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Although the centres of the three bands used are the same as the approximations of the 

spatial frequency channels, the standard deviation of each of them was fixed to 1.3. This 

value was chosen to minimise overlap between bands and at the same time use bands 

with similar standard deviations but different centres to facilitate the discovery of how 

frequencies influence perceived roughness. 

  

 

 
Figure 8-2: Demonstration of the band stimuli with and without the base (one to two cycles per stimuli width). 

 
 

When constructing the stimuli only pairs of adjacent bands were used at a given time to 

provide the stimuli with its natural feel (more bands give the stimuli a more natural 

feel), as a result, in the stimuli one band always had a magnitude of zero. In addition, to 

ensure that occlusions were present and enhance the depth perception by shading, a very 

low frequency base (0.11 to 0.23 cpd) was used to give the stimuli its characteristic 

waviness, as demonstrated in Figure 8-2.  

 

The final stimuli were rendered using the same lighting and construction parameters as 

previously described in Chapter 4, but the frequency profile of the surface was changed 

to the model of two gaussian frequency bands (plus the low-frequency base). 
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Figure 8-3: Demonstration of each gaussian frequency band independently (from left to right: Fb1 = 1.0, Fb2 = 

0.25 and Fb3 = 0.125). 

 
 

8.2 Relationship between frequencies and perceived roughness  

The next two subsections will explore the connection between the narrow-band spectra 

surfaces and perceived roughness. To achieve these two new experiments were 

developed, one for the mid-range frequency and one for the high-range frequencies.  

   

8.2.1 Exploring mid-range frequencies 

In the first experiment, the mid-range frequencies will be explored (0.8 cpd to 7.0 cpd). 

This experiment compromises all of the frequencies that fall underneath the B (centre at 

1.5 cycles per degree) and D (centre at 4.4 cycles per degree) gaussian approximations 

of the spatial frequency channels, as previously described.  

 

The experiment will follow a similar methodology to that described in Chapter 6, where 

contour lines of similar perceived roughness were discovered by comparing two 

different parameters that influence perceived roughness. For example in the experiment 

from Section 6.4, the two influencing parameters were the σ and β values. However, for 

this experiment, the two magnitudes from the gaussian filter bands will be used as 

influencing parameters (Fb1 and Fb2).  

 

The method of adjustment was used again to obtain the iso-roughness lines between Fb1 

and Fb2, but this time the observers were adjusting the magnitude of Fb2 to match a 

reference surface with fixed parameters. In each trial of this experiment, the observer 

was asked to match a pair of surfaces, where the reference surface always had a 
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magnitude of Fb1 {1.0} and a magnitude of Fb2 {0.25, 0.5 or 1.0}. The adjustable 

surface had a fixed magnitude of Fb1 {0.25, 0.5, 1.0 or 2.0}, while the magnitude of Fb2 

could be adjusted by the observers.  

 

Observers were presented with a surface pair, the reference surfaces and the adjustable 

surface and then observers were asked to adjust the adjustable surface until it looked as 

being similar in perceived roughness to the reference surface, again imaging how 

surfaces would feel if touched. At no point, the observers were aware they were 

adjusting the magnitude of just one frequency band or the inner workings of the 

adjustment.    

 

Each observer was asked to match in random order twelve surface pairs (i.e. all 

combinations of three values of Fb2 in the reference surface and four values of Fb1 in the 

adjustable surface). Each pair was presented three times, with different random θ (seed 

values {1, 2 or 3}) to add robustness to the results. In total, each observer had to match 

by perceived roughness thirty-six surface pairs (plus four practice pairs). The 

experiment stimuli, trials and characteristics are fully described in Appendix 8-A. Ten 

naïve observers volunteered to take part in the experiment, which used the standard set-

up described in Chapter 5. Each observer took on average twelve seconds to match a 

surface pair. The results from all the observers are compiled in Figure 8-4 and tabulated 

in Appendix 8-B. 

 

Figure 8-5 shows the median values of Fb2 for each of the 12 matches, together with the 

iso-roughness lines fitted to the all the observers’ data using the least squares fitting 

method, which show that the best fitting line is a polynomial function. It is also possible 

to discern from Figure 8-5 that the high frequency band (Fb2) is much more important to 

perceived roughness than the lower frequency band (Fb1), as small changes in Fb2 

influence drastically Fb1 (also, the two variable samples are statistically relevant as p < 

0.000001 in both). The parameters of the lines, statistical relevance and fitting error are 

further detailed in Appendix 8-C. 
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Figure 8-4: Individual data for the experiment on mid-range frequencies.   

 

 
 

Figure 8-5: Median observations and iso-roughness lines in the space [Fb1, Fb2]. 
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However, we cannot generalize that higher frequencies are more influential in 

perceiving roughness than lower frequencies, as this might not hold true for frequencies 

greater than the second frequency band (centre at 4.4 cpd). Therefore, in the next 

section, the effects of the second and third (highest) gaussian frequency bands will be 

explored. 

 

8.2.2 Exploring high-range frequencies 

Humans with 20/20 vision are sensitive to frequencies up to 30 cpd, but frequencies 

above 10 cpd were not tested in the previous experiment. As a result in this section a 

new experiment is constructed this follows the previous experiment to analyze high 

frequencies (relationship between the Fb2 and Fb3 with centre at 16 cpd and a standard 

deviation of 1.3 cpd).  

 

The same ten observers as the previous experiment (Section 8.2) were asked again to 

match by perceived roughness a number of surfaces using the method of adjustment. 

Each observer had to match four pair of surfaces where the reference surface always 

had a magnitude of Fb2 [0.25] and a magnitude Fb3 [0.25, 0.125 or 0.0625]. The 

adjustable surface had a fixed magnitude of Fb2 [0.5, 0.25, 0.125 or 0.0625], while the 

magnitude of Fb3 could be adjusted by the observers.  

 

In total, each observer had to match thirty-six surface pairs (three value of Fb3 in the 

fixed surface times four values of Fb2 in the adjustable surface times three random 

phases for robustness) plus four trial pairs. The full description of the experiment is 

compiled in Appendix 8-E, with includes all the characteristics for the stimuli in each 

trial. The observers took on average 10 seconds to match a surface pair, all the 

observations are fully described in Appendix 8-F and plotted in Figure 8-6.  

 

Figure 8-7 shows the median values of Fb2 for each of the 12 matches (p > 0.00001 for 

both variables), together with the iso-roughness lines fitted to all the observers’ data 

using the least squares fitting method. Polynomial lines were found to be the best fit to 

construct the iso-roughness lines from the observers’ data, these follow a similar decay 

as the previous experiment where higher frequencies have a bigger impact on perceived 
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roughness than the lower frequencies as clearly revealed in Figure 8-7 and fully 

described, including statistical analysis in Appendix 8-D. 

 

 
Figure 8-6: Individual data for the experiment on high-range frequencies. 

 
Figure 8-7: Median observations and iso-roughness lines in the space [Fb2, Fb3]. 
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From the last two experiments, it is possible to conclude that higher frequencies are 

increasingly significant to the perception of roughness, across the range from 0.8 cpd to 

30 cpd. It was not possible to test frequency bands higher than 30 cycles per degree 

because reliable measurements are difficult to obtain due to the limitation in human 

vision and equipment limitations (resolution, size and modulation transfer function of 

the displays). 

 

Finally, the results from the previous two experiments were re-plotted in logarithmic 

scales to demonstrate in similar scales, how different frequencies affect perceived 

roughness. This are demonstrated in Figure 8-8 for the [Fb1, Fb2] space and Figure 8-9 

for the [Fb2, Fb3] space.  

 

 
These two relationships will be used in the next section to refit a perceptual roughness 

estimator that takes into account of all frequencies across the range studied, applying 

similar weight to each experiment. 

 

 
 

Figure 8-8: Iso-roughness lines in decades from the experiment in section 8-2. 
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Figure 8-9: Iso-roughness contour lines for the experiment in section 8-3. 

 
 

8.3 Modelling perceived roughness including the frequency bands experiments. 

As described in chapter seven, two functions for the F1 filter of the proposed FRF 

model fit the observed iso-roughness lines from Chapter 6 with the lowest error. These 

two functions are a gaussian function and a power function. Unfortunately, it is 

impossible to differentiate the best fitting function only from the data in chapter six. 

Therefore, these two functions will be tested against the new iso-roughness lines 

discovered from the previous two experiments (Section 8-2). 

 

8.3.1 Roughness estimator using a gaussian function for F1 

First, the estimator using a gaussian function will be modified to incorporate the two 

new iso-roughness line plots (Fb1 versus Fb2 and Fb2 versus Fb3). Looking at the results 

from the previous sections it is possible to appreciate that frequency bands in higher 

frequencies have more perceptual importance than the band with lower frequencies. 

Therefore, when fitting a gaussian function as the F1 filter this mathematically can only 

have two forms of parameters: 
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i. where the centre of the gaussian function (µ) is in between two frequency bands 

(in between Fb1 and Fb2 or in between Fb2 and Fb3) and 

ii. where the centre of the gaussian function (µ) is above all the frequency bands 

and it can have any width (σg).  

The parameters of the gaussian function will never be able to fit the model if the centre 

of the function (µ) is lower than the centre of both of the frequency bands as this is 

mathematically not possible.   

   

For (i), the centre of the gaussian function needs to be in between the two frequency 

bands simply because: 

a) The lower, less important frequency band that is bigger in magnitude (as 

described in the results from Section 8.3) will lie in the raising section of the 

gaussian function therefore this will reduce it.  

b) At the same time, the centre and the immediate lowering part of the gaussian 

will boost the more important, but low in magnitude, high band.  

 

As a result, by having the gaussian function in between two of the frequency bands it is 

possible to minimize the error and produce a reliable estimator for perceived roughness. 

 

However, a problem arises when using a gaussian function for F1 in between the 

experiments’ three frequency bands as the model needs to be fitted to both sets of iso-

roughness lines (Section 8.2.1 and Section 8.2.2). Therefore, this would imply that it is 

necessary to have two gaussian functions for F1, one in between the first and middle 

frequency bands (space [Fb1, Fb2]) and the second one in between the middle and last 

frequency bands (space [Fb2, Fb3]), these gaussian functions would also need to be of a 

rather a small width (σg < 1.3).  

 

As a result, the parameters described in (i) are mathematically possible but unlikely to 

be used for the perception of roughness, as σg is small.  Therefore, a more attention will 

be devoted to a gaussian function as described in (ii) where the centre is above the 

experiment’s frequency bands (>16 cpd), as it is unlikely the F1 filter is composed of 

just two gaussian shapes. Nonetheless, the F1 filter might be composed of a number of 

inter-lapping gaussian functions. This will not be tested, as it requires the optimization 

of a number of gaussians with different weights and parameters for the three 
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experiments. Furthermore, if the F1 filter is formed by many gaussians then the final 

optimized function for F1 can be thought as an estimation of these multiple gaussians.  

 

As for the last form of parameters (ii) of the gaussian function were the mean is greater 

than the centre of the frequency bands, then this is mathematically viable (as observed 

in Section 8.2) because: 

a) The lower, less important however high in magnitude band is reduced with the 

starting inclination of the gaussian, whilst  

b) The high, more important but low in magnitude band is boosted with the 

increasing slope of the gaussian.  

As the centre of the gaussian needs to exceed the mean of the pairs of bands then it is 

implied that the centre of the gaussian needs to be greater than the third gaussian band 

mean frequency (> 16 cpd). 

 

Optimizing the parameters, using the same method as previously described in chapter 

seven, of the gaussian function [μ, σg] that give the best fit to the [Fb1, Fb2] iso-

roughness lines yields values of 28.29 cycles per degree and 4.91 cycles per degree 

respectively (see figure 8-10). The mean value is located above the mean of Fb3 and 

near the upper-edge of the 20/20 visual range. The parameters of the gaussian function 

that give the best fit to the [Fb2, Fb3] iso-roughness lines are similar to these values 

where μ is 24.65 cycles per degree and σg is 4.37 cycles per degree (see Figure 8-11). 
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Figure 8-10: Optimization of the parameters of the gaussian function with the [Fb1, Fb2] bands. 

 

 
Figure 8-11: Optimization of the parameters of the gaussian function with the [Fb2, Fb3] bands. 
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Currently, more important than finding the individual optimized parameters of each set 

of iso-roughness lines is to find a solution (of optimized parameters) that minimises the 

errors εt to the minimum of both. Therefore, a similar weight was assigned to each of 

the optimized parameters plots and then they were combined together, similar to 

calculating εt for the six iso-roughness lines in Section 8-2. The result from these new 

optimized values shows that the optimized parameters coincide with the upper range of 

the human visual acuity (30 cpd) as detailed in Figure 8-12. The optimized parameters 

are μ equal to 30 cycles per degree and σg equal to 5.0.  

 

 
         

Figure 8-12: Optimized parameters with all the experiments in chapter eight using a gaussian function. 

 

The optimized minimum from the experiments together falls on the edge of the visual 

range (µ > 30 cpd), further values were not calculated as with these values the function 

stops being a gaussian and it acts more as a simple slope or power function. When 

comparing this optimization to the ones in chapter seven (Figure 7-11) it is apparent 

that the two minima fall at very different points in the parameter space, in particular, the 

centre of the gaussian lies at approximately 4 cpd when the data from the experiment in 

Chapter six are fitted, but at 30 cpd when the present data are fitted. As a result, if we 
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sought to get a final optimization for the experiments in Chapter 6 and Chapter 8, the 

solution is going to be just an approximation of the correct value, as the final optimized 

parameters would be in between the optimal ones for each experiment. 

 

Figure 8-13 shows the three possible gaussian shapes of the optimized parameters for 

each of the experiments and the approximation of the optimized parameters when using 

all the experiments. In the figure, the gaussian functions are represented when: 

1. the optimal parameters are from the fit of the iso-roughness lines of the 

experiment in Chapter 6 [σ, β], 

2. the parameters are fitted to the iso-roughness lines from the [Fb1, Fb2] space, 

3. the parameters are fitted to the iso-roughness lines from the [Fb2, Fb3] space and 

4. the three sets of data are combined with equal weight. 

 

 

 
 
Figure 8-13: Demonstration of the optimized parameters for the gaussian function for each experiment and the 

total optimization by assigning equal weights to each experiment. 
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Figure 8-14: Fit of the model compared to the iso-roughness lines from chapter six when weighting each 

optimized parameter from the three experiments equally (unbroken lines are the model’s output). 

 

 

 
Figure 8-15: Fit of the model compared to the iso-roughness lines from [Fb1, Fb2] when weighting each 

optimized parameter from the three experiments equally (unbroken lines are the models output). 
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Figure 8-16: Fit of the model compared to the iso-roughness lines from [Fb2, Fb3] when weighting each optimize 

parameter from the three experiments equally (unbroken lines are the models output). 

 

When the experiments are similarly weighted the results are poor as demonstrated in 

Figure 8-14 for the experiment in Chapter 6, Figure 8-15 for the [Fb1, Fb2] iso-

roughness lines and Figure 8-16 for the [Fb2, Fb3] iso-roughness lines. Appendix 8-G to 

Appendix 8-O illustrate the fittings when weighting the model at the optimal parameters 

from each experiment.  

 

Nevertheless, the gaussian function was not the only one that fitted with the least error 

the iso-roughness lines from Chapter 6; a power function fitted the lines also as 

described in chapter seven, therefore the parameters from the power function will be 

also optimized by the two new experiments. 

 

8.3.2 Roughness estimator using a power function for F1 

In this section, the power function previously described in Section 7.3.2 will be 

optimized again to incorporate the two new experiments from Section 8.2. With these 
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new experiments, the new optimization is going to represent more accurately perceived 

roughness in most of the frequency spectrum. 

 

The optimizations of the parameters of the power function [fp, p] that minimize the error 

εt are shown in Figure 8-17 and 8-18. The optimal parameters for the [Fb1, Fb2] iso-

roughness lines are located at a starting frequency Fp of 0.70 cpd and an exponent p of 

1.31.  As for the optimized parameters for the [Fb2, Fb3] iso-roughness lines the Fp is at 

4.70 cpd and a p of 0.2. 

