Solutions 12

Module F13YT2/YF3 2006

1 (#) Corresponding linear system is % =TI —1; % =z 4y,

1 -1
i'e"%:(l 1)9.:::Aa:.

)\isaneigenvalueofAiff.I 1;/\ 1__1)\ |=0,

fe, ff A—1)2+1=0, ie.,if A—1=x=i, ie,if =1+
Hence (0,0) is an unstable spiral point.

(#) Corresponding linear system is % = I; % =z — 2y,

. 1 0
1.e.,%‘f—:(1 mz)sza:.

. . | T—A 0 _
)\lsa.nexgenvalueofoﬁl 1 —9-2x =0,

ie, ff (1—-A)(-2—-2)=0, ie,iffA=1,-2.
Hence (0, 0) is a saddle point.

206) L=1-zy; L=(z-1)y.
(z,y) is an equilibrium point iff
l—-zy =0 (1)
(z-1)y =0 (2
(2) is satisfied if z =1 or y = 0.
If y = 0, then (1) cannot hold.
If £ =1, then (1) is satisfied when y = 1.
Hence system has unique equilibrium point (1,1).
It f(w1y) =1 — Y, gﬁ(w’y) =Y gﬁ(xay) = —z and so gﬁ(l» 1) = —1 and %5(1) 1) = -1
If g(z,y) = (z — )y, 3(5,9) =9, $5(=,y) =2 — 1 and so 52(1,1) = L and §2(1,1) =0. 2 (i)(ctd)
Hence we have linearized equation @(t) = ( ~1 -(1) ) x = Az.
-1-Xx -1
1 - l =0
ie, ffAA+1)+1=0, ie, i X+A+1=0, ie,iff A= =12

Hence (0,0) is a stable spiral point for the linearized equation and so (1,1) is a stable spiral point
for the original equation.

A is an eigenvalue of A iff

(@) LB=z+y% L=z+ty.

(z,y) is an equilibrium point iff
z+y: =0 (1)
z+y =0 (2)

(2) is satisfied iff z = —y and then (1) is satisfied iff z + 22 = 0,

ie., iff x =0,-1.

Hence system has equilibrium points (0,0) and (-1, 1).

If f(z,9) =2 +3% E(@y) =1 and §(z,y) = 2.

If g(2,y) =2 +y, §2(z,y) =1 and §i(z,9) = 1.



Hence linearized equation at (0,0) is &(t) = ( i (1) ) z = Axz.

. Hence A has eigenvalues A =1, 1.
Thus (0,0) is an unstable node of the linearized equation and so is either an unstable node or an
unstable spiral point of the original equation.

Also linearized equation at (—1,1) is &(t) = ( 12 ) z = Az.
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l—Al—Q
ie,iff (A—1)2=2, ie,if A\=1£+2.
Hence (0,0) is a saddle point for the linearized equation and so (—1,1) is a saddle point for the
original equation. 3. Equation can be written as the system & =y; ¢ =2° —z.
(x,y) is an equilibrium point if y = 0 and 2° —z =0, ie., z=0,%+1.
Hence the equilibrium points ar% (0,0), (1,0) and (-1,0).
If f(z,y) =¥, 3 (z,y) =0and g(z,y) = 1.
If g(z,y) = 2° — =, ¥(z,y) = 32° — 1 and %(w,y) =0.
Hence linearized equation at (0,0) is & = ( _(1) (1) ) z = Ax.
The eigenvalues of A are A = +i and so (0,0) is a centre for the linearized equation; we cannot
immediately conclude that (0,0) is a centre for the original equation but in fact this is the case. (see
tutorial sheet on phase planes question 2(3i)).

The linearized equation at (1,0) is & = ( g (1) ) z = Az.

The eigenvalues of A are A = ++/2 and so (1,0) is a saddle point.
An identical argument shows that (—1,0) is also a saddle point.
Phage plane is N

i ».Qm\ma\wﬁ&:
Pt

) is an eigenvalue of A iff I 1 —1_

}ZV

4.() Z=2(l-z-9); Y=vG-y-a.
(z,y) is an equilibrium point iff

Equilibrium points are (0,0), (0,2), (1,0). (Clearly it is impossible that both 1 —z —y = 0 and
‘% —y —z = 0 hold for the same values of  and y and so there are no equilibrium points with both
z # 0 and y # 0).

