationof theneuralcrest,atransitorysubpopulationof cellswhich

developsabove theneuraltubein vertebrates,asthesolesourceof pigmentcells
wasfirst establishedin amphibians[56] andthenin otherspecies.In fish,it is less
clearasmany speciesdonotdevelopadistinctneuralcrest.It has,however, been
clearlydemonstratedin speciessuchasthelamprey [46].

Pigmentcell precursorsmigratefrom theneuralcrestin a wave-like manner
to uniformly seedthe skin. It is thoughtthat the variouschromatophoretypes
originatefrom acommonneuralcrestprecursor[3] andcommitmentto aspecific
typeis not establisheduntil localizationin theskin. Themechanismscontrolling
timing andmigrationof pigmentcellsfrom theneuralcrestarelargely unknown.
Cellsdo not acquiretheir characteristicpigmentuntil aftermigrationhasended,
yet a numberof markershave beendevelopedwhich allow identificationprior to
pigmentaccumulation.A numberof candidateshave beenproposedto control
timing andmigrationof pigmentcell precursors,including(i) achangein compo-
sitionof theextracellularmatrix,(ii) theappearanceof chemoattractant/repellent
molecules,(iii) achangeof cell adhesionproperties.It is alsopossiblethatneural
crestcell precursorsmaybeforcedontoaspecificpathwaydueto theunattractive
natureof otherregions.

Studiesof mousemutationsaffectingcoatpigmentationhaveprovidedanim-
portanttool for understandingfactorsinvolvedin melanocyte development.Two
essentialreceptor-ligand interactionshave beenrevealed: the receptortyrosine
kinase,c-kit, with its ligandSteelfactor(SLF, alsocalledstemcell factor),e.g.
[21, 64] andthe endothelinreceptorB togetherwith endothelin3 [5]. Soluble
steelfactorappearsto have a role in regulatingmelanocyte precursordispersal
from theneuralcrest,whereasmembrane-boundSteelfactoris requiredfor sur-
vival of theprecursorswithin thedermis[63]. In additionto theseobservations,
exogeneousSLF hasbeenshown to be importantfor proliferationanddifferen-
tiation of themelanocytes[31]. Intriguingly, SLF mayhave a role in promoting
chemotacticactivity in melanocytes,[20, 63, 31]. Cellsexpressingfunctionalc-
kit receptorsmaybeselectively attractedontothelateralpathway by SLF, which
diffusesfrom its siteof productionin thedermatomalepithelium.

In addition to SLF, a numberof melanocyte mitogens(chemicalsinducing
cell division)havebeenidentified,includingleukotrines,endothelin-1andcertain
fibroblastgrowth factors[39, 54,23,65]. Severalof thesehaveadditionallybeen
shown to inducemelanocytechemotaxisandchemokineticmovement[24].

2.3. Formation of colours, patterns and colour change.
Whenoneareaof the skin is dominatedby a specificcolour, this canbe at-

tributed to an accumulationof pigmentcells of the type producingthat colour.
White stripes(suchasthoseon growing Pomacanthus) areoftendueto anabun-
danceof iridophores,the redspotsof certaincarparelocal aggregationsof ery-
thophorecellsandblackstripesin theangelfisharedueto melanphores.

Despitefew available pigments,a brief glancethroughan encyclopediaof
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fishes[9] revealsa staggeringnumberof differentcolours.Themacroscopically
perceived colour can be attributed to the microscopicorganizationof pigment
cells in theskin. In amphibiansandreptiles,chromatophoresarearrangedin or-
deredlayersin the dermisto form the dermalchromatophore unit, [2]. These
structurescan createcolours like greenwhich cannotbe formed by the avail-
ablepigmentsalone. Similar arrangementsexist in fishes. For example,blues
of the damselfishare derived by a layer of iridophoresbacked by a layer of
melanophores,[26, 19].

Increasesand decreasesin the numberof dermalchromatophoresleadsto
morphologicalcolour changes.The changesresult from proliferation of chro-
matophoresand/orthedegradationof terminallydifferentiatedpigmentcells[53].
By countingthe numberof chromatophoresover a long periodof adaptationto
light or dark backgroundsin Oryzias, it hasbeenshown that dark adaptation
occursvia increasednumbersof melanophoresand decreasednumbersof leu-
cophores,andviceversafor thereverseprocess[58].

Theinteractionsandmechanismswhich leadto patternformationremainlar-
gely unknown, however establishmentof patternsin larval salamandershasre-
ceived attention. In the larval salamanderAmbyostomatigrinum tigrinum, mel-
anophoresscatteruniformly over the flank of the embryo,while xanthophores
remainin aggregatesin premigratorypositions.As thexanthophoresmigrate,the
melanophoresrecedeshort distancesto form alternatingbars[11, 47, 51]. At
this time, a horizontalstripeover the lateralsurfaceof the myotomesdevelops
which is free of the otherwiseabundantmelanophores.A seriesof experiments
[52] suggestthat several factorsare involved in developmentof this stripe, in-
cluding interactionsbetweenxanthophoresandmelanophoresandextracellular
factors.Themelanophorefreeregionappearsto developthroughactive retreatof
melanophoresfrom theforming lateralline. Thehorizontalstripesin othersala-
mandersarethoughtto developby responseof pigmentcellsto cuesin theECM,
[60, 11].