 

If the two sets of optimized parameters, for the experiments in this chapter, are weighted 

similarly and the optimal parameter is searched then there is a clear minimum at Fp of 

1.41 cpd and a p of 0.78.  Unfortunately, this minimum value does correspond to the 

optimized value from the experiment in Chapter 6 (Figure 7-6). Therefore, the final 

optimized parameters for the power functions are going to be a compromised 

approximation between experiments as shown in Figure 8-19.  

 

 
 

Figure 8-17: Optimization of the parameters of the power function for the [Fb1, Fb2] iso-roughness lines. 
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Figure 8-18: Optimization of the parameters of the power function for the [Fb2, Fb3] iso-roughness lines. 

 

 

Figure 8-19: Optimization of the parameters of the power function for the combined experiments. 
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Figure 8-20 shows the three possible power function shapes of the optimized 

parameters for each of the experiments and the approximation of the optimized 

parameters when using all the experiments. Finally, even when the experiments are 

similarly weighted the results are poor as demonstrated in Figure 8-21 for the 

experiment in Chapter 6, figure 8-22 for the [Fb1, Fb2] iso-roughness lines and Figure 8-

23 for the [Fb2, Fb3] iso-roughness lines. Appendix 8-G to Appendix 8-X illustrate the 

fittings when weighting the model at the optimal parameters from each experiment.  

 

 

 
 

Figure 8-20: Demonstration of the optimized parameters for the power function for each experiment and the 
total optimization when assigning equal weights to each experiment. 
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Figure 8-21: Fit of the model compared to the iso-roughness lines from chapter six when weighting each 
optimized parameter from the three experiments equally. 

 
 

 
 

Figure 8-22: Fit of the model compared to the iso-roughness lines from [Fb1, Fb2] when weighting each 
optimized parameter from the three experiments equally. 
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Figure 8-23: Fit of the model compared to the iso-roughness lines from [Fb2, Fb3] when weighting each 
optimized parameter from the three experiments equally. 

 
 Parameters for Optimizing with εt 

Gaussian 
Function 

[β, σ] [β, σ] 0.0198 
[Fb1, Fb2] [Fb1, Fb2] 0.0714 
[Fb2, Fb3] [Fb2, Fb3] 0.1072 

[β, σ] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.0594 
[Fb1, Fb2] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.861 
[Fb2, Fb3] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.1627 

[β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.3081 

Power 
Function 

[β, σ] [β, σ] 0.0187 
[Fb1, Fb2] [Fb1, Fb2] 0.0714 
[Fb2, Fb3] [Fb2, Fb3] 0.0983 

[β, σ] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.0462 
[Fb1, Fb2] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.1091 
[Fb2, Fb3] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.1004 

[β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] [β, σ]+ [Fb1, Fb2]+ [Fb2, Fb3] 0.2556 
 

Table 8-1: Parameters for each of the iso-roughness lines using every single experiment and all of them. 

 
As observed from the optimal fittings of the gaussian function and the power function, 

the optimal F1 in the proposed model is a slope with a positive increment towards high 
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frequencies. However, none of the two functions could actually match well the [Fb1, 

Fb2] or [Fb2, Fb3] experiment at the same time (see Table 8-1), therefore this implies that 

the low and high end sections of the functions needs to be improved.  Therefore, in the 

next section a new function will be used to improve on the previous two.  

 

8.4 Improving further the model 

As previously described, the two preferred functions (gaussian and power) do not 

model well the [Fb1, Fb2] and [Fb2, Fb3] experiments at the same time; these are the ones 

testing mid-range to high-range frequencies. Therefore, this implies that the low-end or 

high-end part of the filter needs improvement. As a result, in this section, a new 

function is presented which appears as a gaussian function but has variable low and 

high ends that can be fully described by three parameters.    

 

This function will be described from now on as a variable Gaussian. Its mathematical 

formula is presented in Equation 8-2, where fp is the starting frequency that is set to 

avoid negative values, Fc is the cut-off frequency set at 30 cycles per degree. The kc 

variable is used to normalize the function, bc is set to -mc to normalize the functions as 

well, mc is the variable that crooks or alters the low-end part of the gaussian and cc is the 

variable that crooks or alters the high-end part of the gaussian. 

 
 
 

௣௥ߦ ൌ න  kୡ. ൫mୡ · ൫ ௙݂ െ ௣݂൯ ൅ bୡ൯ . eିቀ୫ౙ൫௙೑ି௙೛൯ቁ
ౙౙ

. S൫ ௙݂൯  d ௙݂

௙೎

௙೛

 (8.2)

 
 
 
This function is similar in construction to the formula used by Mannos to describe the 

contrast sensitivity function (Mannos and Sakrison, 1974). The advantages of using this 

function are the low count of parameters but high variability of the shape of the 

gaussian. Figure 8-24 demonstrates how the mc and cc parameters influence the shape of 

the variable gaussian.   

 



  

 
107 

 
Figure 8-24: mc and cc parameters influencing the variable gaussian. 

 
 
When optimizing the parameters for the variable gaussian for each experiment, it is 

possible to deduct first the optimal value of Fp from the errors of each experiment, as 

the other two variables mc and cc increase proportionally with Fp. As a result, this 

variable Fp can be optimized separately from the other two. The value Fp was only 

tested until the start of Fb1, as higher values would have undermined the experiment 

using this band. The resulting optimization of this parameter is 0.235 cycles per degree 

and can clearly be appreciated in Figure 8-18. 

 

 
Figure 8-25: optimizing the Fp value for the variable gaussian.  
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This optimized Fp value was used to obtain further optimized values of mc and cc by 

minimizing the error for the three experiments, the results show that there are various 

minima as demonstrated in Figure 8-26. These minima are detailed in Table 8-2. 

However, by changing the value of kc, it is possible to tune these minima to a similar 

shape (as a multiplying a factor does not affect the model) but the high-end part of the 

variable gaussian is still undefined as illustrated in Figure 8-27 (using multiplied values 

of kc, defined as kcm).    

 

 
 

Figure 8-26: Optimization of the mc and cc parameters of the variable gaussian using all the three previous 
experiments. (Minima from left to right Opl, Op, Oph) 

 

Parameters Op Opl Oph 

cc 5.054 2.594 9.8497 

mc 0.0042 0.0026 0.0051 

kc 1.6891 2.131 1.405 

kcm 1.6891 2.771 1.377 

εt 0.2399 0.2408 0.2400 

Table 8-2: Optimized parameter values for the variable gaussian using the three experiments. 
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Figure 8-27: Three optimizations for the variable gaussians were they were match by multiplying a factor to 
them. Please notice that the variable function can be multiplied by any factor, as a result the plot for the line 

can go even further than plotted here.    

 
When the Op parameters are compared to the observed data, it is possible to discern that 

the variable gaussian is a much better function for the F1 filter, as shown in Figure 8-28 

to Figure 8-30. Although there are some small fitting errors in the lower magnitude 

bands of the band pass experiments, it is reasonable to assume that these errors are 

produced because of: 

a) the difficulty of matching these bands with small magnitude by the observers 

and  

b) the difficulty of testing even higher frequency bands than Fb3. 
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Figure 8-28: Iso-roughness lines from Chapter 6 compared to the predicted model using a variable gaussian 

with optimized parameters. 

 
 

 
 

Figure 8-29: Iso-roughness lines from [Fb1, Fb2] compared to the predicted model. 
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Figure 8-30: Iso-roughness lines from [Fb2, Fb3] compared to the predicted model. 

 
 

8.5 Summary and Discussion 

In Chapter 6 and Chapter 7, it was demonstrated that it is possible to construct a model 

using an FRF framework to account for the iso-roughness lines from Chapter 6. 

Unfortunately, two functions fitted quite well the first filter of the model; these were a 

gaussian function and a power function. The major difficulty in deciding on the most 

appropriate function was the symmetry in the stimuli and the low magnitude in the high 

frequencies.  

 

As a result, in this chapter, two new experiments based on spatial frequency channels 

were constructed, where frequency bands are compared to gather two new sets of iso-

roughness lines. The new experimental data show how frequencies influence perceived 

roughness. From the results, it was noticed that perceived roughness increments with 

frequency, until the highest frequency tested by the bands (30 cycles per degree). 
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Higher frequencies were not tested as it is very difficult to obtain reliable results from 

the observers, and also because of hardware limitations. 

 

Although the new iso-roughness lines from this chapter were not obtained from 1/Fβ 

noise surfaces they will serve to justify which model fits best these surfaces. One can 

argue here that there is no reason to combine these two kinds of surfaces to optimize a 

model for 1/Fβ noise surfaces but it would be impossible to discern the correct model 

from just these surfaces alone. However, it was shown that observers can reliably match 

perceived roughness from the frequency band surfaces and observers also found these to 

be similar to 1/Fβ noise surfaces in appearance as they are isotropic surfaces too. As a 

result, these surfaces were incorporated in the model.  

 

When fittings the gaussian and power functions to these two new experiments, it was 

demonstrated that the error of the gaussian model is reduced until the gaussian centre 

matches the limit of the 20/20 vision (30 cycles per degree), at which point the function 

loses its characteristic shape. As for the power function, it was not possible to match 

perfectly all the optimized parameters for the three experiments. 

 

As a result, a new function, with variable low and high parts, was constructed. This 

variable gaussian was tested on the experimental data. The results demonstrated that 

this function is the best fitting one for the F1 filter. Although some iso-roughness lines 

have a slight error, this can be attributed to the unavailable data at high frequency values 

(>16 cycles per degree).    

 

However, the scale in between the iso-roughness lines in each experiment is still 

unknown, and for that reason in the next chapter, a new experiment testing this scale 

will be constructed and the proposed model will be scaled accordantly. 
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CHAPTER 9  

SCALING THE PROPOSED MODEL 

 

 

It was demonstrated that an estimator for perceived roughness can be constructed using an 

FRF model were the first F1 filter is unknown in shape and parameters, and the RF2 stages 

act as a variance estimator. The shape of F1 and its parameters were found by optimizing 

and fitting a model to the data from psychophysical experiments. The final optimized 

function for F1 was a ‘variable gaussian’ with a centre (mean) above 15 cpd as described 

in the previous chapter. With this optimized estimator, it is possible to output data that 

matches both the observed iso-roughness lines in [β, σ] space and the band pass 

experimental data. 

 

A limitation of the estimator developed so far is that it can measure perceived roughness 

only to an ordinal level. It specifies that a surface lying on one iso-roughness line will be 

perceived as more rough or less rough than one lying on a lower or a higher line, 

respectively, but the scaling of perceived roughness remains unknown. The aim of this 

chapter is to extend the estimator, through a further experiment, to achieve this scaling, so 

that the ratio of the perceived roughnesses of two surfaces can be determined. This scaling 

will be applied to the estimator to produce a complete measurement for perceived 

roughness in 1/Fβ noise surfaces. 

 

This chapter is subdivided into five sections: the first (9.1) will explain the new scaling 

experiment, and Section 9.2 will show its results. The third Section (9.3) will add the scale 

to the model, followed by a fourth Section (9.4) which will summarize the final model for 

perceived roughness, finishing with a discussion of the results of the chapter as a whole 

and the implications of the final model (Section 9.5). 

 

9.1 Perceptual scaling in between iso-roughness lines 

From the experiments exploring σ and perceived roughness in chapter six, it is known that 

a surface which lies on a higher iso-roughness line (with a bigger σ reference) will be 
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perceived as being rougher than a surface lying in a lower iso-roughness line (with a 

smaller σ reference). But there is no way of establishing from the previous experiments the 

ratio of how much rougher one surface is perceived in comparison with a second one or 

how much rougher an iso-roughness line is to another. As a result, a new experiment will 

be designed in this section. 

   

To obtain the ratio or scale in between iso-roughness lines it is necessary to obtain 

somehow a quantitative value from the observers for each iso-roughness line in the [β, σ] 

space. Methods like numerical ratings or Likert scaling were not used because it is not 

known whether observers can accurately judge roughness numerically. Therefore, a new 

method had to be devised where observers make a quantitative judgement about the 

relative roughnesses of surfaces but without expressing the relationship in number form.  

 

The new method was a ‘variation’ of the method of adjustment because the original method 

was proven to produce reliable observations as previously described in chapters six and 

eight. The new method consisted of displaying two reference surfaces with different 

perceived roughness and a third adjustable surface. Observers were able to adjust this 

surface’s σ until it was equidistant in perceived roughness between the two reference 

surfaces. By using this method, it was possible to obtain a quantitative measurement of 

roughness indirectly from the observers. 

 

1/Fβ noise surfaces were used again for this experiment, a sample of the stimuli is 

demonstrated in Figure 9-1 where the σ value for each surface equals 0.4cm, 0.8cm and 

1.2cm respectively, whilst the β value equals 2.0, 2.2 and 2.2 in the same order. The 

parameters of the reference and adjustable surfaces used in the experiment were chosen so 

that the results identified midpoints between iso-roughness lines (σ references). The 

estimator was then scaled using these roughness mid-points. The complete stimuli and 

process are explained in the following section.  
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Figure 9-1: Demonstration of the stimuli for the mid-point experiment, where the surfaces in the sides are the 
samples, whilst the middle surface is the adjustable one. 

 

9.2 The mid-point experiment 

Pilot experiments were carried out to identify pairs of reference surfaces that were far 

enough apart in perceived roughness to enable observers to judge the midpoint between 

them. Based on the pilot results, sample surfaces were taken only from three of the iso-

roughness lines identified in Chapter 6; the  top, middle, and bottom lines from the [β, σ] 

space (see Figure 6-11). 

 

In each trial of the mid-point experiments, observers were presented with three surfaces:  

• two reference surfaces, presented in a single column on a display in portrait  

position, and 

• an adjustable surface, presented on a second display also in portrait position.  

All surfaces were at an equal distance from each other, and standard experimental 

conditions were used as previously described in Chapter 5.  

 

In the experiment, the pair of reference surfaces’ β was always fixed at 2.0 and the σ varied 

between 0.4cm, 0.8cm and 1.2cm (bottom, middle and top iso-roughness line’s references). 

On each trial, the two reference samples had different σ values, but the three possible 

combinations occurred equally often:  

• Bottom and middle iso-roughness reference: σref1 = 0.4cm and σref2 = 0.8cm;  

• Middle and top iso-roughness references: σref1 = 0.8cm and σref2 =1.2cm; 

• Bottom and top iso-roughness references: σref1 = 0.4cm and σref2 = 1.2cm. 
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The adjustable surface’s β value varied from 1.8 to 2.2 in 0.1 steps [1.8, 1.9, 2.0, 2.1 or 

2.2], and the σ value could be adjusted by the observer in the same way as in the previous 

experiments. Each of the five β values was tested for each of the three combinations of 

reference surfaces (5 β x 3 combinations = 15 stimuli).  

 

The fifteen stimuli combinations were repeated three times (with different θ) to add 

robustness, giving a sum of 45 trials for each observer (plus 5 learning trials), the complete 

description of the experiment, including information of the stimuli for each trial, is detailed 

in Appendix 9-1. Ten volunteers took part in the experiment, and they were instructed to set 

the adjustable surface so that it appeared to be midway in roughness between the two 

reference surfaces, again imagining how the surfaces would feel if touched. 

 

The results from individual observers are shown in Figure 9-2, 9-3 and 9-4 for each of the 

reference combinations (the statistical significance of each reference sample is p < 

0.00001). Shown is the value of σ for the adjustable surface set on each trial (three trials 

for each of 10 observers, for the 15 different combinations of parameter σ; tabulated values 

are described in Appendix 9-2). 

 

  

 
 

Figure 9-2: Observation for each trial of the ten observers of the lower and middle iso-roughness reference. 
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Figure 9-3: Observation for each trial of the ten observers of the lower and top iso-roughness reference. 

 

 

 
 

Figure 9-4: Observation for each trial of the ten observers of the middle and top iso-roughness reference. 

 

 
The consistency of the data from the mid-point experiment shows that the observers had no 

problem adjusting a surface so it would be equidistant in perceived roughness between the 

two reference surfaces. Therefore, in the next section, the median values of σ from each of 

0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

1.80

2.00

1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4

A
dj

us
ta

bl
e 

su
rf

ac
e 
σ

(c
m

)

Reference surfaces: 0.4 vs. 1.2 (cm)

0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

1.80

2.00

1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4

A
dj

us
ta

bl
e 

su
rf

ac
e 
σ

(c
m

)

Reference surfaces: 0.8 vs. 1.2 (cm)



  

 
118 

the three midpoints and for every β value (15 values, demonstrated in Figure 9-5 and 

Appendix 9-3) will be used to obtain the scaled perceived roughness model.   

