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Stochastic differential equations

dye = Vo(ye) dt + Va(ye) AW + -+ + Vig(ye) AW

d t )
Ve=yo+ Z/ Vily,) AW
i=0 /0

» Solution process: y: R, — RN

> Non-commuting vector fields: V; = 377, V(y)dy
» d-dimensional driving signal: (W?!,..., W9)

» Convention: W0 =t



Wiener process

2h . (N-1)h  T=Nh
t

> Wi — Ws ~ N(0,+/t —s)
» Independent increments

» Continuous, nowhere differentiable (w.p. 1)



Stochastic chain rule

t .
yt—yo+2/0 Vi oy, dW;
i

[td lemma (stochastic chain rule) =
t .
foyt—foyo—i—Z/ Viofoy dW/
T4l
E.g. choose f = V; =

t .
\/,-oyt:v,-oywz/ Vio Vioy, dWJ
~ Jo
J

t 1 ) ]
Yr=yo+2/0 Vfoyo+2/o Vi o Vioyn,dWj, | W,
i J



Stochastic Taylor series

t 3 t T . )
vo=wo+ 3 [ awiVioyo+ Y [ [T Vo vioy, awd aws
i ij

Now choose f = Vjo V; =

= y0+Z/ dW' VOYO+Z/ / dWJ dW’ VjoVioyp+---

,(t) (1)

t
J,-(t):/ AWl = Wi — W
0 0



Stochastic Taylor series Il

t T1 i ) )
J,-,-(t)z/o/o AW AW = L(Wiy?

t T1 . . t . .
J,'j(t)E/O/O dwd, dw!. /()W;ldw;1

Ji(t) — Jy

» Left Riemann sum
» Karhunen-Loeve
» K-L + tail distribution approx. (Wiktorsson)



Stochastic Taylor series Il

t
Ye = yo+§ /dW’ V;oyo+§ /0/0 AW/ dW! VioVioyo+- -
ij

J:(f) Jji(t)

Strong approximation:

» Euler-Maruyama: inc. Ji(t)
> Milstein method: inc. Ji(t) & J;

Deterministic case: Vj only =

yr=yo+tVooy+ 5t°V5 + 2 V5 +
= exp(tVo) © yo.



Flow map and exponential Lie series

Yt =%to )0

ld—i-ZJ(t V—I—ZJU t)VioV, +ZJU/< VioVi+---

ij,k

Exponential Lie series:

Y = Inpt
= (pr —1id) — %(@t - id)2 + 3(pt — id)3 +

2
= ZJ,-V,-+ZJ,-,-\/,-\/,-+-~-—§<ZJ,-V,-+---) +-
_ZJV+Z — i)V, Vil + -+

i>j

W=



Castell-Gaines (ODE) method

Truncated exponential Lie series across [t,, tht+1]:

Tzfn,fn-#l ZJ Vi +Z+ Vi, J]'

i>j

Approximate solution:

.ytn+1 ~ exp(wtmtn-f—l) © ytn .

Castell-Gaines: solve ODE

U’(T) = T/Aftn,tn+1 ou(r)

across 7 € [0,1] with u(0) = y;, gives u(l) = y;,,,-



Basic idea

» Construct the new series ¥ = F(p¢)

» Truncate and use 3,-, j,j to produce 12,5

> Approximate flow-map is ¢ = F1(¢);)

» “Flow error” is the flow remainder Ry = o — @
» Approximate solution is ¥+ = ¢ o yp

» Error/remainder is R; o yp

» Mean-square error measure is

IRt 0 yol|% = E(R: © y0) " (Re © yo)



Basic idea

p=id+ > Ju Vi

weAt
Here A* = {non-empty words over A = {0,1,...,d}}
¢:F(¢):ch(w_ld)k: Z Kw Vi
k=1 weA+

Goal: choose Ci so that

IR  yollZ2 < IR* © yoll{2



Sinh-log series?

» Diffusion vector fields commute: exponential Lie series has
smaller mean-square error (orders 1/2, 1, 3/2)

» Do not commute: counter-example for order 1

» Now assume no drift: A ={1,...,d}

Set

Y = sinhlogp = Z Ci(p — id)*
k=1

¢ =1+ 1/id + 2



Hopf algebra of words

Shuffle relations:

Ja1Ja2 = Jalaz + J3231
J31 J3233 - J313233 + J3231a3 + J823331

J3132J3334 = Jalaga3a4 + Jalagaga4 + Jala3a4a2

+ Jagala4a2 + Ja3a1aza4 + Ja3a4alag

Shuffle product: J,J, — uwwv

Two Hopf algebra structures, set:

H = R{A) ® R(A)

(uex)(vey)=(vwv) e (xy),



Pullback to Hopf algebra

p=1®1+ Z w R w
weAT

k>1
k
= ZC"<Z W®W>
k>1 weAt

:ch Z (UlLI_I...LJ.IUk)@(U1~"uk)

k>1 Ug .. U EAT

:Z(XM:Q > u1|_|_|...|_|_|uk>®w

weA* \k=1 ul,...,uk€A+
wW=u1...ug



Concatenation-shuffle operator algebra

[w]
Kowzg Ck g UL ... L Uy
k=1 u;[,...,u;(EA+
wW=uy...ux
Uil i ... iUy = clul=tgplel=1g  gelukl=1 5

Warning:

(b1 ® u1)(b2 ® up) = (b1sb) ® (uru2),



Coefficients

lw|=n+1:

KOW:ZCk Z U ... w g

k=1 ug,...,ug €AT

W=u1...Ug
n+1
— Z Ce ("D sk Do w
k=1
n
= Ciy1 (" |_|_|Sk)®W
k=0
n



Sinh-log coefficients

Lemma
With

1’ k - )

Ce = 3(—1)k+1, k>2,

%(_1)n+1+67 k=n,

then
K= %(c” —a") +es"

where

a"o(ar...ant1) =ao(ar...ant1) = (—1)"apy1 .

..ail.



Proof: step 1

Partial integration formula:

ar...ant1=(a1...an)wany1 —(a1...ap—1) w(antian)
bt (C1)

"= —c"ls—c"%sa—c" 350 — - —a”
n—1
an:_cn_§ :CkSCMn k—1



Proof: step 2

Antipode polynomial:

a"=—(c—s)".

True for n = 1,2, assume true for k =1,2,...,n— 1. Direct
expansion =

n—1
(c—s)"=c"— Z cks(c —s)nk1
k=0

Use induction.



Proof: step 3

Recall:
K=jc +2Z( 1" ws') +es”
:§C +*( - ) +€5
—%c”—ioz +es”

Hence



Sinh-log remainder is smaller |
IR o yolf2 = IR o yolf2 + E

where with st = RS + R:

E=E (:E\’oyo)T(RsloyO) +E (RSIO)/O)T(I_?oyo) +E (,E\’oyo)T(I_?oyO)



Sinh-log remainder is smaller Il

Recall K, =

n+1
%(Ju — Jaou) + € H Ju =

i=1

JK,+K,J, + J,J,

= 60 (%(JUJV - JaouJaov) + %(Ju + JOcOLI)(JV + Jaov))

n+1 n+1
- 61 <% — Jaou H Jv, ‘|’ - Jaov) H Ju,-)
i=1

n+1
—é ( 11 JL,,JVJ.>
ij=1



Concluding remarks

Drift?
Measure?
Lévy processes

Fractional Brownian motion

vV v.v.v Yy

Combinatorics < analysis
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