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Data Structures and Algorithms  
                                                                                           Solution


Algorithm Design

1(a)

i) Formulate the problem as an optimisation problem with a constraint and  an optimisation function.

Let xi be a binary variable. If xi is 1 the container is loaded, if it is 0 the container is not loaded.

Constraint: i=1n wi xi <= c

Optimisation function: maximise i=1n xi

ii) A ship with capacity 120 tons is to be loaded with containers weighing 80, 35, 20, 30, 45, 60 and 25 tons. Give both the optimal solution, and a feasible but non-optimal solution.

Optimal: 20, 25, 30, 35

Example feasible: 45
iii) Formulate a good greedy algorithm to solve this problem.

while there are still containers and  i=1n wi xi <= c

    add the container with the least weight

iv) Given a Container class with integer weight and id functions, implement your algorithm as a carefully-commented Java function that takes an array of containers and an integer capacity and returns an optimal solution. You may also assume useful functions, e.g. a sort, but should note your assumptions.

Assume an array sort function exists

/* Greedy algorithm for container loading

 * Set x[i] = 1 iff container i, i>=1 is loaded */

public static void containerLoading 

                      (Container [] c, int capacity, int [] x)

{

   // Sort into order of increasing weight

   Heapsort.heapsort(c);

   int n = c.length –1;  // number of containers

   for (int i=1; i<=n; i++)

      x[i] = 0;

   // select objects in order of weight

   for (int i=1; i<=n && c[i].weight <= capacity; i++) 

      { // enough capacity for containder c[i]

         x[c[i].id] = 1;

         capacity -= c[i].weight;  //reduce capacity

      }

}

(b)

i) What should the optimisation function be for this new problem?

i=1n pi xi
ii) Formulate a plausible greedy algorithm for this problem.

Either:

 while there are still containers and  i=1n wi xi <= c

    add the container with maximum pi that will fit

or 

while there are still containers and  i=1n wi xi <= c

    add the container with maximum pi / wi that will fit

iii) Show the results of your algorithm loading the 120-ton ship with the example data, giving total  weight and profit.

Using maximum pi / wi:
choses: 35, 60, 20

total weight = 115

total profit = 2050

iv) Prove that your algorithm is not optimal.

By counterexample. The optimal solution is

35, 60, 25
2. Trace a backtracking search of the following maze, showing the live and dead nodes, at the following points.

a) immediately before the first backtrack;

0L    0L    0L    0L

0     1     0     1

0     1     1     1

0     0     0     0

b) immediately before the second backtrack;

0L    0L    0L    0D

0     1     0L    1

0     1     1     1

0     0     0     0

c) when the algorithm terminates, giving the path.

0L    0D    0D    0D

0L    1     0D    1

0L    1     1     1

0L    0L    0L    0L

Path: 11, 12, 13, 14, 24, 34, 44

3. Trace a branch and bound search of the maze in question 1 showing  

a) all paths of length 2 (i.e. visiting two nodes),

0L  0L  0   0

0L  1   0   1

0   1   1   1

0   0   0   0

i.e. 11,12 and 11,21

b) all paths of length 4, and

0L  0L  0L  0L

0L  1   0L  1

0L  1   1   1

0L  0   0   0

i.e. 11,12,13,14 and 11,21,31,32 and 11,21,31,33

c) the path to the exit found by the algorithm

0L  0L  0L  0L

0L  1   0L  1

0L  1   1   1

0L  0L  0L  0L

i.e. 11,12,13,14,24,34,44
4. a) Formulate a greedy solution to the change-making problem in the notes, under the additional constraint that the cashier only has a limited number of 50p, 20p, 10p, 5p, 2p and 1p coins. 

Issue as many as possible of the largest denomination coins at each stage
b) Show how your algorithm works giving change for 123p using one 50p, five 20p, zero 10p, three 5p, six 2p and eight 1p coins.

Target                Coins Selected

   123                      one 50p

    73                    three 20p

    13                        two 5p

3p                         one 2p

1p                         one 1p

c) i) Does your algorithm always use the fewest number of coins? 

No. 


   ii) Prove your answer.

To disprove a statement it is sufficient to provide a counterexample showing that it is false. For example the case where we have a 50p, four 20p and thirty 1p coins available, and must provide 67p in change. The greedy algorithm will give out the 50p and seventeen 1p coins – a total of 18 coins. An optimal algorithm would give out three 20p coins and seven 1p coins – a total of 8 coins.

d) i) Will your algorithm produce exact change if it is possible to do so?

No.

      ii) Prove your answer.

A counterexample is the case where we have a 50p and three 20p coins available, and must provide 60p in change. The greedy algorithm will give out the 50p and then be unable to find coins to make up the remaining 10p in change that is needed. An optimal algorithm will give out 3 20p coins.
5.
a) Give an algorithm to either output a message “No counterfeit coin”, or identify which of three coins: A, B and C is counterfeit.

solve A B C =
  if eqWeight(A,B) then

    if eqWeight(B,C) then

      Output “No counterfeit coin”

    else                        \\ Either B or C is counterfeit     

      C

  else                          \\ Either A or B is counterfeit

    if eqWeight(A,C) then

      B

    else

      A
b) Construct a divide and conquer algorithm that divides a set S set of coins into three equal subsets, and uses part (a) to solve small (i.e. 3-coin) sets. 

find divide S =

  let 

    (A,B,C) = divide S

  if (size S) <= 3 then       \\ Assume that size of S always a power

                              \\ of 3, i.e. always exactly 3 elements 






\\ remain.

    solve A B C

  else

    if eqWeight(A,B) then

if eqWeight(B,C) then

  Output “No counterfeit coin”

      else                    \\ Either B or C contains counterfeit     

  find divide C

    else                      \\ Either A or B contains counterfeit

if eqWeight(A,C) then

  find divide B

else

  find divide A

6. Complete Weiss exercise 10.2

total = 0

 earned = 0

 while total < ti

   choose ji with greatest di in jobsList //An O(n) search of jobsList

   delete ji  from jobsList
     earned = earned + di

     total = total + 1

total = 0
earned = 0

 sort jobslist on di

 while total < ti

   choose first ji in jobsList //An O(1) selection of a jobsList elt
   delete di  from jobsList
     earned = earned + di

     total = total + 1


4

