Solutions 6

Module F13YT2

(i) LIt+DH =L +2+1]=5+F+ 1.
L[5(1—cos(2t)] = §(1 — =)

] =
| = fo tsin(t)e _Stdt—Im fooo eftest dt)

= Im( ;" te= (579t dt) = Tm[— L te=(=Dti=ge L [ (=0
S ’i2 S
= Im[(s,liy] = Im[((5211))2] = (3211)2
(iv) Since L[sin(t)] = 5211, Lle!sin(t)] = (3—11)2+1 = 32—;s+2‘
(v) Since L[] = &, L[te™"] = (S+11)2.
(7) Since s2i‘5§+2 = (sf$%+1 and Lcos(t)] = 7, it follows that £~ Ly 2?5;2] = e tcos(t).
(i) w57 = = 1)1( —2) = o5 — o7 and so L7 { ] = ¥ — ¢!
(122) If _(571)2(32+4) = A7+ hgr T L then
s=A(s —1)(s? —1—4) B(s®> +4)+ (Cs+ D)(s — 1)?

s=1=B=+

Equating coefficients of s3 gives A +C = 0.

Equating coefficients of 32 gives — A+ B—-2C+D=0andso A+2C —-D ==
Equating coefficients of s° gives —4A 4+ 4B+ D =0 and so 4A — D = 2

Thus A = 55, 0 = - %andD_:%' 1 3548

s -3 L 4 1_1_ 13

Hence GoIP(%F4) — 25 5-1 T 5 -1 ~ 25 s244
3 1 11 s 4 _2

=251 175607

3
25 244 25 s2+44°
Thus 5_1{7(571)25(5 | =

2l + Ltel — 2 cos(2t) — o= sin(2t).

2+4)
(’L’U) s _ s — s+2 _ )
s24+4s+8 T (s+2)%2+4 (s+2)%2+4 (s+2)2+4
Hence £~ 1{52+4S+8] e 2 cos(2t) — e 2 sin(2t).

y" =2y +2y =cos(t); y(0)=1, ¥'(0)=0.

Taking Laplace transforms we obtain

s77(s) — sy(0) — y'(0) — 2[s7(s) — y(0)] + 25(s) = &,
. _ _ 942

ie., (32—2s+2)y( )= ts—2= %

— —25242s—2 __ As+B Cs+D
Thus y( ) (52+1)(52 —25+2) © s2+1 + s2—25+2 where

(As+ B)(s?> —2s+2) + (C'3+D)(32 +1) =% - 252 + 25— 2.
Equating coefficients of s3 : A+ C = 1.

Equating coefficients of s* : =244+ B+ D = —2.

Equating coefficients of s : 24 — 2B 4+ C = 2.

Equating coefficients of s : 2B+ D = —

The equations above have solution A = 1 , B= —%, C= % and D = _g‘
N1 s=2 2s—3 1 2 2(s—1)—
Hence y( ) 5 ss2+1 + 5 (s i)2+1 -5 382+1 + 5 (s 1)2

Thus y(t) = 1 cos(t) — Zsin(t) + 2 e’ cos(t) — 2 e sin(¢).

f(t) = uz(t)sin(t) = uz (t) cos(§ — t) = uz (t) cos(t — 7).

B
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Hence f(s) =e =2 g

g(t) = [1 —ua(t)] + 2ua(t) = 1+ ug(t). Hence g(s) = 1 + <

Equation can be written as

y'+y=1-w(t) y(0)=0, y(0)=0.
Taking Laplace transforms we obtain
$2(s) — sy(0) —/(0) +5(s) = £ — % amd 50 §(s) = ey — ¢ sy

Now S(SQIH) = —+ B;’if where A(s +1)+ (Bs+O)s =1,
ie, A= B: ,C=0.

Hence y(s ):(% =) — (%75211) o5

Thus y(t) = 1 cos(t) — [1 — cos(t — 1)]us (2).

