F13YT2/YU3
Formulae sheets are at the end of the examination paper

a) Find the general solution of the following differential equations

d d
(7) ﬁ = % - 25 (ii) x* cos(y)ﬁ + 2z sin(y) + 6e** = 0

b) Consider the ordinary differential equation

dy 2
L — = 1
=y (1)
(i) Sketch the direction field of (1).
(ii) Sketch the solutions satisfying y(0) = 3 and y(0) = 0. [12 marks]

a) Write the following 3rd order ODE as a system of first order ODEs

d®x d*x dz\ 2
— — + 2 — =0.
dt3+3dt2+ (dt) +5x =0

b) Find the general solution of the following system of equations by computing the

eigenvalues and eigenvectors of an appropriate matrix

dzy _ T, — 579, dzy _ T, — 3. [11 marks]

dt dt

Use the method of variation of parameters to find a particular solution of the equation

d? d
—f—i——x—2x:3e2t.
dt dt [10 marks]

a) Find the solution of the following initial value problems

1 11
" 3 / — 2x / 0 — 0 = .
yir3y =e" y(0) =, y(0) =15
b) Find the general solution of the equation
d? d
xQ—g + 4x—y — 10y = 0.
dx dx [12 marks]

a) Find the inverse Laplace transforms of the following functions
s e 3%s

prom ya S CO B s yor 2

(4)
b) Use Laplace transforms to solve the following initial value problem

G+4y+4y =4, y(0)=1, 9(0)=0 [15 marks]
Paper continues ...
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Find the Green’s function associated with the following boundary value problem:

2
T by = (@), y(0)=0, y(x) =0

[10 marks]

a) Draw the phase plane of the first order equation

d
d—j =2* -7 2.
b) Write the equation
r _ s
dt?

as a system of 1st order equations. Then, find the equilibrium point or points and the
equation of the trajectories in the phase plane. Hence, sketch the phase plane.
[12 marks]

Consider the linear system

o)y (-1 2 x(t)
y(t) 2 1) \y()
Determine the nature of the equilbrium point in the phase plane and sketch the phase

plane.

Sketch z(t) for the solution satisfying the conditions x(0) = 1, y(0) = 0.
[10 marks]

By considering a Lyapunov function of the form V (x,y) = az?+ by? for an appropriate
choice of a and b, determine whether (0, 0) is a stable or an unstable equilibrium point

for the system

&= 2wy’ +42%y?, = —2y+y°. [8 marks]

END OF PAPER
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Table of Standard Laplace Transforms

y(t) y(s)
| 1
3 o
pot 1
cos(at) e
sin(at) T
f'(t) sf(s) = f(0)
f(#) s*f(s) — s£(0) = f'(0)
F) | st f(s) = s"HF(0) — 5" f(0) Fr=0(0)
e f(t) f(s —a)
wlt)
uc(t)f(t =) e f(s)
5(t — ) e
frg(t) f(s)a(s)




