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Abstract. The coloursandpatternsof the skin providesa fascinatingsystem
usedfor the study of patternformationin experimentalandtheoreticalresearch
alike. In this article, a brief review of recentwork on the pigmentationof the
skin is presented.A mathematicamodelis shavn to be ableto capturemary
featuresassociateavith theevolving colourpatternsonjuvenilesbelongingto the
genusof marineangelfish,PomacanthusDifferentforms of growth leadto very
differentpatterningphenomenaThe developmentof computationatools which
canaccuratelyreflectthe geometryandgrowth of the real systemwill allow the
studying of the relationshipbetweengronth and patterningin speciessuchas
Pomacanthusr zebrafish.

1. Introduction.

Acrossthe animal kingdom, a large numberof speciesrely on the colours
and markingsof their skin for purposesuchasconcealmenandwarning. The
sophisticatiorand control hasreachedastonishingevels in someanimals. For
example,specief bottomdwelling flatfish have beenshovn to adaptrapidly to
backgroundhade$53] andcanassume checlerboardype patternrwhenplaced
ontheappropriatesurface[45].

Theability to changeskin colourandpatternis essentiafor survival in mary
speciesln speciesuchastheflatfishor thechameleonthechangeoccursrapidly
(onthe orderof seconds)suchchangesretermedphysiolaical colourchanges
and are controlled by hormonalor nene signals. The more slowly evolving
changesaretermedmorpholaical colour changesandtheseoccurin response
to continuousexposureto stimuli, ascanbe seenby prolongedexposureof skin
to sunlight. A particularlystriking exampleoccursin memberf the marinean-
gelfishgenusPomacanthug14, 15]. Several speciesof Pomacanthuslisplaya
similar juvenile patternconsistingof several curved vertical white barson a dark
bluebackgroundAs thefishgrowsin size,new white barsareaddedbetweerthe
olderstripesfirst emeging faintandnarrov but wideningasthefish continuego
grow. This procesgepeatonceor twice beforethe patternevolvesto the adult
form, which canvary drasticallybetweenspecies.The aggressie adultsattack
fishwith similar color patternsandthereforguvenilesadoptadistinctly different
patternto allow themto safelyswimin anadultsterritory, [16].

Therelationshipdetweenage,growth and patterninghave attractednterest
from experimentalistandtheoreticianslike. A simple one-dimensionainodel

59



60 From: MathematicaModelsfor Biological Pattern Formation

basedon a Turing mechanisnj61] wasproposedo accountfor basicaspectof
patternevolution in the above angelfish[29], and further extensionshave been
incorporatedo accountfor patterningdetails[62, 50]. An experimentalstudy
of alink betweengrowth andpatterningin membersof the genusDanio (which
includesthe muchstudiedzebrafishhasalsobeenundertalken[35].

Pigmentcells containnatural cell markers, namely the pigmentitself, and
thusstudiesof pigmentatiorhave provided experimentalistwith a valuablesys-
temfor understandingpatternformationin the developingembryo. In addition,
studyingthesemechanismsnayhave importantconsequencdsr theclinical sci-
ences.A numberof diseasesre attributedto defectve pigmentationjncluding
the conditionvitiligo which affects approximatelyl% of the population. This
diseasés aresultof destructiorof melanogtesandcausepatchef white skin.
Understandinghe mechanismby which pigmentcellsmigrateandproliferateto
patternthe skin mayleadto a moresuccessfutourseof treatment.

In this paperwe presenta brief review of the recentexperimentaland mod-
elling researclonthe developmenbf patternsandcolours.We proceedo present
anumberof mathematicamodelsfor pigmentatiorin speciesf fish.

2. Formation of pigment patterns.
A greatbody of researchexists on the physiology of pigmentcells andthe
formationof patternswithin the skin. We referto thefollowing for greaterdetail:
[10,55,12,18, 17].

2.1. Pigmentsand chromatophores.

Colourandpatternis theresultof pigmentcells (alsocalledchromatophores)
in the dermaland epidermalskin layers. Thesecells are large, branchedand
highly motile andcontainmembranerganellescalledchromosomegoldingthe
pigmentgranules.Theorganellesarerapidly aggrejatedor dispersedn response
to nene or hormonalsignals. A numberof chromatophoreypesexist, corre-
spondingo thedifferentpigmentsandcolour Theseinclude,

¢ Melanophoesareacommonchromatophorgyperesidingin dermaland
epidermalskin layers. In mammalsandbirds, they residein the dermis
wherethey areresponsibldor orangesandblacksby thetransferof pig-
mentfrom melanophorelendritesnto hairs,featherandepithelialcells.
In fish, melanophoregive rise to black pigmentationandarefoundin
thedermallayerswherethey canrespondo nenal andhormonakignals.

e Iridophoresaresmaller roundcells found in the dermallayersof fish.
Thesecells containplateletswhich reflectlight resultingin a white/ sil-
very colour

e Xanthophoes and erythophoes resultin bright yellows, orangesand
reds.
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2.2. Origin of pigment cells and migration to the skin.

Theidentificationof theneuralcrest,atransitorysubpopulatiorof cellswhich
developsabove the neuraltubein vertebratesasthe solesourceof pigmentcells
wasfirst establishedh amphibiang56] andthenin otherspeciesin fish, it is less
clearasmary speciesio notdevelopadistinctneuralcrest.It has,however, been
clearlydemonstrateth speciesuchasthelamprey [46].

