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Module F13YT2/YF3 2006

(i) —y"=Xy; ¢ (0)=0, y'(1)=0.

Suppose A < 0; then we may write A = —k? where k > 0.

Then " = k?y has general solution y = Acosh(kz) + Bsinh(kx).

We have y' = Aksinh(kx) + Bkcosh(kx).

y'(0) =0 <= Bk =0=— B =0. Hence

y'(1) = 0 <= Aksinh(k) =0, i.e., A=0.

Thus we must have A = B = 0.

Hence, if A < 0, y = 0 is the only solution, i.e., A is not an eigenvalue.

Suppose A = 0; then equation becomes 3" = 0 which has general solution y = Az + B.
Now 3/(0) =¢/(1) =0<= A =0.
Thus y(z) = B is a solution for any constant B and so A = 0 is an eigenvalue.

Suppose A > 0; then we may write A = k% where k > 0.

Then gy = —k?y has general solution y = A cos(kz) + Bsin(kz).
We have y' = —kAsin(kz) + kB cos(kx).

y'(0) =0 <= Bk =0, i.e., B=0. Hence

y'(1) =0 <= —kAsin(k) =0<= A =0 or sin(k) =0

<= A =0 or k =nnm where n > 0 is an integer.

Thus y = cos(nmx) is a nonzero solution corresponding to A = n?r2.
So eigenvalues are 0, 72, 472, ... with eigenfunctions 1, cos(mz), cos(27x), ..

(i) — 9" =Ny y(0) =0, /(1) =0.

Suppose A < 0; then we may write A = —k? where k > 0.

Then 3" = k?y has general solution y = Acosh(kz) + Bsinh(kz).

We have y' = Aksinh(kx) + Bkcosh(kx).

y(0) =0 <= A = 0. Hence

y'(1) = 0 <= Bkcosh(k) =0, i.e., B=0.

Thus we must have A = B = 0.

Hence, if A < 0, y = 0 is the only solution, i.e., A is not an eigenvalue.

Suppose A = 0; then equation becomes y” = 0 which has general solution y = Az + B.

Now y(0) =0<= B=0; ¢'(0)=0<= A=0.

Thus y = 0 is the only solution and so A = 0 is not an eigenvalue. Suppose A > 0; then we may write
A = k% where k > 0.

Then y” = —k?y has general solution y = A cos(kz) + Bsin(kz).

y(0) =0 <= A =0. Hence

y'(1) =0 <= kBcos(k) =0<= B =0 or cos(k) =0

< B=0ork=7F5+nmrforn=0,1,2...

Therefore y = sin[(F + nr)z] is a nonzero solution corresponding to A = (5 + nm)?.
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Hence eigenvalues are 7, =7-, =7~, ... corresponding to the eigenfunctions sin(%¢), sin(=5%), sin(*5%),....

The Fourier cosine series of f is given by ag + Y.~ an cos(“5%) where

1 2 1 2 1 1 1
ao—Z/_Qf(:r)d:n—i/O f(x)dx—§/0 dx:§
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and
an = %fi f(z) cos("5*) dx = fol cos(MEL) dz = lsm(T)%

0 if n is even
= Zsin() = Elfn—élk-i-l

—= if n =4k + 3.

nm

Hence, the Fourier cosine series is

1 2 T 1 3rx 1 Srx

_— ;{COS(—) - = COS<T> + B COS(T) —... h

The Fourier sine series of f is given by Y °, by, sin(“5%) where
b = 3 f f(z)sin("5%) do = fo sin(22%) de = —-2 cos(2ZZ) |}

2/nm if n is odd
= n—%r(l—cos(’g—w)): 0 if n = 4k
4/nmif n =4k + 2.

Hence the Fourier sine series is

2 . mx 2 . 2nx 1 . 3z . bmx 2 . brx
;{8111(7) + 3 sm(T) + 3 sm(T) + sm(T) + gsm(T) +...}

(i) =y"=Xy;  ay(0)+y'(0) =0, y(1)=0
(i) First we investigate the existence of positive eigenvalues.
Suppose A > 0; A = k? say.
Then —y” = k%y has general solution y = A cos(kz) + Bsin(kz).
ay(0)+4(0) =0 <= aA+ kB =0 <= B = —%A. Hence
y(1) = 0 <= Acos(k) — ¢z Asin(k) =0

<= A=0or kcos(k) — asin(k) = 0.

If o = 0, we obtain eigenvalues when cos(k) = 0,
ie,when k=3 +nm,n=0,1,2,... ;ie, A\="T, -, =, ...

If o # 0, then kcos(k) — asin(k) = 0 <= tan(k) = £.

o
The line k£ — g intersects infinitely many of the branches of £k — tan(k) and so there are infinitely

many eigenvalues.

a >0 a <0

(73) and (¢4i) We now investigate the existence of negative eigenvalues.