2.4. Reaction-diffusion models in pigmentation.
Turing[61] demonstratedthatasimplesystemcomprisingof two reactingand

diffusingchemicalscan,underappropriateconditions,leadto stationarynonho-
mogeneouspatterns.This wasproposedby Turing asa mechanismfor morpho-
genesis.Theapplicationof Turingpatternsto pigmentationwasmadeby Murray
[40,41,42, 43]. In essence,Murrayproposedthatareaction-diffusionmechanism
providesamorphogenprepatternwhichdictatescell differentiation.An attractive
partof this theoryis thatthemajorityof mammalianpatternscanbegeneratedby
sucha mechanism.Similar modelshave beenproposedby Bard [4] andYoung
[66].

Thefirstmodellingattemptto fishpigmentationpatternsvia reaction-diffusion
theorywasproposedby KondoandAsai [29]. After observingthe relationship
betweenfishsizeandthenumberof stripesin themarineangelfish,Pomacanthus
semicirculatus, a Turing modelwasproposedwhich predictsthedoublingof the
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numberof peaksof chemicalconcentrationasthedomainlengthdoubles.A com-
parisonof striperearrangementin adultP. imperator andnumericalsimulations
of themodelshowedcloseagreement.Attemptsto addressadditionalaspectsof
pigmentationin Pomacanthushave sincebeenproposed.Vareaet al. [62] con-
sidereddomainswherebyonesideis shapedto reflectthecurvedgeometryof the
fish skin. Throughconsidering“enhanced”boundaryconditionssuchthatmodel
parametersareelevatedalong certainboundaries,they have demonstratedsev-
eral additionalaspectsof Pomacanthuspatterning,suchasthe complicatedpat-
ternsseenalongboundaryedgesin Pomacanthusimperator andthe orientation
of stripeswith respectto theboundary. Painteret al. (1999)have augmentedthe
modelto includecell movement.Thismodelis ableto replicatetheslow insertion
of new stripesbetweenolderstripes.Additionally, featuressuchasthecurvature
of juvenile stripesand the transitionfrom stripesto spotsas P. semicirculatus
maturesto adulthavebeenshown in this model.

An activatorinhibitor modelhasalsobeenappliedto theshellpatternsof mol-
lusks.Thebookby Meinhardt[38] demonstrateshow many of theshellpatterns
seenin naturecanby replicatedin a reaction-diffusionmodel.

3. The cell movement model.
In this sectionwe considera mathematicalmodel for pigmentpatternfor-

mationin the skin of fishes. In this model,the following aspectsaretaken into
account:� Whena specificareaof theskin is dominatedby onecolour, it is dueto

anaggregationof chromatophoresof thetypeproducingthatcolour.� Morphologicalcolourchangesof theskin aredueto anincreasedpopu-
lationof chromatophores.Weshouldmention,however, thatsuchcolour
changescanalsobebroughtaboutby increaseddepositionof pigmentin
epithelialcells.� Patterningin theskin is controlledby distributionof oneor morechemi-
cal factors.A numberof candidateshavebeendiscovered,yetnodefini-
tive identity existsfor a so-calledmorphogen.Kirschbaum[28] demon-
stratedvia transplantationexperimentsthat differentiationof melano-
phoresin the zebrafishoccurredthroughresponseto local cuesin the
dermis.� Increasesin the total numberof pigmentcellsarevia a combinationof
proliferationfrom chromatophoresor from undifferentiatedstemcells.
Thestemcellsareundifferentiatedpigmentcell precursors.Furtherdif-
ferentiationof stemcells into a specificpigmentcell type is likely to
resultfrom extracellularfactorsin thedermis/extracellularmatrix.� Initial pigmentcell distributionvariesfrom speciesto species.In theze-
brafish,thelarvalpigmentpatternconsistsof four laterallinesof melano-
phores:dorsal,septal,abdominalandventral.Pigmentcellsin larval Po-
macanthusarcuatusinitially form auniformgraypigmentationwhenthe
fish is between5 and7 mmin length.Thejuvenilepigmentpatterncon-
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sistingof fiveverticalwhitebarsdevelopsfrom thisuniformdistribution
[27].� Several lines of evidencepoint to chemotacticguidanceof migrating
melanocyte precursorsfrom the neuralcrestto the dermis[10, 6, 59,
20]. Potentialchemoattractantsincludesteelfactor[31] andendothelin-
1 amongstothers,[24]. In reality, cell movementmay be inducedby
many mechanisms,includingrandommotility, haptotaxisandcell adhe-
sion.

Very little is currentlyknown concerningthevariousinteractionsbetweenthe
cell types,betweenthecellsandthechemicals,andbetweenthechemicalswith
eachother, andit is not feasibleatthismomentto developahighly detailedmodel
for pigmentationpatterning.We shall restrictattentionto simplemodelsof pat-
terningwhich replicatethebiologicaldata.