Pigmentcell precursoramigratefrom the neuralcrestin a wave-like manner
to uniformly seedthe skin. It is thoughtthat the variouschromatophorgypes
originatefrom acommonneuralcrestprecursof3] andcommitmento a specific
typeis not establishedintil localizationin the skin. The mechanismsontrolling
timing andmigrationof pigmentcellsfrom the neuralcrestarelargely unknown.
Cellsdo not acquiretheir characteristipigmentuntil after migrationhasended,
yeta numberof markershave beendevelopedwhich allow identificationprior to
pigmentaccumulation.A numberof candidateave beenproposedo control
timing andmigrationof pigmentcell precursorsincluding (i) achangen compo-
sition of theextra cellularmatrix, (i) theappearancef chemoattractant/repellent
molecules(iii) achangeof cell adhesiorpropertieslt is alsopossiblethatneural
crestcell precursorsnaybeforcedontoaspecificpathway dueto theunattractve
natureof otherregions.

Studiesof mousemutationsaffecting coatpigmentatiornave providedanim-
portanttool for understandindgactorsinvolvedin melanogte development.Two
essentiakeceptorligand interactionshave beenrevealed: the receptortyrosine
kinase,c-kit, with its ligand Steelfactor (SLF, alsocalledstemcell factor),e.g.
[21, 64] andthe endothelinreceptorB togetherwith endothelin3 [5]. Soluble
steelfactorappeardo have a role in regulatingmelanogte precursordispersal
from the neuralcrest,whereasmembrane-boun&teelfactoris requiredfor sur
vival of the precursorswithin the dermis[63]. In additionto theseobsenations,
exogeneousSLF hasbeenshown to beimportantfor proliferationanddifferen-
tiation of the melanogtes[31]. Intriguingly, SLF may have arole in promoting
chemotactiactvity in melanogtes,[20, 63, 31]. Cellsexpressingunctionalc-
kit receptorsnaybeselectvely attractedontothe lateralpathway by SLF, which
diffusesfrom its site of productionin thedermatomaépithelium.

In additionto SLF, a numberof melanogte mitogens(chemicalsinducing
cell division) have beenidentified,includingleukotrines,endothelin-landcertain
fibroblastgrowth factors[39, 54, 23, 65]. Several of thesehave additionallybeen
shavn to inducemelanogte chemotaxisasndchemokinetianovement24].

2.3. Formation of colours, patternsand colour change.
Whenoneareaof the skin is dominatedby a specificcolour, this canbe at-
tributed to an accumulationof pigmentcells of the type producingthat colour.
White stripes(suchasthoseon growing Pomacanthupareoftendueto analun-
danceof iridophores the red spotsof certaincarparelocal aggreationsof ery-
thophorecellsandblackstripesin theangelfisharedueto melanphores.
Despitefew available pigments,a brief glancethroughan eng/clopediaof
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fishes[9] revealsa staggeringhumberof differentcolours. The macroscopically
perceved colour can be attributed to the microscopicorganizationof pigment
cellsin the skin. In amphibiansandreptiles,chromatophorearearrangedn or-
deredlayersin the dermisto form the dermal chromatophoe unit, [2]. These
structurescan createcolourslike greenwhich cannotbe formed by the avail-
able pigmentsalone. Similar arrangementsxist in fishes. For example,blues
of the damselfishare derived by a layer of iridophoresbacled by a layer of
melanophoreg26, 19].

Increasesand decreaseén the numberof dermalchromatophoreseadsto
morphologicalcolour changes. The changegesultfrom proliferation of chro-
matophoresind/orthedegradatiorof terminallydifferentiatecoigmentcells[53].
By countingthe numberof chromatophoresver a long period of adaptatiorto
light or dark backgroundsn Oryzias it hasbeenshavn that dark adaptation
occursvia increasechumbersof melanophoresind decreaseshumbersof leu-
cophoresandviceversafor thereverseproces458].

Theinteractionsandmechanismsvhich leadto patternformationremainlar-
gely unknovn, however establishmenbf patternsin larval salamanderbasre-
ceived attention. In the larval salamandeAmbyostomdigrinum tigrinum, mel-
anophoresscatteruniformly over the flank of the embryo, while xanthophores
remainin aggreatesin premigratorypositions.As thexanthophoresnigrate the
melanophoresecedeshort distancedo form alternatingbars[11, 47, 51]. At
this time, a horizontalstripe over the lateral surface of the myotomesdevelops
which is free of the otherwiseabundantmelanophoresA seriesof experiments
[52] suggesthat several factorsare involved in developmentof this stripe, in-
cluding interactionshetweenxanthophoresand melanophoresnd extracellular
factors.Themelanophordreeregion appearso developthroughactie retreatof
melanophorefrom the forming lateralline. The horizontalstripesin othersala-
mandersarethoughtto developby responsef pigmentcellsto cuesin the ECM,
[60, 11].

2.4. Reaction-diffusion modelsin pigmentation.

Turing[61] demonstratethata simplesystemcomprisingof two reactingand
diffusing chemicalscan, underappropriateconditions,leadto stationarynonho-
mogeneoupatterns.This wasproposecby Turing asa mechanisnfor morpho-
genesisTheapplicationof Turing patterngo pigmentatiorwasmadeby Murray
[40,41,42,43]. In essenceyiurray proposedhatareaction-difusionmechanism
providesamorphogerprepatterrwhich dictatescell differentiation.An attractve
partof this theoryis thatthe majority of mammaliarpatternscanbe generatedby
sucha mechanism.Similar modelshave beenproposedoy Bard [4] and Young
[66].