Suppose A < 0; A = —k? say.

Then y” = k?y has general solution y = Acosh(kx) + Bsinh(kx).

Then ay(0) +y'(0) =0<= aA+kB=0. (1)

Also

y(1) = 0 <= Acosh(k) + Bsinh(k) = 0 <= A = —tanh(k)B. (2)

Hence we must have —atanh(k)B + kB =0 <= B =0 or £ = tanh(k).

Hence we obtain a negative eigenvalue if and only if the straight line k — g intersects the graph



a <0 0<a<1 a >1

of k — tanh(k) at points £ > 0. The graphs below show that this does not occur if & < 0 or if
0 < a < 1 but does occur when o > 1.

If @ = 0, it follows easily from equations (1) and (2) above that A = B = 0, i.e., there is no negative
eigenvalue.

(tv) Finally we investigate the case where A = 0.

Then y” = 0 has general solution y = Ax + B. Hence

ay(0) +y(0)=0<=aB+A=0. (1).

y(1)=0<= A+B=0. (2)

(1) and (2) have a nonzero solution if and only if o = 1.

Thus A = 0 is an eigenvalue if and only if o = 1.

If =1, then (1) and (2) have a solution A = 1 and B = —1 and so we have the eigenfunction x — 1.

fol lder =1, fol cos?(nmx) de = 1 fol[l + cos(2nmx)] dz = 3.

Hence eigenfunction expansion is f(z) ~ ag + Y .o an cos(nmx) where
1 1

= [, l.zde =3
and
ap, =2 fol zcos(nrz) dz = Zxsin(nmz)|§ — = fol sin(nmx) dx

0 if n is even

_ 21 1 _
= o co8(nm2)lo { — 5 if nis odd.
Hence eigenfunction expansion is
flz)~ 34— 7;1—2{(308(71':1:) + $ cos(3mz) + 5 cos(5mx) + ... }.

fol sin?(222) dx = %fol[l — cos(nmz)] dx = L.

Hence eigenfunction expansion is f(z) ~ Y o0 ! Cn 81n(”72””) where

Cn = 2f0 xsm("”) dx = —290— cos(2ZZ | + fo cos("5%) dx
:_ACOS( )"‘ﬁﬁsm(nmﬂo —%COS( 5 )—i—nzgwg sin(%F)
—4/n7r if n =4k
2. 2 e
- ZZT:T i Z : iz i ; Thus eigenfunction expansion is
—8/n?n? if n =4k + 3.
= {sin(%) — %Sln(dgx) + o5 sin(%5%) + ...} + 2 {gsin(rz) — I sin(2r2)
+ &sin(3rz) — ...}

l\.')

—y" = \y; y(0) =0, y(m)+y'(r)=0.

Suppose A < 0, i.e., A = —k? say.

Then y” = k?y has general solution y(x) = Acosh(kx) 4 Bsinh(kx).
y(0) =0 <= A =0. Hence

y(m) + 4/ (7) = 0 <= Bsinh(kr) + Bk cosh(kw) =0

<= B =0 or sinh(kn) 4+ kcosh(kr) =0 <= B = 0.



Hence, if A < 0, y = 0 is the only solution, i.e., A is not an eigenvalue.

Suppose A = 0, i.e., equation becomes y” = 0 which has general solution y = Az + B.
y(0) =0 <= B = 0. Hence

y(m)+y(r) =0<= An+ A=0<= A=0.

Hence y = 0 is the only solution and so A = 0 is not an eigenvalue.

Suppose A > 0, i.e., A = k? say.

Then y” = k?y has general solution y(x) = A cos(kz) + Bsin(kz).

y(0) =0 <= A =0. Hence

y(m) + 9/ (r) = 0 <= Bsin(kn) + Bk cos(kn) <= B =0 or k = —tan(km).

The graph below shows that k¥ = —tan(k7) has infinitely many positive solutions ki, ko, . ..

sponding to eigenvalues \; = k%, Ao = k3, ....

R

The corresponding eigenfunctions are sin(y/A,x).
We now find the eigenfunction expansion of f(z) = x in terms of these eigenfunctions.

Jo sin?(VAnz) dz = § [[1 — cos(2v/Apz)] dz = 5 — 4\/1E sin(2v/Anz) |3
=7 - ﬁ sin(2v/Apm) =5 — ﬁ sin(v/A,7) cos(v/ A7)

= L(m + cos®(v/An) (as sin(v/Apm) + VA cos(v/A,m) = 0 and so
sin(vAnm) = —v/ Ay cos(v/An)).

Hence eigenfunction expansion is f(z) ~ ZOO | G sin(v/Apz) where

an = ———~—— [ sin(v/ Auz) de = \/L)\—ncos(\/xxﬂg

71'+c052 ( AnT)

7r+cosQ( M) T

- \//\_(7r+c082(\/_ ) ( COS(\/_TF))
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