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1. Introduction / Brief History
This type of Susy lattice model 1st constructed by

(F) endley ,(5) choutens
,

de Boer ( 03 ) ;

F
, ( N ) ienhuis

,
S ( 03 ) ; F

, Yang ( 04 )

1st paper mostly considered periodic
'

hard - core fermion
'

model :

{ Ci
,
cjt 3= fij ,

{ Ci
, Cj 3 = { Cit
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+ t L
+

Pi  
= 1 - Citci

,
di  = Pi

. i cit Piii
,
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di
i=i
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,
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,
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2ndMoppedto XXZ :
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fermion lattice size L → XXZ lattice size N = L - F
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@

N→
✓ @ n - I



. Survival of Susy under this
map subtle for

periodic XXZ .

Yang & F ( 04 ) considered clearer case of open XXZ

directly :

It
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=
- I€lt( oiioiiitosoiti - tzoitoitt ) - ttlottont ) +

3n÷

NB C i ) This Is combinatorialpoint q= eitib
,

D= - Yz
=

cii ) Njt Uqlsk ) iv.point. (9÷isIoEon2 ) [ Pasquierlsakwtojf

H
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= Qtlnsaln'

+ cent
' ' qtintil

0dm : ✓
�1� N
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QN . '

; Qtw '
: v@n.ls V
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Why useful ?

( i ) If H lr > = Elr >
,

then E > 0

f < rlhlr > = < riatalr ) + < riaatir >

= UQ1R >

112
+ Ii Qtlr >

112
J

cii ) If E > 0
, can arrange eigenstates into Susy doublets

w - I N If G X=o
G Nt I

< .
Then HX=QQ+X=EX

e so X=Q¥+XEImQ<
ce

< .

( iii ) Only Susy singletshaveE = 0 .

( v ) Identify space of singles as kerQ/Imq
.

If dim= I
, then

F ! gs .
with

energy 0 .



r

. In periodic case Susy Only in case :

Ii ) N odd
, zero . momentum sector

( ii ) N even , twist
, zero

- momentum sector .

So Susy singlets C ⇒ simple eigenvalue cases .

. Generalised and extended in  many
directions

- MK fermion  models ( adjacency > k not allowed)l FN.SC 03)]
. XYZ model along comb .

line LF,
(A) agendorf ( 10,1411 ) ]

Higher spin s
,

q=ei%' s t ' ) [ H 1 i } ) ]

Cohomology class of open XXZ ground state [ H
, Lienardy ( 16 ) ]

. Modified fermionic models with feomionlhole symmetry
[ de Gier

,
Feher

,
N

,
Rusaczonek ( 16 ) T

.



. What is missing is a detailed

understanding

of how

Susy fits into

QISMI quantum group 1 reflection  

algebraltwo
- boundary TL algebra

picture

Our motivation . :is DerivedComm .
Rlns between G. Qt & generators

of reflection alg .

ii ) Obtained action on Belhe States .



2 . The Open XXZ with Susy

. Nifty : let V=Ev+ @ erf

We want Q
'N '

: ✓ &N→ ✓ en . '

; an 't
: ✓@I's ✓

& N

s .t . Qln
'  ' ' 0in '

= o ; cent''t ain't = o

Assume
N - I

Q
" '= §=,

t 'si +  '

qi.it i ; Qm+= €fc. iitiqit

with

q : Vev→ V ~

✓

qt : V → Vev ~

r

Nilpotency

follows
from LI ) minus signs for non - local contribs '

e. g. E' ' ae '
has contibs 0/0D|0



I ) Requiring
+ Uµ - LU =  o

i.e. associativity q(q@1) = QIIQE )

(+ co - associativity 1 qt @1) qt = ( Ieqt )q+ )
. The choice

q ( Ve
,

@ Vsn ) = fa
,

+ fc2.tk ; qt Ve = fe
,

- ( V+eV+ )

i. e only ¥ ,

+

In
+

non -

zero
,

satisfies these trivially .



µ(N )
= GNHQ 'm

+ Qlnt
''Q'N+' ' +

is local since

7- 4 2 5

+

u
- U n

o ⇒
^

n . i i i

Hn '=E-1,411
- itflli=i

N - i i w i

+ § IK11+44111
i. i i=i

=
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3n÷

More general son given
 in [ Hagendorfd Lienardyclb ) ] .

which gives non - diag . Bcs .



3 . An Algebraic Bethe Anscitz Analysis

Q : How do Q
" '

,
QN 't

act on Bethe States ?

. 1st Step: Sklyarin double . row transfer matrix picture .