Thefirstmodellingattempto fish pigmentatiorpatternssia reaction-difusion
theorywas proposedoy KondoandAsai [29]. After observingthe relationship
betweerfish sizeandthe numberof stripesin the marineangelfish Pomacanthus
semiciculatus a Turing modelwas proposedvhich predictsthe doublingof the



IMA Volumesin Maths.& Apps,121,59-82.Springerverlag. 63

numberof peaksof chemicalconcentratiorasthedomainlengthdoubles A com-
parisonof striperearrangemerin adultP. imperator andnumericalsimulations
of the modelshaved closeagreementAttemptsto addressadditionalaspectof
pigmentationin Pomacanthusave sincebeenproposed.Vareaet al. [62] con-
sidereddomainswvherebyonesideis shapedo reflectthe curvedgeometryof the
fish skin. Throughconsidering'enhanced’boundaryconditionssuchthatmodel
parametersare elevatedalong certainboundariesthey have demonstrateder-
eral additionalaspectf Pomacanthugatterning,suchasthe complicatedpat-
ternsseenalongboundaryedgesin Pomacanthusmperator andthe orientation
of stripeswith respecto the boundary Painteretal. (1999)have augmentedhe
modelto includecell movement.This modelis ableto replicatethe slow insertion
of new stripeshetweervlder stripes.Additionally, featuressuchasthe curvature
of juvenile stripesand the transitionfrom stripesto spotsas P. semiciculatus
maturego adulthave beenshavn in this model.

An activatorinhibitor modelhasalsobeenappliedto the shellpatternof mol-
lusks. The book by Meinhardt[38] demonstrateow mary of the shellpatterns
seenin naturecanby replicatedn areaction-difusionmodel.

3. Thecell movement model.

In this sectionwe considera mathematicamodelfor pigmentpatternfor-
mationin the skin of fishes. In this model, the following aspectsaretaken into
account:

e Whena specificareaof the skin is dominatedby onecolour, it is dueto
anaggregationof chromatophoresf thetype producingthatcolour.

¢ Morphologicalcolourchange®f the skin aredueto anincreasegopu-
lation of chromatophorediVe shouldmention however, thatsuchcolour
changeganalsobebroughtaboutby increasedlepositiorof pigmentin
epithelialcells.

¢ Patterningin theskinis controlledby distribution of oneor morechemi-
calfactors.A numberof candidatesiave beendiscovered,yetno defini-
tive identity existsfor a so-calledmorphogenKirschbaum[28] demon-
stratedvia transplantatiorexperimentsthat differentiationof melano-
phoresin the zebrafishoccurredthroughresponseo local cuesin the
dermis.

e Increasesn thetotal numberof pigmentcells arevia a combinationof
proliferationfrom chromatophoresr from undifferentiatedstemcells.
The stemcellsareundifferentiatecbigmentcell precursorsFurtherdif-
ferentiationof stemcells into a specificpigmentcell type is likely to
resultfrom extracellularfactorsin the dermis/atracellularmatrix.

¢ Initial pigmentcell distribution variesfrom speciego speciesin theze-
brafish thelarval pigmentpatternconsistof four laterallinesof melano-
phores:dorsal,septalabdominabndventral. Pigmentcellsin larval Po-
macanthusrcuatusnitially form auniformgraypigmentatiorwhenthe
fishis betweerb and7 mmin length. Thejuvenile pigmentpatterncon-
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sistingof five verticalwhite barsdevelopsfrom this uniform distribution
[27].

e Several lines of evidencepoint to chemotacticguidanceof migrating
melanogte precursordrom the neuralcrestto the dermis[10, 6, 59,
20]. Potentialchemoattractantisicludesteelfactor[31] andendothelin-
1 amongstothers,[24]. In reality, cell movementmay be inducedby
mary mechanismdncludingrandommotility, haptotaxisandcell adhe-
sion.

Verylittle is currentlyknown concerninghevariousinteractionsdbetweerthe
cell types,betweerthe cells andthe chemicalsandbetweerthe chemicalswith
eachother andit is notfeasibleatthis momento developahighly detailedmodel
for pigmentationpatterning.We shall restrictattentionto simplemodelsof pat-
terningwhich replicatethe biological data.

In this sectionwe considera mechanisnfor generatinghe stripedpatterns
in Pomacanthusdasedon a modelfor cell movementin responseo gradients
of chemicalprepatternslerived from the reaction-difusion system. The domi-
nantchromatophordypesinvolved in juvenile stripe developmentare likely to
bemelanophoresyhich we denoteM (x, t), andiridophores,I (x, t). During the
transitionto adult stagesijt is probablethat other chromatophorg¢ypesbecome
important,andthe effectsof thesemaybeafactorin theobsenedtransformation.
For example,yellow horizontalstripesof P. impemtor are likely to be derived
from xanthophoresin this model,we make the simplification of assuminghat
just onecell type is chemotacticandthatit is chemotactido a singlechemical
species. Here we assumait is the iridophorecells, althoughwe could equally
postulatethatit is the melanophoresvithout qualitative differencesn modelbe-
haviour. On afixeddomain,2, theequationsaregivenby

oM
S =~V e+ fur (M), Gy
oI

o =~V I+ fi(Lu,v),

ou 2

57 = DuViut f(nu0),

ov

- :D‘U 2 y Yy *

o Vv + g(n, u,v)

Jur andJr areflux termsfor themelanophoreandiridophoresrespectiely, and
this containscontrikutions from randomcell movementfrom chemotaxis. We
simplify the modelby assuminghatonly thetwo cell typesresidein thedermis,
andthat the total cell densityremainsconstant. Therefore,on a constantsized
domain,we cantake fi; = fr = 0 (proliferation and degradationof pigment
cellsbalance)andV - (Jus + Jr) = 0. Thus,melanophorethemselesdo not
respondto the chemicalgradients however they experiencea chemotactidlux
type componenthroughdisplacemenby the moving iridophorecells. Zeroflux
is assumedttheboundary
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3.1. Patterning for different growth types.