 

 
 

Figure 9-5: Medians from the results in the mid-point experiment. 

 
 

9.3 Adding units to the model 

It is possible to scale the previous un-scaled estimator by injecting the mid-point 

experiment median values into it. The final resulting scaled model will wrap the un-scaled 

estimator. As a result, the scaled estimator will be a function of the un-scaled one. 
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these ξpr values is the perceptual average of the two reference surfaces and that in each pair 

of references all different values of β (five) have the same scale perceived value (ξspr), it is 
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of the values of the two sample surfaces (H+L)/2. Their un-scaled values will differ 

slightly, as each is the output of the un-scaled estimator for the particular combination 

of parameters chosen by the observers as the midpoint between the samples, at different 

values of β for the adjustable surface. 

      

 
 

Figure 9-6: Mapping the un-scaled estimator to the scaled one for just one pair of reference surfaces 

 
By knowing the relationship between the scaled and un-scaled estimators, then it is 

possible to construct five equations for each of the three combinations of pairs of 

references (0.4cm vs. 0.8cm, 0.4cm vs. 1.2cm and 0.4cm vs. 1.2cm). As shown in 

Equation 9-1 to 9-5 for just one combination when assuming the scaled estimator is a 

polynomial function of the un-scaled one (where u are the ξpr mid-points). 

 

H ൅ L
2 ൌ a · uଵ

ଶ ൅ b · uଵ ൅ c (9.1)

H ൅ L
2 ൌ a · uଶ

ଶ ൅ b · uଶ ൅ c (9.2)
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H ൅ L
2 ൌ a · uଷ

ଶ ൅ b · uଷ ൅ c (9.3)

H ൅ L
2 ൌ a · uସ

ଶ ൅ b · uସ ൅ c (9.4)

H ൅ L
2 ൌ a · uହ

ଶ ൅ b · uହ ൅ c (9.5)

 

By having five equations per combination and adding the three formulas for the 

reference points (Equations 9-6 to 9-8), it is possible to describe the relationship in a set 

of eighteen equations. This set must be resolved to get the final scaled estimator but 

because all the equations’ left side are unknowns and this is a homogenous set of 

equations then two assumptions are needed to find a solution to the system: 

1. The value of c will equal zero because if the value of the estimator is zero then 

the perceived roughness of the surface will also be zero, and 

2. The perceived roughness of the roughest reference (H) will be a predefined 

value (100).  

 

H ൌ a · hଶ ൅ b · h ൅ c (9.6)

M ൌ a · mଶ ൅ b · m ൅ c (9.7)

L ൌ a · lଶ ൅ b · l ൅ c (9.8)

 

The final set of equations with their corresponding ξpr values (Appendix 9-4) are fully 

shown in Appendix 9-5. A less square fitting was used to resolve the set (residue was 

0.971). The final scaled model is described in Formula 8.9, were ks is a multiplier equal 

to the predefined value of 100 as previously explained. 

 

 

௦௣௥ߦ ൌ ݇௦ · ሺെሺ1.6986 · 10ି଺ሻ · ௣௥ߦ
ଶ ൅ 0.2543 ·  ௣௥ሻ (9.9)ߦ



  

 
121 

 

 

Apart from the polynomial function others were also fitted to the data, these include: 

• A linear function that had the next fitting parameters: (݇௦ · ሺ 0.1537 ·  ௣௥ሻ, thisߦ 

linear function had an r2 equal to 0.944. In addition, 

• A quadratic function was impossible to fit because the solution to the least 

squares is not unique. 

The polynomial therefore was used as this function because it produces the least error of 

them all. The final function is demonstrated in Figure 9-7. 

 

 
 

Figure 9-7: Scaling the estimator with a polynomial function. 

 

9.4 The optimal model for perceived roughness of 1/Fβ surfaces  

The final model therefore is the best fitting variable gaussian (Op) for the F1 filter 

wrapped into a polynomial function to scale it. The actual mapping of the scaled 

perceived roughness and the [β, σ] space is show in Figure 9-8, where the different 

colours represent the perceived roughness units. Only values topping 100 units were 

plotted, as it is still know if bigger values will be perceived in this same continuous 
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scale. The final parameters for the complete measurement are described in Equation 9-

10 and Equation 9-11 for the scaling. 

 

 
 

Figure 9-8: Mapping perceived roughness in the [β, σ] space. 
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࢘࢖࢙ࣈ ൌ ࢑࢙ · ሺെሺ૚. ૟ૢૡ૟ · ૚૙ି૟ሻ · ࢘࢖ࣈ

૛ ൅ ૙. ૛૞૝૜ · ሻ (9.11)࢘࢖ࣈ

 
 
 

9.5 Summary and Discussion 

In previous chapters, an estimator was discovered which simulated the observers’ 

perception of roughness in 1/Fβ noise surfaces. Although the estimator produces iso-

roughness lines that match the observers perception, it was still unknown the scale in 

between iso-roughness lines. As a result, a new experiment was constructed to get 

quantitative values for these iso-roughness lines.  
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Ten observers took part in the experiment, they were asked to adjust a surface until it 

was equidistant in roughness to two other reference surfaces. The results from this 

experiment were later incorporated into the previous un-scaled model to scale it 

correctly. 

 

The scaling of the model was done by constructing a set of 18 equations that 

encapsulated the relationship between the un-scaled and the scaled model. By solving 

this set of equations, it was possible to wrap the un-scaled estimator into a polynomial 

function giving the final scaled model that can fully describe perceived roughness for 

1/Fβ noise surfaces. 
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CHAPTER 10  

SUMMARY AND CONCLUSIONS 

 

 

This final chapter will summarize the thesis as whole in Section 10.1 including a 

discussion about how the goals of the thesis were achieved. Section 10.2 will discuss 

some implications about the results and future work, finally Section 10.3 will analyse 

the thesis and conclude it. 

10.1 Summary 

The first goal of this thesis was to find a common or starting surface characteristic to 

research, as it would be impossible for the author to research the hundreds of 

characteristics that exist for textured surfaces. The most common characteristic was 

researched from previous studies, it was found that roughness, or similar associated 

terms, reoccur in visual studies of surfaces dimensions. This term was also been found 

to be the most reoccurring term for tactile dimensions, and it is possible to relate the 

visual and tactile dimensions because studies have proven that there are relationships 

between how human see and touch objects, finally in linguistics, roughness is the most 

used term used to describe surfaces after qualitative terms (soft, warm, harsh). 

Therefore, it was concluded that this term is the most appropriate one to research in this 

thesis as fully described in the first part of Chapter 2.  

 

After targeting roughness as the research quality, physical and perceptual related 

measurements were researched in the second part of Chapter 2. The international 

standards organization defines sixteen parameters to describe roughness; from these it 

was found that the three most suitable parameters are root mean square deviation Rq, 

skewness Rsk and kurtosis Rku, from these only Rq was used at it encompass the same 

statistical information as the other two suitable parameters. When researching 

perceptual measurements for roughness there were only three studies investigating 

perceived roughness and either fractal dimension, light position or viewpoint.  
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The lack of more studies for perceived roughness motivated the development of a 

general methodology to discover perceptual characteristic. This was fully described and 

discussed in Chapter 3, starting with the importance of controlling the illuminant 

position and the surface viewpoint, to solve ambiguities a motion was added to the 

surfaces. For the stimuli, it was decided that synthetic surfaces would be used; this 

offered great advantages over real samples as observers can adjust parameters of this. 

Finally, 1/Fβ noise surfaces were chosen to be use in this thesis as these are 

parsimonious and have a natural appearance, therefore avoiding boxing the observations 

of the subjects to some unrealistic propose-build surface.  

 

To conclude the general methodology, a summary of psychophysical methods was 

described in the last section of Chapter 3. The method of adjustment was chosen to be 

use for most of the experiments in this thesis, as this is the most flexible and fastest 

method to discover how the parameters of the surface interact with perceived roughness. 

Other methods as category scaling or pairwise comparisons are also use sparely 

throughout this thesis.  

 

Once the general methodology was defined were natural synthetic stimuli, movement 

and psychophysical methods was defined, the next goal is to render this stimuli 

correctly. The mathematical formulation of the surfaces was described in the first 

section of Chapter 4, followed by how these surfaces were constructed and rendered.  

 

To display correctly the surfaces, a per-pixel Lambertian illumination was used for 

rendering the reflectance, whilst per-vertex displacement was used to displace correctly 

the geometry of the surface to add correct occlusion and edges. Finally, to give the 

surface cast-shadows a shadow mapping was applied. Using all these techniques, 

surfaces compose of a quarter of a million polygons were rendered realistically at 15 

frames per second (including the ability to morph their height in real-time). 

 

As previously discussed in the methodology, the surfaces were rotated to avoid 

ambiguities. The animation was developed from a short experiment capturing the 

observers natural movements of the surface, it was discover from this experiment that 

observers like an angle between the light position and the surface normal of around 60 
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degrees. By exploiting this new data, a movement path was developed as described in 

the last section of Chapter 4. 

 

Before any experiment took place all the equipment was setup correctly, including 

brightness levels (100 cd/m2), monitor calibration, controlling the distance between 

stimuli and observer, etc. This setup and calibrations procedures are fully described in 

Chapter 5. 

 

The next goal of this thesis was to define the 1/Fβ noise surface parameters (σ, β and 

seed of θ) in terms of perceived roughness. By using the proposed methodology in three 

experiments, it was proven that perceived roughness increases when increasing σ, in 

addition perceived roughness decreases when increasing β and the random seed θ of the 

surfaces did not affect perceived roughness as described fully in Chapter 6. 

 

Because the random θ value does not change perceived roughness in the surfaces, these 

can be described only using β and σ; as a result in the last section of Chapter 6 a new 

experiment was developed to map the relationship between the [β, σ] space and 

perceived roughness. From the observations of this experiment, it is demonstrated that 

there is a clear linear relationship between log σ and β for the lines of constant 

perceived roughness in the 1/Fβ noise surfaces. 

 

With the help of the [β, σ] space it was possible to construct an estimator for perceived 

roughness for this kind of surface. The estimator was inspired by common FRF models 

were the first F is a filter whilst the RF section forms a variance estimator. The filter 

shape and parameters were optimized and it was discovered that two shapes fitted the 

best the observed data, a power shape and a gaussian shape. Unfortunately, from the 

experimental observations it was impossible to distinguish the best fitting model as 

described in Chapter 7. Therefore, a new textured surface, but similar in kind was used 

to obtain more observations. 

 

This new stimuli consisted of gaussian band pass surfaces, where the magnitude and 

position of the gaussian were chosen in anticipation for new experiment, the objective 

of this was to further study how high and mid frequencies affected perceived roughness. 

Chapter 8 describes the construction of these new surfaces. Also in this chapter, a new 
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set of experiments was developer and it was found that the higher the frequency is the 

more important this is to perceived roughness.   

 

With the new observations, it was finally discovered that the best fitting gaussian 

function for the F filter has a centre pass 30 cycles per degree and therefore it becomes a 

power function. However, the filter optimization was further improved by introducing a 

gaussian function with a variable low and high ends, this produce better fittings to the 

data and it is fully described in the last section of Chapter 8.  Finally, the estimator was 

modified to account for the scaling between iso-roughness lines in the [β, σ] space. 

 

The method consisted of wrapping the un-scaled optimized model into a function that 

would scale it correctly. A final experiment was developed that measured the mid points 

between iso-roughness lines; with these new observations it was found that a 

polynomial best wraps the un-scaled model. As described in Chapter 9 with this final 

modification to the model, it is possible to estimate perceived roughness in 1/Fβ noise 

surface. 

 

10.2 Discussion and future work 

I would like to discuss in this section a few open questions about the model. First, the 

model works well estimating perceived roughness for surfaces but all the calculations in 

the model are distance dependant (cycles per degree). Observers seem to judge 

roughness independently of the distance, therefore they must somehow compensate for 

the differences in distance whilst judging roughness, this is unknown and out of the 

scope of this thesis. Note that to reduce the variations of this compensation each 

observer was asked in every experiment to think about how the texture would feel if 

touched. Therefore, they would mentally compensate for the distance.   

 

Another open question about the model is how this is going to react with external 

changes in the surface like colour, gloss, etc. This is still unknown but Ho, Landy and 

Maloney (2008) have started studying the effects of these external changes in the 

surface appearance and perceived roughness. Studying the effect of these external 

changes and perceived roughness is very extensive and out of reach for this thesis but it 

is worth as future work.  
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10.3 Final conclusions 

In this thesis, a new methodology was developed to study perception of surface 

characteristics. From previous studies and theory, it was decided that roughness is the 

most suitable characteristic to start the research. A new methodology was also 

developed which can be used in future studies related to the appearance of material. 

 

With the help of the new methodology and various experiments an estimator for 

perceived roughness was discover, this is based on common FRF models for perception. 

This model can fully describe perceived roughness for 1/Fβ noise surfaces. The mayor 

achievement of this thesis is that it will serve as a first step to discover more 

systematically how textured surfaces are perceived by humans.      
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THE APPENDICES 

 
 

Appendix 3-A: The performance of the method of adjustment was calculated from the 

experiment in Section 6-4 where by accumulating all the comparisons from the 

observers, were they used the method of adjustment to match surfaces with similar β 

values. It is possible to show, as detailed in the table below that the method of 

adjustment is a very accurate method when matching perceived roughness.  

 

Matching σ(cm) with similar pair of surfaces 

σ reference 0.4 0.6 0.8 1.0 1.2 

Number of samples 40 40 40 40 40 

Mean 0.449 0.626 0.789 1.080 1.256 

Median 0.458 0.616 0.792 1.086 1.288 

Standard Error 0.013 0.015 0.022 0.016 0.034 

Standard Deviation 0.084 0.098 0.141 0.100 0.216 

Minimum 0.251 0.354 0.462 0.828 0.779 

Maximum 0.613 0.814 1.173 1.217 1.914 

Confidence Level (95.0%) 0.027 0.031 0.045 0.032 0.069 

Confidence Interval Min 0.422 0.594 0.744 1.048 1.187 

Confidence Interval Max 0.476 0.657 0.834 1.112 1.325 
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Appendix 4-A: Source code used to generate the random phase in Matlab: 
01 function phase = generateRandomPhase(varargin) 
02 %GENERATERANDOMPHASE(theSize) 
03 %GENERATERANDOMPHASE(theSize, state) 
04 % 
05 % Random Phase Generator 
06 % Version 1.0 >> UnOptimized Version 
07 % 
08 %INPUTS... 
09 % theSize = image size 
10 % state   = if given, will force state of rand 
11 % 
12 %OUTPUTS... 
13 % phase  = random phase, output can be repeated with state value [0 
14 to ...] 
15 % 
16 % Stefano Padilla 
17 % Texture Lab 2005. 
18 % 
19 % See also: GENERATERANDOMPHASE, GENERATEFRACTALMAGNITUDE 
20  
21 [cax,args,nargs] = axescheck(varargin{:}); 
22 error(nargchk(1,3,nargs)); 
23   
24 if nargs > 2 
25     error('Too Many Arguments') 
26 elseif nargs == 2 
27     % Generate random phase with a repeated state 
28     n = args{1}; 
29     state = args{2}; 
30     rand('state',state); 
31     phase = rand(n,n)*2*pi;  
32 else 
33     % Generate random phase 
34     n = args{1}; 
35     phase = rand(n,n)*2*pi;  
36 end 
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Appendix 4-B: Source code used to generate the magnitude of the 1/Fβ noise surfaces 

in Matlab: 
 
01 function magnitude = GenerateFractalMagnitude(theSize, beta) 
02 %GENERATEFRACTALMAGNITUDE(theSize, beta) 
03 % 
04 % Fractal Magnitude Generator 
05 % Version 1.0 >> UnOptimized Version 
06 % 
07 %INPUTS... 
08 % theSize = image size 
09 % beta    = roll-off factor 
10 % 
11 %OUTPUTS... 
12 % magnitude = array of frequencies  
13 % 
14 % Stefano Padilla 
15 % Texture Lab 2005. 
16 % 
17 % See also: GENERATERANDOMPHASE, GENERATEFRACTALMAGNITUDE 
18   
19 % Generate magnitude 
20 for col=1:theSize 
21     for row=1:theSize 
22         u=col-(theSize/2+1); 
23         v=(theSize/2+1)-row;  
24         if ((u==0) & (v==0)) 
25             magnitude(row,col)=0; 
26         else 
27             f=sqrt(u*u + v*v); 
28             magnitude(row,col)=power(f,-beta); 
29         end 
30     end 
31 end 
 
 
 
 
Appendix 4-C: Table detailing the values for the normalizing parameter N(β) as 

detailed in Equation 4-1. 