In this sectionwe considera mechanismfor generatingthe stripedpatterns
in Pomacanthusbasedon a model for cell movementin responseto gradients
of chemicalprepatternsderived from the reaction-diffusion system. The domi-
nantchromatophoretypesinvolved in juvenile stripedevelopmentare likely to
bemelanophores,whichwedenote

�������	��

, andiridophores,� ���
����


. During the
transitionto adult stages,it is probablethat otherchromatophoretypesbecome
important,andtheeffectsof thesemaybeafactorin theobservedtransformation.
For example,yellow horizontalstripesof P. imperator are likely to be derived
from xanthophores.In this model,we make the simplificationof assumingthat
just onecell type is chemotactic,andthat it is chemotacticto a singlechemical
species.Here we assumeit is the iridophorecells, althoughwe could equally
postulatethat it is themelanophoreswithout qualitative differencesin modelbe-
haviour. Onafixeddomain,� , theequationsaregivenby� �� ������������������� � �!�	"#��$%
&�

(3.1)� �� �'����������()�*��( � � ��"#��$%
&�� "� � �,+.-��0/ " �*� ��1���"#�	$�
&�� $� � �,+.23� / $ �54 ��1��	"#��$%
&6
��� and ��( areflux termsfor themelanophoresandiridophores,respectively, and
this containscontributions from randomcell movementfrom chemotaxis. We
simplify themodelby assumingthatonly thetwo cell typesresidein thedermis,
andthat the total cell densityremainsconstant.Therefore,on a constantsized
domain,we cantake ���7�8��(9�;: (proliferationanddegradationof pigment
cells balance)and �<� � �%���!��( 
 �=: . Thus,melanophoresthemselvesdo not
respondto the chemicalgradients,however they experiencea chemotacticflux
typecomponentthroughdisplacementby themoving iridophorecells. Zeroflux
is assumedat theboundary.
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3.1. Patterning for different growth types.
During embryonicand juvenile stages,animalsundergo considerabletissue

growth anddeformation.Theeffectsof suchgrowth on patterningis beautifully
illustratedby theevolving pigmentationpatternsseenonspeciesof amphibia,rep-
tiles andfish and,clearly, modelsproposedto explain featuresof embryonicde-
velopmentmustconsiderthepotentialeffect of domaingrowth on thepatterning
process.For example,by consideringthegrowth of thedevelopingalligator jaw,
it hasbeendemonstratedthatasimplereaction-diffusiontypemechanismmayac-
countfor thesequenceof toothprimordia,[30]. Theneedto considertheeffects
of growth onpatterninghasbeenillustratedfor thereaction-diffusionmechanism
ononeandtwo-dimensionaldomains,[50,49]. In onedimension,patterningsuch
thatthenumberof concentrationpeaksdevelopingthroughthereaction-diffusion
mechanismevolves throughthe modedoublingsequence>?�,@0�BAC�,D0� 6E6E6
only occursfor certainparameters.In two dimensions,fasterratesof growth can
leadto highly convolutedstripesor no spatialpatternat all, ratherthana regular
patternof stripes.

In the modelsconsideredto datedomaingrowth hasbeenincorporatedin a
simple manner, anda rigorousincorporationof tissuegrowth anddeformation
hasyet to beundertaken. Evenundera simpletreatmentit is possibleto demon-
stratethatdifferenttypesof domaingrowth mayleadto verydifferentpatterning.
This is demonstratedin the following examplefor a reaction-diffusionequation.
Supposeevolution of a chemical,denotedby F �����	��


, evolveson theconstantdo-
mainaccordingto � F� � �,+G� / FH�*� � F 
&6
If we assumethat � changesasa function of time, thenit is straightforward to
show throughapplicationof ReynoldsTransportequation[?, 8]� F� �I�J����KLFM�,+G� / F
��� � F 
&� (3.2)

whereu � � �LN � �
definesthefluid flow. Weconsidertwo simpletypesof growth

for agrowing one-dimensionaldomain, O : �	P�����
RQ
.

3.1.1. Uniform growth.
For uniform growth, we assumefor SUT � : 
WVX� : �&PY


, SUT ����
 �ZSUT � : 
[P�����
�N�P�� : 

.

Clearly, we have
" ��S P
\�N�P

, (where
PH\

is thederivative with respectto
�
), and

Equation(3.2) is givenby,� F� �I� F PH\P]� S PH\P � F� S �,+ � / F� S / ��� � F 
&6
We canconvert theaboveequationon a one-dimensionalgrowing domainontoa
domainof constantsizeby thetransformation,

� S ����
M^_��`U��ab
 � � S N�P�����
&����

. It

is easyto demonstratethatthis transformationleadsto� F� �.� +P / � / F� ` / ��� � F 
 � PH\P5F 6



66 From: MathematicalModelsfor Biological PatternFormation

Theuniform domaingrowth modelleadsto anequationfor evolution of pattern
in the reaction-diffusion systemwhich can be solved with a simple numerical
scheme.Thismayrepresentagoodapproximationfor growth of theskin,werewe
to assumethatnutrientsrequiredfor cell proliferationweresupplieduniformly to
theskin from beneath.It is, however, a simplificationof domaingrowth in living
systems.Experimentaldatacollectedon growth of zebrafishandrelatedspecies
throughlarval andjuvenilestagesto adult [35] indicatethatdifferentregionsof
thebodyaregrowing atdifferentrates.