During embryonicand juvenile stagesanimalsundego considerabldissue
growth anddeformation.The effectsof suchgrowth on patterningis beautifully
illustratedby theevolving pigmentatiorpatternseeron specie®f amphibiayep-
tiles andfish and,clearly, modelsproposedo explain featuresof embryonicde-
velopmentmustconsiderthe potentialeffect of domaingrowth on the patterning
processFor example,by consideringhe growth of the developingalligatorjaw,
it hasbeendemonstratethatasimplereaction-difusiontypemechanisnmayac-
countfor the sequencef tooth primordia,[30]. Theneedto considerthe effects
of growth on patterninghasbeenillustratedfor thereaction-difusionmechanism
ononeandtwo-dimensionatiomains[50, 49]. In onedimensionpatterningsuch
thatthe numberof concentratiorpeaksdevelopingthroughthereaction-difusion
mechanismevolvesthroughthe modedoublingsequencd —2 — 4 — 8 — ...
only occursfor certainparametersin two dimensionsfasterratesof growth can
leadto highly corvolutedstripesor no spatialpatternat all, ratherthanaregular
patternof stripes.

In the modelsconsideredo datedomaingronth hasbeenincorporatedn a
simple manney and a rigorousincorporationof tissuegrownth and deformation
hasyetto be undertalen. Evenundera simpletreatmenit is possibleto demon-
stratethatdifferenttypesof domaingrowth mayleadto very differentpatterning.
This is demonstrateéh the following examplefor a reaction-difusion equation.
Supposevolution of achemical denotedby c(x, t), evolveson the constantlo-
mainaccordingto
% = DV?c+ f(c).

If we assumdhat (2 changesasa function of time, thenit is straightforward to
shav throughapplicationof ReynoldsTransportequation?, 8]

% +V - uc=DV?c+ f(c), (3.2)
whereu = 0x/0t defineshefluid flow. We considertwo simpletypesof growth
for agrowing one-dimensionalomain,[0, L(t)].

3.1.1. Uniform growth.

For uniform growth, we assumedor z;(0) € (0, L), z;(t) = z;(0)L(t)/L(0).
Clearly we have w = zL'/L, (whereL’ is the derivative with respecto t), and
Equation(3.2)is givenby,

Oc cL' zL' dc 0%c

a'l‘f'ﬁ' T a—Dwﬁ-f(c).
We cancorvertthe abose equationon a one-dimensionajrowing domainontoa
domainof constansizeby thetransformation(z,t) — (y,7) = (z/L(¢),?). It
is easyto demonstratéhatthis transformatiorleadsto

@—23_20_’_‘)“()_2
ot Loy YT
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The uniform domaingrowth modelleadsto an equationfor evolution of pattern
in the reaction-difusion systemwhich can be solved with a simple numerical
schemeThismayrepresenagoodapproximatiorfor growth of theskin, werewe
to assumehatnutrientsrequiredfor cell proliferationweresupplieduniformly to
the skin from beneathlt is, however, a simplificationof domaingrowth in living
systems.Experimentabdatacollectedon growth of zebrafishandrelatedspecies
throughlarval andjuvenile stagedo adult[35] indicatethat differentregions of
thebodyaregrowing atdifferentrates.

3.1.2. Boundary growth.

Underboundarygrowth, we assumehatfor z;(0) € (0, L), z;(t) = z;(0).
Thisrepresentgrowth atthe boundaryandwe have v = 0. We follow theabove
procedureandusethe sametransformatioronto a domainof constansize. This
givesthefollowing equationdefiningpatternevolution,

8c D 0% yL' oc

ot - IZogr T Loy 1
Boundarygrowth occursduring extensionof thedevelopingaxonsin thenenous
system.Thedevelopingneuronconsistof anene cell body(or soma)alongthin
axonand,at the axontip, the growth conefrom which filopodiaextendto sense
the ervironmentfor guidancesignals. Growth of the axonoccursat the level of
the growth cone,[22]. Boundarygrowth may alsobe importantwith respecto
skin growth if the nutrientsweresuppliedfrom specificbodyregions.

3.1.3. Simulationsunder uniform and boundary growth.

We comparethe different typesof growth above by numericalsimulation.
Kineticsfor thereaction-difusionsystemarebasedn atwo-speciesystempro-
posedby LengyelandEpstein[32] to accounfor spatialpatternggeneratedh the
CIMA chemicalreaction[7, 48]. Themodelis,

ou 0%u 4uv

9 DTy —u— 2 3.3
ot Ox? th—u 14+ w2 (33)
v 8%v wv

i = koDugga ks (v 1)

whereD,,, D,, k1, ko, k3 areall positive constantslt is straightforvardto deter
minethe parametespacefor Turing patterning.
In Figure 1 we compareresultsof numericalsimulationsfor the following four
cases:
¢ Exponentialuniform andboundarygrowth L(t) = Lg exp(rt), Figurel
(a) and(b).
e Linearuniform andboundarygrowth L(t) = Lo(1 + rt), Figurel (c)
and(d).
Under uniform exponentialdomaingrowth, Figure 1 (a), we seethe mode
doublingsequencef patterningwhich hasheendescribedreviously, [1, 29,50],



