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Spectral problems

Parabolic nonlinear systems on R x T

diU = BAU + cdxU + F(U).

Travelling wave U.. Small perturbations U satisfy:

B AU + ¢ dxU + DF(Ug)U = AU.

Main solution approaches:

@ Projection and iteration.
@ Shooting and matching.
@ Operator determinants.
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OnNR:  BdwU+ caxU+DF(UgU = AU

(= 8XU = P,
dxP = B™(A - DF(U¢))U - cB7*P.

=3 Y =A(XA)Y.
For A € C: matching condition

D(A) := efoXTfA(é;/\)dé det(Yl_ e Yy YI:+1 Y,T)
= BTN ger(y- v+
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Carrying the same information are:

@ In one dimension d = 1:

Evans determinant function;
Miss-distance function;

Fredholm determinant;
Titchmarsh—Weyl matrix-function;
Grassmannian Riccati flow.

¢ © © ¢ ¢

@ In multi-dimensions d > 1:

@ Fredholm determinant;
@ Dirichlet-to-Neumann map;
o Fredholm Grassmannian flow.
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Numerical issues

Computational domain.
Different exponential growth rates.
Polynomial complexity.

Flow singularities?!

Retaining analyticity?

°
°

°

°

@ Where to match?
°

@ How to project transversely.
°

How to approximate the Fredholm Grassmannian flow.
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Stiefel and Grassmann manifolds

@ Stiefel manifold:

V(n, k) = {k-frames centred at the origin}.

@ Grassmann manifold:

Gr(n, k) = {k-dimensional subspaces of C"}.

@ Fibre bundle:

7i: V(n, k) = Gr(n, k) = V(n, k)/GL(k)
7: k-frame +— spanning k-plane
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Representation

Example: Gr(3,2)
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Representation Il

Y = Yl Y

Example coordinate patch:

0 1 ... 0
Jo = 0 o - 1
U ke1a Yker2 o Yk
Vke21 k22 - Yk+ok
)A/n,l )A/n,2 e }A/n,k

Local chart U; — €Kk given by yio - .
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Grassmannian flows

Y = AKX, Y)Y

Substitute decomposition Y = yi. u:

Yiol+ Yol = (Ai+Acy)u

Project onto i°th and ith rows:

y=c+dy-y@a+by) and uU=(a+by)u
where a = Aixi, b= Aixic, C = Apoxi and d = Aioxie .
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Grassmannian Gaussian elimination method (GGEM)

h, - i
cn-lok —SMMP g4 y(n, k)
J(Riccati lGGEM JRK
—k)k .,
C(n ) newchart Ul QOGE W(n' k)
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Quasi-optimal Gaussian elimination (QOGE)

GE with free stepwise max pivot, generates:

* % % % * 1 00 0 --- O
* % % % * * % % % eee %
* % % % * o100 -0
* % % % * * %k % eee %
* % % % * * % % % *
% % % % L N 0010 0
* % % % * * % % % *
* % % % * * % % % *
* % % % *

* % % % * * % % % *

Shooting and operator determinant techniques for computing spectra



Applications (planar fronts)

@ D(A) :=e” J mAE1) e det(Y‘(X,‘ A) Y*H(x; A))
) det(Y‘ Y+) = det (yg yij) -det u;_ - det u;,

® D(A;x):=det(ye ¥)

@ Record any patch change to retain analyticity.

Shooting and operator determinant techniques for computing spectra



Boussinesq system

PDE: Uy = (1 — €?) Uxx + 2C Uyt — Uyxx — (U%)xx-

Solitary waves with sech? profile.

x10°

Figure: Evans function for ¢ = 1/4 with GGEM-RK and x, = 8 (left panel).
Entries of y; for A = 0.15543141 (right panel).
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Boussinesq: error vs matching point
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Figure: Error in the eigenvalue for different choices of the matching point:
N =512.
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Autocatalytic fronts

dtU = SAU + cdxu — uv™,
0tV = Av + cdyv + uv™.
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Figure: Error in the eigenvalue when 6 = 0.1 and m = 9: N = 256.
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Transverse Fourier basis

On R x T we have:

BAU + cdxU + DF(Uc)U = AU.

On the Fourier modes k = -K,-K +1,...,K:
aXLAjk = ﬁ)k/

K
P = AB U+ (kD20 - Y| B DU, - c BT Py
v=—K

Shooting and operator determinant techniques for computing spectra



Computing travelling waves: freezing method

Substitute U(x, y, t) = V(x —y(t), y, t) into original PDE:

V= BAV +y/(1)dxV + F(V),

0= f]R XT(&,( V(x,y, t))T(V(X, y, )= V(X,y, t)) dxdy.

(Developed by Beyn and Thiimmler.)
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Wrinkled front: Evans function for 6 = 2.5
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Wrinkled front: Evans function for 6 = 3
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Wrinkled front: Eigenvalues for 6 = 3

Eigenvalues (Evans function)
0.001609 —0.000026 —0.000781 —0.001296 —0.000670
0.001609 0.000002 —-0.000001 —-0.000519 —0.000670
0.001589 0.000002 -0.000001 -0.000519 -0.000720
0.001589 —0.000002 —0.000003 —-0.000515 —0.000720
0.001589 —0.000002 —-0.000003 —-0.000515 —-0.000721
0.001589 —0.000002 —-0.000003 —-0.000515 —0.000721
0.001589 —0.000002 —0.000003 -0.000515 —0.000721

OO ~NO U WX

0.001589 —-0.000002 —-0.000003 —0.000515 —-0.000721

Eigenvalues (ARPACK)
0.001592 0.000000 0.000000 -0.000514 -0.000719

N
N
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Wrinkled front: contour integration

argument (multiples of 1)

-2 i i i
0.0001 0.0001i 3i 1.5+1.5i 15
A

Figure: Left panel: contour. Right panel; arg(D()\)) when A transverses the
top half. 6 = 3.
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Singularities and Schubert cycles
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Fredholm determinant

Y’ = (Ag(A) + AL(x)) Y
& (-A)Y =AY
& (1d — (Kp, © Al)) Y=0
Compute detr(id + K) for K = =K, o A;.
For Hilbert space H:
trK = Z((pi, K(p,'>]H = f tr G(x; x) dx
R

i1
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Fredholm expansion

det(id + K) = Z tr KA

m=0

where

tr KN = Z <<p,-1 A A@i, K@iy A A K(p,-m>]HAm

i1<-"<im

- | Z det[(qolp, K§01q>]H]p gefl,...,.m}
iy <-++<im

_ i' ) dEt[G(Xi/ Xj)] dxq...dxm
m: Jr

Bornemann, apply quadrature to:
id+K)Y=fF
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Multi-dimensional shooting

The Fredholm determinant and Evans function are related:
det(Y~ Y™)

det(Y, Yy)

(Proved in general setting by Karambal 2011.)

Suppose H = H; @ Hy: say Hy = H%(8Q) and H, = ‘%(8Q):

det(id + K) =

W :m: W — H;jis Fredholm

Gr(H) =
r(H) {W 7121 W — H, is Hilbert—Schmidt

i.e. it is a Hilbert manifold modelled on J»(IH1, H>).
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