3.1.2. Boundary growth.
Underboundarygrowth, we assumethat for SUT � : 
cVd� : �	PY


, SUT ����
 �=SUT � : 

.

This representsgrowth at theboundaryandwe have
" �!: . We follow theabove

procedureandusethesametransformationontoa domainof constantsize. This
givesthefollowing equationdefiningpatternevolution,� F� �.� +P / � / F� ` / � `ePH\P � F� `f�*� � F 

Boundarygrowth occursduringextensionof thedevelopingaxonsin thenervous
system.Thedevelopingneuronconsistsof anervecell body(or soma),alongthin
axonand,at theaxontip, thegrowth conefrom which filopodiaextendto sense
theenvironmentfor guidancesignals.Growth of theaxonoccursat the level of
the growth cone,[22]. Boundarygrowth may alsobe importantwith respectto
skingrowth if thenutrientsweresuppliedfrom specificbodyregions.

3.1.3. Simulations under uniform and boundary growth.
We comparethe different typesof growth above by numericalsimulation.

Kineticsfor thereaction-diffusionsystemarebasedona two-speciessystempro-
posedby LengyelandEpstein[32] to accountfor spatialpatternsgeneratedin the
CIMA chemicalreaction,[7, 48]. Themodelis,� "� � �Z+g- � / "� S / �*h�ij� " � A "U$>)� " / (3.3)� $� �G�khmln+g2 � / $� S / ��h / hml o " � "U$>)� " /qp
where +g- � +g2 � h�i � h / � h3l areall positive constants.It is straightforwardto deter-
minetheparameterspacefor Turingpatterning.
In Figure1 we compareresultsof numericalsimulationsfor the following four
cases:� Exponentialuniformandboundarygrowth

P�����
 � PHrtsEuwvx��y���

, Figure1

(a)and(b).� Linear uniform andboundarygrowth
Pz����
 � Pjr{� >z� y���


, Figure1 (c)
and(d).

Under uniform exponentialdomaingrowth, Figure 1 (a), we seethe mode
doublingsequenceof patterningwhichhasbeendescribedpreviously, [1, 29,50],
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FIG. 1. Chemical(
"
) concentrationson a domaingrowing in time, (hori-

zontalaxesrepresentstime, vertical axesrepresentspace),for the four casesin
the text. (a) Exponentialuniform growth, (b) Exponentialboundarygrowth, (c)
Linear uniform growth, (d) Linear boundarygrowth. Parameters hei|�~}3: 6 : ,h / ��@ 6 > , h3l���D 6 : , +g-|��> 6 : ,

y ��: 6 :m:%> , PHr ��@3: 6 : . Each time unit in the
figure represents5 units of simulationtime. Numericalsimulationsare solved
with an adaptedEuler method,with zero flux boundaryconditionsand random
perturbationsaboutthehomogeneoussteadystatefor initial conditions.

andproposedto provide a mechanisticbasisfor the doublingof the numberof
stripesasjuvenilePomacanthusdoublesin length.With exactly thesameparam-
etersandconditions,yet usingtheboundarygrowth model,theregularsequence
observed for uniform growth is lost. Initially new peaks/troughsdevelop near
thegrowing boundary, however asthedomaingetslargertheseareinsertedin an
irregularmanner, Figure1 (b).

Wehaveusedexponentialboundarygrowth to makeadirectcomparisonwith
the resultsof simulationsunder exponentialuniform growth. However, such
growth is biological unrealistic,as it implies that the rate at which new tissue
is addedat the boundaryoccursat a fasterrateastime increases.A moreplau-
sible boundarygrowth would be linear, representinga constantrateof increase
at theboundary. In Figure1, (c) and(d), we comparetheuniform andboundary
growth respectively for a linear function

P�����

. With uniform linear growth, the

regularsequenceof modedoublingobservedunderexponentialgrowth is lost. A
regularsequenceof patterning,however, now emergesfor the lineargrowth un-
der boundarygrowth. Peaksplitting alwaysoccursin the peakadjacentto the
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growing boundary, and thosefurther from the growth retain their spatial loca-
tion throughoutgrowth. Thus the patterningof peaksevolves in the sequence}��5A������|���|���|D�� 6E6E6

.

FIG. 2. Order of adult stripe developmentin the zebrafish. Stripes1 and
2 appearalmostsimultaneouslyfrom larval lines (dashed).Subsequentstripes
appearin theorder indicated.

This latter behaviour is reminiscentof the mechanismby which new stripes
emerge alongthe body of the adult zebrafish,Figure2. Stripes1 and2 appear
simultaneouslyfrom thelarval pattern.Additional stripesappearin a specificse-
quence:3 appearsventrallyof 1, 4 appearsdorsallyof 1, 5 appearsventrallyof 3,
and6 appearsdorsallyof 4. Stripescontinueto beadded,retainingthissequence,
asspacedictates. This sequencemay suggestthat growth in the zebrafishmay
be morecloselyapproximatedby boundarygrowth alongthe dorsalandventral
edges.

