Solutions 7

Module F13YT2

(i) The Laplace transform satisfies

3!
_ 2 _
y(S)(S + 4) - 28_4,
and hence
I T T
Thus

¢ 3 1y 3
y(t) = / 3 sin(2(t — 7))dr = = sin(2t) + ~t3 — °t.
0 8 2" 1

(i1) We proceed as above, and use partial fractions to express

o 2 3 3 3
Y Costs2 44 4(s24+4) st 4s?
Hence,
1
y(t) = gsin(%) + §t3 — %t.

(i33) A FSS of the homogeneous equation, 3’ + 4y = 0 is given by y(I () = sin(2t), y? (t) =
cos(2t). The particular solution of the inhomogeneous equation is of the form y,(t) = by +
bit + bot? + bst3. Substituting into the eqn gives

2by + 6b3t + 4(bg + byt 4 bat?® + b3t?) = 2t3.

Hence,
by +2by =0, 6b3+4by =0, ba=0, 2b3=1,
with solution by = 0,b; = —%, by =0,b3 = % The general solution is therefore
(t) = ~ St 4 29+ Asin(21) + B cos (21).

The initial conditions implies
, 3
y(0) =0« B =0, y(O):0<—>—Z+2A:O.
Hence, A = frac38 and the solution of the initial value problem is

3 1, 3
y(t) = 3 sin(2t) + 5753 -t

(t7v) The Wronskian associated with the F'SS of (ii7) is

Wy (), y® () = -2



Hence, a particular solution is given by y,(t) = ¢1(t)y™M (t) + ca(t)y@(t), where

er(t) = /0 Ccos@)Bdt, es(t) = — /0 " sin(2t)6® dr.

Performing these, integrals and cancelling numerous terms, we find

3 1 3
yp(t) = S sin(2t) + §t3 -t
One can then proceed to get y(t) as above (note that the fact that y,(t) = y(t) is coincidental
as far as I can see).

We have
F[(S( )] 1 /OO 5( ) —ik:vd 1 —ikc
r—c)] = — T —ce z = e v,
V2T J o V2T
1 00 ) 1 cte/2 ) 9 ¢ tke
FiIA(x—¢c)] = — Az —c)e Fedy = / e_”“”:\/j sin(ke/2).
(A<l ) \/ﬂ/_oo el ) eV2m Je—es2 m ek (ke/2)
In the limit, we have
1 .
lim F[A.(z — ¢)] = —e % = F[§(z — ¢)].
e—0 2T
We can write
— _ 2 se”® —3s 1 —2s
gls) = 32—1—1+(s+1)2+2 cTate
_ 2 (5 + 1) e’ e’ —3s 1 —2s
T it Gri e Gripgaz ¢ AT
s 1
= 2L[sin(t)] + e *L]e " cos(V21t)] — %E[e_t sin(v2t)] — 6’_386£[t3] + L[o(t — 2)].

y(t) = 2sin(t) +u (e Y eos(V2 (¢t — 1)) — ;Qul(t)e—@—l) sin(v2 (t — 1))

—%Ug,(t)(t _3) 4 5(t—2).

(i) We may write

_ s 3 2
yls) = (s+3)(s+2) T s+3 s+2
Hence,
y(t) = 373 — 272,
(ii) We may write
y(s) = A+ A+ 1) + 2 2% Lle™ cot(2t)] + e 3 L[e ! sin(2t))].

(s+1)2+4  (s+1)24+4  (s+1)2+4



Hence,
y(t) = 2uz(t)e” % cos(2(t — 3)) + uz(t)e™ ) sin(2(t — 3))).
(iii) We may write
= _ =S 4(8+1) __ =S 1 1 _ =S —s —2t
y(s)=¢e m—e <3_2_m> = e SL[t] — e S L[e .
Hence,

y(t) = w ()t — 1) —ui(t)e >Vt~ 1).

Taking Laplace transforms then gives

g(s)(s +3s+2) = (s +3)y(0) =/ (0) = g(s)(s + 1)(5 +2) =1 =%

Hence,
5(s) 1+e 2
§) = —————.
= s+
We may use PF to write
1 1 1
(s+2)(s+1) s+1 s+2°
and so
1 1
= — 1 —2s o
gls) = (I4e )(s—i-l s+2>
= (I+e ) (Lle™"] = Lle™™))
Hence,

y(t) _ (e—t . 6_2t) + uQ(t)(e—t—l-Q o €—2t+4)'

Taking the Laplace transform of the system gives

sT1(s) —21(0) = Zi(s) + 2Ta2(s),
sTa(s) —x2(0) = 2Zi(s) — 27a(s).

Hence, inserting the initial values, we have

Ti(s)(s —1) —2Z2(s) = 2, (1)
S9m () + ()5 +2) = 1, ()
Solving, we find
_ 2 _ 1
nl) =gy BO=5=y