 

β N(β) 

1.7 7434.4 
1.8 7721.9 
1.9 7967.3 
2.0 8178.8 
2.1 8362.3 
2.2 8522.8 
2.3 8663.9 
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Appendix 4-D: Source code used to generate the height maps of the 1/Fβ noise surfaces 

in Matlab: 

 
01 % Variables: 
02 % sizen = size; 
03 % phaseState = randomSeed; 
04 % beta = roll-off factor 
05 % newRMS = new rms value 
06   
07 phase = GenerateRandomPhase(sizen,phaseState);      % Phase 
08   
09 mag = GenerateFractalMagnitude(sizen,beta);         % Magnitude 
10   
11 [xc,yc]=pol2cart(phase,mag);                        % To Cartesian 
12 f = xc+i*yc; 
13   
14 n = size(f,2);                 % Enforce complex conjugate symmetry 
15 for col=(n/2+1):n 
16     for row=2:n 
17         u=col-(n/2+1); 
18         v=(n/2+1)-row;  
19         if (~((u==0) & (v==0))) 
20             f(row,col)=conj(f(n+2-row,n+2-col));  
21         end 
22     end 
23 end 
24   
25                                              % Inverse FFT 
26 unswapF    = ifftshift(f);                   % Unswap 
27   
28 unswapReal = real(ifft2(unswapF));        % Real part from the IFFT 
29 unswapImaginary  = imag(ifft2(unswapF));  % Imaginary part IFFT 
30 
31 realF       = fftshift(unswapReal);          % shift again 
32 imagF       = fftshift(unswapImaginary);     % shift again 
33   
34 mean = double((sum(sum(realF)))/n); 
35 variance = double((sum(sum(((abs(realF - mean)).^2))))/n); 
36 rms = double(sqrt(variance));                 % Rq 
37   
38 s = (realF./rms) * (newRMS);                  % Change to any RMS 
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Appendix 4-E: Observers percentage time vs. the angle between the surface normal and 

the light position. 
Angle s1 s2 s3 s4 s5 s6 s7 

1.1 0.001321 0.017455 0.029469 0.00124 0.043869 0.005106 0.031051 
2.3 0.002643 0.03491 0.058938 0.00248 0.087738 0.010212 0.062103 
3.4 0.003964 0.052365 0.088406 0.00372 0.131606 0.015319 0.093154 
4.5 0.007047 0.067493 0.168698 0.011161 0.194398 0.022127 0.159396 
6.8 0.011892 0.080293 0.299813 0.024801 0.276113 0.030637 0.260829 
9.0 0.018499 0.090765 0.48175 0.044643 0.37675 0.04085 0.397453 

11.3 0.025106 0.101238 0.663688 0.064484 0.477388 0.051062 0.534076 
13.5 0.032593 0.127614 0.822565 0.091352 0.634369 0.060849 0.611496 
15.8 0.040962 0.169895 0.958381 0.125248 0.847694 0.070211 0.629713 
18.0 0.050211 0.22808 1.071138 0.16617 1.117363 0.079146 0.588725 
20.3 0.059461 0.286265 1.183894 0.207093 1.387031 0.088082 0.547738 
22.5 0.08853 0.387503 1.347044 0.233548 1.636913 0.120421 0.55105 
24.8 0.13742 0.531794 1.560588 0.245535 1.867006 0.176163 0.598663 
27.0 0.20613 0.719138 1.824525 0.243055 2.077313 0.255309 0.690575 
29.3 0.27484 0.906481 2.088463 0.240575 2.287619 0.334454 0.782488 
31.5 0.356763 1.32385 2.31695 0.322008 2.424813 0.501683 0.882681 
33.8 0.4519 1.971244 2.509988 0.487353 2.488894 0.756994 0.991156 
36.0 0.56025 2.848663 2.667575 0.73661 2.479863 1.100388 1.107913 
38.3 0.6686 3.726081 2.825163 0.985868 2.470831 1.443781 1.224669 
40.5 0.924067 4.455694 2.861035 1.344675 2.757265 1.908029 1.525242 
42.8 1.32665 5.0375 2.775194 1.813031 3.339163 2.493131 2.009631 
45.0 1.87635 5.4715 2.567638 2.390938 4.216525 3.199088 2.677838 
47.3 2.42605 5.9055 2.360081 2.968844 5.093888 3.905044 3.346044 
49.5 3.176579 6.178167 2.539896 3.930323 5.598379 4.703744 4.01841 
51.8 4.127938 6.2895 3.107081 5.275375 5.73 5.595188 4.694938 
54.0 5.280125 6.2395 4.061638 7.004 5.48875 6.579375 5.375625 
56.3 6.432313 6.1895 5.016194 8.732625 5.2475 7.563563 6.056313 
58.5 7.358125 6.03475 5.521023 9.582875 5.01225 8.10225 6.386708 
60.8 8.057563 5.77525 5.576125 9.55475 4.783 8.195438 6.366813 
63.0 8.530625 5.411 5.1815 8.64825 4.55975 7.843125 5.996625 
65.3 9.003688 5.04675 4.786875 7.74175 4.3365 7.490813 5.626438 
67.5 8.787438 4.528523 4.486208 6.719929 4.002738 6.810419 5.211146 
69.8 7.881875 3.856319 4.2795 5.582788 3.558463 5.801944 4.75075 
72.0 6.287 3.030138 4.16675 4.330325 3.003675 4.465388 4.24525 
74.3 4.692125 2.203956 4.054 3.077863 2.448888 3.128831 3.73975 
76.5 3.411733 1.555809 3.681146 2.116813 1.956454 2.128435 3.258677 
78.8 2.445825 1.085696 3.048188 1.447175 1.526375 1.4642 2.802031 
81.0 1.7944 0.793616 2.155125 1.06895 1.15865 1.136125 2.369813 
83.3 1.142975 0.501537 1.262063 0.690725 0.790925 0.80805 1.937594 
85.5 0.673895 0.290138 0.642771 0.41956 0.5204 0.551463 1.563746 
87.8 0.387161 0.15942 0.29725 0.255456 0.347076 0.366364 1.248269 
90.0 0.282773 0.109383 0.2255 0.198413 0.270951 0.252753 0.991163 
92.3 0.178384 0.059346 0.15375 0.141369 0.194827 0.139141 0.734056 
94.5 0.104827 0.026376 0.100792 0.101273 0.142357 0.062975 0.533671 
96.8 0.062103 0.010473 0.066625 0.078125 0.113542 0.024254 0.390006 
99.0 0.050211 0.011637 0.05125 0.071925 0.108381 0.022977 0.303061 
101.3 0.038319 0.0128 0.035875 0.065725 0.103221 0.021701 0.216117 
103.5 0.02863 0.012412 0.044844 0.058698 0.091609 0.019148 0.15567 
107.6 0.021142 0.010473 0.078156 0.050844 0.073545 0.015319 0.121721 
111.8 0.015857 0.006982 0.135813 0.042163 0.04903 0.010212 0.114269 
115.9 0.010571 0.003491 0.193469 0.033482 0.024515 0.005106 0.106817 
120.0 0.007928 0.001746 0.222297 0.029142 0.012258 0.002553 0.103091 
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Appendix 6-A: Table detailing the variables from the category scaling experiments 

described in Section 6.1. The first column shows the actual number of observations, 

including the training stimuli triplets; the next nine rows represent the parameters (σ, β 

and θ) from surface.  The last two rows symbolize the order in which the stimuli were 

shown to the observers. 

 
 
 

No Trial σ1 β1 θ1 σ2 β2 θ2 σ3 β3 θ3 
Order 

No 
Row 

Order 
1 1 0.6 1.8 25 0.8 1.8 25 1.0 1.8 25 07 1-3-2 
2 1 0.6 1.8 25 0.8 1.8 25 1.2 1.8 25 01 1-2-3 
3 1 0.6 1.8 25 0.8 1.8 25 1.4 18 25 09 3-2-1 
4 1 0.6 1.8 25 1.0 1.8 25 1.2 1.8 25 06 2-1-3 
5 1 0.6 1.8 25 1.0 1.8 25 1.4 1.8 25 19 3-2-1 
6 1 0.6 1.8 25 1.2 1.8 25 1.4 1.8 25 20 3-1-2 
7 1 0.8 1.8 25 1.0 1.8 25 1.2 1.8 25 08 3-2-1 
8 1 0.8 1.8 25 1.0 1.8 25 1.4 1.8 25 11 1-2-3 
9 1 0.8 1.8 25 1.2 1.8 25 1.4 1.8 25 17 1-3-2 

10 1 1.0 1.8 25 1.2 1.8 25 1.4 1.8 25 05 3-2-1 
11 2 0.6 2.2 30 0.8 2.2 30 1.0 2.2 30 12 3-1-2 
12 2 0.6 2.2 30 0.8 2.2 30 1.2 2.2 30 04 3-2-1 
13 2 0.6 2.2 30 0.8 2.2 30 1.4 2.2 30 15 1-2-3 
14 2 0.6 2.2 30 1.0 2.2 30 1.2 2.2 30 02 2-3-1 
15 2 0.6 2.2 30 1.0 2.2 30 1.4 2.2 30 16 3-2-1 
16 2 0.6 2.2 30 1.2 2.2 30 1.4 2.2 30 03 1-2-3 
17 2 0.8 2.2 30 1.0 2.2 30 1.2 2.2 30 13 3-2-1 
18 2 0.8 2.2 30 1.0 2.2 30 1.4 2.2 30 10 1-2-3 
19 2 0.8 2.2 30 1.2 2.2 30 1.4 2.2 30 18 1-2-3 
20 2 1.0 2.2 30 1.2 2.2 30 1.4 2.2 30 14 3-2-1 
21 Practice 0.8 2.2 30 1.0 2.2 30 1.2 2.2 30 01 1-2-3 
22 Practice 0.6 1.8 25 1.0 1.8 25 1.4 1.8 25 02 3-2-1 
23 Practice 1.0 2.2 30 1.2 2.2 30 1.4 2.2 30 03 1-2-3 
24 Practice 0.6 1.8 25 0.8 1.8 25 1.0 1.8 25 04 1-2-3 
25 Practice 0.8 2.2 30 1.2 2.2 30 1.4 2.2 30 05 3-2-1 
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Appendix 6-B: Table detailing the results from the experiment in Section 6.1 where 

Obs1, Obs2 and Obs3 are the rank in which each observer ordered the surfaces, one 

being the roughest, two the surface with the middle perceived roughness and three the 

smoothest surface.   

 
 
No Trial σ1 β1 θ1 σ2 β2 θ2 σ3 β3 θ3 Obs1 Obs2 Obs3 

1 1 0.6 1.8 25 0.8 1.8 25 1.0 1.8 25 3-2-1 3-2-1 3-2-1 
2 1 0.6 1.8 25 0.8 1.8 25 1.2 1.8 25 3-2-1 3-2-1 3-2-1 
3 1 0.6 1.8 25 0.8 1.8 25 1.4 18 25 3-2-1 3-2-1 3-2-1 
4 1 0.6 1.8 25 1.0 1.8 25 1.2 1.8 25 3-2-1 3-2-1 3-2-1 
5 1 0.6 1.8 25 1.0 1.8 25 1.4 1.8 25 3-2-1 3-2-1 3-2-1 
6 1 0.6 1.8 25 1.2 1.8 25 1.4 1.8 25 3-2-1 3-2-1 3-2-1 
7 1 0.8 1.8 25 1.0 1.8 25 1.2 1.8 25 3-2-1 3-2-1 3-2-1 
8 1 0.8 1.8 25 1.0 1.8 25 1.4 1.8 25 3-2-1 3-2-1 3-2-1 
9 1 0.8 1.8 25 1.2 1.8 25 1.4 1.8 25 3-2-1 3-2-1 3-2-1 

10 1 1.0 1.8 25 1.2 1.8 25 1.4 1.8 25 3-2-1 3-2-1 3-2-1 
11 2 0.6 2.2 30 0.8 2.2 30 1.0 2.2 30 3-2-1 3-2-1 3-2-1 
12 2 0.6 2.2 30 0.8 2.2 30 1.2 2.2 30 3-2-1 3-2-1 3-2-1 
13 2 0.6 2.2 30 0.8 2.2 30 1.4 2.2 30 3-2-1 3-2-1 3-2-1 
14 2 0.6 2.2 30 1.0 2.2 30 1.2 2.2 30 3-2-1 3-2-1 3-2-1 
15 2 0.6 2.2 30 1.0 2.2 30 1.4 2.2 30 3-2-1 3-2-1 3-2-1 
16 2 0.6 2.2 30 1.2 2.2 30 1.4 2.2 30 3-2-1 3-2-1 3-2-1 
17 2 0.8 2.2 30 1.0 2.2 30 1.2 2.2 30 3-2-1 3-2-1 3-2-1 
18 2 0.8 2.2 30 1.0 2.2 30 1.4 2.2 30 3-2-1 3-2-1 3-2-1 
19 2 0.8 2.2 30 1.2 2.2 30 1.4 2.2 30 3-2-1 3-2-1 3-2-1 
20 2 1.0 2.2 30 1.2 2.2 30 1.4 2.2 30 3-2-1 3-2-1 3-2-1 
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Appendix 6-C: Table detailing the variables from the category scaling experiments 

described in Section 6.2, the column description is as Appendix 6-A. 