In summary, via the two typesof growth we can force the patterninginto
different typesof sequence.In boundarygrowth, the numberof peaksof the
reaction-diffusionsequenceprogressthroughtheorder >x��@H�'}j�CAY�'�j�'�H� 6�6�6

,
whereasexponentialuniformgrowth givesapeakdoublingsequence>
��@W��A��D���>n��� 6E6n6

.

3.2. Chemotactic-cell model under uniform growth.
We considernumericalsimulationof the full chemotactic-cellmodelwith a

uniformly growing domainincorporated.A detailedinvestigationinto thevarious
behaviours this model can show hasbeenpresentedelsewhere,[50]: Here we
briefly explain how this model replicatesthe patterningphenomenaof juvenile
Pomacanthusdevelopment.Thegrowth hereis classifiedas logistic, stipulating
that initially the fish grows in a mannerapproximatingexponentialgrowth, but
eventuallythegrowth rateslowsandthefish approachesa maximumsize.

This sectionconsiderstwo model formulations: (i) The zero cell feedback
model,and(ii) thecell feedbackmodel. In the formerwe have no effect on the
chemicalsby thecells:Chemicalconcentrationpatternsevolveindependentlyand
cellsmove in responseto thegradients.In thesecondmodelwe considera form
of chemicalregulationby the cells by control of the rateof chemicalsynthesis.
For the two-dimensionalgrowing domain, O : �	P i ����
RQj� O : �	P / ����
RQ , scaledonto a
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domainof constantsize,wehave� �� �'� >P / i �� S o +0( � �� S � � r��� � "�
 / � � "� S p � >P //
�� ` o +0( � �� `�� � r��� � "�
 / � � "� ` p� "� � �,+.- o >P / i � / "� S / � >P //

� / "� ` /�p � �J� � 
 � " � A "U$>)� " / � ��y iL� y / 
�"#�� $� � �!hmln+g2 o >P / i � / $� S / � >P //
� / $� ` /qp �*h / hml o " � "U$>)� " /%p � ��y i�� y / 
�$q�

(3.4)

where
P i ����
 � P / ����
 � Pjrts�uevx��y���
�N���� � s�uevx��y���
�


. See[50] for a derivationof
theseequations.Weconsiderzeroflux boundaryconditions,andinitial conditions
weightedsuchthatastripepatternwill initially form.

3.2.1. Case 1: No cell feedback, �=���x�?���m�%�M e¡E¢b�)¡g�¤£#¥ .
Simulationsin this casehave beendescribedpreviously, [50], anda succes-

sionof framesatdifferenttimesareplottedin Figure3 for thechemoattractant,
"
,

(a) – (e),andthecell density, (f) – (j). Chemicalconcentrationsevolve througha
stripedoublingsequenceand,with nofeedbackfrom cellsto chemicals,cellswill
simplymovein responseto themorphogengradients.Thiscreatesstripesappear-
ing faint andnarrow at first, but growing with time. As the domainapproaches
themaximumsize,theregularsequenceof stripesbreaksinto a patternof spots.
Domaingrowth appearsto hold thestripepatternduringinitial stages,but asthe
thedomainapproachesits maximumsize,thepatternrelaxesto its favoredTuring
wavelength.This hasbeencomparedto thesequenceof stripesforming in juve-
nile Pomacanthussemicirculatusandthesubsequenttransitionto thespottedadult
pattern.During thetransitionfrom juvenileto adultpattern,a “mixedpattern”is
observed wherebythe iridophoresarereorganizinginto spots,yet the stripesof
thejuvenilecanstill beseen.Such“transitionpatterns”arealsoobservedduring
the transitionfrom juvenile to adult patternin semicirculatus. Thesetransition
stagesarecomparedin Figure4.

To understandtheeffectsof differing chemotacticstrengths,we vary thepa-
rameter � r

and examine the resultingcell densitypatterns. One dimensional
resultsfor threeseparatesimulationsareshown in Figure5. For the “normal”
chemotacticsensitivities,weobserve theslow insertionof new stripes,consistent
with thepatterningon Pomacanthus. Similar patterningis observedwhenvary-
ing � r

by plusor minusanorderof magnitude.Increasesof � r
by plusor minus

two ordersof magnitude,however, result in very differentpatterning.In Figure
5 (b), � r

hasbeenincreasedby two ordersin magnitude.Althoughinitial peaks
developaspreviously, no new stripesform. Dueto thestrongchemotacticeffect,
all available iridophoresarepulled into the initial stripes,leaving few to create
secondarystripes.A decreaseby two ordersof magnitude,(c), resultsin thedis-
appearanceof pattern.Whenthechemotacticeffect is very weak,emerging cell
aggregateshave smallamplitudes,suchthat they arelikely to beindiscernibleat
themacroscopiclevel.
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FIG. 3. Numericalsimulationsfor the cell movementmodelon a growing
two-dimensionaldomain.For convenienceof representation,thegrowingdomain
has beenscaledonto one of constantsize. (a) – (j) The zero feedback model
shownfor chemical

