Solutions 3

Module F13YT2

(i)¢:<:i) _21><za/:>:Am' 3. 2

A is an eigenvalue of A if and only if det [ 1 IR 0,

e, A2 44N +342=0, e, A= 20 94

< a?; ) is an eigenvector corresponding to A = —2 + ¢ if and only if
—3x + 2y = —2x + iz, ie, (1+1)z =2y
—xr—y=—2y+1y, ie, z=(1—-1)y, ie, (1+1)z=2y.

Thus 1 _2|_ ; is an eigenvector corresponding to A = —2 + 1.
Therefore the system has solution
2

. 2
— (—24i)t — o2t ;L
xz(t)=e < L4 > e “*(cos(t) + isin(t)) < L4 >
. . _ 2 cos(t) + 2i sin(t)
_ 2
i.e., system has solution (t) = e < cos(t) — sin(t) + i(cos() + sin(t))
Taking real and imaginary parts we obtain the solutions

(et Zmit ) 4 oty oy )

3 2 4 x
(ti) =] 2 0 2 y | = Ax.
4 2 3 z
3—X 2 4
A is an eigenvalue of A if and only if det 2 —-A 2 =0,
4 2 3-A

e, (3—=A)(A2—=3\—4) —2(=2—2)\) +4(4+4)) =0,
ie, A3 —6X2 - 15\ —8 =0, ie, A+1)(A\2 =71 —8) =0,
ie, AV+D(A+1)(A—-8)=0, ie,A=-1,8.

x
y | is an eigenvector corresponding to A = —1 if and only if
z
3r+2y+4z=—2z
204+ 0y + 2z = —y i.e., if and only if 2z 4+ y + 22 = 0.
dr +2y+ 3z = —=z
1 0
Hence we have eigenvectors 0 | and 2 | corresponding to A = —1.
-1 -1
x

y | is an eigenvector corresponding to A = 8 if and only if

z
3x 4+ 2y +4z =8« ie.,—br+2y+4z=0
20 + 0y + 2z =8y ie,2x—-8y+22=0
dx + 2y + 32z = 8z ie., dx+2y — 5z =0.

Using Gaussian elimination we have the arrays



-5 2 -5 2 4 -5 2 4
1 —4 1 — 0 —-18 9 — 0 -2 1
4 2 - 0 18 -9 0 00
( ) is an eigenvector if and only if o jgz ijz z 8
., if z =2y and b5z = 2y 4+ 4z = 10y, i.e., x = 2.
2
Hence | 1 | is an eigenvector corresponding to A = 8.
2
Thus the system has general solution
1 0 2
z(t) = e ey 0 | +e 2 |]+ecged | 1
-1 -1 2
Con -4 1 T
(1i1) x = < 1 _o > ( y > = Ax.
: : : . —4— ) 1
A is an eigenvalue of A if and only if det 1 o\ | = 0,

ie, X2+6A+9=0,ie, ( A+3)2=0,ie, \=—
< ?a; ) is an eigenvector corresponding to A = —3 if and only if

—4dxr +y= -3z ie, —x+y=0.
—r—2y=-3y ie,—-z4+y=0.

Thus < Zj > is an eigenvector corresponding to A = —3 if and only if ( ";j > is a multiple of

1
L)
Then x(t) = e~ ( i > is a solution of the system.

-3t i + G_StW

Then we require (e~3t — 3te=3) ( i ) — 3¢ 3ty = —3te— 3t < 1 > +e 3 Aw,

We seek another solution of the form x(t) = te

ie, (A+3)w= ( 1

Suppose w = ( 5; > Then we require
—r+y=1
—zrz+y=1 eg,rz=0,y=1

Thus we have second independent solution x(t) = te=3! 1 + et < 0 >

Hence general solution is x(t) = e =3 [¢; < 1 > +c2 < t_{t_ 1 )]

(2 2)(3)

A is an eigenvalue of A if and only if det [ “ ; A d E ) } =0,

ie., iff (a — A\)(d — ) —bc =0, i.e., iff \2 — (a + d)\ + (ad — bc) = 0,



Lo iff )\ = a+d=++/(a+d)2—4(ad—bc)

2
If a+d < 0 and ad — be > 0, then either
(7) both eigenvalues are real and negative or

(ii) the eigenvalues are complex with negative real part.
Rext

Since the corresponding solutions have factors e , it follows that all solutions — 0 as

t — oo.

We can write in this way with

0O 1 0
A=10 0 1
ay az ag
We have
-2 1 0

(A-XD=[0 —-x 1
al a9 ag—)\

and so det(A — AI) = a1 + az) + a3 ? — A3, Hence det(4 — M) = 0 is equivalent to the
characteristic equation given.
An eigenvector v corresponding to A obeys

—Avy +bvy =

—Avg +v3 =

ajv1 + agva + (as — A\)vg =

The 3rd equation follows from the other two and the characteristic equation. Hence we can
choose

1
v=|[ A
)\2
The general solution is then
1 1 1
T = CleAlt A |+ CQ@AQt o | + 636)\3t A3
M A3 A3

1
o 2
The eigenvalues and eigenvectos of the amtrix are —1,2 and (i) , <1> respectively. Hence

(). =)

The corresponding fundamental matrix is

1_—t 2t
5 2e
— [ 2¢
Y (1) ( )

( et —26t>
—2t 1_-2¢
—€ 56

a FSS is given by

We find



Hence the solution is given by

Note that this isn’t the easiest way of solving this equation!

There are 2 ways of solving this problem. First, the easier way:
If we denote the matrix by A, the eigenvalues are given by the roots of

det(A — XI) = A2 —4 =0, suchthat \=+2.
The eigenvector v(1) corresponding to A = 2 is given by the soln of

v1+v2 = 21

3v1 —v2 = 2u9

1
which reduce to the single equation v; = vy. So we can choose v = (1> . The eigenvector

v9 corresponding to A = 2 is given by the soln of

v +v9 = —2u1
v —ve = —2v9
1
which reduce to the single equation 3v; = —vy. So we can choose v? = (_3> .

Hence, the general solution of (2) is

() = () v (5)
The solution of the initial value problem is obtained by choosing ¢; and co to obey
G0) = (1) = () = ()
Solving, we find ¢; = % and ¢y = %, and so
x1(t) 3 o (1 1 5 /1 1 (3e? 4 e 2%
<x2(t)> —4° (1) + 4° <3> T4 <€2t — 36_2t> '

The marginally more complicated way involves finding the eigenvalues and eigenvectors as
above; computing the fundamental matrix

€2t 672t
V0= (Ca Gon)

finding its inverse



If we denote the matrix by A, the eigenvalues are given by the roots of
det(A —AI) = A =2\ +5 =0, such that \ =1 2i.
The eigenvector v1) corresponding to 14 2i is given by the soln of

v+ 209 = (1 + 2@')1}1
—2v1+vy = (1 + Qi)Ug

. . . . 1 .
which reduce to the single equation v9 = iv1. So we can choose oM = (z . The eigenvector

. .. . 1
v® corresponding to A = 1 — 2i is the complex conjugate v? = (_Z> . We can find two real

solutions by taking the real and imaginary parts of the complex solution

o120t <1>
1

e(cos(2t) + isin(2t)) C)

4 cos(2t) . ¢ ( sin(2t)
- (—sin(Qt)) T cos(2t)) )
Thus we have two solutions

0= () =10 = ()



