Solutions 11 - Module F13YT2/YF3

dx 3 -2
1.(3.) —d—t_:(?. _2>$——A$.
: : el3-2 =2 |
)\lsanelgenvalueofAﬁf‘ 9 _2_>"—0,

ie, A=3)(A+2)+4=0, ie, \2—A—-2=0,

ie, A—2)(A+1)=0, ie, A=-1,2.

Hence (0, 0) is a saddle point and so is unstable.

1t is easy to check that the eigenvectors corresponding to A = —1 and A = 2 are ( 1 ) and ( ? )

2
Phase plane is X A

Graphs of z; and z2 against £ are

dx 5 —1 g
. . | 5 —A =1 |
A is an eigenvalue of A iff 3 1o\ l =0,

ie, 5-N(1—-X)+3=0, ie, \2—6\+8=0,
ie, A—=2)(A—4)=0, ie, A=2,4.
Hence (0,0) is an unstable node.

It is easy to check that the eigenvectors corresponding to A =2 and A =4 are ( ; ) and ( } )
Phase plane is K S
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Graphs of z; and z against ¢ are ,
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Graphs of 27 and zg against ¢ are ,'.,

A7 N
p— T
dzx 1 -5
(c) i ( 1 _3)z~Aw.
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}\lsanelgenvalueofAlffl 1 _3_}‘|—O,‘
ie,(A+3)A-1)+5=0, ie, 2+22+2=0,
e, A= =21 je A= -1+
Hence (0, 0) is a stable spiral point and so is asymptotically stable.
Phase plane is
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Graphs of 2; and z» against ¢ are
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dx 2 -5
. . x|l 2—A =5
AxsanexgenvalueofAﬁ' 1 2_)\1—0,
ie,(2—-N2+5=0, ie,iff2—\==+5i, ie, A=2+5.
Hence (0,0) is an unstable spiral point.
Phase plane is %1 Sl
@}E&a Ca ab (3tv,0)
%ﬁ\ s ot f"“) T [/~
e / '
ﬁ\:;t\ ) &% fo 2 ;:é {/ l&&‘mﬁx«vﬂ"*.} ‘ \ ¢ \
S~ e o
L. Wmﬂ”wm
ﬁk o ot (Q&M;ﬁ,}
0{3\\



Graphs of x; and x; against { are
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dz 2 —1
Ais an eigenvalue of A | -2 1 | =0
lsanelgen ue o 3 —2—A =Y,

e, A+2)(A—2)+3=0, ie,ifA2—1=0, ie, A=1,—1
Hence (0,0) is a saddle point and so is unstable.

It is easy to check that the eigenvectors corresponding to A = —1 and A =1 are ( ; ) and ( i )
M @

Phase plane is

Graphs of z; and z9 against ¢ are
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dx 3 2
. . x| 3—A 2 _
A is an eigenvalue of A iff 9 _1-2) =0,

ie, A+1)A=3)+4=0,ie,iff A®~2X+1=0,ie,if A=1.
Hence (0,0) is an unstable nede. \p#e el node. .

It is easy to check that all eigenvectors corresponding to A = 1 are multiples of ( _1 ) =¢.

Hence system has one solution e’ £ and a second solution of the form tef{ + ety for some 1.
Thus general solution is z(t) = €’ [c1£ + cat £ + con]. Hence, as t — oo, z(t) approaches a multiple of
€ and, as t — —oo, x(t) approaches zero (again almost as a multiple of £).



Hence phase pla;ge is
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2. One eigenvalue is zero. We may write the system as %tm— =z + 2y; % =2z 4+ 4y

Thus any trajectory of the form y = y(z) must satisfy
dy dy dz _ 2x+4y _9

dz  dt' dt = z+2

i.e., the trajectories are straight lines of the form y = 2z + ¢ where ¢ is a constant.
Also (z,y) is an equilibrium point if and only if

z4+2y =0 20 +4y =0

i.e., z = —2y. Thus the equilibrium points correspond to all points on the line z + 2y = 0.
Thus we obtain the phase plane
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Clearly %tm- > 0 whenever z > —2y and so the trajectories are in the direction shown.
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Since Av; = 0 it follows that cv; is an equilibrium point for all ¢ € R.

The general solution of the system is z(t) = ¢;v1 + cee tws.

If ¢ # 0, this solution corresponds to the trajectory which is the straight line through the point
corresponding to ¢jv; in the direction of cove; as £ — oo, the trajectory approaches c;v; and, as
t — —oo0, the trajectory goes off to infinity in the direction of covs.

3. Letwv; = and vy =



Thus the phase plane is
ey, D
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4. We may write the equationas &z =y; 7= —# [kz + ry],
C ( 0 1 )
ie,z=| , ; Jz= Ax.

)\ is an eigenvalue of A iff -_i: ___r_l_ \ l =0,

ie, \A+Z)+ £ =0, ie,m\2+rA+k=0, ie, A= =TEV—dmk
Hence ifr > 4mk: A has two negative eigenvalues and so (0, O) 1s a stable node.
If r? < 4mk, A has two complex eigenvalues and so (0,0) is a stable spiral point.