"
, (a) – (e), and cell density, (f) – (j), at

� ��@3:3: , (a) and
(f),

� �¦>n�3:m: , (b) and (g),
� �8}m�3:m: , (c) and (h),

� �;Aw@�:m: , (d) and (i), and� ���m@3:m: , (e) and (j). Correspondingplots for the feedback modelare shown
in (k) – (t). We use h�i§�8>E: 6 : , h / �¨@ 6 @ , hml��¨D 6 : , +g-X�©: 6 :%> , +.29�©: 6 @m� ,+0(0� � r �<� 6 : � >n:�ªb« . y �<: 6 :m:%> , � �<� 6 : ,

PHr ��> 6 � ,
� ��> 6 : . Numerical

simulationsusean ADI methodwhich hasbeenadaptedto includechemotactic
cell movement.

3.2.2. Case 2: Cell feedback, �=���L�'�¬£U­m�x®x�n¯b°²±'³��L� . We con-
sidertheeffect of a cell feedbackwhich takestheform of regulationof chemical
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a b

FIG. 4. (a) Framefromthenumericalsimulationof Figure3, (f) – (j), show-
ing thetransitionof cell densityduring thechange froma stripedto spottedpat-
tern. Theslow movementof cells resultsin intermediatepatternsconsistingof
both stripesand spots. Such patternsare observedbetweenframes(i) and (j)
of Figure 3. (b) Pomacanthussemicirculatusalsoshowssuch transitionpatterns
during theestablishmentof theadult coloring. Otherdetailsasfor Figure3.

FIG. 5. One dimensionalspace(vertical) - time (horizontal) plots for the
cell densityundervaryingchemotaxisstrengths.In (a) weshowthe“standard”
patternswith � r

set to 0.005 and other parameters as below. In (b), we use� r �<: 6 � . Here, thechemotaxisis strongandall availablecellsare pulled into
the initial stripes. In (c), � r �8: 6 :m:3:m:{� . Here, chemotaxisis weaksuch that
theiridophorecell aggregationsare indiscernible. Morphogenkineticsasusedin
Figure 3, hei��´>n: 6 : , h / �d� 6 : , h3lI��> 6 � , +g-G�k: 6 :�> , h3ln+.2g�´> 6 : , +.µ'�k: 6 :3:%>
and

� ��>E: 6 : . We usean exponentiallygrowingdomain,with growthrate
y �: 6 :%> and an initial domainsizeof 1.6. White= cell density ¶ 1.1, black = cell

density· 1.0.

synthesis.Simulationsareplottedin Figure3, (k) – (o), for thechemicalconcen-
trationsandin (p) – (t) for thecell density. Theparameters,growth ratesandthe
timeatwhich thepanelsareplottedarethesameasthosein (a)– (j). Hereweseth3¸��d@mh�i , which reflectsthesamerateof chemicalproductionat thecell density
homogeneoussteadystate.
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The additionof feedbackresultsin notabledifferencesto the zerofeedback
case.First, we observe increasedstability of thestripedpattern.With feedback,
no breakdown of stripesinto spotsresultsas the domainapproachesmaximum
size:Thestripesremainin an8 stripepattern,seenin thezerofeedbackcaseprior
tobreak-up.Intuitively, thismaybeexplainedsincethecellsprovideanadditional
reinforcementof thestripes:to rearrangethepatterninto oneof spotsmeansalso
moving the cells. The questionof whetherstripedor spottedpatternsarisein
reaction-diffusionsystemshasbeenexploredby severalauthors,[13, 33,34, 44,
36], howeveratpresentit is notcompletelyclearwhichpatternwill developfor a
generalreaction-diffusionmodel.

A seconddifferencebetweenthe two caseslies in the form of chemicalpat-
terns.With no feedback,thechemicalsevolve asof a standardreaction-diffusion
system.Consequently, on doublingof the numberof chemicalstripes,the new
stripesthat emerge have the sameamplitudeand width as pre-existing stripes,
Figure 6 (a), seealsoFigure 1 (a). This inability to producepeaksof distinct
“ages” wasoneof the criticismsof the modelproposedby KondoandAsai for
angelfishstripes,[37, 50]. With chemicalsynthesisby cells,theunderlyingcon-
centrationpeakshaveclearlydistinctamplitudesandwidths,Figure6 (b).
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FIG. 6. Comparisonof thechemicalconcentration profilesat
� �´A{:m:3: for

thezero feedback model(a) andthefeedback model(b), takenfromthenumerical
simulationsof Figure 3. Thedomainhasgrownfrominitial dimensionsof 1.6

�
1.6to 10.0

�
10.0.Seetext for details.

3.3. Geometry of the domain.
To date,numericalsimulationshavebeenconsideredoneitherone-dimension-

al or two-dimensionaldomainsof simple geometry(rectangular). As this is
clearly a simplificationof a real fish, we aim to understandthe effectsof real-
istic geometryon thepatterningthatdevelops.