IMA Volumesin Maths.& Apps,121,59-82.Springesverlag. 67

50 100

FiG. 1. Chemical(u) concentationson a domaingrowingin time (hori-
zontalaxesrepresentdime vertical axesrepresentspace)for the four casesn
thetext. (a) Exponentialuniform growth, (b) Exponentialboundarygrowth, (c)
Linear uniform growth, (d) Linear boundarygrowth. Parametes k; = 30.0,
ko = 2.1, k3 = 8.0, D, = 1.0, r = 0.001, Ly = 20.0. Each time unitin the
figure representsb units of simulationtime Numericalsimulationsare solved
with an adaptedEuler method with zeio flux boundaryconditionsand random
perturbationsaboutthe homaeneoussteadystatefor initial conditions.

and proposedo provide a mechanistidbasisfor the doubling of the numberof
stripesasjuvenile Pomacanthusloublesin length. With exactly the sameparam-
etersandconditions,yet usingthe boundarygrowth model,the regularsequence
obsered for uniform growth is lost. Initially new peaks/troughslevelop near
the growing boundaryhowever asthe domaingetslargertheseareinsertedin an
irregularmanneyFigurel (b).

We have usedexponentialboundarygrowth to make adirectcomparisorwith
the resultsof simulationsunder exponentialuniform growth. However, such
growth is biological unrealistic,asit implies that the rate at which new tissue
is addedat the boundaryoccursat a fasterrateastime increases A more plau-
sible boundarygrowth would be linear, representinga constantrate of increase
attheboundary In Figure 1, (c) and(d), we comparethe uniform andboundary
growth respectiely for a linear function L(¢). With uniform linear growth, the
regularsequencef modedoublingobsened underexponentialgronth is lost. A
regular sequencef patterning,however, nov emegesfor the linear gronth un-
der boundarygrownth. Peaksplitting always occursin the peakadjacentto the
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growing boundary and thosefurther from the growth retain their spatialloca-
tion throughoutgrownth. Thusthe patterningof peaksevolvesin the sequence
3—4-5-6-T7—-8—....

A
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FiG. 2. Order of adult stripe developmentn the zebifish. Stripes1 and
2 appearalmostsimultaneouslyrom larval lines (dashed). Subsequenstripes
appearin theorderindicated.
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This latter behaiour is reminiscentof the mechanisnby which new stripes
emepe alongthe body of the adult zebrafish Figure 2. Stripesl and2 appear
simultaneouslyfrom thelarval pattern.Additional stripesappeaiin a specificse-
guence3 appearyentrallyof 1, 4 appearslorsallyof 1, 5 appearventrallyof 3,
and6 appearsiorsallyof 4. Stripescontinueto beaddedyetainingthis sequence,
asspacedictates. This sequencenay suggesthat growth in the zebrafishmay
be morecloselyapproximatedy boundarygronth alongthe dorsalandventral
edges.

In summary via the two typesof grownth we can force the patterninginto
differenttypesof sequence.In boundarygrowth, the numberof peaksof the
reaction-difusionsequencerogresshroughtheorderl - 2—3—-4—-5—-6—...,
whereasxponentialuniform growth givesa peakdoublingsequencé — 2 — 4 —
8—16—....

3.2. Chemotactic-cell model under uniform growth.

We considemumericalsimulationof the full chemotactic-celmodelwith a
uniformly growing domainincorporatedA detailedinvestigationinto thevarious
behaiours this model can shov hasbeenpresentecelsevhere,[50]: Herewe
briefly explain how this modelreplicatesthe patterningphenomenaf juvenile
Pomacanthuglevelopment. The growth hereis classifiedaslogistic, stipulating
thatinitially the fish grows in a mannerapproximatingexponentialgrowth, but
eventuallythe growth rateslows andthefish approachea maximumsize.

This sectionconsiderstwo model formulations: (i) The zero cell feedback
model,and(ii) the cell feedbackmodel. In the formerwe have no effect on the
chemicaldy thecells: Chemicalkconcentrationpatternsvolve independenthand
cellsmove in responséo the gradients.In the secondmodelwe considera form
of chemicalregulationby the cells by control of the rate of chemicalsynthesis.
For the two-dimensionalgroning domain, [0, L1 (¢)] x [0, L2(t)], scaledontoa
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domainof constansize,we have
or _ 10 (,0I  xo ,Ou\, 10/, 0  xo ,Ou
ot L20z \ 'ox (K+u)? oz L2oy\ oy (K+u)? dy

ou 1 6%u 1 0%u 4uv
P p (528 T LRy - 2
ot <L§ 522 12 3y2> R —u= g~y

ov 1 8% 1 8% w
o P\ oz T Loy — s ) - 4
ot ks D, <L% o2 + L% 3y2) + koks <u T u2> (7‘1 + 7’2)1;, (3.4)
whereL;(t) = La(t) = Lo exp(rt)/(a + exp(rt)). See[50] for a derivation of

theseequationsWe considerzeroflux boundaryconditionsandinitial conditions
weightedsuchthata stripepatternwill initially form.