 
 

No Trial σ1 β1 θ1 σ2 β2 θ2 σ3 β3 θ3 
Order 

No 
Row 

Order 
01 1 0.8 1.7 20 0.8 1.8 20 0.8 1.9 20 33 1-3-2 
02 1 0.8 1.7 20 0.8 1.8 20 0.8 2.0 20 08 1-2-3 
03 1 0.8 1.7 20 0.8 1.8 20 0.8 2.1 20 28 3-2-1 
04 1 0.8 1.7 20 0.8 1.8 20 0.8 2.2 20 43 2-1-3 
05 1 0.8 1.7 20 0.8 1.9 20 0.8 2.0 20 25 3-2-1 
06 1 0.8 1.7 20 0.8 1.9 20 0.8 2.1 20 15 3-1-2 
07 1 0.8 1.7 20 0.8 1.9 20 0.8 2.2 20 19 3-2-1 
08 1 0.8 1.7 20 0.8 2.0 20 0.8 2.1 20 12 1-2-3 
09 1 0.8 1.7 20 0.8 2.0 20 0.8 2.2 20 26 1-2-3 
10 1 0.8 1.7 20 0.8 2.1 20 0.8 2.2 20 38 1-3-2 
11 1 0.8 1.8 20 0.8 1.9 20 0.8 2.0 20 16 3-2-1 
12 1 0.8 1.8 20 0.8 1.9 20 0.8 2.1 20 34 3-1-2 
13 1 0.8 1.8 20 0.8 1.9 20 0.8 2.2 20 11 3-2-1 
14 1 0.8 1.8 20 0.8 2.0 20 0.8 2.1 20 35 1-2-3 
15 1 0.8 1.8 20 0.8 2.0 20 0.8 2.2 20 14 2-3-1 
16 1 0.8 1.8 20 0.8 2.1 20 0.8 2.2 20 45 3-2-1 
17 1 0.8 1.9 20 0.8 2.0 20 0.8 2.1 20 24 1-2-3 
18 1 0.8 1.9 20 0.8 2.0 20 0.8 2.2 20 36 1-2-3 
19 1 0.8 1.9 20 0.8 2.1 20 0.8 2.2 20 18 3-2-1 
20 1 0.8 2.0 20 0.8 2.1 20 0.8 2.2 20 37 1-2-3 
21 2 1.2 1.7 35 1.2 1.8 35 1.2 1.9 35 10 1-3-2 
22 2 1.2 1.7 35 1.2 1.8 35 1.2 2.0 35 21 1-2-3 
23 2 1.2 1.7 35 1.2 1.8 35 1.2 2.1 35 40 3-2-1 
24 2 1.2 1.7 35 1.2 1.8 35 1.2 2.2 35 23 2-1-3 
25 2 1.2 1.7 35 1.2 1.9 35 1.2 2.0 35 32 3-2-1 
26 2 1.2 1.7 35 1.2 1.9 35 1.2 2.1 35 42 3-1-2 
27 2 1.2 1.7 35 1.2 1.9 35 1.2 2.2 35 22 3-2-1 
28 2 1.2 1.7 35 1.2 2.0 35 1.2 2.1 35 27 1-2-3 
29 2 1.2 1.7 35 1.2 2.0 35 1.2 2.2 35 17 1-3-2 
30 2 1.2 1.7 35 1.2 2.1 35 1.2 2.2 35 13 1-3-2 
31 2 1.2 1.8 35 1.2 1.9 35 1.2 2.0 35 39 3-2-1 
32 2 1.2 1.8 35 1.2 1.9 35 1.2 2.1 35 41 3-1-2 
33 2 1.2 1.8 35 1.2 1.9 35 1.2 2.2 35 07 3-2-1 
34 2 1.2 1.8 35 1.2 2.0 35 1.2 2.1 35 6 1-2-3 
35 2 1.2 1.8 35 1.2 2.0 35 1.2 2.2 35 20 2-3-1 
36 2 1.2 1.8 35 1.2 2.1 35 1.2 2.2 35 09 3-2-1 
37 2 1.2 1.9 35 1.2 2.0 35 1.2 2.1 35 44 1-2-3 
38 2 1.2 1.9 35 1.2 2.0 35 1.2 2.2 35 30 1-3-2 
39 2 1.2 1.9 35 1.2 2.1 35 1.2 2.2 35 29 3-2-1 
40 2 1.2 2.0 35 1.2 2.1 35 1.2 2.2 35 31 1-2-3 
41 Practice 0.8 1.9 20 0.8 2.0 20 0.8 2.2 20 01 1-2-3 
42 Practice 0.8 1.9 20 0.8 2.1 20 0.8 2.2 20 02 3-2-1 
43 Practice 0.8 2.0 20 0.8 2.1 20 0.8 2.2 20 03 1-2-3 
44 Practice 1.2 1.7 35 1.2 1.8 35 1.2 1.9 35 04 1-2-3 
45 Practice 1.2 1.7 35 1.2 1.8 35 1.2 2.0 35 05 3-2-1 
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Appendix 6-D: Table detailing the results from the category scaling experiments 

described in Section 6.2, where Obs1, Obs2 and Obs3 are the rank in which each 

observer ordered the surfaces, one being the roughest, two the surface with the middle 

perceived roughness and three the smoothest surface.   

 
 
No Trial σ1 β1 θ1 σ2 β2 θ2 σ3 β3 θ3 Obs1 Obs2 Obs3 

01 1 0.8 1.7 20 0.8 1.8 20 0.8 1.9 20 2-1-3 1-2-3 2-1-3 
02 1 0.8 1.7 20 0.8 1.8 20 0.8 2.0 20 1-2-3 1-2-3 1-2-3 
03 1 0.8 1.7 20 0.8 1.8 20 0.8 2.1 20 1-2-3 1-2-3 1-2-3 
04 1 0.8 1.7 20 0.8 1.8 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
05 1 0.8 1.7 20 0.8 1.9 20 0.8 2.0 20 1-2-3 1-2-3 1-2-3 
06 1 0.8 1.7 20 0.8 1.9 20 0.8 2.1 20 1-2-3 1-2-3 1-2-3 
07 1 0.8 1.7 20 0.8 1.9 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
08 1 0.8 1.7 20 0.8 2.0 20 0.8 2.1 20 1-2-3 1-2-3 1-2-3 
09 1 0.8 1.7 20 0.8 2.0 20 0.8 2.2 20 1-2-3 2-3-1 1-2-3 
10 1 0.8 1.7 20 0.8 2.1 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
11 1 0.8 1.8 20 0.8 1.9 20 0.8 2.0 20 1-2-3 1-2-3 1-2-3 
12 1 0.8 1.8 20 0.8 1.9 20 0.8 2.1 20 1-2-3 1-2-3 1-2-3 
13 1 0.8 1.8 20 0.8 1.9 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
14 1 0.8 1.8 20 0.8 2.0 20 0.8 2.1 20 1-2-3 1-2-3 1-2-3 
15 1 0.8 1.8 20 0.8 2.0 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
16 1 0.8 1.8 20 0.8 2.1 20 0.8 2.2 20 1-2-3 2-1-3 1-2-3 
17 1 0.8 1.9 20 0.8 2.0 20 0.8 2.1 20 1-2-3 1-2-3 1-2-3 
18 1 0.8 1.9 20 0.8 2.0 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
19 1 0.8 1.9 20 0.8 2.1 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
20 1 0.8 2.0 20 0.8 2.1 20 0.8 2.2 20 1-2-3 1-2-3 1-2-3 
21 2 1.2 1.7 35 1.2 1.8 35 1.2 1.9 35 1-2-3 1-2-3 1-2-3 
22 2 1.2 1.7 35 1.2 1.8 35 1.2 2.0 35 1-2-3 1-2-3 1-2-3 
23 2 1.2 1.7 35 1.2 1.8 35 1.2 2.1 35 1-2-3 1-2-3 2-1-3 
24 2 1.2 1.7 35 1.2 1.8 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
25 2 1.2 1.7 35 1.2 1.9 35 1.2 2.0 35 1-2-3 1-2-3 1-2-3 
26 2 1.2 1.7 35 1.2 1.9 35 1.2 2.1 35 1-2-3 1-2-3 1-2-3 
27 2 1.2 1.7 35 1.2 1.9 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
28 2 1.2 1.7 35 1.2 2.0 35 1.2 2.1 35 1-2-3 1-2-3 1-2-3 
29 2 1.2 1.7 35 1.2 2.0 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
30 2 1.2 1.7 35 1.2 2.1 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
31 2 1.2 1.8 35 1.2 1.9 35 1.2 2.0 35 1-2-3 1-2-3 1-2-3 
32 2 1.2 1.8 35 1.2 1.9 35 1.2 2.1 35 1-2-3 1-2-3 1-2-3 
33 2 1.2 1.8 35 1.2 1.9 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
34 2 1.2 1.8 35 1.2 2.0 35 1.2 2.1 35 1-2-3 1-2-3 1-2-3 
35 2 1.2 1.8 35 1.2 2.0 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
36 2 1.2 1.8 35 1.2 2.1 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
37 2 1.2 1.9 35 1.2 2.0 35 1.2 2.1 35 1-2-3 1-2-3 1-2-3 
38 2 1.2 1.9 35 1.2 2.0 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
39 2 1.2 1.9 35 1.2 2.1 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
40 2 1.2 2.0 35 1.2 2.1 35 1.2 2.2 35 1-2-3 1-2-3 1-2-3 
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Appendix 6-E: Table detailing the order and parameters from the values of the 

experiment described in Section 6.3.  

 

 
No Trial βref  θref σref βadj θadj σadj Order 

01 1 2.0 05 0.4 2.0 25  16 
02 1 2.0 12 0.6 2.0 32  23 
03 1 2.0 45 0.8 2.0 65  26 
04 1 2.0 41 1.0 2.0 61  29 
05 1 2.0 14 1.2 2.0 34  30 
06 2 2.0 05 0.4 2.0 25  11 
07 2 2.0 12 0.6 2.0 32  20 
08 2 2.0 45 0.8 2.0 65  06 
09 2 2.0 41 1.0 2.0 61  08 
10 2 2.0 14 1.2 2.0 34  21 
11 3 2.0 05 0.4 2.0 25  22 
12 3 2.0 12 0.6 2.0 32  28 
13 3 2.0 45 0.8 2.0 65  27 
14 3 2.0 41 1.0 2.0 61  14 
15 3 2.0 14 1.2 2.0 34  09 
16 4 2.0 05 0.4 2.0 25  17 
17 4 2.0 12 0.6 2.0 32  07 
18 4 2.0 45 0.8 2.0 65  25 
19 4 2.0 41 1.0 2.0 61  12 
20 4 2.0 14 1.2 2.0 34  19 
21 5 2.0 05 0.4 2.0 25  24 
22 5 2.0 12 0.6 2.0 32  15 
23 5 2.0 45 0.8 2.0 65  18 
24 5 2.0 41 1.0 2.0 61  13 
25 5 2.0 14 1.2 2.0 34  10 
26 Practice 2.0 41 1.0 2.0 61  01 
27 Practice 2.0 14 1.2 2.0 34  02 
28 Practice 2.0 05 0.4 2.0 25  03 
29 Practice 2.0 14 1.2 2.0 34  04 
30 Practice 2.0 05 0.4 2.0 25  05 
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Appendix 6-F: Table detailing the order and parameters from the values of the 

experiment described in Section 6.3.  

 

 
No θref σref θadj σ1adj σ2adj σ3adj σ4adj σ5adj σ6adj σ7adj σ8adj σ9adj σ10adj 

01 5 0.4 25 0.45 0.32 0.43 0.43 0.43 0.50 0.45 0.44 0.32 0.43 
02 12 0.6 32 0.79 0.53 0.62 0.57 0.57 0.60 0.61 0.59 0.53 0.61 
03 45 0.8 65 0.89 0.80 0.71 0.76 0.76 0.76 0.99 0.79 0.95 0.73 
04 41 1 61 1.14 1.01 1.09 1.10 1.21 1.20 1.08 1.07 1.14 1.08 
05 14 1.2 34 1.10 1.12 1.18 1.27 0.78 1.10 1.28 1.29 1.30 1.21 
06 5 0.4 25 0.48 0.38 0.55 0.49 0.49 0.33 0.27 0.49 0.50 0.53 
07 12 0.6 32 0.67 0.81 0.62 0.71 0.54 0.74 0.49 0.71 0.69 0.64 
08 45 0.8 65 0.91 0.92 0.82 0.79 1.17 0.85 0.55 0.70 0.78 0.78 
09 41 1 61 1.16 1.01 1.09 0.90 0.85 1.20 1.06 1.07 1.22 1.08 
10 14 1.2 34 1.48 1.36 1.46 1.56 1.00 1.28 1.09 1.39 1.58 1.44 
11 5 0.4 25 0.49 0.37 0.55 0.43 0.43 0.47 0.61 0.34 0.50 0.49 
12 12 0.6 32 0.64 0.59 0.62 0.58 0.58 0.80 0.54 0.61 0.65 0.62 
13 45 0.8 65 0.69 0.87 0.48 0.92 0.92 0.46 0.70 0.65 0.81 0.53 
14 41 1 61 1.14 1.17 1.20 1.17 1.04 1.19 1.17 1.05 1.16 1.16 
15 14 1.2 34 1.37 1.43 1.12 0.97 0.97 0.98 0.97 0.91 1.29 1.06 
16 5 0.4 25 0.51 0.59 0.59 0.41 0.73 0.71 0.42 0.57 0.75 0.58 
17 12 0.6 32 0.97 0.78 0.80 0.88 0.88 0.42 0.63 0.74 0.69 0.78 
18 45 0.8 65 1.03 0.98 0.72 0.73 0.73 1.02 0.87 1.19 0.85 0.86 
19 41 1 61 1.17 1.33 1.19 1.00 1.00 1.17 1.10 1.12 1.22 1.17 
20 14 1.2 34 1.31 1.37 1.36 1.58 1.29 1.23 1.32 1.12 1.31 1.29 
21 5 0.4 25 0.40 0.50 0.53 0.48 0.40 0.61 0.25 0.50 0.36 0.52 
22 12 0.6 32 0.80 0.45 0.77 0.57 0.70 0.65 0.35 0.54 0.66 0.70 
23 45 0.8 65 0.78 0.79 0.80 0.82 0.82 0.79 0.62 0.83 1.04 0.81 
24 41 1 61 0.95 1.06 0.92 1.02 1.14 0.98 0.83 1.05 1.10 0.96 
25 14 1.2 34 1.32 1.32 1.37 1.31 1.31 1.39 1.16 1.40 1.91 1.38 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



  

 
140 

Appendix 6-G: Table detailing the order and parameters from the values of the 

experiment described in Section 6.4, where ref is the parameters from the reference 

surfaces and adj are the parameters from the adjustable surface.  

 
No Trial βref θref σref βadj θadj σadj Order 

01 1 2.0 01 0.40 1.7 21  078 
02 1 2.0 01 0.40 1.8 21  088 
03 1 2.0 01 0.40 1.9 21  094 
04 1 2.0 01 0.40 2.0 21  100 
05 1 2.0 01 0.40 2.1 21  015 
06 1 2.0 01 0.40 2.2 21  062 
07 1 2.0 01 0.40 2.3 21  105 
08 1 2.0 02 0.60 1.7 22  089 
09 1 2.0 02 0.60 1.8 22  042 
10 1 2.0 02 0.60 1.9 22  016 
11 1 2.0 02 0.60 2.0 22  044 
12 1 2.0 02 0.60 2.1 22  007 
13 1 2.0 02 0.60 2.2 22  093 
14 1 2.0 02 0.60 2.3 22  049 
15 1 2.0 03 0.80 1.7 23  034 
16 1 2.0 03 0.80 1.8 23  060 
17 1 2.0 03 0.80 1.9 23  014 
18 1 2.0 03 0.80 2.0 23  074 
19 1 2.0 03 0.80 2.1 23  059 
20 1 2.0 03 0.80 2.2 23  085 
21 1 2.0 03 0.80 2.3 23  092 
22 1 2.0 04 1.00 1.7 24  110 
23 1 2.0 04 1.00 1.8 24  076 
24 1 2.0 04 1.00 1.9 24  083 
25 1 2.0 04 1.00 2.0 24  069 
26 1 2.0 04 1.00 2.1 24  053 
27 1 2.0 04 1.00 2.2 24  101 
28 1 2.0 04 1.00 2.3 24  065 
29 1 2.0 05 1.20 1.7 25  075 
30 1 2.0 05 1.20 1.8 25  019 
31 1 2.0 05 1.20 1.9 25  024 
32 1 2.0 05 1.20 2.0 25  051 
33 1 2.0 05 1.20 2.1 25  061 
34 1 2.0 05 1.20 2.2 25  073 
35 1 2.0 05 1.20 2.3 25  057 
36 2 2.0 06 0.40 1.7 26  023 
37 2 2.0 06 0.40 1.8 26  082 
38 2 2.0 06 0.40 1.9 26  035 
39 2 2.0 06 0.40 2.0 26  008 
40 2 2.0 06 0.40 2.1 26  010 
41 2 2.0 06 0.40 2.2 26  040 
42 2 2.0 06 0.40 2.3 26  108 
43 2 2.0 07 0.60 1.7 27  072 
44 2 2.0 07 0.60 1.8 27  029 
45 2 2.0 07 0.60 1.9 27  041 
46 2 2.0 07 0.60 2.0 27  037 
47 2 2.0 07 0.60 2.1 27  052 
48 2 2.0 07 0.60 2.2 27  018 
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49 2 2.0 07 0.60 2.3 27  071 
50 2 2.0 08 0.80 1.7 28  080 
51 2 2.0 08 0.80 1.8 28  109 
52 2 2.0 08 0.80 1.9 28  097 
53 2 2.0 08 0.80 2.0 28  086 
54 2 2.0 08 0.80 2.1 28  087 
55 2 2.0 08 0.80 2.2 28  058 
56 2 2.0 08 0.80 2.3 28  055 
57 2 2.0 09 1.00 1.7 29  046 
58 2 2.0 09 1.00 1.8 29  098 
59 2 2.0 09 1.00 1.9 29  022 
60 2 2.0 09 1.00 2.0 29  021 
61 2 2.0 09 1.00 2.1 29  067 
62 2 2.0 09 1.00 2.2 29  096 
63 2 2.0 09 1.00 2.3 29  047 
64 2 2.0 10 1.20 1.7 30  091 
65 2 2.0 10 1.20 1.8 30  009 
66 2 2.0 10 1.20 1.9 30  102 
67 2 2.0 10 1.20 2.0 30  106 
68 2 2.0 10 1.20 2.1 30  032 
69 2 2.0 10 1.20 2.2 30  027 
70 2 2.0 10 1.20 2.3 30  063 
71 3 2.0 11 0.40 1.7 31  033 
72 3 2.0 11 0.40 1.8 31  012 
73 3 2.0 11 0.40 1.9 31  036 
74 3 2.0 11 0.40 2.0 31  028 
75 3 2.0 11 0.40 2.1 31  038 
76 3 2.0 11 0.40 2.2 31  103 
77 3 2.0 11 0.40 2.3 31  020 
78 3 2.0 12 0.60 1.7 32  077 
79 3 2.0 12 0.60 1.8 32  031 
80 3 2.0 12 0.60 1.9 32  068 
81 3 2.0 12 0.60 2.0 32  048 
82 3 2.0 12 0.60 2.1 32  039 
83 3 2.0 12 0.60 2.2 32  084 
84 3 2.0 12 0.60 2.3 32  070 
85 3 2.0 13 0.80 1.7 33  099 
86 3 2.0 13 0.80 1.8 33  043 
87 3 2.0 13 0.80 1.9 33  064 
88 3 2.0 13 0.80 2.0 33  045 
89 3 2.0 13 0.80 2.1 33  079 
90 3 2.0 13 0.80 2.2 33  095 
91 3 2.0 13 0.80 2.3 33  026 
92 3 2.0 14 1.00 1.7 34  050 
93 3 2.0 14 1.00 1.8 34  090 
94 3 2.0 14 1.00 1.9 34  054 
95 3 2.0 14 1.00 2.0 34  025 
96 3 2.0 14 1.00 2.1 34  104 
97 3 2.0 14 1.00 2.2 34  017 
98 3 2.0 14 1.00 2.3 34  056 
99 3 2.0 15 1.20 1.7 35  107 
100 3 2.0 15 1.20 1.8 35  030 
101 3 2.0 15 1.20 1.9 35  066 
102 3 2.0 15 1.20 2.0 35  006 
103 3 2.0 15 1.20 2.1 35  081 
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104 3 2.0 15 1.20 2.2 35  013 
105 3 2.0 15 1.20 2.3 35  011 
106 Practice 2.0 12 0.60 1.9 32  001 
107 Practice 2.0 06 0.40 2.0 26  002 
108 Practice 2.0 09 1.00 2.3 29  003 
109 Practice 2.0 13 0.80 1.7 33  004 
110 Practice 2.0 15 1.20 2.3 35  005 