3.3.1. Domain shape.
We exploretheeffectsof domainshapeon patterning.Thetail fin patternsof

Pomacanthusprovide a relatively simplegeometrywhich canbe solved numer-
ically. In Figure7, (a) and(c), the resultsof two simulationsundertwo setsof
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initial conditionsareconsidered.Thosefor (a)createhighly curvedstripeswhich
resultsin complexity of patternat theedgesof thetail fin. This is comparedwith
the patterningon the tail fin of P. imperator, (b). The initial conditionsin (c)
giveriseto “gently” curvedstripes,resultingin asimplepatternof curvedstripes,
asseenon the tail fins of juvenile P. semicirculatus, (d). For both simulations,
thegeometryof thedomainaffectsthepatternthatdevelopsby arrangingstripes
perpendicularto theboundaries.This forcesthestripesinto maintainingcurved
patterns.

FIG. 7. Comparisonsof patternsof the reaction-diffusionmodelwith Po-
macanthustail fins on a domaingeometryreflectingthe actual fin. Simulation,
(a), and P. imperatortail fin, (b). Simulation,(c), and P. semicirculatustail fin
(d). Thesimulationsin (a) and(c) havebeenobtainedusingslightlydifferentsets
of initial conditions,with thesamereaction-diffusionmodelasconsideredbefore.
Initial conditionsin (a) give rise to more highly curvedstripes. See(Painter et
al., 1999)for details. Parameters: h�i���}3: 6 : , h / ��> 6º¹ � , hml.��D 6 : , +g-f��> 6 : ,+g2��»> 6 � .

Themethodof incorporatingboundaryshapehasinvolvedmeasuringdimen-
sionsof the fin from photographicimages,calculatingsuitablefunctionsto ap-
proximatethe shape,andprogrammingboundaryconditionsaccordingly. This,
of course,turns out to be a time-consumingand laboriousprocess.A numer-
ical schemehasbeendeveloped(seecontribution by D. Bottino, this volume)
which will solve a systemof reaction-diffusionequationsfor a Voronoi tessella-
tion. In Figure8 (a), theresultof a numericalsimulationis shown, which solves
thereaction-diffusionsystemgivenby Equations(3.3)onanirregulardomainus-
ing thismethod.Theboundaryitself wascreatedby tracinganimageof ajuvenile
P. semicirculatusat 6 monthsold (shown in Figure8 (b)) which is convertedinto
aVoronoigrid by theschemeof Shewchuk,[57].
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FIG. 8. (a) Patterngeneratedbysolvingthereaction-diffusionsystemon the
irr egular domaindeterminedby tracing the boundaryof the real fish shownin
(b). Equationssolvedusing the numericalschemeof Bottino (seethis volume)
on a Voronoi grid. Figure (b) taken from Kondoand Asai (1995). Parameters:h�i��´}3: 6 : , h / �=> 6¼¹ , hmlc�´D 6 : , +g-½�»: 6 :m:{@m� , +g2C��: 6 :%>¾@m� . Initial conditions
considera disturbanceof thehomogeneoussteadystatein theareaof thetail fin.
Thisforcesa patternof curvedstripes.

3.3.2. Three dimensional patterning.
Fishchromatophorecellsresideprimarily in thedermisand,sincebodylength

anddeptharemuchgreaterthanthe thicknessof the skin, (on the orderof 0.1-
1 mm, althoughthereis wide variationbetweenspecies),it is oftenadequateto
modeltwo dimensionsonly. In somespecies,however, patterningoccursonafine
scale:thefirst two stripesappearingin zebrafishareapproximately1 mm apart.
In suchcasesit maybenecessaryto considerthreedimensions.

Numericalsimulationsfor Turingstructuresdevelopingin a two speciesreac-
tion-diffusionmechanismon a three-dimensionaldomainareplottedin Figure9.
Thetwo standardpatternsareshown onthin layers:stripesandspots.Here,depth
is smallandhasnoeffect on thepatterning.

Depth hasnegligible effect on pigmentationwhen the reactionoccursuni-
formly throughout,but mayplay a role whennon-uniformityof reactionis intro-
duced.For example,if reactantscomefrom lower layers,agradientin thesupply
may occur. The potentialeffect canbe understoodby imposinga gradienton a
parameterthroughthe depth. Jensenet al. [25] consideredsucheffects in two
dimensionsfor the kineticsgiven by Equations(3.3) undervariationof the pa-
rameterh / . It wasnotedthat structureof the patternmoved throughregionsof
spatialhomogeneityto spottedpatternsto stripes.Variationof this sameparam-
eter in threedimensionsshows similar transitions,aswe show in variousslices
of the threedimensionalpatternplotted in Figure 10. At lower h / the pattern
consistsof stripes,howeverasthis is increasedweobserve transitionto spotsand
homogeneity.