3.2.1. Case 1: Nocell feedback, K(I) = constant = k;.

Simulationsin this casehave beendescribedpreviously, [50], anda succes-
sionof framesatdifferenttimesareplottedin Figure3 for thechemoattractant;,
(a) - (e),andthecell density (f) — (j). Chemicalconcentrationgvolve througha
stripedoublingsequencand,with nofeedbackrom cellsto chemicalscellswill
simply move in responsé¢o themorphogergradientsThis createstripesappear
ing faint andnarrow at first, but growing with time. As the domainapproaches
the maximumesize,theregular sequencef stripesbreaksinto a patternof spots.
Domaingrowth appeargo hold the stripepatternduringinitial stageshut asthe
thedomainapproacheis maximumsize,thepatternrelaxesto its favoredTuring
wavelength. This hasbeencomparedo the sequencef stripesformingin juve-
nile Pomacanthusemiciculatusandthesubsequentansitionto thespottedadult
pattern.During the transitionfrom juvenileto adultpattern,a “mix ed pattern”is
obsened wherebythe iridophoresare reoiganizing into spots,yet the stripesof
thejuvenile canstill be seen.Such*“transition patterns”arealsoobsenedduring
the transitionfrom juvenile to adult patternin semiciculatus Thesetransition
stagesarecomparedn Figure4.

To understandhe effectsof differing chemotacticstrengthsye vary the pa-
rametery, and examinethe resulting cell density patterns. One dimensional
resultsfor threeseparatesimulationsare shavn in Figure5. For the “normal”
chemotactisensitvities, we obsenre the slow insertionof new stripes,consistent
with the patterningon Pomacanthus Similar patterningis obsened whenvary-
ing xo by plusor minusanorderof magnitude Increase®f x( by plusor minus
two ordersof magnitude however, resultin very differentpatterning.In Figure
5 (b), xo hasbeenincreasedy two ordersin magnitude.Althoughinitial peaks
developaspreviously, no new stripesform. Dueto the strongchemotactieffect,
all availableiridophoresare pulledinto the initial stripes,leaving few to create
secondangtripes.A decreasdy two ordersof magnitude(c), resultsin the dis-
appearancef pattern.Whenthe chemotactieffect is very weak,emeging cell
aggregateshave smallamplitudessuchthatthey arelikely to beindiscernibleat
themacroscopidevel.
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FiG. 3. Numericalsimulationsfor the cell movementmodelon a growing
two-dimensionatlomain.For corvenienceof representationthegrowingdomain
has beenscaledonto one of constantsize (a) — (j) The zeio feedbak model
shownfor chemicalu, (a) — (€), and cell density (f) — (j), att = 200, (a) and
(f, t = 1600, (b) and (g), ¢ = 3600, (c) and (h), t = 4200, (d) and (i), and
t = 5200, (e) and (j). Correspondingplots for the feedba& modelare shown
in (k) — (t). Weusek; = 10.0, ky = 2.2, k3 = 8.0, D, = 0.01, D, = 0.25,
Dy = xo = 5.0 x 1075, r = 0.001, a = 6.0, Ly = 1.6, K = 1.0. Numerical
simulationsusean ADI methodwhich hasbeenadaptedto include chemotactic
cell movement.

3.2.2. Case2: Cell feedback, K (I) = k4I/(1.0 + I). We con-
siderthe effect of a cell feedbackwhich takesthe form of regulationof chemical
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a b

FIG. 4. (a) Framefromthe numericalsimulationof Figure 3, (f) — (j), show-
ing thetransitionof cell densityduring the change from a stripedto spottedpat-
tern. The slow movementof cells resultsin intermediatepatternsconsistingof
both stripesand spots. Sud patternsare observedbetweenframes(i) and (j)
of Figure 3. (b) Pomacanthusemicirculatuslso showssud transitionpatterns
during the establishmenof the adult coloring. Otherdetailsasfor Figure 3.
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FiG. 5. Onedimensionalspace(vertical) - time (horizontal) plots for the
cell densityundervarying chemotaxisstrengths.In (a) we showthe “standard”
patternswith yo setto 0.005and other parametes as below In (b), we use
xo = 0.5. Here, the chemotaxiss strongandall availablecells are pulledinto
theinitial stripes. In (c), xo = 0.00005. Here, chemotaxiss weaksud that
theiridophore cell aggregationsare indiscernible Morphagenkineticsasusedin
Figure 3, k; = 10.0, k2 = 6.0, k3 = 1.5, D,, = 0.01, k3D, = 1.0, D,, = 0.001
and K = 10.0. We usean exponentiallygrowing domain,with growthrater =
0.01 and aninitial domainsizeof 1.6. White= cell density> 1.1, black = cell
density<1.0.

synthesisSimulationsareplottedin Figure3, (k) — (0), for thechemicalconcen-
trationsandin (p) — (t) for the cell density The parametersgrowth ratesandthe
time atwhich the panelsareplottedarethe sameasthosein (a)— (j). Herewe set
k4 = 2k;1, whichreflectsthe samerateof chemicalproductionat the cell density
homogeneousteadystate.
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The addition of feedbackresultsin notabledifferencego the zerofeedback
case.First, we obsenre increasedstability of the stripedpattern. With feedback,
no breakdavn of stripesinto spotsresultsasthe domainapproachesnaximum
size: Thestripesremainin an8 stripepattern seerin thezerofeedbaclcaseprior
to break-up Intuitively, thismaybeexplainedsincethecellsprovide anadditional
reinforcemenbf the stripes:to rearrangehe patterninto oneof spotsmeansalso
moving the cells. The questionof whetherstripedor spottedpatternsarisein
reaction-difusion systemshasbeenexploredby severalauthors[13, 33, 34, 44,
36], however at presentit is notcompletelyclearwhich patternwill developfor a
generakeaction-difusionmodel.