 
 
 
 
 
Appendix 6-H: Table detailing each of the observations from the ten observers in the 

experiment of Section 6-4.  

 
No σref σ1adj σ2adj σ3adj σ4adj σ5adj σ6adj σ7adj σ8adj σ9adj σ10adj

01 0.40 0.178 0.225 0.090 0.152 0.258 0.211 0.263 0.200 0.229 0.123 
02 0.40 0.255 0.304 0.274 0.252 0.290 0.227 0.258 0.260 0.244 0.270 
03 0.40 0.359 0.303 0.343 0.328 0.462 0.562 0.274 0.326 0.419 0.338 
04 0.40 0.446 0.319 0.428 0.427 0.427 0.496 0.449 0.441 0.316 0.432 
05 0.40 0.696 0.559 0.430 0.506 0.547 0.757 0.326 0.505 0.608 0.452 
06 0.40 0.907 0.478 0.462 0.965 0.965 0.662 0.422 0.765 0.343 0.553 
07 0.40 1.468 0.533 0.798 0.884 0.440 1.535 0.828 1.212 0.703 0.922 
08 0.60 0.211 0.272 0.191 0.175 0.413 0.344 0.307 0.269 0.286 0.214 
09 0.60 0.334 0.379 0.300 0.299 0.498 0.371 0.350 0.299 0.405 0.300 
10 0.60 0.438 0.510 0.547 0.444 0.444 0.373 0.532 0.626 0.470 0.571 
11 0.60 0.788 0.530 0.617 0.566 0.566 0.597 0.612 0.587 0.527 0.608 
12 0.60 0.976 0.874 0.668 0.828 0.685 0.698 0.544 0.810 0.905 0.711 
13 0.60 1.359 1.065 0.857 1.254 0.597 1.449 0.724 1.351 0.828 1.005 
14 0.60 1.993 0.732 0.617 1.767 1.767 1.320 0.783 1.185 0.845 0.788 
15 0.80 0.303 0.396 0.286 0.365 0.624 0.335 0.313 0.247 0.291 0.274 
16 0.80 0.510 0.575 0.370 0.347 0.347 0.391 0.599 0.569 0.605 0.429 
17 0.80 0.610 0.715 0.533 0.728 0.773 0.635 0.728 0.775 0.483 0.606 
18 0.80 0.886 0.800 0.711 0.765 0.765 0.759 0.989 0.790 0.948 0.735 
19 0.80 1.135 1.000 0.922 1.063 1.063 0.939 0.646 0.943 1.188 0.928 
20 0.80 1.603 1.086 1.546 1.482 1.038 1.606 0.941 1.422 0.857 1.509 
21 0.80 2.661 1.767 2.669 2.020 1.302 2.381 1.234 2.569 1.433 2.639 
22 1.00 0.319 0.675 0.430 0.592 0.592 0.329 0.585 0.306 0.350 0.393 
23 1.00 0.585 0.559 0.615 0.802 0.784 0.335 0.662 0.550 0.635 0.596 
24 1.00 0.812 0.767 0.700 0.763 0.948 0.779 0.798 0.666 1.075 0.690 
25 1.00 1.142 1.007 1.088 1.095 1.210 1.202 1.084 1.070 1.137 1.083 
26 1.00 1.572 0.818 1.229 1.200 1.200 1.406 1.173 1.317 1.084 1.256 
27 1.00 2.160 1.119 1.279 1.782 1.782 1.612 1.244 1.455 1.706 1.332 
28 1.00 2.645 1.485 1.721 2.174 1.154 2.441 1.292 2.569 1.973 1.975 
29 1.20 0.470 0.835 0.435 0.612 0.612 0.402 0.711 0.386 0.465 0.420 
30 1.20 0.578 0.790 0.500 0.843 0.749 0.672 0.520 0.550 0.508 0.515 
31 1.20 0.937 0.771 0.987 1.031 1.031 0.806 0.952 0.775 0.920 0.923 
32 1.20 1.105 1.116 1.183 1.267 0.779 1.105 1.284 1.287 1.300 1.214 
33 1.20 1.870 1.325 1.468 1.794 1.794 1.908 1.404 1.535 1.493 1.488 
34 1.20 2.518 1.886 2.010 1.764 0.918 2.156 2.665 2.118 1.650 2.042 
35 1.20 2.641 1.289 2.199 1.895 2.267 2.645 2.625 2.514 1.876 2.293 
36 0.40 0.258 0.280 0.245 0.126 0.386 0.227 0.191 0.157 0.202 0.219 
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37 0.40 0.313 0.316 0.376 0.206 0.206 0.353 0.413 0.306 0.289 0.355 
38 0.40 0.297 0.459 0.353 0.273 0.273 0.433 0.296 0.411 0.302 0.370 
39 0.40 0.482 0.377 0.554 0.490 0.490 0.328 0.272 0.490 0.498 0.535 
40 0.40 0.633 0.587 0.642 0.552 0.596 0.922 0.617 0.702 0.589 0.660 
41 0.40 0.930 0.525 1.020 0.755 0.406 0.865 0.520 0.892 0.542 0.982 
42 0.40 1.736 0.928 1.135 1.257 0.661 1.294 0.814 1.135 0.688 1.135 
43 0.60 0.273 0.256 0.182 0.202 0.202 0.290 0.340 0.249 0.380 0.202 
44 0.60 0.343 0.376 0.329 0.376 0.376 0.363 0.475 0.425 0.495 0.358 
45 0.60 0.511 0.452 0.462 0.440 0.440 0.496 0.451 0.537 0.719 0.484 
46 0.60 0.670 0.814 0.615 0.711 0.538 0.736 0.495 0.705 0.688 0.642 
47 0.60 1.173 0.677 0.892 0.824 0.692 1.018 0.646 0.933 0.899 0.904 
48 0.60 1.623 0.863 0.720 1.482 0.661 1.618 1.011 1.183 0.833 0.859 
49 0.60 2.601 0.911 0.622 1.526 1.526 1.791 0.851 1.886 1.535 1.001 
50 0.80 0.206 0.443 0.272 0.389 0.786 0.258 0.354 0.312 0.319 0.284 
51 0.80 0.451 0.711 0.477 0.470 0.470 0.334 0.473 0.571 0.759 0.505 
52 0.80 0.613 0.740 0.646 0.810 0.788 0.728 0.601 0.428 0.648 0.581 
53 0.80 0.911 0.918 0.822 0.792 1.173 0.853 0.550 0.696 0.783 0.784 
54 0.80 1.098 1.029 1.164 1.312 1.130 1.232 0.913 1.040 1.200 1.127 
55 0.80 1.963 1.025 1.007 2.033 2.033 1.927 0.892 1.560 1.168 1.173 
56 0.80 2.553 1.398 1.679 1.538 1.049 2.303 1.422 2.625 1.873 1.963 
57 1.00 0.320 0.610 0.424 0.312 0.312 0.452 0.587 0.379 0.440 0.410 
58 1.00 0.556 0.661 0.624 0.501 0.501 0.685 0.761 0.626 0.587 0.625 
59 1.00 0.869 1.065 0.757 0.631 0.631 0.786 0.903 1.061 0.939 0.848 
60 1.00 1.159 1.007 1.088 0.901 0.847 1.202 1.058 1.070 1.217 1.083 
61 1.00 2.167 1.200 1.077 1.770 1.770 1.595 0.989 1.166 1.219 1.104 
62 1.00 2.569 1.586 2.000 1.460 1.346 1.706 1.367 2.016 2.040 2.005 
63 1.00 2.629 1.338 2.023 2.355 2.355 2.645 1.569 2.593 1.396 2.194 
64 1.20 0.410 0.703 0.389 0.812 0.740 0.408 0.633 0.402 0.403 0.393 
65 1.20 0.619 0.677 0.610 0.719 0.747 0.559 0.755 0.571 0.769 0.598 
66 1.20 1.133 1.210 0.935 1.105 1.105 1.043 0.855 1.181 1.380 1.008 
67 1.20 1.485 1.356 1.458 1.557 1.000 1.279 1.093 1.393 1.580 1.438 
68 1.20 2.026 1.529 1.661 2.388 2.388 1.618 1.609 1.944 1.761 1.746 
69 1.20 2.318 1.600 2.053 2.366 2.366 2.514 2.565 2.653 2.263 2.233 
70 1.20 2.585 2.321 1.905 2.046 1.333 2.538 2.216 2.526 2.581 2.091 
71 0.40 0.221 0.270 0.238 0.117 0.117 0.316 0.363 0.125 0.190 0.204 
72 0.40 0.177 0.238 0.258 0.215 0.215 0.304 0.267 0.344 0.262 0.284 
73 0.40 0.408 0.344 0.477 0.263 0.427 0.416 0.516 0.389 0.457 0.450 
74 0.40 0.493 0.370 0.552 0.433 0.433 0.469 0.613 0.341 0.498 0.489 
75 0.40 0.810 0.300 0.631 0.527 0.527 0.603 0.554 0.612 0.438 0.625 
76 0.40 1.061 0.496 0.749 0.673 0.562 0.926 0.417 0.872 0.657 0.786 
77 0.40 1.244 0.783 1.038 1.036 0.569 1.623 0.403 1.217 0.617 1.092 
78 0.60 0.245 0.283 0.258 0.210 0.210 0.371 0.568 0.419 0.380 0.306 
79 0.60 0.334 0.391 0.289 0.341 0.462 0.315 0.485 0.289 0.459 0.289 
80 0.60 0.400 0.542 0.379 0.513 0.513 0.462 0.550 0.516 0.582 0.420 
81 0.60 0.637 0.589 0.619 0.580 0.580 0.802 0.535 0.613 0.653 0.617 
82 0.60 1.020 0.786 0.664 0.958 0.659 1.264 0.826 0.974 0.608 0.757 
83 0.60 2.057 0.800 1.107 1.190 0.828 1.284 0.626 1.121 1.193 1.111 
84 0.60 1.751 0.781 0.679 1.937 1.937 1.825 1.526 2.657 1.615 1.272 
85 0.80 0.258 0.388 0.263 0.302 0.657 0.338 0.280 0.284 0.316 0.270 
86 0.80 0.485 0.792 0.402 0.435 0.435 0.475 0.590 0.430 0.571 0.410 
87 0.80 0.508 1.107 0.631 0.515 0.515 0.603 0.757 0.657 0.828 0.639 
88 0.80 0.692 0.865 0.483 0.918 0.918 0.462 0.700 0.651 0.808 0.534 
89 0.80 1.123 0.996 0.631 1.112 1.112 1.404 1.065 1.317 1.040 0.837 
90 0.80 1.970 1.284 1.606 1.351 1.351 1.546 0.890 1.650 1.385 1.619 
91 0.80 2.314 1.114 1.552 1.471 1.471 1.566 1.595 1.422 1.927 1.513 
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92 1.00 0.255 0.728 0.383 0.521 1.154 0.405 0.467 0.368 0.316 0.379 
93 1.00 0.388 0.749 0.362 0.478 1.388 0.545 0.800 0.505 0.490 0.405 
94 1.00 1.018 0.928 0.722 0.899 1.058 0.920 1.269 0.761 0.872 0.734 
95 1.00 1.145 1.166 1.202 1.173 1.038 1.185 1.171 1.052 1.164 1.157 
96 1.00 1.976 1.323 1.455 1.526 1.436 1.986 1.205 1.767 1.721 1.548 
97 1.00 2.613 1.892 2.609 1.822 1.224 1.860 1.953 2.355 2.163 2.533 
98 1.00 2.581 1.876 2.593 1.471 1.905 2.609 2.347 2.625 2.177 2.602 
99 1.20 0.422 0.897 0.470 0.382 0.963 0.475 0.711 0.359 0.424 0.437 

100 1.20 0.477 0.812 0.633 0.585 0.916 0.608 1.070 0.596 0.464 0.622 
101 1.20 0.950 1.436 1.137 0.890 0.890 1.145 0.713 0.831 0.816 1.045 
102 1.20 1.367 1.433 1.121 0.971 0.971 0.985 0.974 0.907 1.289 1.057 
103 1.20 2.139 1.335 1.580 1.529 1.529 1.430 1.788 2.010 1.289 1.709 
104 1.20 2.437 1.333 2.318 1.879 1.879 2.329 1.287 2.128 2.483 2.261 
105 1.20 2.422 1.700 2.238 2.111 2.111 2.629 2.605 2.665 2.633 2.366 
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Appendix 6-I: Fitting values from the exponential and power regressions in experiment 

described in Section 6.4.   

 
Reference a b Formula r2 

0.4 cm 0.003392 2.437990 y(x) = 0.0034  · e2.438 0.737 
0.6 cm 0.003455 2.593581 y(x) = 0.0035  · e2.594 0.787 
0.8 cm 0.003597 2.702676 y(x) = 0.0036  · e2.703 0.831 
1.0 cm 0.005418 2.622859 y(x) = 0.0054  · e2.623 0.821 
1.2 cm 0.006657 2.590088 y(x) = 0.0067  · e2.590 0.837 

     
0.4 cm 0.015755 4.851408 y(x) = 0.0156 · 104.851 0.740 
0.6 cm 0.01771 5.160099 y(x) = 0.0177 · 105.160 0.790 
0.8 cm 0.019793 5.373799 y(x) = 0.0198 · 105.374 0.834 
1.0 cm 0.028046 5.230737 y(x) = 0.0280 · 106.230 0.828 
1.2 cm 0.012138 4.476331 y(x) = 0.0121 · 104.476 0.846 

 
 
 
 
Appendix 6-J: Slopes of the iso-roughness lines from the experiment described in 

Section 6.4.   