In summary, whena parametervariesthroughdepthit may disrupt the pat-
terning. This may be significantif the parameterregion for patterningis small,
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FIG. 9. Three-dimensionalpatternsin a Turing system.Top left: On a thin
domain,the patternof stripesis maintainedthroughoutthe thicknessof the do-
main. Bottomleft: A similar effectoccurs whenthepatternis oneof spots.Top
andbottomright: Correspondingpatternsfor thicker layers. Slicesthroughthe
patternshowsa largeamountof structureand,in threedimensions,patternsshow
much lessregularity thanthosein twodimensions.Theregularityof thehexagonal
patternsseenon thetwo dimensionallayer is unlikely to developwhenthickness
becomessignificant.Parameters use h�i���}3: 6 : , h3l?��D 6 : , +g-'��> 6 : , +g20�<> 6 �
and h / ��> 6 A for stripedpatterns,h / �k@ 6 D for spots.Equationssolvedusingan
Eulermethodwith zero flux boundaryconditions.

in which casesmallvariationsin theparametermayshift thereactionoutsidethe
parameterspacefor patterning.
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FIG. 10. Simulationsof threedimensionalTuring patternsunderlinear vari-
ation of a kineticparameter. Slicesshowhowpatternvariesalong thedirection
of thisvariation. Patterningchangesfromstripes(left side)to spots(middle)and
homogeneity(right). Simulationsusethesamekineticsasin previoussimulations
with h�iC�©}3: 6 : , h3l½�¨D 6 : , +g-X��> 6 : , +g29�8> 6 � and h / variesfrom 1.4 (left)
to 5.6 (right). Domaindimensionsare @�: � A{: � @3: . Solutionsshowpatternat� ��>n@m� . Simulationsusean Eulermethodwith zero fluxboundaryconditions.

4. Discussion. In this article, recentexperimentaldataon the develop-
mentof skin pigmentationpatternshasbeenreviewed. Themathematicalmodel
presentedhereandin earlierwork, [50], hasbeenshown to becapableof repli-
catingmany of thefeaturesobservedduringevolution of thepigmentpatternsin
speciessuchasPomacanthussemicirculatus.

Theunderstandingof patternsdevelopingvia a reaction-diffusiontypemech-
anismon anirregulargrid hasreceivedcomparatively little attentionto date.The
developmentof numericalschemesin whichadeformingirregulardomainis con-
sideredwill allow for simple incorporationof existing biological dataon fish
growth into the modeland the understandingof patternformation in suchsys-
tems.

The modelling to datehasconsidereda continuumapproachto understand
macroscopicpatterningfeatures. Experimentaldatain zebrafishand salaman-
derssuggeststhat local interactionsbetweenpigmentcell typesmay contribute
to the patterningprocesses.One future direction is to employ a hybrid dis-
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crete/continuumapproachwherebycellsareconsideredasdiscreteparticles.This
approachwould allow understandingof how differenttypesof microscopicrules
for movementgive riseto differentmacroscopicpatterning.

A numberof areasareopento theoreticaltreatment.As mentionedabove,the
questionof whetherstripesor spotsoccurin a generalreaction-diffusion model
hasyet to beansweredsatisfactorily. Patternshavealsobeenobservedto undergo
breakupfrom regularstripesinto convolutedstripesundervariousformsandrates
of growth, [49, 50]. Whetherthesepatternsrepresentsa form of spatialchaosis
anintriguing question.

Themodelhasbeenshown to reproducemany of thefeaturesassociatedwith
pigmentationin Pomacanthussemicirculatus. A principalpredictionof this and
previous modelsis that the appearancesof the new “interstripes” occurswhen
the fish hasapproximatelydoubledits previous length. Growth of angelfishin
anaquariumenvironmentis limited by thesizeof thetank(e.g. see[9]) andthe
above predictioncould thereforebetestedby limiting thegrowth rateof thefish
in this manner. However, dueto theslow rateof growth (approximatelyoneand
a half yearsto reachadult),largesize(15 inches)andtheterritorial natureof Po-
macanthus, thesefishareunsuitableaslaboratoryanimals.A morewidely studied
speciesis thezebrafish,Daniorerio, whichis small,easyto breedandhasatrans-
parentskinallowing for relatively straightforwardobservationsof cell movement
andpatternformation.We arecurrentlyapplyingthemodelto patternformation
in thezebrafishto developanumberof experimentallytestablepredictions.Exci-
sionandtransplantexperiments,wherebya fragmentof skin tissuefrom a donor
is removed andeither replacedat a new orientationor transplantedonto a host
fish (which hasalsohada fragmentof skin removed), canbe easilyperformed
within themodellingframework. Comparisonof themodelresultswith existing
transplantexperiments(e.g. [28]) in zebrafish,togetherwith thedevelopmentof
new predictionswill beusedto testthesuitability of themodelasa mechanism
for pigmentation.

Themechanismsunderlyingpatternformationin areassuchaspigmentation
arestill poorlyunderstood.For thisreason,modellingthusfarhasconcentratedon
developingsimplemodelswhichcapturebasicfeaturesof thepatterning.As more
sophisticatedtechniquesbecomeavailable,andmany of the currentambiguities
areresolved,themodelwill beadaptedaccordingly.
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