A seconddifferencebetweerthe two casedies in the form of chemicalpat-
terns.With no feedbackthe chemicalsevolve asof a standardeaction-difusion
system. Consequentlyon doubling of the numberof chemicalstripes,the new
stripesthat emege have the sameamplitudeand width as pre-«isting stripes,
Figure 6 (a), seealsoFigure 1 (a). This inability to producepeaksof distinct
“ages”wasone of the criticisms of the modelproposecby Kondoand Asai for
angelfishstripes[37, 50]. With chemicalsynthesidy cells, the underlyingcon-
centrationpeakshave clearlydistinctamplitudesandwidths, Figure6 (b).
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FiG. 6. Comparisonof the chemicalconcentation profilesat ¢ = 4000 for
thezeio feedbak model(a) andthefeedbak model(b), takenfromthenumerical
simulationsof Figure 3. Thedomainhasgrownfrominitial dimension®f 1.6 x
1.61t010.0x10.0. Seetext for detalils.

3.3. Geometry of thedomain.

To date numericakimulationshave beenconsiderean eitherone-dimension-
al or two-dimensionaldomainsof simple geometry(rectangular). As this is
clearly a simplification of a real fish, we aim to understandhe effects of real-
istic geometryon the patterningthatdevelops.

3.3.1. Domain shape.
We explorethe effectsof domainshapeon patterning.Thetail fin patternsof
Pomacanthugprovide a relatively simplegeometrywhich canbe solved numer
ically. In Figure7, (a) and(c), the resultsof two simulationsundertwo setsof
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initial conditionsareconsideredThosefor (a) createhighly curvedstripeswhich

resultsin compleity of patternatthe edgesof thetail fin. Thisis comparedvith

the patterningon the tail fin of P. impemator, (b). The initial conditionsin (c)

giveriseto “gently” curvedstripesresultingin asimplepatternof curvedstripes,
asseenon the tail fins of juvenile P. semiciculatus (d). For both simulations,
the geometryof the domainaffectsthe patternthatdevelopsby arrangingstripes
perpendiculato the boundaries.This forcesthe stripesinto maintainingcurved
patterns.

{3 lch {dy

FIG. 7. Comparisonf patternsof the reaction-difusion modelwith Po-
macanthugail fins on a domaingeometryreflectingthe actual fin. Simulation,
(a), and P. imperatortail fin, (b). Simulation,(c), and P. semicirculatugail fin
(d). Thesimulationsin (a) and(c) havebeenobtainedusingslightly differentsets
of initial conditionswith thesamereaction-difusionmodelasconsideedbefore.
Initial conditionsin (a) give rise to more highly curvedstripes. See(Painter et
al., 1999)for details. Parametes: k; = 30.0, ko = 1.95, k3 = 8.0, D,, = 1.0,
D, =1.5.

The methodof incorporatingboundaryshapehasinvolved measuringlimen-
sionsof the fin from photographidmages,calculatingsuitablefunctionsto ap-
proximatethe shape and programmingboundaryconditionsaccordingly This,
of course,turnsout to be a time-consumingand laboriousprocess. A numer
ical schemehasbeendeveloped(seecontritution by D. Bottino, this volume)
which will solve a systemof reaction-difusion equationdor a VVoronoitessella-
tion. In Figure8 (a), theresultof a numericalsimulationis shavn, which solves
thereaction-difusionsystengivenby Equationg3.3) on anirregulardomainus-
ing thismethod.Theboundanyitself wascreatedy tracinganimageof ajuvenile
P. semiciculatusat 6 monthsold (shavn in Figure8 (b)) whichis corvertedinto
aVoronoigrid by the schemeof Shavchuk, [57].
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FiG. 8. (a) Patterngenemtedby solvingthereaction-difusionsystenon the
irregular domaindeterminedby tracing the boundaryof the real fish shownin
(b). Equationssolvedusingthe numericalschemeof Bottino (seethis volume)
on a Voronoi grid. Figure (b) taken from Kondoand Asai (1995). Parametes:
k1 = 30.0, k; = 1.9, k3 = 8.0, D,, = 0.0025, D,, = 0.0125. Initial conditions
considera disturbanceof the homaeneoussteadystatein theareaof thetalil fin.
Thisforcesa patternof curvedstripes.

3.3.2. Threedimensional patterning.

Fishchromatophoreellsresideprimarily in thedermisand,sincebodylength
anddepthare much greaterthanthe thicknessof the skin, (on the orderof 0.1-
1 mm, althoughthereis wide variationbetweenspecies)it is often adequatdo
modeltwo dimension®nly. In somespecieshowever, patterningoccursonafine
scale:thefirst two stripesappearingn zebrafishareapproximatelyl mm apart.
In suchcasest maybenecessaryo considerthreedimensions.

Numericalsimulationsfor Turing structuresdevelopingin atwo specieseac-
tion-diffusion mechanisnon a three-dimensionalomainareplottedin Figure9.
Thetwo standargatternsareshovn onthin layers:stripesandspots.Here,depth
is smallandhasno effect on the patterning.