Explicitly [ Sklyanin 88 ]

&

y
=

iitlz
fixed

. E '% ) =
- ¥3 [ He '

+ ( ¥11 ]



. Define =

then

er V+@V+ 8 - - . a of

. Bethe States

are
'

on . shell
'

if

where



. as

E

where E : ✓ → a ; Eee'n :V→V ; F- Eve ,  = See '

F- { iiVe ' = Se
, e

' Veii
Proof : We have both

¢ "tI€n
,

C- ijtiqi ,i+ , = I 8 Q
" '

+ C-  ' s "tqmn+i
,

and

L - I

So we can the induction  in N .



. e.g.

Non-zero weight configs around leftmost column are

Hence

If 1×14=09 'X' n'
- dtx "→Q← '

,
then

Mad



Mao

.

Then
consider

⇒

. The inductive hypoth .
then gives

result .



4. Consequences of Theorem

maps

⇒ ⇒:
N )

= V+ �1� 0+8 .
.

. @ Vt



Also note

N i 2 1

a-  '

*  i t + + + + +

oimrn '
= 2 c-  ' ) U

i=i
/

+ + - + +
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) , htz )= ( °o°
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+ t + + t

N -1
.

- - - -

-
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-

I
-
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. Hence

i. e. takes off . shell Bethe state Titz to another

NI dlz ) = 0

. Proposition : If { hi
,  . . ,1m3 ,7i=tz

satisfy
the B. eqns

then so do { Ii
,

. . . ,7m , z } .

So on - shell → on - shell .



5 . The Ground State - some combinatorics

( N )

A
ground state 4 EV & N

is Susy singlet
( N ) ( n ) ( Nti

)f
( n )

Q 4 = 0
,

Q 4 = o
.

which means rfn'Eker(¢n 's ¢ ( ¢N+' ' y'Nt '

,

'4in ' ) = o

Y ycnti )
€ ✓

�1� Ntl

. [ Hagendorf & Lienardyllb) ] recently showed that

( i 7 4IN '
is unique

4
'N '

= XN )
T

( N )

( in -

-

where X
'm

= V+ @ v. 8 vt@v.re .  . .
E ker(Q~ )

I'm '= unknown state EIM ( Get ' '

)

i.e. 4
'n '

E [2/9] = kerlcel"
) II. (

art
's

) Q .



( N )

Suppose we have basis { wi } for ICQ 'N+ ' '
)

( N ) ( n 't ' )
( Nti )f

Then lwi,
4

'n

's= ( Q8i
,

4h ) = (

8i,Q
4

'n '
)

( N )
= 0

But 4 "'= X
'n '

- § Cjwj
( N ) ( N ) ( N )

=) ( wi
,

X
'n '

) = { ( wiswj ) Cj = { Aijcj
j j

⇒ Cj d hence 4mi

. So far no explicit expression for { wi3
,

but

nice combinatorics !

. Note that we actually just  need

INH )basis of Im( Q spin 0 N even

( Ntl )
Im ( Q ) spine N odd .



let in = dim ( In Qlnt "

)
,

kn= dim ( ker ¢ "

)

N

Then in
. , + k~ = 2 ; KN =  in t I

⇒ in
. I +  in  = 2N - I ⇒ izm = 2g ( 2271 ) ;

cimt ,
= 25 ( 22M¥ , ) + {

or Lim = Ceil ( 23-12^-1) ) = 1,2 ,
5

,
10,21 , 42,85 , 170,341 ,

. .  -

Can decompose In ( Q
"t "

) C V
& N

with respect to spin

Spin .  - -3 -2 - I 0 I  2 3 .  - - N

S 1
( + - ) - I - + ) '

( - - ) ~ , ←
1 1 2

, 3 1
C- C-+  t ) - ( + - + ) - ( +  + - ) 3

1 4 41 4

1 5 9 5 1 5

1 6 14 14 6 1 6

1 7 20 29 20 7 1 7

1 8 27 49 49 27 8 1 8

1 9 35 76 99 76 35 9 1 9
1 175 1

1
1



These # s are v. combinatorial e. g.

dn = dim ( ICQ " +1

)

)spi
. o =

= I
,

4
,

1.4
,

49 , 175
,

.  - .

.

count Motzkin paths of lengk 2n will exactly I

flat portion = dn . , + cln - i ) ( 2n - i ) = .  -
.

.

n=2
dz=4

, i
=

7

So (ImQ
" 't ' '

)sp .no
= { wpn 1 pm E above set 3 -

No Wpn yet !



6 . Summary / Comments

We will use main result in connecting Susy

to existing algebraic picture of open chains .

i Optimistic our g. s . analysis will yield explicit formula .

means we can also characterise singlet g.s .  in Terms

of ker BY"z'

) / In Blzj
"?Perhaps useful

.

. It would be
good

to approch g. s
. using other tools

,

e- g. qkz .