 
Observer Reference 0.4 Reference 0.6 Reference 0.8 Reference 1.0 Reference 1.2 Mean 

1 1.4295 1.6297 1.5869 1.6200 1.3897 1.5311
2 0.6973 0.8430 0.7567 0.6768 0.6183 0.7184
3 1.1290 0.9247 1.3316 1.2380 1.2105 1.1668
4 1.4539 1.5334 1.2273 1.1117 1.0007 1.2654
5 0.7653 1.0805 0.7407 0.7501 0.7272 0.8128
6 1.2233 1.3004 1.4223 1.3643 1.3349 1.3290
7 0.5903 0.6614 0.8859 0.7658 1.0132 0.7833
8 1.3309 1.3074 1.3734 1.3976 1.4233 1.3665
9 0.7944 0.8832 1.0645 1.1806 1.2558 1.0357

10 1.1743 1.1001 1.3483 1.2862 1.2751 1.2368
All 1.0588 1.1264 1.1738 1.1391 1.1249 1.1246
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Appendix 6-K: Fittings from observer number one where the change in the slope of the 

fittings is more than 1.0. 

 

 

 
 
 
Appendix 6-L: Fittings from observer number two where the change in the slope of the 

fittings is less than 1.0. 
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Appendix 7-A: Parseval’s theorem states that the sum or integral of the square of a 

function equates to the sum or integral of the square of its Fourier transform as 

described in the formulas below, where x(t) a function and X(f) is the continuous 

Fourier transform of x(t). 

 

 

න ൌ ݐ݀ ሻ|ଶݐሺݔ|    න  |ܺሺ݂ሻ|ଶ ݂݀
ାஶ

ିஶ

ାஶ

ିஶ
  

 

 

 

One can also think that by Parseval’s theorem the variance of an image is equal to the 

integral of the power spectrum, which in the discrete case looks like the formula: 

 

 

1
݊ ·  ෍|݃ሺݔሻ|ଶ

௡ିଵ

௫ୀ଴

ൌ  ෍|ܩሺ݂ሻ|ଶ
௡ିଵ

௙ୀ଴
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Appendix 8-A: Parameters and order of the experiment described in Section 8.2.1 

where the parameters followed by ref are from the reference surfaces whilst the one 

followed by adj are from the adjustable surface.    

 

No Base θ Fb1ref Fb2ref Fb1adj Fb2adj Order 

01 1 1 0.25 0.25  12 
02 1 1 0.25 0.50  31 
03 1 1 0.25 1.00  23 
04 1 1 0.25 2.00  26 
05 1 1 0.50 0.25  27 
06 1 1 0.50 0.50  21 
07 1 1 0.50 1.00  11 
08 1 1 0.50 2.00  13 
09 1 1 1.00 0.25  08 
10 1 1 1.00 0.50  28 
11 1 1 1.00 1.00  40 
12 1 1 1.00 2.00  30 
13 2 1 0.25 0.25  37 
14 2 1 0.25 0.50  16 
15 2 1 0.25 1.00  14 
16 2 1 0.25 2.00  24 
17 2 1 0.50 0.25  29 
18 2 1 0.50 0.50  25 
19 2 1 0.50 1.00  15 
20 2 1 0.50 2.00  05 
21 2 1 1.00 0.25  36 
22 2 1 1.00 0.50  17 
23 2 1 1.00 1.00  18 
24 2 1 1.00 2.00  06 
25 3 1 0.25 0.25  09 
26 3 1 0.25 0.50  39 
27 3 1 0.25 1.00  33 
28 3 1 0.25 2.00  38 
29 3 1 0.50 0.25  34 
30 3 1 0.50 0.50  07 
31 3 1 0.50 1.00  20 
32 3 1 0.50 2.00  32 
33 3 1 1.00 0.25  19 
34 3 1 1.00 0.50  22 
35 3 1 1.00 1.00  10 
36 3 1 1.00 2.00  35 
37 1 1 0.25 2.00  01 
38 1 1 0.50 0.25  02 
39 3 1 1.00 0.50  03 
40 3 1 0.50 0.25  04 
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Appendix 8-B: Results from each of the ten observers from the experiment detailed in 

Section 8.2.1. 

 

No Obs1 Obs2 Obs3 Obs4 Obs5 Obs6 Obs7 Obs8 Obs9 Obs10 

01 0.312 0.334 0.295 0.310 0.293 0.261 0.470 0.266 0.254 0.286 
02 0.356 0.227 0.237 0.264 0.383 0.445 0.370 0.266 0.266 0.254 
03 0.274 0.339 0.392 0.227 0.337 0.223 0.286 0.308 0.366 0.318 
04 0.199 0.312 0.237 0.271 0.267 0.528 0.249 0.298 0.187 0.302 
05 0.644 0.588 0.569 0.455 0.629 0.528 0.852 0.480 0.627 0.513 
06 0.511 0.692 0.497 0.506 0.560 0.564 0.853 0.523 0.731 0.574 
07 0.663 0.649 0.535 0.559 0.492 0.434 0.537 0.642 0.767 0.644 
08 0.514 0.366 0.428 0.499 0.434 0.487 0.414 0.457 0.342 0.429 
09 1.136 1.109 0.814 1.072 1.066 0.922 1.233 1.116 0.802 1.114 
10 1.090 1.153 0.944 1.089 0.985 1.068 0.896 1.010 1.170 1.053 
11 1.376 1.072 1.124 0.828 0.957 1.070 1.150 1.102 0.990 1.093 
12 1.332 0.956 1.438 1.228 1.090 1.302 1.145 1.010 0.981 0.994 
13 0.303 0.411 0.218 0.300 0.216 0.526 0.273 0.305 0.300 0.337 
14 0.293 0.380 0.433 0.256 0.273 0.339 0.213 0.276 0.320 0.307 
15 0.138 0.334 0.308 0.266 0.337 0.445 0.262 0.242 0.266 0.270 
16 0.261 0.273 0.164 0.240 0.300 0.215 0.157 0.378 0.259 0.347 
17 0.509 0.632 0.601 0.550 0.620 0.477 0.675 0.620 0.385 0.624 
18 0.596 0.716 0.486 0.441 0.613 0.608 0.663 0.479 0.474 0.550 
19 0.571 0.692 0.497 0.540 0.687 0.564 0.853 0.523 0.618 0.574 
20 0.543 0.596 0.392 0.492 0.603 0.445 0.400 0.523 0.366 0.545 
21 0.952 1.181 1.119 1.109 1.189 1.077 1.244 1.109 0.860 1.130 
22 1.090 1.143 0.944 0.974 1.094 1.068 0.918 1.145 1.145 1.144 
23 1.250 0.840 0.997 1.104 1.257 1.162 1.053 0.922 0.862 0.897 
24 1.066 1.153 0.944 1.055 0.874 1.245 0.896 1.203 0.760 1.188 
25 0.288 0.235 0.295 0.203 0.298 0.434 0.387 0.317 0.256 0.292 
26 0.291 0.310 0.266 0.324 0.344 0.497 0.472 0.276 0.329 0.286 
27 0.342 0.376 0.203 0.237 0.329 0.446 0.293 0.295 0.288 0.319 
28 0.302 0.259 0.228 0.302 0.235 0.250 0.094 0.261 0.225 0.260 
29 0.727 0.540 0.468 0.647 0.683 0.608 0.663 0.651 0.474 0.618 
30 0.554 0.532 0.593 0.494 0.704 0.698 0.705 0.516 0.761 0.521 
31 0.617 0.545 0.463 0.451 0.523 0.532 0.688 0.620 0.405 0.598 
32 0.468 0.692 0.526 0.564 0.330 0.494 0.537 0.523 0.514 0.574 
33 1.174 1.147 1.041 0.998 1.223 0.983 0.918 1.089 1.145 1.106 
34 1.063 1.065 1.121 1.073 0.951 0.748 1.135 1.264 0.761 1.204 
35 0.908 1.155 1.020 0.925 1.279 1.104 1.332 1.337 1.349 1.283 
36 1.196 0.991 0.998 0.971 0.973 0.985 1.111 1.196 1.032 1.135 
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Appendix 8-C: In the table, the fittings and their parameters are demonstrated from the 

experiment in Section 8-2.1.  

 

Reference x2 x Intersect Formula R2 

ݕ 0.2872 0.0276- 0.0414 0.25 ൌ ଶݔ0.0414 െ ݔ0.0276 ൅ 0.2872 0.9988 
ݕ 0.6170 0.0014- 0.0569- 0.50 ൌ െ0.0569ݔଶ െ ݔ0.0014 ൅ 0.6170 0.8851 
ݕ 1.0977 0.0063- 0.0052- 1.00 ൌ െ0.0052ݔଶ െ ݔ0.0063 ൅ 1.0977 0.4656 

 

 

 

 

 

 

 

 

 

 

 

Appendix 8-D: In the table, the fittings and their parameters are demonstrated from the 

experiment in Section 8.2.1. 

 

Reference x2 x Intersect Formula R2 

ݕ 0.1088 0.1795 0.1799- 0.0625 ൌ െ0.1799ݔଶ ൅ ݔ0.1795 ൅ 0.1088 0.9880 
ݕ 0.1829 0.1641 0.2357- 0.1250 ൌ െ0.2357ݔଶ െ ݔ0.1641 ൅ 0.1829 0.9996 
ݕ 0.2507 0.1907 0.1195- 0.2500 ൌ െ0.1195ݔଶ െ ݔ0.1907 ൅ 0.2507 0.7308 
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Appendix 8-E: Parameters and order of the experiment described in Section 8.2.2 

where the parameters followed by ref are from the reference surfaces whilst the ones 

followed by adj are from the adjustable surface.    

 

No Base θ Fb2ref Fb3ref Fb2adj Fb3adj Order 

01 1 0.2500 0.0625 0.0625  24 
02 1 0.2500 0.0625 0.1250  39 
03 1 0.2500 0.0625 0.2500  18 
04 1 0.2500 0.0625 0.5000  17 
05 1 0.2500 0.1250 0.0625  14 
06 1 0.2500 0.1250 0.1250  10 
07 1 0.2500 0.1250 0.2500  11 
08 1 0.2500 0.1250 0.5000  15 
09 1 0.2500 0.2500 0.0625  29 
10 1 0.2500 0.2500 0.1250  20 
11 1 0.2500 0.2500 0.2500  30 
12 1 0.2500 0.2500 0.5000  36 
13 2 0.2500 0.0625 0.0625  31 
14 2 0.2500 0.0625 0.1250  27 
15 2 0.2500 0.0625 0.2500  09 
16 2 0.2500 0.0625 0.5000  32 
17 2 0.2500 0.1250 0.0625  26 
18 2 0.2500 0.1250 0.1250  25 
19 2 0.2500 0.1250 0.2500  34 
20 2 0.2500 0.1250 0.5000  19 
21 2 0.2500 0.2500 0.0625  37 
22 2 0.2500 0.2500 0.1250  06 
23 2 0.2500 0.2500 0.2500  23 
24 2 0.2500 0.2500 0.5000  13 
25 3 0.2500 0.0625 0.0625  16 
26 3 0.2500 0.0625 0.1250  22 
27 3 0.2500 0.0625 0.2500  40 
28 3 0.2500 0.0625 0.5000  28 
29 3 0.2500 0.1250 0.0625  12 
30 3 0.2500 0.1250 0.1250  38 
31 3 0.2500 0.1250 0.2500  08 
32 3 0.2500 0.1250 0.5000  05 
33 3 0.2500 0.2500 0.0625  33 
34 3 0.2500 0.2500 0.1250  35 
35 3 0.2500 0.2500 0.2500  07 
36 3 0.2500 0.2500 0.5000  21 
37 1 0.2500 0.2500 0.0625  01 
38 1 0.2500 0.2500 0.1250  02 
39 3 0.2500 0.1250 0.2500  03 
40 3 0.2500 0.1250 0.5000  04 
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Appendix 8-F: Results from each of the ten observers from the experiment detailed in 

Section 8.2.2. 

 

No Obs1 Obs2 Obs3 Obs4 Obs5 Obs6 Obs7 Obs8 Obs9 Obs10 

01 0.1050 0.1037 0.0746 0.0521 0.1211 0.0846 0.0654 0.0782 0.1096 0.0859 
02 0.0767 0.0976 0.0958 0.1037 0.0945 0.1035 0.1112 0.0838 0.0966 0.0880 
03 0.0685 0.0713 0.0662 0.0925 0.0672 0.0685 0.1952 0.0654 0.0391 0.0672 
04 0.1043 0.0940 0.0682 0.0455 0.0399 0.0381 0.0493 0.0506 0.0664 0.0636 
05 0.1559 0.1487 0.1209 0.1584 0.1352 0.1308 0.1952 0.1595 0.1528 0.1562 
06 0.1620 0.1819 0.1290 0.1469 0.1526 0.0667 0.1592 0.1306 0.1423 0.1460 
07 0.1344 0.1293 0.0800 0.1060 0.1503 0.1423 0.1771 0.1372 0.1541 0.1348 
08 0.1403 0.1257 0.1045 0.0851 0.1050 0.1720 0.1209 0.0961 0.0616 0.1050 
09 0.2918 0.2980 0.2131 0.2596 0.2752 0.1929 0.2208 0.2502 0.2272 0.2645 
10 0.2581 0.2675 0.2003 0.2144 0.2415 0.2177 0.2098 0.2632 0.2203 0.2645 
11 0.2586 0.2443 0.1942 0.2251 0.2198 0.1881 0.1725 0.2612 0.1796 0.2561 
12 0.2474 0.2438 0.1561 0.2251 0.1960 0.2548 0.1377 0.1692 0.2399 0.1916 
13 0.1037 0.0823 0.0639 0.0879 0.0723 0.0703 0.1398 0.1382 0.1293 0.1215 
14 0.0616 0.0981 0.0634 0.0649 0.0767 0.0848 0.0876 0.1055 0.0979 0.1033 
15 0.1009 0.0882 0.0853 0.0342 0.1267 0.0792 0.1278 0.0721 0.0940 0.0769 
16 0.0657 0.1020 0.0463 0.0123 0.1101 0.0667 0.0256 0.0363 0.0399 0.0560 
17 0.1888 0.1592 0.1344 0.1372 0.1520 0.1403 0.1032 0.1876 0.1991 0.1791 
18 0.1710 0.1500 0.1497 0.1656 0.1679 0.1477 0.1666 0.1794 0.1549 0.1706 
19 0.1595 0.1434 0.1681 0.0956 0.0953 0.1122 0.1702 0.1354 0.1142 0.1378 
20 0.1334 0.1063 0.1687 0.0856 0.1096 0.1344 0.1725 0.1014 0.1094 0.1029 
21 0.2440 0.2831 0.2060 0.2101 0.2484 0.2576 0.2205 0.2808 0.2287 0.2815 
22 0.3000 0.2783 0.1929 0.2374 0.2282 0.1743 0.1579 0.2778 0.2295 0.2779 
23 0.2964 0.2190 0.2210 0.2576 0.1947 0.2144 0.1771 0.2847 0.2849 0.2650 
24 0.2369 0.2900 0.2402 0.2512 0.2428 0.2310 0.1998 0.2425 0.2517 0.2568 
25 0.0905 0.1252 0.0746 0.0744 0.0953 0.1122 0.1329 0.1334 0.1096 0.1309 
26 0.0859 0.0659 0.0588 0.0945 0.0851 0.0335 0.0429 0.0764 0.1219 0.0733 
27 0.0774 0.0841 0.0756 0.0652 0.0767 0.0953 0.0427 0.0708 0.0984 0.0748 
28 0.0866 0.1280 0.0634 0.0470 0.0452 0.0848 0.0876 0.0360 0.1025 0.0636 
29 0.1482 0.1664 0.1183 0.1145 0.1436 0.1408 0.1850 0.1674 0.1382 0.1671 
30 0.1411 0.1876 0.1485 0.1758 0.1329 0.1641 0.1224 0.1715 0.1556 0.1763 
31 0.1339 0.1275 0.0649 0.0813 0.1073 0.1899 0.1835 0.1352 0.1296 0.1329 
32 0.0797 0.1058 0.1265 0.0603 0.1520 0.0991 0.1326 0.0823 0.1497 0.0893 
33 0.2972 0.2900 0.2402 0.2369 0.2180 0.1773 0.1906 0.2425 0.2655 0.2568 
34 0.2951 0.2438 0.2302 0.2433 0.1927 0.2548 0.1377 0.2277 0.2425 0.2325 
35 0.2443 0.2438 0.2302 0.2392 0.2499 0.2548 0.1377 0.2101 0.2425 0.2202 
36 0.1597 0.2849 0.2236 0.2098 0.1924 0.2867 0.1771 0.2514 0.1804 0.2615 
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Appendix 8-G: Model fit using a gaussian function to the iso-roughness lines [β, σ] 

when weighing the model more towards the data from the iso-roughness lines [β, σ]. 