Depth hasneggligible effect on pigmentationwhen the reactionoccursuni-
formly throughoutput may play a role whennon-uniformityof reactionis intro-
duced.For example,if reactant€omefrom lower layers,agradientin the supply
may occur The potentialeffect canbe understoody imposinga gradienton a
parametethroughthe depth. Jenseret al. [25] consideredsucheffectsin two
dimensiondor the kinetics given by Equations(3.3) undervariation of the pa-
rameterk,. It wasnotedthat structureof the patternmoved throughregions of
spatialhomogeneityto spottedpatterngo stripes. Variationof this sameparam-
eterin threedimensionsshaws similar transitions,aswe shaw in variousslices
of the threedimensionalpatternplottedin Figure 10. At lower ko the pattern
consistf stripeshowever asthisis increasedve obsene transitionto spotsand
homogeneity

In summary whena parametewvariesthroughdepthit may disruptthe pat-
terning. This may be significantif the parameteregion for patterningis small,
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FIG. 9. Three-dimensionapatternsin a Turing system.Top left: On a thin
domain,the patternof stripesis maintainedthroughoutthe thicknessof the do-
main. Bottomleft: A similar effect occurs whenthe patternis one of spots. Top
and bottomright: Correspondingpatternsfor thicker layers. Slicesthroughthe
patternshowsa large amountof structure and, in threedimensionspatternsshow
mud lessregularity thanthosein twodimensionsTheregularity of thehexagonal
patternsseenon the two dimensionalayer is unlikely to developwhenthickness
becomesignificant. Parametes usek; = 30.0, ks = 8.0, D, = 1.0, D, = 1.5
andk, = 1.4 for stripedpatterns,k, = 2.8 for spots.Equationssolvedusingan
Euler methodwith zero flux boundaryconditions.

in which casesmallvariationsin the parametemay shift the reactionoutsidethe
parametespacefor patterning.
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FiG. 10. Simulationsof threedimensionalluring patternsunderlinear vari-
ation of a kinetic parameter Slicesshowhow patternvariesalongthedirection
of this variation. Patterningchangesfromstripes(left side)to spots(middle)and
homaeneity(right). Simulationsusethe samekineticsasin previoussimulations
with k; = 30.0, ks = 8.0, D, = 1.0, D, = 1.5 and k, variesfrom 1.4 (left)
to 5.6 (right). Domaindimensionsare 20 x 40 x 20. Solutionsshowpatternat
t = 125. Simulationsusean Euler methodwith zeio flux boundaryconditions.

4. Discussion. In this article, recentexperimentaldataon the develop-
mentof skin pigmentatiorpatternshasbeenreviewed. The mathematicamodel
presentedereandin earlierwork, [50], hasbeenshawvn to be capableof repli-
catingmary of the featuresobsened during evolution of the pigmentpatternsn
speciesuchasPomacanthusemiciculatus

Theunderstandingf patternsdevelopingvia a reaction-difusiontype mech-
anismon anirregulargrid hasreceved comparatiely little attentionto date.The
developmenbf numericalscheme#n which adeformingirregulardomainis con-
sideredwill allow for simple incorporationof existing biological dataon fish
growth into the model and the understandingf patternformationin suchsys-
tems.

The modelling to datehasconsidereda continuumapproachto understand
macroscopigatterningfeatures. Experimentaldatain zebrafishand salaman-
derssuggestghat local interactionsbetweenpigmentcell typesmay contribute
to the patterningprocesses. One future direction is to employ a hybrid dis-
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crete/continuunapproactwherebycellsareconsideredsdiscreteparticles.This
approachwould allow understandingf how differenttypesof microscopicrules
for movementgive riseto differentmacroscopigatterning.

A numberof areasareopento theoreticatreatmentAs mentionedabove, the
questionof whetherstripesor spotsoccurin a generalreaction-difusion model
hasyetto beansweredatistctorily. Patternshave alsobeenobsenedto undego
breakupfrom regularstripesinto corvolutedstripesundervariousformsandrates
of growth, [49, 50]. Whetherthesepatterngepresents form of spatialchaosis
anintriguing question.

Themodelhasbeenshavn to reproduceamary of thefeaturesassociatedvith
pigmentationn Pomacanthusemiciculatus A principal predictionof this and
previous modelsis that the appearancesf the new “interstripes” occurswhen
the fish hasapproximatelydoubledits previous length. Growth of angelfishin
anaquariumervironmentis limited by the sizeof thetank(e.g. see[9]) andthe
above predictioncould thereforebe testedby limiting the growth rate of thefish
in this manner However, dueto the slow rateof growth (approximatelyoneand
a half yearsto reachadult),large size (15 inches)andtheterritorial natureof Po-
macanthusthesdishareunsuitableaslaboratoryanimals.A morewidely studied
speciess thezebrafishPaniorerio, whichis small,easyto breedandhasatrans-
parentskin allowing for relatively straightforvard obsenationsof cell movement
andpatternformation. We arecurrentlyapplyingthe modelto patternformation
in thezebrafishto developa numberof experimentallytestablgoredictions Exci-
sionandtransplanexperimentswherebya fragmentof skin tissuefrom a donor
is removed and eitherreplacedat a new orientationor transplantecnto a host
fish (which hasalsohada fragmentof skin remaved), canbe easily performed
within the modellingframeawvork. Comparisorof the modelresultswith existing
transplanexperimentge.g. [28]) in zebrafishtogetherwith the developmentof
new predictionswill be usedto testthe suitability of the modelasa mechanism
for pigmentation.

The mechanismsinderlyingpatternformationin areassuchaspigmentation
arestill poorlyunderstoodFor thisreasonmodellingthusfarhasconcentratedn
developingsimplemodelswhich capturebasicfeatureof the patterning.As more
sophisticatedechniqguedecomeavailable,andmary of the currentambiguities
areresohed,themodelwill beadaptedaccordingly

Acknowledgments | would like to thankD. Bottino for providing the numerical
codeandassistingme with simulationsto solve the reaction-difusion equations
onanirregulargrid.
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