(i) Taking the Laplace transform we obtain

(52 +s5—6)y(s) =2e°,

such that
- _ 2e* 2 (11 2 a2 a3t
i) = o1 5 <s—2 s+3> =5¢ LleTl-ge i
Hence
y(t) = Zur (B = Zuy(p)e D

_ 0 t<1
- %(62@—1) _ e—S(t—l)) t>1"

(73) Taking the Laplace transform gives

—3s
(5% + 45+ 4)5(s) — sy(0) — /(0) — 4y(0) = —
Thus
3(s) = e—3s 2s
4 (5+272 " (s+2)
Partial fractions give
s o (s+2)-2 1 2
(s+2)2  (s+2)?2  s+2 (s+2)?
v i1 2
s(s+2)2  4\s s+2 (s+2)2)°
Thus
y(s) = 2L[e™"] — AL[te ] + —e>*(L[1] — L[] — 2L[te™™"])
Hence



(i) &1 =z —x2, I2=>5x]—3xy; z1(0) =1, 22(0) =2.

Taking Laplace transforms we obtain

sT1(s) — 21(0) = Z1(s) — T2(s); ie, (s—1)T1(s) +Ta(s) =1 (1)
sTo(s) — x2(0) = 5T1(s) — 3T2(s); ie., =5T1(s) + (s+3)Ta(s) =2 (2)
5x(1) 4+ (s —1)x(2) gives [5+ (s — 1)(s + 3)] Ta(s) =5+ 2(s — 1),

ie., (s2+2s+2)Ta(s) =25+ 3, ie., Ta(s) = (if‘?)rl) + (S+11) -

Hence z2(t) = 2e 7! cos(t) + et sin(t).

(s+3)x (1) — (2) gives [(s +3)(s — 1) + 5] Z1(s) = s + 1,

ie., (s24+25+2)71(s) = s+ 1, ie., T1(s) ﬁ%“

Hence z1(t) = e cos(t).

(i1) 1 =a1+ 20 +e 2 do=dx; —219—2¢';  21(0)=0, 22(0)=1.
Taking Laplace transforms we obtain
sT1(s) = T1(s) + Ta(s) + H%; ie, (s —1)T1(s) — Ta(s) = HLQ (1)

sTa(s) — x2(0) = 4T1(s) — 2T2(s) — 25, ie., —4T1(s) + (s +2)Ta(s) =1 — 25 (2)
A% (1) +(s — 1)x(2) gives [~4+ (s — 1)(s + 2)] Ta(s) = 535 +5— 1 — 2,
ie., (s2+s5—6)Ta(s) = 5_%2 + (s —3),

4+(5—3)(s+2) s2—s5-2 (s+1)(s—2) s+1 2 1

be., To(s) = GG IG-2 T GRIGIED © GCG-D G e
Hence z5(t) = 273t — e~

(s+2)x(1) + (2) gives [(s —1)(s +2) —4]T1(s) = 1+ 1 — 24,

ie., (s2+s—6)Ti(s) = 2;:14,

: _ 2s—4 _ 2 _ 1 1 1
Le., Ti(s) = (s+3)(ss 2)(s— 1) =G0 - 2513 T2-5-1
Hence z1(t) = —3e 73 + ¢

(ZZZ) T1 = X2 + f(t); To = —x1 + f(t) 5 1’1(0) = O,
Taking Laplace transforms we obtain sZ;(s) = Ty

(1)

sTa(s) = —T1(s) + f(s); ie., Ti(s
5x(2) — (1) gives (s + 1)?2(3) =(s—1
ie., Ta(s) = (P — wi) f(s) = 9(5) f(
Hence z5(t) = Otf(t — 5) [cos(s) — si

]
sx(1) + (2) gives (s + DZi(s) = (s +1)
Le, 71(s) = (07 + 321+1)f(5) = g(s) f(s) where g(t) = cos(t) + sin(t).
Hence x(t) = (ff(t — ) [cos(s ]