If f(z,y) =2z(1—z—y), L(z,9) =1-22 -y and F(z,y) = —a.

If g(z,y) = y(} —y —2), 32(z,9) = —y and §i(z,y) = § -2y - 2.

Hence linearized equation at (0,0) is & = ( (1) 2 ) x = Ax.
p

2



Eigenvalues of A are A = 1,2 and so (0,0) is an unstable node. 4(a) (ctd) Linearized equation at
1
(0,3 ise= ( 5 0 )w:Am.

|| Mo

Eigenvalues of A are A = —2, —2 and so (0, 3) is a stable node.
Linearized equation at (1,0) is & = ( "(1) “i ) x = Az.

2
Eigenvalues of A are A = —1, 3 and so (1,0) is a saddle point.
Possible phase plane is

LN £
7 ~

b) E=2G-z-3y); %=y2-y-3a)
(z,y) is an equilibrium point iff

z(3—z—-2y) =0
y2-y—3x) =0
Hence we have equilibrium points are (0,0), (0,2), (,0) and (z,y) where
3
2
2 b

fl

a:+%y
Sz+y

fl

i.e., where (z,y) = (%,

If f(z,y) =2(§ —z — 2y), a—(w y)=35-2z~ 2y and §(z,y) =

If g(way) - (2 Y- 493)7 m(w’y) - "Zy and %(.’D,’y) =2- 2'9 - Zw
3

Hence linearized equation at (0,0) is & = ( [2) g ) z = Axz.

Eigenvalues of A are A = 3, 2 and so (0,0) is an unstable node.

1
Linearized equation at (0,2) is & = ( 23 g ) xz = Az.
-3 -

Eigenvalues of A are A = —2, 1 and so (0,2) is a saddle point. 4(b) (ctd) Linearized equation at
-3 _3
(0,%)is:i:=( % 74> = Az.

8
Eigenvalues of 4 are A = —3, Z and so (3,0) is a saddle point.
is

8

Linearized equation at (%, £)

}
3 __8__ 7 _2 4 _2
o= (T80, Wy )e=(Th i )e-se
20 5 75 2 5
~4_ —2
) is an eigenvalue of A iff | 9 o 7 9 =0,
1

ie., iff (A+ 4)(,\+ n-2 —0, ie., iff N2+ 8N+ £ =0,
ie., iff X\ =[-1 i,/lm ]/2: ~11:h«/5~1‘

Hence both elgenvalues of A are negative and so (5, ) is a stable node.
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Possible phase plane is

Y

5. Z=2(-4y); F=v(-i+o).

Equilibrium points are (0,0) and (3, 3).

Since we have s standard predator prey system, (0,0) is a saddle point and (%, 3) is a centre and all
trajectories in the first quadrant are closed curves centred at (3,3).

Hence the phase plane is

%

& >

3

Equation of the trajectory y = y(z) is given by

Hence (3.2 —3)dy = (1~ 3.%)dz and so
2In(y) — 3y — = +  In(z) = constant.
6. L=gs(1-3c—-3y); %=u(-1+32).
Equilibrium points are (0,0), (2,0), (3, 3).
If f(2,9) =21 — 32— 39), EL(@y) =1 -2 - jy and F(z,y) = —jo.
If g(z,9) = y(~1 + 39), 52(®:9) = 3y and 32(z,) = —1 + 32
(¢) Linearized equation at (0,0) is & = ( (1) (1) ) z = Ax.
T2
Eigenvalues of A are A =1, — and so (0,0) is a saddle point.
(#4) Linearized equation at (2,0) is & = ( -1 ”% ) x = Azx.

0 2

Eigenvalues of A are A = —1, 2 and so (2,0) is a saddle point.

-1 _1
(#) Linearized equation at (,3) is & = ( Lod ) z = Ax.
4



—1_\ =
1
3 =
le, IFAA+LD+ & =0, ie,iff 162 +4A+3=0, ie., iff A= IR
Hence (3, 3) is a stable spiral and we have phase plane

1
A is an eigenvalue of A iff 4

=0,

“