 

 

 

Appendix 8-H: Model fit using a gaussian function to the iso-roughness lines [β, σ] 

when weighing the model more towards the data from the iso-roughness lines [Fb1, Fb2]. 
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Appendix 8-I: Model fit using a gaussian function to the iso-roughness lines [β, σ]   

when weighing the model more towards the data from the iso-roughness lines [Fb2, Fb3]. 

 

 

 

Appendix 8-J: Model fit using a gaussian function to the iso-roughness lines [Fb1, Fb2] 

when weighing the model more towards the data from the iso-roughness lines [β, σ]. 
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Appendix 8-K: Model fit using a gaussian function to the iso-roughness lines [Fb1, Fb2] when 

weighing the model more towards the data from the iso-roughness lines [Fb1, Fb2]. 

 
Appendix 8-L: Model fit using a gaussian function to the iso-roughness lines [Fb1, Fb2] when weighing 

the model more towards the data from the iso-roughness lines [Fb2, Fb3]. 
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Appendix 8-M: Model fit using a gaussian function to iso-roughness lines [Fb2, Fb3] when weighing the 

model more towards the data from the iso-roughness lines [β, σ] 

 
Appendix 8-N: Model fit using a gaussian function to the iso-roughness lines [Fb2, Fb3] when weighing 

the model more towards the data from the iso-roughness lines [Fb1, Fb2]. 
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Appendix 8-O: Model fit using a gaussian function to the iso-roughness lines [Fb2, Fb3] when 

weighing the model more towards the data from the iso-roughness lines [Fb2, Fb3]. 

 
 

Appendix 8-P: Model fit using a power function to the iso-roughness lines [β, σ] when 

weighing the model more towards the data from the iso-roughness lines [β, σ]. 
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Appendix 8-Q: Model fit using power function to the iso-roughness lines [β, σ] when 

weighing the model more towards the data from the iso-roughness lines [Fb1, Fb2]. 

 

 

 

Appendix 8-R: Model fit using a power function to the iso-roughness lines [β, σ] when 

weighing the model more towards the data from the iso-roughness lines [Fb2, Fb3]. 
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Appendix 8-S: Model fit using a power function to the iso-roughness lines [Fb1, Fb2] 

when weighing the model more towards the data from the iso-roughness lines [β, σ]. 

 
Appendix 8-T: Model fit using a power function to the iso-roughness lines [Fb1, Fb2] when weighing 

the model more towards the data from the iso-roughness lines [Fb1, Fb2]. 
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Appendix 8-U: Model fit using a power function to the iso-roughness lines [Fb1, Fb2] when weighing 

the model more towards the data from the iso-roughness lines [Fb2, Fb3]. 

 
Appendix 8-V: Model fit using a power function to the iso-roughness lines [Fb2, Fb3] when weighing 

the model more towards the data from the iso-roughness lines [β, σ]. 
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Appendix 8-W: Model fit using a power function to the iso-roughness lines [Fb2, Fb3] when weighing 

the model more towards the data from the iso-roughness lines [Fb1, Fb2]. 

 
Appendix 8-X: Model fit using a power function to the iso-roughness lines [Fb2, Fb3] when weighing 

the model more towards the data from the iso-roughness lines [Fb2, Fb3]. 
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Appendix 9-1: The parameter values from the surfaces for the mid-point experiment. The two 

reference surfaces are labelled with subscripts ref1 and ref2 whilst the adjustable surface is labelled adj. 
 

No Trial βref1 σref1 θref1 βadj σadj θadj βref2 σref2 θref2 Order 
01 1 2.0 1.2 11 1.8  11 2.0 0.4 11 07 
02 1 2.0 1.2 11 1.9  11 2.0 0.4 11 43 
03 1 2.0 1.2 11 2.0  11 2.0 0.4 11 46 
04 1 2.0 1.2 11 2.1  11 2.0 0.4 11 11 
05 1 2.0 1.2 11 2.2  11 2.0 0.4 11 32 
06 2 2.0 1.2 12 1.8  12 2.0 0.4 12 10 
07 2 2.0 1.2 12 1.9  12 2.0 0.4 12 15 
08 2 2.0 1.2 12 2.0  12 2.0 0.4 12 12 
09 2 2.0 1.2 12 2.1  12 2.0 0.4 12 22 
10 2 2.0 1.2 12 2.2  12 2.0 0.4 12 28 
11 3 2.0 1.2 13 1.8  13 2.0 0.4 13 21 
12 3 2.0 1.2 13 1.9  13 2.0 0.4 13 50 
13 3 2.0 1.2 13 2.0  13 2.0 0.4 13 20 
14 3 2.0 1.2 13 2.1  13 2.0 0.4 13 29 
15 3 2.0 1.2 13 2.2  13 2.0 0.4 13 42 
16 1 2.0 0.8 14 1.8  14 2.0 0.4 14 26 
17 1 2.0 0.8 14 1.9  14 2.0 0.4 14 39 
18 1 2.0 0.8 14 2.0  14 2.0 0.4 14 47 
19 1 2.0 0.8 14 2.1  14 2.0 0.4 14 49 
20 1 2.0 0.8 14 2.2  14 2.0 0.4 14 09 
21 2 2.0 0.8 15 1.8  15 2.0 0.4 15 34 
22 2 2.0 0.8 15 1.9  15 2.0 0.4 15 30 
23 2 2.0 0.8 15 2.0  15 2.0 0.4 15 16 
24 2 2.0 0.8 15 2.1  15 2.0 0.4 15 25 
25 2 2.0 0.8 15 2.2  15 2.0 0.4 15 23 
26 3 2.0 0.8 16 1.8  16 2.0 0.4 16 24 
27 3 2.0 0.8 16 1.9  16 2.0 0.4 16 40 
28 3 2.0 0.8 16 2.0  16 2.0 0.4 16 44 
29 3 2.0 0.8 16 2.1  16 2.0 0.4 16 27 
30 3 2.0 0.8 16 2.2  16 2.0 0.4 16 19 
31 1 2.0 1.2 17 1.8  17 2.0 0.8 17 08 
32 1 2.0 1.2 17 1.9  17 2.0 0.8 17 35 
33 1 2.0 1.2 17 2.0  17 2.0 0.8 17 37 
34 1 2.0 1.2 17 2.1  17 2.0 0.8 17 36 
35 1 2.0 1.2 17 2.2  17 2.0 0.8 17 38 
36 2 2.0 1.2 18 1.8  18 2.0 0.8 18 13 
37 2 2.0 1.2 18 1.9  18 2.0 0.8 18 33 
38 2 2.0 1.2 18 2.0  18 2.0 0.8 18 14 
39 2 2.0 1.2 18 2.1  18 2.0 0.8 18 18 
40 2 2.0 1.2 18 2.2  18 2.0 0.8 18 41 
41 3 2.0 1.2 19 1.8  19 2.0 0.8 19 17 
42 3 2.0 1.2 19 1.9  19 2.0 0.8 19 48 
43 3 2.0 1.2 19 2.0  19 2.0 0.8 19 31 
44 3 2.0 1.2 19 2.1  19 2.0 0.8 19 06 
45 3 2.0 1.2 19 2.2  19 2.0 0.8 19 45 
46 trial 2.0 1.2 11 2.2  11 2.0 0.4 11 01 
47 trial 2.0 1.2 12 1.8  12 2.0 0.4 12 02 
48 trial 2.0 0.8 16 2.2  16 2.0 0.4 16 03 
49 trial 2.0 1.2 17 1.8  17 2.0 0.8 17 04 
50 trial 2.0 1.2 11 1.8  11 2.0 0.4 11 05 
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Appendix 9-2: Observations from the ten subjects for the mid-point experiment from Section 9-2. 

 

No σadj1 σadj2 σadj3 σadj4 σadj5 σadj6 σadj7 σadj8 σadj9 σadj10 

01 0.334 0.556 0.528 0.682 0.624 0.422 0.493 0.575 0.380 0.569 
02 0.488 0.683 0.666 0.729 0.755 0.527 0.775 0.652 0.740 0.662 
03 0.810 0.892 0.979 0.916 0.860 1.000 0.770 0.796 0.700 0.825 
04 0.966 0.863 0.979 0.917 0.844 0.916 1.013 0.964 0.866 0.934 
05 1.583 1.120 1.073 0.939 1.230 1.307 1.579 1.160 1.049 1.148 
06 0.390 0.528 0.536 0.350 0.728 0.868 0.488 0.446 0.537 0.471 
07 0.571 0.644 0.681 0.574 0.663 0.533 0.619 0.548 0.526 0.577 
08 0.712 0.785 0.757 0.835 0.674 0.914 0.818 0.868 0.772 0.843 
09 0.862 0.854 0.968 0.958 0.712 1.358 1.069 1.122 0.824 1.042 
10 1.083 1.132 1.353 1.208 0.941 1.248 1.298 1.180 1.056 1.166 
11 0.416 0.441 0.572 0.528 0.686 0.538 0.509 0.484 0.430 0.471 
12 0.552 0.494 0.642 0.601 0.666 0.857 0.571 0.541 0.693 0.527 
13 0.844 0.670 0.802 0.796 0.643 0.839 0.743 0.766 0.711 0.737 
14 1.010 1.026 0.979 1.006 0.889 1.360 1.098 0.944 1.023 0.968 
15 1.521 1.119 1.138 1.515 0.952 1.105 1.169 1.304 1.436 1.248 
16 0.311 0.433 0.396 0.398 0.479 0.291 0.456 0.383 0.471 0.398 
17 0.431 0.447 0.550 0.491 0.567 0.400 0.585 0.478 0.436 0.469 
18 0.561 0.631 0.611 0.745 0.778 0.690 0.618 0.628 0.585 0.629 
19 0.748 0.908 0.731 0.842 0.875 0.839 0.792 0.753 0.780 0.800 
20 1.056 0.795 0.798 0.842 0.783 1.110 0.857 1.023 1.024 0.954 
21 0.351 0.390 0.371 0.501 0.664 0.586 0.343 0.347 0.423 0.360 
22 0.463 0.533 0.493 0.391 0.598 0.511 0.484 0.534 0.420 0.534 
23 0.634 0.536 0.598 0.569 0.570 0.510 0.478 0.521 0.551 0.525 
24 0.850 0.805 0.718 0.724 0.960 1.073 0.772 0.717 0.891 0.743 
25 1.235 0.908 0.677 1.157 0.786 1.023 1.103 0.987 0.911 0.963 
26 0.382 0.429 0.448 0.451 0.612 0.353 0.339 0.361 0.316 0.381 
27 0.494 0.499 0.534 0.598 0.534 0.441 0.422 0.433 0.473 0.453 
28 0.599 0.603 0.623 0.593 0.627 0.583 0.688 0.620 0.603 0.615 
29 0.746 0.766 0.778 0.576 0.839 1.474 0.786 0.832 0.900 0.812 
30 1.029 1.028 0.987 1.073 1.019 1.358 0.721 1.031 1.162 1.030 
31 0.544 0.646 0.585 0.635 0.791 0.457 0.584 0.550 0.597 0.578 
32 0.650 0.772 0.692 0.712 0.829 1.221 0.736 0.708 0.752 0.727 
33 0.875 0.936 1.008 1.053 1.101 0.900 1.105 0.912 0.814 0.919 
34 1.283 1.199 1.005 1.237 1.239 0.886 1.108 1.289 1.205 1.262 
35 1.699 1.638 1.383 1.378 1.160 0.886 1.298 1.548 1.152 1.575 
36 0.357 0.580 0.603 0.707 0.736 0.330 0.794 0.648 0.623 0.628 
37 0.715 0.707 0.714 0.733 1.021 0.656 0.796 0.662 0.767 0.675 
38 0.882 0.914 0.939 0.939 0.985 0.658 1.024 0.955 0.885 0.943 
39 1.265 1.119 0.956 1.120 1.112 1.105 0.987 1.189 1.079 1.168 
40 1.721 1.730 1.498 1.725 1.112 1.655 1.719 1.575 1.036 1.621 
41 0.387 0.577 0.572 0.557 0.647 0.475 0.586 0.544 0.584 0.554 
42 0.786 0.718 0.701 0.682 0.925 0.601 0.736 0.738 0.632 0.732 
43 0.902 0.956 1.006 0.845 0.738 0.968 0.960 0.937 1.041 0.943 
44 1.287 0.969 1.019 1.173 1.167 0.886 1.287 1.205 1.125 1.134 
45 1.786 1.411 1.560 1.378 1.183 1.324 1.710 1.426 1.446 1.422 
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Appendix 9-3: The fifteen median values of σadj compiled from the results of the mid-

point experiment described in Section 9.2. 
 

Median β = 1.8 β = 1.9 β = 2.0 β = 2.1 β = 2.2 
σref1 = 0.4 vs. 
σref2 = 0.8 0.3931 0.4878 0.6033 0.7958 1.0211 

σref1 = 0.4 vs. 
σref2 = 1.2 0.5184 0.6303 0.7994 0.9668 1.1673 

σref1 = 0.8 vs. 
σref2 = 1.2 0.5839 0.7226 0.9390 1.1507 1.4724 

 

  

 

Appendix 9-4: ξpr values for the fifteen medians as described in Section 9.2. 
 

ξpr β = 1.8 β = 1.9 β = 2.0 β = 2.1 β = 2.2 
σref1 = 0.4 vs. 
σref2 = 0.8 26518.27 21056.77 18610.17 20778.93 17707.93 

σref1 = 0.4 vs. 
σref2 = 1.2 41704.04 34285.55 32861.17 29006.81 27025.36 

σref1 = 0.8 vs. 
σref2 = 1.2 52362.40 49329.08 44572.41 39110.81 39142.15 

 

  

 

Appendix 9-5: Set of eighteen equations to scale the estimator: 

 

1.  100 ൌ  a · 74725ଶ ൅ b · 74725 

2.  M  ൌ  a · 34216ଶ ൅ b · 34216 

3.  L   ൌ  a · 10603ଶ ൅ b · 10603 

 

4.  Mାଵ଴଴
ଶ

ൌ  a · 52362ଶ ൅ b · 52362 

5.  Mାଵ଴଴
ଶ

ൌ  a · 49329ଶ ൅ b · 49329 

6.  Mାଵ଴଴
ଶ

ൌ  a · 44572ଶ ൅ b · 44572 

7.  Mାଵ଴଴
ଶ

ൌ  a · 39111ଶ ൅ b · 39111 

8.  Mାଵ଴଴
ଶ

ൌ  a · 39142ଶ ൅ b · 39142 
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9.  Lାଵ଴଴
ଶ

ൌ  a · 41704ଶ ൅ b · 41704 

10.  Lାଵ଴଴
ଶ

ൌ  a · 34285ଶ ൅ b · 34285 

11.  Lାଵ଴଴
ଶ

ൌ  a · 32861ଶ ൅ b · 32861 

12.  Lାଵ଴଴
ଶ

ൌ  a · 29007ଶ ൅ b · 29007 

13.  Lାଵ଴଴
ଶ

ൌ  a · 27025ଶ ൅ b · 27025 

 

 
14.  LାM

ଶ
ൌ  a · 26518ଶ ൅ b · 26518 

15.  LାM
ଶ

ൌ  a · 21057ଶ ൅ b · 21057 

16.  LାM
ଶ

ൌ  a · 18610ଶ ൅ b · 18610 

17.  LାM
ଶ

ൌ  a · 20779ଶ ൅ b · 20779 

18.  LାM
ଶ

ൌ  a · 17708ଶ ൅ b · 17708 
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